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STATË ESTIMATION IN PO!^IËR NETVIORKS IV
CONVERGENCE RESUL?S

Lennant Ljung and Stune Lindahl

ABSTRACT

The convengenee of a proposed method fon state estimation
in powen systems ís analysed fon a case with constant Êtate
vecton. In panticulann a eet ínto whieh estimatee obtained
by two ver"siona of the SCI nethod convenge ane detenmíned.
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1. Tntnoductíon.

The safe and economic openation of power systems.nequines
the knowledge of cer:'tain var"iables in the powen system.
To avoid the ovenloading of transmission línes it is n€c*
essary tc k"now the lj.ne flows in r:eal time. To do an

economic load dispatch calculation it is often nequined
that the power deman<l at every bus ín the system ís kno¡,¡n.

The power system state estimå,ton j-s designed tr: use r,e-
dunclant measu:ternents and a madel af the pûr,rrerÕ system in
Õrd€r to estimate the pnesent state. 0ften the bus vol-
tã.ges å.re taker¡ aç state vaniabies. The measunenrents can
be bus voltage magnitudes o lj.ne current magnitudes, åc-
tive and r"eactive line poürer^ f lov¡s, total- bue curuent
magnitud.e, and finally active anri reactive bus power in-
j ecti-ons

Several methods
been pnoposed.

for powerl system stete
A litenature eulrvey j-s

eståmation Ïrave

given in t11"

To oun knowledge there åre no cÕnvergence r-esultË of the
pr"oposed methods r.eported in the liter:atune. To evoid
too much si¡nutation and off*line checkout on real data
it is valuable if some conver'gence nesults could be ob-
tained" In this nepont we study the convergence propern-
ties fon 'tÌÂro versions of the SCÏ-metirod, pnoposed by
R. Ë. Larson et" al. [6, 7 ) B, g]. The analysis ís per:-
fo::med unclen the assumption that the state is constant
l:r:t unkri*wn.
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?. Froblem" Model and Methods.

Let x(n) denr¡te the p-dimensional state of the power system
and l-et y(n) be the r*dimensional observation "vector (measure-'

m*nts) taken at time n. The observations are non-línean
functions of tjre stôte and it is assumed that they ane corr-
rupted by additive noise:

y{n} = g(x{n)) + e(ni (1)

wher:e {e(n)} is a $eqì-¡ence of random variables ['¡ith zero
mean and

E e(n) e(n) R

Usually it is assumed that {e(n}} is a sequence of gaussian,
åndependent vaniables, but in this ::epor:t we ås.eume only
that

r

E e(n) e(n) . c*,
1 + l*-*lo

rfl > 0

which seems to be more pealistic,

Tt ís assumed thå.t Ê is twíce continously differentiabl-e
and we denote

G(xo) = å#r¿ I

( rlp-matrix )

Pnoi¡1em

Given the equations for. the dynamícs of the state, and the
aeasurêments {y(n.), y(n-1 ), , ð., y(û)}, dete¡-mine an estí-
mð.te "t.rl of the state x(n) at time n.

X:X
Õ
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Model

,4,n often used model for. the dynamics of tiie .qtate is

x(n+.¡ ) = x(n) + v(n) (3)

whe::e {v{n)} iç a reguence of independent, r'andorn vectol's
wåth Ë v(n) : [r and

?H v{n) v(n) = Q(n)

Method I (f. C" $chweÞpe o 12, 3, 4, 5J).

This method LlseË only one ilìea$urement vecton and does not
ilse any nrodel of state dynamics.

xi*'! * *å o Kí[y(n) * g{x;)J Í = 1t..'1f (5a)

rft
GI

^¡
G. (x. )R !

1.-

-1u

T l
Y X (5b)

(5c)

L

P G(x )
1- ),

Method Tf (A non-seq uential vension of the SCI-method),

x(n+1 ) " x(n) + K(n)[y(n) - g(x(n])l

K(n) = P(n)eTtxCn) )R-1

p-1 (n+1 ) * (p(n) +diaê(Q(n) ) )-1

+ diagteTc*tn) )R-1e ci(n) ) l

(6a)

(6b)

(6c)

P(o) = c
1

rf {6di
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Notice 'ihat F(n) is a1-way* diagonal. Ti:i.s r:hoi.ce .-*is ;::*de

i.rr order to decr.ease the computå"tional- e ff¿:r'-r " Ë-ince lhe'.

off diagônå.} elemÊnts åre t's';rippeclt" the ¡ne'tl-iorl l:¿s sotnc*

times 'been callecl "strippe<l Katman filtering".

Hethod IIT ( The seau€ntial version of tlie SCT-methoc1"

R. E. Lanson e'L. a}, [6. ?. S. S])"

x{n.e1 i + K(rr+'l ) ly(n)x(n+1 )-' ÁJ- |

13{;:*''l }O * Fin}o * díag (Q(n) )

) j ; ( 7a ij j j j*1

T á

l,(n+'T ) ' F{n+1 } lf, (x(n+1) R) (7b)j -1

{n+"1i * P{n*1 )
a
I

:AJ- r

T+ aiag[t (x(n+T ) ) R

j l l jj

Î':) j
1

l t(x(n+1 ) ) I ur:jJÅ
J'I j j i

I ''t .7 \,

p(r) : díåg(PtO, PZ', ,,*, PotJ) = C1 if ( /e-J

x(ni the estimate at line n based on j of the ¡nes.surême3ltÊ

"rt li-ne n

the j;th component oi the m€asuremcnts a't line n

the j:th component of g(x)

the j:th now of G(x)
the jj:th component of R-1

j -1

ü

x { rr"t1 ) " x(n)
14t

?he dåfference to methocl IT is that a ne?t e.*qtiraate is c¿:il*

cu.lated after each conpônent of the measu?^ement vecto:: is
abtaíned

where

:¡(n)

g(x)

Ë(x)

a
J

j

l l
l*1
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3 " Conv ence Results,

rn this section the cÕnvërgence p:ropenties of the algorithms
(6) and (7) will be analysed, since the estimates should
track the time var:yÍng true state and the measur:ementg are
noisy, there is no possibility that "t"t - x(n) tendc to
u erlo ås n incneases. Thenefone, the convergence analysís
will deal with the idealízed case

x(n+1) = x(n) X
+

i.e. a: $ and we have a constånt but unknor^?n 6tate vector".
su.ch anaS.ysis will have nelevance alco in the case wl¡ere the
state is varying elowly ín time (lQ(n)l small). If the
algonithm is nÕt capable of convenging to the true value in
the case Q(n) = û, then it will, in genenal, have poon tnack-
ing p:roper:ties in the time vanying case ( A ) . The analysis
is based on the theony fon recursive stochastic algonithms
given by Ljung in t101.

Theonem 1.

The estímate x(n) gener.ated by algonithm (6) with Q r 0

convetìges with pnobabilíty one tc¡ the set

txleT(xlR-1[e(x) - s{x* )l o] u{..}D

å.s n tends to ínfÍnity.

Pnoof

Intnoduce S(n) = n P(n). Then (6) can be wnitten

* u,n)GTc*tr,) )R*1 [g(x* )x(n+1) ' x(n) + gt*tnll + e(n)l
(8)

s-1 (n+1 ) * s-1 cn) +j.¡ diagtG(;(n) )TR-1c(xcn) ) -s-1 (n) J
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Choose a compact subspace D* of RP

fr, or RP+PZ. rntnoduce
and a campact subspace

T *1 rlf(x) G (x)R ) - e(x))(g(x

V(x, e(n) ) " eT(x)r.-1 e(n)

H(x) : diagleT(*)R-1 G(x) J

and

Q(xo e(n) ) = f (x) + V(x, e(n) )

f'nom ( I )

1x(n+1 ) r x(n) + S(n) Q(x(n), e(n) )n

*1

Let

s (n+1 ) ' s-1 (n) * $ tuc"(n) ) -s-1 (n) l

n

Then

zn+ 
1

(x(n), col s-1 (n).)

zn Qrr(zrrre(n))+1n

ûhe¡-e the p finst elemente of Q are

flrrtznrê(n))11n"'P = s(n) Q(x(n), e(n))

f örrt 4i,e(n) IP+1 ' ' 
'' ' 'p*pz = cot lHcxtnl )-s-1 (n) I ; n

and

Since g(x) is twice continous diffenentiable
n+1
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r1r- .ù
Henee Q(2, e(n)) is Lipschitz continuoús in n* wítn Lip-
schitz constant Kle(n)1. Theorem 1 irr Ljung t1CIl cån
thus be applied. The noise conditions are clearly satis-
fíed, since

le't*ll < K x €Ð

En+1

whene

and

Þn+1 p n

convenge vJ. p. 1 to

z,a = (xo , cort sÕ )-1 ] )

B

$o f(xo)

co1[li(xo ) - (so )-1 t

p r,le
tl

Kr
I

rI+

IJ.M H

n-*óo

n+6
or

i:Sf(x)

¡ -'l -4S .' = Ií(x) - S '

ðrr{"o, e(n))

an<1

E rIerrl , r'espectively

according to the nesults of section 4 in Ljung t10t and (z).

The convengence of (6) noqr pelies upon the stability of the
ondinany diffene'ntial equatíon (ODE).

ã,=lirnEõ n(t, e (n) )
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Choose as Lyapunov function

is(x) - s(*n r lr n-t lg(*) - g{x*) lV(x, S )

ü(*, s-1 ) = z [g(x) - g(** ) ]T R*1 e (*)å :

= zl.g(x) - e(**)lT R-1 G(x)s eT(x) n-1 tg(x) - e(**)l

But, since S ís positive defj.nite by necessityo ü{x, S-1 ) * 0
t -4and V(x, S 'l = Q ¡) x € D f't now follc¡ws fr,om the cÕr-

Then

nolany of Theorem 1

n'|(ô

in Liung [1û], that x(n) * Þo r^r.p.1
e

as

u

Ricmank.

The conclusion of the theo¡.em can i:e shanpened. Tt ís stated
that x(n) will eonvenge eithen to i*finity or to a sta*
tionany point of the 0ÐË (1t).^ I* fact, as shown by Gust.avsson,
Ljung and Södenstnörn ín [11]u x(n) cån converge only to
stable stationary points of (10). Hence, the unstable points
can be exclucled fnom the set û . To do so lirrea::Íze (10a)
anound x €Dco

ãï f(x) Âx (2)
xix o

-4IH(xo)1 '[

a
AX d

wher^e ax ã x - x^. To find. *- ft*l intnoduee the notatíonox

tok¿ : thê kÍ element of R

and the matnix

(ar.l ) : A(x)
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-**here

ál; -t¿j

r
kr¿:1

(k)
3g (x)
äx äx

r) ( 1.) *
krI g (x) - E (x ))( (13)r (

l x

d

Then, aften soræcalcui.ation, it is found that

ffi f (x) = -H(x) - A

Coneequently,the stability proper'tíes of (I) are determined
by the mat¡.ix

4

B(x) : -f - iH(x) I A(x)

Introduce the sêt

D txle(x) has all eigenvalues in the left hand planeì.
s

Then the conclusíons of Theonem, 1 can be shanpened to

w,P.1 as rt*6. (14)
EI

flre sequential method (7) can be t¡'eated ín a simular wâ¡l.

ft f ol}o¡-¡s fnom 0 ) that with the notations intnoduced in
the pnoof above

*ttrl*Dof,Ds

(1)
zn+1 l'' ' =fior,Í",

(n)

) ¡ e(n))

(1)
n

( z ; e(n) )(z

and that

iQr"lt ),

, ^(on

It is easíly seen that

qa

ú.rt 7r ; e(n)) - öa"Í'', e(n) )l <

,l')l!e{n)l
n

(i)(K max
1<i(r'

zn
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(i)
nBut if the eetímatec z do not tend to infinity then

{i} (1)
rn&x

1 <i<r'
l-ron $

and consequently the sequence {zrr} pnoduced by (6) and the
subsequenceÉ ,rrl") pr^oducea ny iz) r,¡ilr have the same a$ynp-
totic pnopenties, Hence the convengence nesult, Theonen 1 t

is valid al"so for the sequential method (7),
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4. ConcL-rdíne Remarks.

Theorem 1 states to which points the state estimate wilt
*

{x ]. Toconverge, It j"s naturally desirable that D"
*

obtain this, G(x)[g(x) - g(x )] :0 must irnply x = x ,

Thís is {t condition on the measur.e¡nent vecton. By select-
ing a suitable and sufficiently lar:ge set of measur-ements

at each timepoint n, this condition can be satisfied. If
we use the input data to a conventional load flowr wê

know that r.ank G(x) : p - 1. By adding the meåsurements

of the slack bus voltage the rank car¡ be incneased to p.

The point {*} in the set D* poses no practical problem if
,rlig(Ðg(x)' tends to infinity ês I"l tends tÕ infinity. In

any implementatíon the estirôates x' will not be allowed
to wander. off ;o infinity. One *tr.aí.ghtfonwand and sÍrnple-
minded way to exclude the point {*} from Do ís to nestart
the. algorithn in i if l."rrl iu unrealistically langer v¡hÊre,,

i denotes the solution of a load flow
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