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sT,r)(ll!A:i'l I c tYÍ11'1,,i.1:l

C G l'i:illsbrijn l:' [:l:selro K ,J ll:;Lt'üt.ll

l)ep,rrtnrerrf, of Âr¡t;c'lnlrt, jc Ctontrol
i,utrcl lnsLitul;c: of 'l'eclrnolony

l,ul ncl , ,lr,ie c1 e n

1. T¡ITIìODII(]TION

The maximum rikc'lihoo<l mebhocì f or parar:ieber est, j m¡rt; j.on
has many derlirable pror\ert,i es. lt is thus â. uselr¡1 l;ool fol
sysf,ems modeltinn. I'lven if Nlre alttorir,hm is rrotivatecl rrsirlr
rather strict assurnptions l ilte norrnaliby of disturl_.anees
ebc it has a mucir 1ar¡er area of applieations wl¡en estfrna-
ting parameters in dynamicaì. systt:ms because bhe meilrorl caÌ1
be interprebed as a rno.1e llin¡1 o f a systern in suclr ¿ì w:1',
that the prediction er.ror is nrirri.nral []1.

Th j-s Píìper describeG lln a l.nor j.Lllnr anrì a conrp¡bc.:r, r.,r.rf I,r,¡:i::
for Lrnt::r¡' syst.e.rn I'¿rr'âr:r, r,e¡:' Ji)r-'nu il'jc¡rt jrrrr (r,rsl'l lr) , rrr..i¡,"
i4L-est.lmation. Tlre pl'ofrt'iìnl lr¿li; ber:n imple,rrrenl,ed ot1 l'rrt'1 ,.,C

1108 and rBM 160. rt is flexible and al1ov¡s for a rvidc v¿r-
riety of rnodel structrlres. Tlte model can be qiven j rr r_rc.n_

tinuous or discr-et.e tinrc f'r.r.rn. Diffcrt:nt descripbi.c.,rrs oj.
process and measurement ¡-roisc. arel pertnittccl . 'l.hc, 

.mo,1e L cap
also be N jme varying. 'flre sarn¡rlinp; can be uniJ.ot.nl Lrt vãt,-\r_
ing and dif ferent types of measr.rre¡nents 1'llre lnstanLaneous
or integratinq are perlnri. t.tecl. The model nray be paranr(.r;,.1"-
ized in at1 arb it,rary nlanner.

The possib.ili+;y lo ljL f)âr.ânttt-,ers jn a continuous Ljlne
mociel re¡,rresentati on is r;ornetinri:s acll'ant,arlrrorrr; rrecarrsc an
applicabi-cn of the bas jr: plrys j ca.l l.arvs r:ivr:s oftr:n a nroc_lel
in tlr-is lorm. Tn blri¡; r"r.ìli i t i.:: .'rl so e¿ìr)' to harrrJ lo n.n*
unif'r'ln sanrpli.¡; a'd nl isr;irrr. nreasu'enlents.



Calculablon of ntaximurn liltolihood esb.ïnrabes is bar¡ica1l.y
an optimizatlon problern. I't're sclection ol' a propel. opbimi-
zation procedure is an í mporLatrt prob lem. rn thf s cas,e tr.ro
algorithms which onl.y uÍie funcLion ev¿rluabion vlere r-'hosen.

This is eonvenient becar¡sc it allows a flr'eat flexibility
in the descript ion of t;l¡e norlel and it s parameteri:;¿rl, j on. T1.

is also possible to u.se ot;lret' opLimizal,ic)tì procerlul.es r,;h i.cll
require evaluabion of. qr"arlienls anci lreeslans.

There are sevet al- e lever bechniques based on sensí't, ivi t.¡r

derivabives ar¡d Lagran¡;e nrulbipL iers which can be exproiteci
to compute bhe derivat,jvcs of thc 1il<e1:i.hood ft¡netjon jn
special cases [2], [ ]l . 'l']'re calc:ulaLion of deri.¡at,1vr:s I'e-
quires , however', anÍì .tyt ic.al ccrnlpubat ion r:'f f he palL i.a1 dq--

rivatives of the clifference or different,fal equäbjorrs ulrich
describe the sysLen. '1'hese ean be ver"y cunrbergorné I n nrany

cases. For special parame 1;cl. Lzat,ions tlle calculation (:a11,

however, bê done sÍrnply an<l el'f icient ly leacllng bo ef flicierrt.
numer.ical algorithms tj.ke bhe one presonbed in t2l. ¡1 ,lis-
cussion of sorne bracle-cllfs nt"o ¡iiven in [,t]. lrr thc tr,.ìt.bî-
cular algoribhm ciil;eussett.in fl'is paper a f'lexit'le fioiir.1
struetl¡r'e is al-lotvctl at Ll'ic. rlxpeltr:lc of írrrrroaserl eonr[rr]t.a-

tions . llecause of ibs í'l.ex il:.î. tit.y bire [)t"oí-ram :ì.r: sr¡j t;irtr ] o
as a .qeneral iclentif:i el, f'or f .inear sy$f q¡¡1¡. For $[r:¡r: j.¡rI ap-
plical,ions wiLh a larfìe ¡morlnl; otl rl¡iLa 1f mey hr. ìtìcr'o (.f .'i.-

c ienb bo write a s¡ec i a I pìtt.no se f¡rofll'anl .

2 , I!()DI:Ii, i:'1'NUCTUìì}ìS

Tlre program LISPID aLìmifs many clifferent rnodel st,t.ue-
lures. The basic model is a process rlovernccl by bhe sbo-
chastic clifferenbial eqLriìtion I1;l

dx=Âxdb+BudL+rlr.¡ l't r \

where the stat,e vect;or" x(t) lr¡rs tii.mensicn rr* ¿nd tlrc c(rn-
trol vecbor u(t) itas rljntcnsion î,r. 'l'he pt.oc()gr:1 disttrrbancei
{w(t), bo 5 t < ''} is an n*-dj.rnens.i.ona1 sbochastic process
wifh L¡ncorrelaLetl i.ncr"cnrr.:nLs lvhi.ch liave z(.ro mean values Íìnti



the incremenLal covari;ltcr: lì,
is assumed to ha.ve mean v¡ìlur
also assumed bhab bhe init;ía.l
process noiee {w(t) }.

The program LISPID a,ìrnits
the measur"ing pr'ocess. ln al1
measlrr'(]ments are obla ïnccl ilt.

,:ll;. The jniLi¿rt e0ate cf (2.1.)
ill âllri coval'iarrce n0. Ib i.s

sLabe is uncol'rc l. at, erl r,r i t,h blrc

several <lif'fercnli rnorlels lor
car-,es ib ic ;t:;sunrerl l:lr,rt, l,lr,'

rliscrei:e t,.ìtrlr.:r; l;Orl;1r . . . ,l.l.l_I.

(7 ,2)
o, I , . . . ¡ N-l

Inbettr':t t, ì. ¡¡¡' nt{lagrrrenetlL B

The measunement <leviee ean be charar:berized by

dz Cxcib+Dudt+cle

y(rk)
tl.*1
I

t'1.
úz k

where v ( tn) is an ny - iimensional vector of meacurern(]nt,s âlrrl
{e(t)r bO s b s -} is the ncastrremenb errors tvhlch ,1le åssllrnori
to be a stochaslic prócess wibh uncorrelaterl ínerements
having zero mean values anrl increnental eovarianee R2dL. lflle
lncremental cross covarriance t¡elween lv an<l e 1a tlenotecl
nlAdt. A digcussion of the inte¡iratinl measuremer'rL ptroeeclu¡e
Ís ¡1ivcn in t 5l .

ïnstantaneorrs measl:rement;s

The proRra.nt LISPID also a<.lmits insbanbaneous measur.enentn
characberized by

y(Lk) = õx(t,,) + õu(t,,) * ã(t,-) lt:0¡1¡...,t:-1 (2.,t)

where Lhe measureirnenl c'rr"ors { ã( bl, ) I â¡'e assumecl t:o be a
stoclrasbic pl'ocess of second orrJer. wiLh zefo nlea,n anrl cova-
riance ñ2. It is furbherrnore assumed that tlre neanr¡rLam(:lnt
errors are inclepenrienb o I w a nd cf the init ia1 stale .

Saml¡ 1-i nt:

T,l: bhe moclel (2.1),(2.2) oÌ" (2.1),(2.J) i.s sanr¡>1crl ancì
the input si6inal ís corìstant crrrr.in¿ t,he sampllnr: inLerval,
Lhen the follor.rin¡i motìel js obt,ajnecl (cc.e t5l):



*(bt *t)
v(tu) =

ñ x(t * ii'r(Lt,) * ñ(t,t,)

ñ rr(b,.) + ã(rr)
k = 0r1r...r¡i-L

l(

(-) x(t )+k (2.4)

1s also
ttie

where {ñ(tk) ) is a secorlrr or"rler ribochastic nrocess r,rit,h
zero mean and covaríarrc,: ñ1. 'l'he cross covarialleL. t¡eLueetr
ñ and ã is der¡obed ñ., .r. Trle :ir¡ j.t jal sbat.e is urlcorrer:rte.rr
wlt,h ñ. Algoriilrms tå''po,"f orm t,he sarnpli ng ar.e cleseritrecl irr
t6l and [7].

All system an.J covar.iancc i'natrices may be binre var¡.:in¡i
in LrflPTD. rt is also possi tr le t,o estim¿rte pal,anreters of
the dÍscrete moclel (2.1t ) dir-ect1y. îhe pt.ofiratn ¿rl.so acilnit;s
an arbibrary paramcLeri::¿rL ion of' the nnbr,.iecs of bhr., nroCe,.l..

J. CRI'IEIìTA

The proeiram I.'IsPrD adnrj-ts o¡rtirniaatlcn of dLf'fer.cnt cÌ,j.-
beria. Assuming t,haf al1 ranclom variables are norm,!.1 blren
bhe likerihoo<l function L, whích is the Jolnt probabili-ty
densi Ly of the or.rtput s { y ( bo ) ,
normal. Tt is wei_l-lcnorr'n t S I t
lilcelihood functiorr can tre lvri

log

y(tl ) r.,,rv(brr_r) ),
llat, the logarithrn of
tben as

los deL it(bk) + å
N-I
i

l<:0
.iit*) li- I (t;,-) e (tn) +

N-1
T

k=0
r=å

-å (1.1.)

e are the

ny lJ lof 2¡

innovationswhere

e(t

and

ments.
The

y(rk) - i r Lrr/ Lrc-r ) (1,¿-)k

v t rul rt,_r ) the otle step prerlictione of ilre nengure-

conclitional me¡Ìtl
variance of resirluals Iì ( 1.,, ) carr lre
Lhrourh ttre lialman-Rr-rc¡¿ fi I b,:l,ilrfl

and flre con(llbiolla1 :o-
<lc'Le lnrirrecl l"ec ur g i',,e.1.\,

theory ( see e rl Il] ) :

I {t,,./ t.,. . )t. t.- I
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[ :011r...rll-l

Ib is possible to min Lnrize l,he follovrÍnq slmplif j.e<l loss
function instead of ( J. r ) , if btre sysbern ancl covariance nrft-

trices are t,ime-invari¿rr¡L anrl i f' the sampl ing rabe l¡l con-
stanb (see tB I ) :

Tv "N-l
Luio

e(t, (¡
k ) e )Ir1

The parameter values obtajnecì are then bhe sãme a6 tf (j.1)
is nrinimi zed .

The loss function col'r.'{ls¡l<.,nrling to ( J.l ) used írr l,-f SPTll

is normalized:
't

lt : - "r tog L (t.f)'2 N

The marintum likelihooct est inaLe's of the tttrl<trown po.t,lrnr.'-

ters are obta.iner.ì, if ñ and ã arur sequr)nces of irtclerpenrlerrl

normal r.ândon vectot's antl il.tl? is mininrurn. i{or,levt r, if the
gaussian assurnpLions arc nob Î't¡llfi11ecl, the lose l'unetions
V. and \¡^ ma.V be suitabl e to uÍie net¡ertho less.Lc

A moclilicalion of Lhe l-oss function (1 ,5) can 11so be

used in t,ISPID bo obta.i n a nlcrcle I that not nrinirntu os t,lle
one-step preCictiot't errcrl't-, orrìy arì in bhe nrnximrrm 1.ilit:ìi-
hoocì met;lror1, but the p-slep pt'crJicbi.cn et'r.ot's:

vn(R) = tt+- lor r,(p) (:i.6)
wherr,:

Nt - ItÍ a d

I u'(t,,)
t\tl=F-l

t¡-l
I

¡i=¡r-l

lt-T ( t'

:l

L

n
1

+)li
( I't''¡r+1) l.rti I'r ( ;.7 )

-lor L(p )

)v(t;
v



and

v ( t¡+p-I

v{t,.+p-1

î(r, rL/E
P(t,j +L/L

s(br'+p-1

vr(n)

) = y(b k+p-l
/t. .) = fl îl(- I

l(_l) = i î(r

It_r) = I p(r

( t.\ "¡¡+¡t-l

i/t't.-t)
i/tr-r )

) - itt.k+p-r/ tt-t )

/t'k-r) + iY u(bt.*gr-1)

* ã u(Li), i:lc¡11+lr...rlc+p-.ì
pllt
A' + Il' i=lcrl:l Ir... rl<+p-L

) : õ p(tk*p-tlLl.) õ'l * fz

ittutbl,-1) ancì p(tt-lLu_r)
bhab (3.6) is equivalent to
cation of the loss funcLion

Ir = 0r1¡...¡l'l-p (1.0)

are obtained f'rorr (3 ,3) , I'lctir.re
?.,,5) vrhen p:1. The sante rnociif i -
3 ,tl ) hee omes

Tv(u ) V (uI . ll- I

1,,=l-,.I'l-p + l det

_t r Lt
It: l,

(].e)

l^oa cìeb S (t,.) +
I

uT(tr.)s t,,,,.)"(r,.)] * å',

k lc

Ib is possible bo use furt herrnore fleneral lzed l.o¡rs furlr: *
tions (5,9) and (3.6 ) hy conrpubing an aver.af;e loss over an
inberval (R'nr) of plertj.cbion sbeps:

N+pr-pr-1 n.+pA-Þl

vr(nrRr) =t-r+t d.t[# f f v(1,.,) u'r{r,,)]
- L=Þ'-l lr:t, *. f O )

ll+Þt-Þ2-I c+pr-¡r,

Vr(nyRr)
*=p1 t

+ log 2¡ (-1.r1)

The previous cr-i-teria ere obv í otrsl..y spec.ial eâscs of t;116 .re..
neral loss funeLj.on (1.t0) an,l (¡.ff ). Tlle ordln¿u.J' lll.,.-csi.i-.
mate of the ¡rararneters of a ctynamical sysbem rreqrrerrtl¡r
leads to models whicir are inaccurate ln the low f'r'equency
region. The generalizerl Ioss functions ean qi.ve mcrlels v¡ibir
betLet' 1ow freqLlcncy pt'ol_)ert;ies.

Due Lo its flexilrlr: ¡;Lrucbrrre it is also ea$y Lo j.ncorpc-
raLe an arbitrary uscl cìefinecl loss funcbj-on int,o L,r.(plD.



l¡ . l, I lil'I l)

The prof,ram LISPID rvhiclr is l.rritlen in IIOIìTF^N cLrrls Í,sbs
of 52 subroubincs. Tnclutlinr cr.)rììrÌr€ñts l,lle pt'o[l]'anr sii;e iu
9 200 sbaLemc.nLs. The pr.ortra;n r.¡ibrrout any ciaba sl,or¡l:,..r ï,c-
quires a core of 6! k ce.l _l.s on blle UIJIV^C f 108, j f. f.;Lr íier--
menL¿tbion is used. Us-inlt s€¡:¡.¡¡6rrf a.L j-on an,l ovel'lays f lre cor{)
required can be reduccrl t,e¡ 25 lc. Aridib jonal. nemory $p,1(:e I r,i

tequlred to st or.e dal,a.
Tlre parameter"s, which irr"e to be estl.maLed, c{ìn enter. i;he

System and Covariance tníìt,r'ices :irr an ar,bl trAry !,A¡,. The
mean value m ancl ttre covalianr:e ño of i,hc.initlal. sbate
x( L^ ) can l¡e regarcled as paramet ers to be esIlniar;,:d . A pureu ' ('--'-
time delay of the input si¡rra.1s cal'r arso be inclr¡c1e,l and
determined. tli.as terms of ttre state ancl oL,Bervat,:i.on equa-
bione are easily estini¿rted try int;r.oducín¡ an arLilicie.l
unj t step irrpub signal. The depenrience of the rrnlrncrin !-ìar,¡r-
met,ers nlugt be supplied b.y bhe user in Íì soecial l,'Olì,ì'n^;l
subrou Line .

The minimum of Lhe lr)ss f'unction íe founcì by nn opbimi-
zation routine. Íiince it .i.s ext;remely bedioue Lo conrpr.rt;e

the gradient analyticalty, optirnizatíon bechniques uhlch
only use bhe values of the loss f'unction have been t,ríed.
Two differenb algorj.thns írre incr.uired 1n LrsprD. Tn t.he
first one the flrâd:ent is cornputed numerically us i.n¡l f í-
nite dif ferences. Then a quasi-ner.¡ton metirod is eppì ierl t o
finci t,he opbj-mum (see t9I ). 'li..e other a.L¡oriLhnr cloes nc¡t
use numerical ¡rradienLs, br-rl, llcbs informalion abotrt Lllc
loss function by a speci.at se¿rrch patterrr (¡¡ee tJ0l).

f n the general case lvi th t ime varying matricr:s lnrl ltor.l-
-unifornr sanlpling the execub ion t irnes of te¡r becom,,' r,at.hel
long. llowever, if constant. rnai.r,ices an,1 constant sarnpli.n,-
íntervar are used, the saûìp.ì i¡ln of tile eont,irtrtoul., t. 

.¡,,r,: 
,:rr l-

cl :tn(l l.;ltr; tor'ri),rtr,;i_cr¡ .)l' tlt,: f'ì_1L,,.I. .'¡ j.rì l.i i¡ ( j. i) :rì,.-
onlr' needed once for eaclt paralneter set. l'he exel:r,rt iorr
timc thcn decreases. rn btris c¿rsc the f i.1ter nain l.: c¿rn

also be estim¡r1,ecl directly. T f' sonle me:t6ut'cnents ¿rÌ'rj '¡ j.ss-
ing of an experimenN rr'ith unifortn r-ìamfrlin¡ t'âbe, f,TSnTfl



adnríbs bhe poÍir;iìrLlity tr: rr;rv() rj(,n,.utitrr r..i rr:.. t,v r.r:ri¡1r. ilrn
advarrba¿c:s of con8l,¿t.rtr, [ilrr;l) 'l :i.rrl- i.rr,.el,v¿rl :r.rl(r l,y ;:rl i¡r¡r ïtrri
the conLribuLions: l'1'otlì t,lro rrrisr-i rrl* nlrasu r.ell;crrt.¡.1 t,r, i,lr^ .l.r,s{l
func b ion .

The eXeeUtion ti.nle¡ iit,rì llSo,lrtct,erl$e,l ìf Llrr: lr!.,r,r,¡.;i.:
noise of the norìc'1 is ornit. l.r:r'l . 'l'lre i,l,,rl {;It':ir:;rN,i61¡ lr.r.fllrr.t1 ri,.
íS tl,err t-'qrf iv¡rl cllL l:.o iìll nrrt.p¡11; ,.-.¡,r,,.)1, tle-, l,hcl,l, i J, t!r,. lirinlllrì,,
of pt'e,:l-ic bion stcpr; Jr j I (tclu¿ì1 Lo onr! .

The frroßraÌn i,ISl'IJ-ì rrrt.,.ln;.rt;ica1-ly prlnts arìd ft16L¡l ¡*t i.¡_
put sintrals, 1,he nea¡,:,(-r:r'rìrrbr:r ilre nrc¡ ler our.prtt.f.ì ,.ln,l r;!lc,r
¡'e¡;i-clr-lal s. The .l atr;er' crrcî lr:1'7u in frr.irct-ì er: provr:rl I o l,¡
exLr"en;ely va-ì-ilal,. l-e t,o cl-rr.t:r; :lrt)rrr.irirr.,l .l:rb,r . lry an,.r I;,,¡ iili" t. lr''
autocorl'el.ab jorr 

f 'trrlct i.,trr¡ ot' r,r-.s j-clr,::r. lr; arrrl t, llt: cl'r-rr:s (:(ìt,Ì.,,,-
l.abiotr f'rrncbions bet,\vr.:r.rrr in¡rrr.|..s ¡n,ì rcriirr rr,-:1s, wrri,:lr ¿-lr.f:\ (:orn-
pu{;erl and plot.tert by l,l ltl,l l), i t, can trc j u,ifr:,1 :lf, llre t:l(1,1r,11

otrbainecl is reasonablr:.
The appea.aÌlce of 1,lrc 1.L:îi lilnctio¡r elosc, t;r¡ Lllc ,roillf

pt'oposeti arl mini¡num by t.l¡r' ,¡rf.i miz:rt iorr a 1¡:or,iilrrn .i n r;l¡61.¡¡1
by ÞloUbing blle loss f'ulrct,.iotr, trhen Llre esbllr;i.rl,c.i Þirr,:rtÌrt.:t.c)t,r.,r
are clran¡iecl one ¿tt a t.l;¡rr_.. /1 losrì itriti ty of J rr,lf irir: j.. 

¿ì

lOeal mirrinum po:irrt iì.e1.rì.:r'l..1..,, lras beelt ¡.euched j.s l)1,Õ\,r.ilt,il t.,I,
blrese p1ots. I¡inel1y, cr;t,_i¡:rat e,l st¿rr-r<l¡u,r.l rlevi¡i;ior¡l: oi, 1.lrt.,
parameber values obt¿t j rt., i (_:íìtl br: (.:cltlnutetl .

5, lll'l,TrlitTIOl.lS

The Fl'ofran I,T¡Pf l) lr;,r:t l,(.r-t.ì ;ìpF l_ ierci l-,o Jabl lt, r,ll lttíir,,.".
d-Lf felrent' proc(lrì3cs f'r¡t' ()',/('l' a ¡,,r-rri ocl cov(ì:'ilr,' ricv..r,:l l. l;c¿r.rr.
rb has also been n¡o<jil'icil ,:ìii a r,esulb of. ilre cxne¡ier:ccs
gainecl fr-om tlrÊsr: a¡r¡r'r icaf;j.crns. An early versi.rr or r,ï$rri)
h/es user-i t,o dcte'nr lnc rr.'r, r_rcrii¡-:r dynlrnrics [1]], 11r¡clr):ì1,
pc)wL)r' r't_-;.t.cboI' ti¡¿riarr¡ ii.'l:; I I ;]] rnr,l Lilt: (ì ],tl:lnic s of. iL [)c)t.;,.], ,rcj_
ncr'¡¡to| tIiI. 'J'li,: i)l'()f"l';rttì lt;llr lrrìtìlì el: Lr)ltLiivcl¡,tli(.,1 t.() r.t ,,-
t;erminc strip .sb(lclin¡: r.ì¡,r.'rrri.r:s. ,l'lr.i.s is rcporte,l in Il-/r ] ,
[1:j]' [ 1.6] and trzl. Arr .:,r,r,r.Lr:.-rt.iurr t,o plrnrru;rcoltirrct;ic;s r./3s
clescl''il'a'l irl trSl tturl ¿'t¡¡,'1;lrnr l¡i-olr,¡1iclrl a¡rp.l itr..it-l.r--.rì i:-r rìtl-
scrj-ìlr''l Llelotv. l,l;til;trlt:ir., rr ('i'ì:l:l(jl,oo(jc¡ntllir:,rt¡clo1s [-1..,] j¡-,



another area ol
caLi.<>n is al.so

a¡rp 1. j- c;r t, i cn
riverl ì_r,.:l r)1.'.

rltrl itn eXCel,fl; ,-. 1 5tt(lll :¡l-. r¡¡lì Í.-

| 1¡l Sl:t ¡l l. i r rr: t. i.,.: I I 'r [' i¡rr:ulin
COnt¡lart,ment; nlo(lcltl il¡c, l,r,crlrtorttlV Ur;t,rl

phys:iolorica-l sysl;cmrì. 'l'lrc tr,¡tlc t
d*1
î'r-
d *l
ãr-

k "1 * l'r2 x;, * tr

;) S tt¡r¡rlc'l :: r'r'rl-

( 1, . 1. )

21.

ltzr 
"1

(r< L'r,)
)".

+
a1')

Y = *1 + e

rîras used Lo clescrj be t.he plirsrni:. li.inebics of. i.rrgul.ln in nän.
see I eo 1 . The cxpet'imctrl; 1'r¡ìs performerl L.v j n,iocb illr. .Lrrsrrl.in
af a constant raLe f or. ;l .5 minrrtes . Íiarnples of. llr,- b.1,¡r:C
were then tal:en at, i'r.efiur1¡r' intervaln arrrl f lle i.¡rrrrr r !.rr co,r-
Centratiotr t^laS flcâsr¡¡.,'.-l irr 1;l-re snnrnle6 . Ân nttAIyS i l, r_\ í. t;1rr:
measur''ing pl'ocer:ìut'r-' a l.:rr) finve the el.rorg of each r.r(.rirñu¡'6nlrr¡1.1r
The ex¡reriment t,hus r:iì.vr¡ n Íìc{luê11r,)e of bime t* and concenbr,â-
tíon nreasurcrnents y (f j ) t: i t rr ;rß,sociabe.l estlm¿rte¡r or rn.'a -
surement errot'íi.

Sjnce the noriel (r.I ) is onc of blre sbanrlarcl LI.<.ìllD rnc,t_
e1s ib is sl,r.ai ghl, forwar"d to use ilre pt oftratn bo est j nrr te r; l¡r.r
parar'eters l,l¡ l,2r ¿rn,-{ ,, 5r, Tl,e lrurnlrel of' pï.e(lict lc.¡ s.bt)r,rl
bras eqlral to one. rn llri.s ¡rart,icular c¿ìse iL $ras ¿r1r,o ot
parbicula' i-nbe.est Lo osbi:nabe f;he pararneber

k^. k _^r. - ¿I' --tz¡-el. I.l2 * U]J,

tr'hich I'epresctlt,s t,tre LuL¿rl- c'l iini-naüion l'ate. 1'tro unerìr.ta j rrIy
of l u:l- can car;ì l.y bc crlrr,,:-.ine11 f'rom t,Ìre eovat,íance lnrbl,.i:: ol.
t,he ori¡" !-¡1¿1 i)ar'¿ìmete:,s. 'ic-r see -if ilre dat.a eorrl tl r:q,a1l.y
well be cxpl,ain,,:11 by ¿ì l,r inllr ìrrr rnodr:l a f íl,sL orrl,, l. ,1 ,.:cl el
(,.r, = 0) walì ¿rrso r:cf irrr:lt;.r,i . The pì-or:1"¿r, r,i¡rs iip¡rl i,, ì to ir
1ar¡:e nurnber ol nrc¡t:-;ur.,ernttnL[;. O¡e oxi-rm¡llC is i-l lr6,tl,nt;t ì i.ll
Tab.l e I .

The ¡rarameter e;t,inales c.lrl;a..iner:l t^rere
l,2l = l,ol = O.?,) j O. ol

fo¡' t;lre f irst; ol:cir:t' ntotltì l ¿lntl
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32 el

fon the seconcl ol"rler lilr-rdr.rl . Ali¿ri l<e's cl' j ber. j c'n f'cr. rlt r. j rl:i n,
upon a suibable model order tJ¿ì; b(3.r.j arlrt 6 t l"ct,if)e(:1.i..,,.ll..
This indicates tlrat Lllc ti(:1{--(1!lrl orr.ler moclr:l l,llc,rtl.rt lro lìr,e..
fe¡'r'er-1. llobice ttr¿lL il.r: co{:'i'l'ii.ic'nt. l,-,n1 tvlricl¡ -is öÍ, I,r,ina-
ry b j.olorical j nteresl; .i-r; (:ornt':rraL:i'¡e well rlet;et r.rJtre,l evetì
lf $eVerål of tlre oLher fì¿.{1,íltn6.t.el,lr ¡tt,e v(.1'y Ul.ìccl,t¿1.ì rì. Âl r,<:

notice Lhab esbi¡lration t.r [' t,lrc ¡lt'¡r:ïet,er irr ¡t f irr.,t or.rler
mocle-1 only tlla.\r ¡1.ive nir:1,.':r,j ini- ()rb jnl¿rt,es crf' t,lrc t¡l(trtr.l.;lirrr.y
of the '.¡sbirrrat,c.

Table I. I.le¿rstJl'c,l orrt,prrb V, o'll;Irrrts of l.il.st
and seeoncì ot"(ler, trrorlcts (i1,ip) rnsi,ìrralF (r1r
te) anC ¡¡tntrclar',1 rlnv:i,,rbÍ.¡rr of ¡te¿lsul,erlent.
el'l'oI's q.

It

k

0.003 r 0. {10ÍJ

0.01r * 0.07

= 0.-')0 r 0.().i

= A,2t) t 0.0:ll:

vb y1 J '¡ t- a1- -L
,2 t

l¡

fi

b
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(J

9

10

12

ILt
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20
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3,0
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0.3
,). í

Jt . r)

11

-o.lr
-ri )

3,9
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0.7
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-0. J
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l'ì

-1.0
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!. J

't.:l

.:i.0
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lic onorne b ri c: nr()(la l f'or rììcrnet,at'.y sec t ol'
The progra¡n LISPID llas been

economÍc models. See t l9I . Tlre
for the monetary secbor

14(t) = artl(t-t) + ary(b) + alrì(t,)

ap¡r1ied 1,o debernine
I'ol lowin¡ moclel r,a.s

nlac ro "
l:lr'()1)of;cr1

w (¡-r )+ ¿tl,/P(t)
1

(RS-IìD)(b) = a5(R;;-rìD)(r-1) * a6,r(r) + art,t(t) + aB + ür{t_r¡ (5.:t)

nl,(t) = a, IIL(ü-1) * ul'(rìÍr-ruJ)(L) * ull nD(L) * 
"1A 

* ñr(t_l)

where M is real stocrt of mone¡,, y reer Gr,rp, B real r¡orrebrr,:/
base, P GflP-inf'lator ( 1g6B=100 ) , nS and fì1, shor.b a.nct 1on,1
f;erm inberest, rabes ântl 11D diseorrrb rabe. Â1Ì pr,lces .L1,e i nmill 1968 Sl<r.

The vecbor ñ = [ñr ñ. ñr]t consists ot pr.ceso ciisturba.n-
ces wibh eovar.Íance ¡llaLrix

+

n =['I l"r¡l o o

o 1"r,, I o

0 0 lur.,l
The thr"ee states M, FS-RD and RL
covariance matr"ix of measr¡rernent

a.re all measureci ¡ âl-rrl the
er"rorEr ls

ñ
| "rc

00
arzl o

0 0.0001
The vari¿rtrres Y, B, I/P and IìI) ar.e inputs. An extra ¡rrt: i f Í-cial unit step input si¡]rar vras i ntr.orluced bo esbimatr: t hcbias berms aB and aIA,

When rewribin¡i f,lre nroclel (5.2) in siantlarrl star;e $frace
form (cr (2.4 ¡ ¡ , the pa'alrrebers above enbe. the ?vstenr ar¡rr
covariance matrices in a ratl're. cornpricaLed way. This .ts
ho¡¡ever easÍ1y handlerl in LI.l¡1¡. The reorrlb of the i,lent;i_
f ication of the modeL ( 5. Z ) t;o quarberly ciata about the
Swedish eeonorny over bhc porio,l lg6j bo lgTA is shorvn in
Fir: 1. The number of pr"eclicf ion steps used in Lrslrïtr i s
equal bo one. The paranre't.e. e.stimaLes obtainecì arc ¡iiverr inTable fI.

0

0

2



Table Ll,. par.¿ureter.

cabi on of the nrodel
Swedish economy.

€' lì f,, -i¡r¡¿11. çr 1t ob b a itrecl
(5,2) to qrrarter'1y

l¡'c'¡nl

dâtå
ident i fi-
abot¡ b b he

6. 0oucLuiiroN

The program Lrsr'.rD r¡as ..r,r been ín ope'at1.on ro' several.
years. rt has been appl iect to severar parameter est,imatiolr
problerns. Because of ttrc flcxibil.lty of Lhe prol-rafri it r-res
been f'ound to be a ve.y r-rsefrl Lool ro' estím¿rb lnq pal,ame-
bers in linear dynarniea 1 systems.

0.81 r 0.05
0.00075 r 0.00 iI jj

f .l r 0.J
-5100 * l_200

0,97 * o. 06

0.00001-6 t 0. 00rrg1¡
-0.00026 t 0.00{),tJt
-4,22 r 0.17
0.0Ìl * 0.100

1.0 t []..1

l,J * ().4

0.5j r u.uü
87 r 76oo
0.0021 * 0.00!J
tr.0069 * 0.01J0
tr.0002,t â 0.611000

0.0019 * 0.00J5
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