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1. INLEDNING

IFAC (InternationaL Federation of Automatic ControL) är den

internationeLLa sammansLutningen för regLertekniker. Kongressen

arrangeras vart tredje âr. Den är mycket omfattande och har

ambitionen att täcka aLLa aspekter av regLertekniken.

2. TNTRYCK

Kongressen var mycket väLorganiserad. ALLa föredrag fanns tiLL-
gängLiga i preprints (13 kg). Pnoceedìngs är under utgìvning.
En intressant nyhet var ett datorsystem där deLtagarnas ìntresse-
profiLer hade Lagrats. Adaptìv regLering Ltg högst upp pt Listan.
Jag föLjde föredragen i speciaL sessionerna om adapt'iv regtering.
Dessutom besökte jag sessioner om robotics, computer aided de-
sign, Large scaLe system, educat'ion, and picture processing.

Jämsides med det formeLLa programmet visades ocksâ fiLmer om ro-
botforskning i Japan.

Specialsessionen pt denna typ av kongresser är tyvärr såLLan ak-

tueLLa på grund av den Långa administrativa fördröjningen. Det

stora värdet L'igger i stäLLet på de ìnformeLLa kontakter som man

kan knyta. Jag hade goda tiLLfäLLen att förnya m8nga gamLa kon-

takter, Liksom att knyta nya kontakter. Detta kommer att pâverka

inrìktningen av den framtida forskningen på institutionen.
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3. PLENARFöRELi{SNINGEN

THEORY AND APPLICATIONS OF ADAPTIVE CT]NTROL

K. J. Âstnörn

Depantment of Auto¡natiê contnolI Lund Institute of Technologyt
Box 725r S-22O O7 Lundr Swedetr

âÞ=lfgSl . Pnogress it't theory atrd applications of adaptive
õõñ["ãf-."" reviewed. Differe.t approaches to adaptive contnol
å¡.e discussed with pð|rticulár emplrasis otl model referetrce
adaptivesystemsarrdgelf-tunitrgnegulatons..Techrriquesfor
a.aiysing åOaptive systems åFe discussed'. Ttris itrcludes
staui f ity and eo,ltr"t'gLn"" alralysisr averaging metlrodsr atrd
stochastie corrtrol theáry. Issues of inportance for applicatiotrs
are eovered. Ttris ineludes pË¡¡.èfn€rterizationt tutringr atrd

trackingr as well as different ways of using apaptive colrtnol'
A. overiiew of applieations is given. TtriE Ítrcludes feasibility
studiesaswellasproductsbðsedonadaptiveteclrtriques.

KgyUgfdg. Adaptive control i model re€e¡erreei self-tunitrg
iãõ"fã[ã"t' g"it selredul ing r stabi I ity ånåIysisr stochastic
cotrtrol ttreoryí dual control i åutotunillg '

1. INTRODUCTION

ReEeat'ch otì adaptive control wå5 very
active in 'the early fifties. It was
rûotivåted by desigrl of autopi Iots €on
high perfot'rnêrlce ainerafts. Tlre work
w¿ls characterized bY a lot of
enthusiasrnr bad lrardwaner ¿nd-
rrorlexisting theony. A presentatiotr of
tlre regults åre found in GregonY
( 1959) . Interest in the åreè
diminished due to lack of futrdarnetrtaI
irrsight and disaster in a flight
test.

i dent i fi eat i on
esti¡rration.

and i n pa rårnete r

The itrterest itr adaptive control was
nerrewed in the sevettties. The
progFess itr control tlreony during the
sixtieç coPrtributed to atì impnoved
understanding of adaptive eontrol.
Ttre napid and revolutionary pt.ogress
in micnoelectnonics h¿g made it
possible to irnPlement adaPtive
negulators simpl,y and eheaply. Tlrere
is now a vigórous development of the
field bottr at utrive¡5itÍe5 and in
i rrdust ry.

This påpen gives åtl ovenview oF
tlreory and appl icatiotrs of adaptive
contnol. Partieula¡' emphasis is given
to those techtriques whieh are used irì
currerrt applicatiotrs.

2. APPRQACHES TO ADAPTIVE CONTROL

Tlrree schemes fon panameten adaptive
control: gaitr . schedul ing r model
nef e rence cotrt ro I a trd se I f -tu tr i ng
regulators ane desenibed in a conmon
f rarnework. Tlre starting point is an
or.d i nå ry feedback cont rol loop witlr a
process and a l'egulator with
ad¡ustable paraineters. Ttre keY
problem is to firrd a cotlvenient way
of charrgirrg tlre regulaton pararnetens
irr response to chatrges in process and

In tlre sixties tlrere wel"e ûlånY
eontributions to cotrtnol theot'yr
wlrich wel"e fundarnetrta I fon the
developrnent of adaptive contlol '
State spåce and stabi l ity theot"y wene
developed. Tlrere wene also impontant
nesults itr stoehastic control theory'
Dynarrrie pt'ograrnirrirrgr introduced by
Bãl l,r,an ( 1961) and dual cotrtrol
tlreony introduced by Feldbaurrr (19ó5) I

irtcneased the utrderstanditrg of
adaptive pt.ocesses- FundamentaI
contnibuti,ons we¡'e also r¡ade by
Tsypk i rr ( 1973) r wlro showed' tlrat many
of tlre schemes f or lea rni rrg and
adaptive contt'oI could be described
i n a corfirnotr framework atrd tlrat
eertaitr t'ecurgi.ve equatiotrs of the
stochastie approximation type played
a fundametrtal role. There were also
rnaJon developnretrts irr systerrr

I'S- 28



disturbance dynamics. The schemes
differ only in the way the pårarneters
of the regulator åre ådJusted.

9e!r-ssbedcli¡s
¡t is sometimes possible to find
auxiliary process variablesr wlrielr
eorrel¿te weII with the changes in
pnocess dyrrarrics. It'1s tlren possible
to eliminate tlre influences of
pararreten variations by .changing the
pararreters of the neEulaton as
funct ions of tlre aux i I ia ry va riables.
See Fig. 1. This approach is called
gein_sqhgdUl-i¡S r because 'the systerrr
w¿ls origirrally used to accomodåte
elranges in process gain orrly.

Gain schedul irrg iE arì operl loop
scheme eomparable to feedforward
comperrsation. There is no feedbaek to
compensate for an incorrect sclredule.
It lras the advantage that the
parameters cån be charrged very
quickly in response to proceÉs
changes.

Tlre ne i s a cont rove Fsy i n
nonrenclature whether gair¡ selreduling
should be considered as an adaptive
scl¡en¡e on not because the parameters
ål.e eharrged in open loop.
Irrespecti.Ve of tlris discussiorrr gain
scheduling is å veny useful teehnique
to neduee the effe'ets of pår.årr¡eter
variations.

IeÉe I-re f ere !se- e gs p!iye 
-=yc ! e'rs -E 8â5

Another way to ad3ust tlre pa ì.årneters
of tlre requlator is illustnated in
Fig. 2. Tlris sclreme wås origi rral1y
developed fon the senvo problem. The
specifications are given in tenms of
a neferenee rnodel r wlriclr tel ls lrow
the process output ideally should
nesporrd to the command signaI. Notice
th¿t the neference model is part of
the contnol system. The regulator can
be thought of as consisting of two
loops. The inrrer loop is'an ordinany
corrtrol Ioop eomposed of the process
and the regulator. The para,neters of
tlre regulator ane ad.¡usted by the
outer loopr in sueh a wèy that the
erron e between tlre r¡rodel outÞut y*

and the process output" y becomes
small. The outer loop thus also looks
I ike a regulator loop. The key
problem is to determi ne the
ad¡ustment meclrarriErn so tlrat a stable
systemr whielr brirrgs tlre el.l.ot to
zel'or is obtained. This pnoblern is
norrtnivial. It is easy to show that
it catr not be solved witlr a simple
I itrear f eedback f rom tlre errot. to the
control ler panarneters.

The following pararreten ad3ustment
rreclratrisrrr called the 'MIT-rule' r was

Fì9. 1. BLock diagram of a system wìth gaìn
scheduLìng.

model oulpul ym

commond
s ìgnol mcosurcd

oulput y

Fì9.2. Block dìagram of modeL refenence
adaptive system (l1RAS).
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rcAulolor
porometeß t

command
s igna I

mæsured

ty

used irr tlre origirral MRAS;

d$
--=-kegrad e.
dts

(l)

The nunrber k is ¿¡ paråíreteFr ¡¡lrich
deten¡nines the ad¡ustment nater e is
the ¡vrodel enron ¡ åñd the cornponents
of the vector $ are the ad3ustable
paFånreters. Equation (1) represents
èrì ad¡ustment nreehatrisnrr wtrich is
corTrposed of thnee parts: a linean
f i lter for eonrputirrg the sensitivity
derivatives from proeess inputs and
outputsr å rnultiplierr and ,årt
itrtegrator. This eonfigunation is
typical fon roany adaptive systems.

Tlre llIT-rule wi I I adapt slowly but
otlrerwise perfornr wel l r if the
p¿lr'å¡rreter k is srnal l . The al lowable
size depends on tlre rnagnitude of the
nefenenee sigrral. Consequently it is
not possible to give fixed lin¡itsr
wl'rieh guararrtee stability. The
l'1lT-nule can thus give an unstable
closed loop systern. l4odified
ad¡ustment ru Ies ean be obta i ¡red
using stabil ity tlreony. Tlrese rules
èr.e similar to the MIT-ruIe. The
serrsitivity derivatives irr (1) will
be replaeed by otlre,r functions. This
is discussed furtlrer in Sectiorr 3.

The MRAS was orlginally pnoposed by
tJlritaker (1958). Funther wor.k was
dorre by . Pa rks ( 1966) r Monopol i

gain
shcdule

sþnol u

aux iliory
meosurffients

cont rol

reSulolor Plæess

model

odjuslment
mxhanism

ouler errcr

tegulotor
potomcl?rs.ú

rcgulolor Process

signol u
conlrol

@

l,s- 29



<L974> | ànd Landau <Lg7Ar. Ttre book
Larrdau <1979) gives à coûìprehenEive
treatment of work up to 1977. It also
i ncludes lnåny neferences. Recent
contributions àF€! discussed in
Sect i orr 4.

9elf =!u¡!t¡s-tcscLå!sr=_gf B

A thi nd way of ad¡usting the
panameters is to use the self-tuning
regulato¡. Suelr a system is slrown in
Fiq. 3. The regulator can be thought
oF. ås composed of two loops. The
irrner loop consists of the ptÕcess
and ån ondinary I inear feedback
regu I ato r. The pa rarneters of the
regulator are ad.¡usted by tlre outen
loopr which is eomposed of è
recursive pananreter estim¿tor: and ¿¡

design calculation.

Notice that the self-tunen in Fig. 3
includes ån on-line solutiorr. to å
design pnoblem fon a system with
k¡rown parameters. This is called the
c!detIy!!s-desrs!_prpÞ¡eq.
The sel f-tuning regulator is very
flexible with nespect to the design
tnethod. Vi ntua I ly arly design
teehnique can be aceomodated. So fa¡
self-tuners based on phase and
emplitude marginsr pole-placerrentr
rnitrirr¡um variance controlr åñd linean
quadnatic gaussian corrtnol have been
considered. Þlany different paranreter
esti'rråtiorr sehernes nray be used r fon
example stochastic è¡pproxinrationr
least squè nes r extended and
gene Fa I i zed le¿st squå lies,
i.rrstnumental variablesr extended
Kalrnan filtering and the rnaxirnurr
likelihood method. See Âströrn (lggO)
atrd Kurz et al (1990)

The regulator slrown in Fiq. S cå|-l
also be derived frorrr ttre MRAS
approach if the paranreter estimðtion
i s done by u pdat i trg a ref e nence
¡r¡odeI. The sel.lerrre is then called an
!¡É¡¡eS!_[!âq' because t]re regulaton
pararrretens ère updated ind!.rect!,y via
tlre design calculation. See Narendra
ar'¡d Valavani <L?75).

præess
poromclers

5
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meosurcd
oulpul
s¡gnot y

Tlre self-turìi ng negulaton wà:l
original ly proposed by K¿Ir¡anr who
built a special purpose computer to
impl,ement the regulaton. The
self-tunirrg regulator has Fecently
received congiderable attentionr
because it. is flexible ar.¡d easy to
undenstand. See petenka ( 197O) r
Âstnönr and t¡ittenrr¡ark <lgZS)r Kurz et
èl (1?8O) r Clarke èhd Gawthrop
( 1975r 1979) r t^lel lstead et al (Lg79) ¡
Âst rörn et à I (1977 ) r Âst nöm a nd
[,Ji.ttenmank (194O).

3. AN EXAMPLE

!.opIrs¡!-å!É_erpliså!_sel.l:!u t:e r=

The sel f-tuner shown i n Fig. S is
cal led èn e¡plig¡!_gIg or an STRbased on estioration of an g¡plÀSl!
process modeI. It is sometÍmes
possi ble to repa rameteri ze theprocess so th¿t it can be expressed
in terms of-the regulator panarnetens.
This gives a significant
simpl ification o€ the algorithmr
because tlre design ealculations ðr.r
el irninated. Such a self-tunen isealled an !rnp!!ei!_Ef!, because it isbased o.n estimation of arr implicitpl.ocess model. The algonithrn isclosely related to tlre direct MRAS.The ¡elations between MRAS and STR
å Fe fu rt he r d i scussed i n Ega rdt(1979t 19SO) r Landau (197?) r and
Åst nörn ( 1?8O ) .

BLock diagram of a seLf-tun.íng re-
guLator. (STR).

The different approaehes to adaptive
eontnol àne i l lustrated by ¿¡nexample. Sorr¡e formalisn¡ needed to
discuss thcory are also introdueed.

I!:e-c¡derlyå¡s_de=!sn_üe!lled_f erknown svsterns

n pof"-placenrent design rnethod istaken ås tlre starting point. This
wi I 1 i nclude marry of ttre pt oposed
sche¡r¡es. Cor.rgiden a single_input
single-output system

Ay = Bur (2)

whene u is tlre contnol signal and ytlre output signal. The sy,nbols A andB denote pblynornials in the fonwandslrift openator.. Assume tlrat it isdesined to flnd a regulator such thattlre transfer function from coffrmand
sj.gnåI to output signat is given by

6--=8/Pr ' (S)
m

u¡here 0 and P ¿¡.e polynonrialg in theforward strift openaton. Tlre solution
to the design problenr is welI known.
See e.g. Âströrn (Lg7g). Ttre regulaton
is given by

regulolor
porcmelers i

coûñond
st9nol

desßn
colculolions

porombr
eslimolion

reguloloÌ proccss

conlrol
signol u

Fi9. 3

PS.30
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ARt+BS

with respect

feedback is

Ru=Ty -Syt (4)
c

where y is tlre command signa I and R r
e

S and T ane polynomials. To deterrnine
the negulator the polynomial B is
factored into a stable polyno,nial B+

and an unstable polynornial B The
design problem has a salution if A

and B are eoprirrrer i f B" divides Glr

and i €

deg P - deg Gl ) deg A - deg B.

Let T be the obsenver polyrrorrrial.
1

Solve the diophantine equation

Notice that equation <7) cån be
intenpneted as a process modelr which
is parametenized in B R and S. An
estin¡atiorr of the panameters of the
model (7) gives the regulator
pararneters direetly. Notice also that
the nodel <7) iE Iinean in the
paranreters only if B = 1. The
implieit algonithrn ean be expressed
¡s foI Iows.

ALGORITHM 2

Step 1¡ Estimate the coefficients of
tlre polynornials Rr S ¿nd B
in (7).

Step 2: Caleulate the control sigtral
f ro¡rr (4) r whe¡.e R and S a re
substituted by the estirrates
obtained in Step 1.

Tlre eontnol law witl not be eauEal if
tlre leading coeffieient of the
esti¡t¡ate of the polynonrial R is zel.o.
l'linor nrodif icati,orrs are requi red to
avoid this diffieulty. See Âströ¡.n and
t'litten¡nark ( 1973) r Goodwin et al
( 198O) r Goodwin arrd Sin ( 19BO).

Tlre steps 1 and 2 ane
sarnplirrg period.

nepeåted Êach

tr

P s :c fie! s n-e E ! !ûl s ! i9 !
Tlre pararreten estimators fon models
I ike (2) and (4) r whielr are I inear in
the para¡r¡ete¡sr ål.e èII very sirnilar.
Corrsider for exarnple estirnation of
tlre eoefficients of the polynorrrials R
and S irr (4). Several estimations
rrethods carr be descnibed by

0(t) = 0(t-1)+è(t)lf (t)ç(t)e(t) r (B)

wlre,re
Te=PT y-Ru-Sy = PTly-9 (9)

The elenrents of the vector p åre
delayed values of the input u ¿nd the
output yr arrd 0 is a vector of the
unknown paranreterg. Ttre v¿riable N
depends on the particular estimation
technique. It is a eonEtarrt in NRAS.
In stochastic approxinratiorr it is the
sca 1a l.

T -lI'l(t) = t EEç (k)tp{k)l ( 10)

In the least
n¡atrix

squères method it is the

(5)

to R arrd S. The desi red
1

given by (4) witlr

can be

PT I

and T (6)

The equat ion (5) is obta i¡ed f rorrr the
requirernent that the system (2) with
the feedback (4) has the transfe,r
furrct ion (3) .

An expl icit self-tuner

T1A/È

Tlre explieit self-tuner
expressed as follows.

R = RrB*

ALGORITHII 1

Step 1: Estirnate the coef€icients of
the polynomials A and B in
(2) .

Step 2: Substitute A and B by the
estinrates obtained in step 1

arrd solve tlre equation (S)
for R and S. ' e

Step 3; Calculate the cotrtrol
f ror.r (4). sigrral

Tlre steps lt 2t and 3 ¿re
each sampling period.

repeated at

ân-! r¡p !i s !!- : e-¡.f :!c ¡ er
Atr irrrplicit self-tuner may be derived
ðB follows. It follows from (5) that

PI .y = AR.y + R Sy = BR.u + B Syrlr'
B tRu + Sylr

wlre re t he second
from (2> and the

(7>

equal ity fol lows
thi rd from (6) .

l,s-31

M(t) t tEtp(k)p T (k)l -1 (11)



The closed loop systems obtalned with
adaptive eontrol are nonlinear. Tlris
rnakes analysis difficultr
pantieularly if there åre random
disturbances. Progness in theory has
thenefore been slow arrd painstaking.
Cur¡ent theory gives insiglrt into
some special problerns. l"luclr work
still remains before a neasonably
corìrplete theory f s avai lable.

4. THEORY

Stabi lity analysis hðs
appl ied to systerns
sclreduling. This is
because such systerns are
t"lRAS and STR.

7

Theory and appLications of adaptìve controL

not been
witlr gain
sunpnisirrgr

simpler tlran

linean system is strictly positive
realr it follows from the passivity
tlreonem tlr¡t the ennor e goes to
:ero. See e.g. Desoen and Vidyasàgðn
( 1?75) .

Analysis of stabilityr convel.gerlce,
ðnd performance åne key pnoblems.
Sirrce panarneter estimation is ån
essential pant of the syster.nsr it is
also of interest to know lrow the
pararneter estimates belrave. It would
èlso be desinable to have theoryr
wtrieh tells if control stnuctures
I ike those in Section 2 are
reasonabler or. if tlrere are better
ways to do adaptive eontnol.

9!eÞ!Ir!v

To obtain the desired represerìtation
it is necessåFy to pararneterize the
model so that it is !.fneef_!n__!he
Eèlg'¡Cge¡s. Tlris requi re¡rrent strongly
I imits tlre algorithms that cån be
cons i de red.

Probler¡rs with output feedback poses
additional pnoblemsr because ít is
not possible to obtain tlre desired
representatiorr by filtering the model
error. Monopolí (LqZAt showed that it
is necessary to augment the enror by
adding ¿dditional signals. For
systems wi!h output feedback the
vaniable e in Fiq. 4 should thus be
tlre augmented erron.

Thene a re sorne impont¿nt deta i ls i n
the stabÍIity proofs based on Fig. 4.
To ensure stability it ûrust be shown
tlrat the vector g is bounded. This is
eåsy for systems which only has à
variable gainr because ç is simpty
tlre command signal. The eomponents of
tlre veetot g åter however, in general
fu¡rctions of the process inputs and
outputs. It i5 therr a nontrivial
problem to ensure that g is bounded.
It slrould also be noti.ced th¿t it
foI Iows f ¡o¡¡ the passivity theorern
that E goes to zero. The pararneten
el.ron wi 1I not go to zero unless the

Tmatnix Eçg /l ís ålr^,èys larger than a
positive d.ef inÍte matrix.

For tlre case of output feedbaek there
is an additiorral difficulty because
tlre signal e is tlre augnrented ernor.
It thus re¡nains to Ehow that the
ftodel ernor. a Iso goes to zeno.

Several of tlrese difficulties
remairred unnoticed for severèI years.
The difficulties were pointed out in
f'4organ årld Nê¡endra <LgZ7> r Feuer and
Horse <L97A). Complete stabi I ity
proofs wene given recently by Egardt(L97'ì) r Fuchs (1979) r Goodwi n et a I(1980) r de Larrr¡irrat (1979) r I'lorse
( 1980) r and Na rend ra et a I ( 19BO) .
The following nesult is due to
Goodwin et ¿l (1?8O).

THEOREI4 1

Let tlre syste,n i2) be cont nol led by
the adaptive Algorithm 2 with pT =zmrI
B =1 arrd nodified stoehastic
åppnoximation estirnation. Assume tlrat

(41) the pole exeesg d = deg A
- deg B is krrown

The st¿bi I ity theories of Lyapunov
and Popov lrave been extensively
appl ied to adaptive control. The
rTràJor developrnents of I'IRAS were al1
inspired by tlre desine to corrstnuet
ad.¡ustnrent rnechanisrnsr whiclr would
give stable solutions. parks (196ó)
appl ied Lyapunov theory to the
genenal l'lRAS problern for systerns with
state feedback and èlso output
feedback for systemsr whose transfer
functions are strictly positive neal.
Landau ( 1979) appt ied hyperstabi t ity
to a wide variety of PIRAS
configurètions. The key observation
irr alI these works is that the closed
loop systern can be represented as
showrì in Fig. 4.

The system can tlrus be viewed ås
composed of å I i rrea r systenr and ¿¡

nonlinean passive system. If the

?

Fig.4. BLock dìagram representation of a
I"IRAS. e i s the (f .i Ltered) mode L error,
g is â vector of regression var.i abLes,
e is the adjustabLe parameters and
0o thei r t rue va lues.

6l sJ

J
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(42)

(A3)

Tlreo rem 1 a I so nequ i ¡es that
ane no disturbances. Sin¡ilar

tlre estimated model is at least
of the s¿¡r¡e onden as the process
the polyrrornial B has aII zenos
inside tlre utrit disc.

for bounded disturbanees åre glven by
Egandt (1980 arb). To obtain
stabi lity unden disturbances the
estin¡ation alqorithnr isr howeverr
n¡odif ied. A satunationr whiclr I imits
tlre parameter estiûratesr is
irrtroduced. Altennatively a dead zone
i s i nt roduêed r wh i clr keeps t he
estimates constant when tlre residuals
a re smal l . It is not known whetlren
these assumptions are teelrnlcal ities
or necessitieE. 'Egardt also qives
results for contirruous time systems.

Qs¡vgrge nsE-è!lë¡vEiE

The essential proble,r,s of eonüergetrce
analysis are to investigate if the
paranreter estimates converge ånd to
determine the ccllrverge?lce rate.

Fon expl icit algorithnrs the proble'yr
is equivalent to analysitrg the
ccrrlvergenee of the recursive
paranreten esti.mator. This problenr is
dealt with extensively in
identifieation tlreory. Thene åre
eompl ications in the adaptive eåset
sirrce the process input is gerrerated
by feedback.

Tlre exeitation of the proeess depends
oÌ'r t he p rocess d i stu nba nceg . l^llren
developing the theory it is comrrorlly
assurned that the sysiem is driverr by
random dÍsturb¿nces. It is then
possible to use ergodic theory and
rnartirrgale theory.

A very general proof for convergence
of the Ie¿st squåres algorithm wðE
given by Stenrrby (L977) by applying a
ma rt i nga I e corìvergerlce tlreorern. An
exlension of this result cån be
appl ied to Ehow convergerlce of
adaptive systerns. See Sternby ( 1?81) .

A convengence theorerlr for. the simple
self-tuner based on rnodified
stochastic approxinration estimationr
eq. (8) with a (t ) = ¿ /t r and mi r¡imum

o

The signals u ¿nd y åne then bounded
arrd y goes to the command signal as
tÍme goes to infinity.

o

Tlre p roof i s not based on
hyperstabifity tlreony. It is an
analysis based orì the pärticulan
structure of tlre problem. Notice that
tlre tlreonern does not say tlrat the
pararneter estimates converge.

ïlreonem t is importantr becauEe it is
a sirnple and rigonous stability proo€
fon a reasonable adaptive problem.
The assurr¡pt i ons requ i red a re lroweve r
very restrictive.

The asEurnptiorr Al meårìs fon discrete
systems that the tinre delay is known
with a preeisÍonr which eonresponds
to è sanrpling period. Ttris is not
urrreasonable. For eontinuous tirne
systems the asEurnption rneåns that the
slope of the high fnequency èsymptote
of the Bode diagrarn is known. If this
is the cåser it is possible to design
a robuEt high gain regulator for the
pnoblenr. See Horowitz (1963).

Assunrption A2 is vet y reEtrictiver
sirrce it implies that tlre eEti¡nated
nrodel rnust be at least as complex as
the tnue systemr which rnåy be
nonl itrear with distributed
parametens. A1¡Y¡ost al l control
systems are in faet desigrred based on
strongly simpl i f ied models. Higlr
frequency dynanrics is often negleeted
in tlre simpl if ied rnodels. ¡t is
tlrerefore very importarrt that ð
design method car'¡ cope witlr ¡rrodel
uneertainty at high frequeneies.
Compare Horowitz (1963).

Assunrption A3 is also cruciaL. It
arises from tlre necessity to have a
modelr wlrich is linear in the
parameters. It follows f¡om (8) that
ttris is possÍble only if B =1. In
otlrer words the underIying design
nrethod is based on cancel lation of
al1 process zeros. Such a de,sign wi l1
not work even fon systerrrs witlr krrown
constant på rðrììete ns i f tlre systent i s
norrrni nimum phase.

Also trotice tlrat the theorern appl ies
otrly to tlre tunirrg caset i.e. wlren
the estinraton gain goes to zero ås
tinre inereases. It iE a nontrivial
extension to consider traeking as is
discu=sed in Section 4.

vatiarrce. control r i.e
with PT =zmr B =1 and

Iby Goodwi n et a I
irrvestigated a system
tlre nrodel

. Algorithm 2

d=l was given
(1981). They
deseribed by

t lre ¡e
resu I ts

Ay=Bu+Cer (L2'

wlrere e is white noise.

Utrden assumptions Al r A2r and A3 of
Tlreonem 1r with a pole excess equal
to oner it was slrown that tlre input
arrd the output ãre óeån squåre
boundedr åtìd that the variance of the
output will eonverge to the minimum
variance if the function

I'S-Ii:J

G(z) C(z) -å o
/2 ( 13)
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is stnictly positive re¿1.

Various extensions to largen pole
excess ðnd different modi,fic¿tions of
the least squånes estirrration have
been given, See Goodwin and Sin
( 198O) t whene convergerlce proofs fon
rràrìy v¿¡riatiorrs of the algopithrn åre
given. A convergenee proof fon the
general Algonithm 2 wÍth least
squ¿lres estin¡atiorr isr hou¡eveFr stilt
not avai lable.

I !e- o e!hed-ef - c y e ¡e s !Lrs

Tlre algorithms in Section 2 are
motivated by the assumption that the
paranreters clrange slower tlran the
other variableE irr the system. It is
tlren natural to try to deEcribe the
paranrters approxirnatively by
appnoximating Pçe in (g) by its
åver¿¡ge. Fon estir¡tatorEr whose gain
does rrot go to ze ro r t he est i n¡ates
.nðy tlren be approximated by the
solution to tlre difference equationr
obtained by taking averåges of (B). A
better apþroxirnation is obtained by
adding a stochastic terrnr wlrich
approxirnateE tlre fluctu¿tiong around
tlre nrean value. Such åppnoximations
have been investigated in great
detail by Kushne¡ (1977).

For the tuning problenr tlre gain a of
tlre estinraton (8) wi 1I go to zero. To
apply the metlrod of averagesr it is
useful to transform tlre time scaIe.
Considen for example the stochastic
approximation metlrod. Introduce the
t nansfonnred t irne def i ned by

t = rn E a(k)r
o

( 14)

whene m is the I inrit of ( lO) .o

Using the method of ðveråges L.¡ung(L977a) slrowed that the estirn¿tes
wi I I approxirrratively be described by
the solutions to the ordinary
differential equatíon

de
= f (0) r (15)

dt
wlre re

f(ê) Eqe

possible to detenmine if equilibrlum
vålues fon the parametere are stable.

A d¡awbaek witlr the metlrod of
averages is tlrat it is based on the
assurnption th¿t the signals àre
bounded. To use the method
boundedness inust be deterrni ned by
othen teehniques.

lJrrder the assumpt ion of bounded
signals Lgung <7977h, showed ttrat the
self-tunenr based on least squåres
estirnation, arrd minirnum vaniarrce
control r converges to the minimum
vaniance solutiolr under assumptions
Al r A2 arrd A3 of Theorern 1r if the
fu nct i on

H(z)=C(z)-L/2

is strictly positive real.

( 1ó)

L3ung ¿1so showed that the estin¡ates
wiIl converge to the solution of (15)
as tirfie increaEes.

The method o€ averages is use€ul r
because it makes it possible to
investigate convetgence rates for
special problems. It also rr¡akes it

Using the rnett.tod of åveF¿¡gesr Holst(1979) showed that ttre algorithrn is
local ly stable if the function C(z)
is positive at the zenos of B(z). If
C is rregative at a zeno of Br L¡ung
atrd tJitterrma nk <197ü have
corrstructed examplesr whiclr slrow tlrat
( 15) is unstable and that the
panairreten estimates do not Convenge.
Irr tlriE example tlre equatj.on (1S) h¿s
a I irnit eycle. Because of the
transforrnatior'¡ ( 14) the estirnates
wi I I osci I Iate with even incneasing
period.

Si rrce tlre convergence of the
påråmeteFs .depend on the polynomial
Cr it is cle¿r that conveîger.lce cån
be lost by changes of the
d i stu rba nccE.

9!esheg!rc-ç9n!¡9!-!hesry
Regulator siructures like MRAS and
STR are based on lreuristic anguments.
It would be appealing to obtain the
regulators from a unified theoretical
f¡amework. Tlris can be done using
nonlinean stoclrastic contnol theory.
Tlre system and its envi ron¡nent ¿¡rer
tlren described by a stoch¿stic model.
Tlre criterion is formul¿ted ås to
¡lini¡nize the expected value of a loss
functionr whictt is è scåIar function
of ståtes ¿'nd controls.

Tlre problern of f inding a control r
which mi nimi zes the expeeted loss
funct ion r is di ffieult. Conditions
for existence of optinral controls are
not krrown. Under' the assumption that
a solution existgr a furrctiorral
equation for the optimal loss
function can be derived using dynamie
prograrrming. This equationr wlrich is
c¿Iled the EelIOelt_SSUeliSI' cðn be
solved numenically only in very
simple cèses. The strueture of the
opti'.f'åI regulaton obtained is slrowr'¡

and the rneàr'l value is
unde¡ the assunrpt ion
pa ranreten 0 is corrgtant.

ca leu lated
that the

I)S- 34
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in Fig. 5. The eontnoller cãrì be
thought of as eorrrposed of two parts:
èn est imaton and a feedback
regulator. The est imator gerrenates
the eonditional probabi. I ity
distribution of the state from the
rneåsurements. This distribution is
called the þype¡glClg of the problern.
The feedback regulatgr is a nonlitrear
functionr whielr maps the hypenstate
itrto tlre spåce of contnol vaniables.

The structural simpl icity of the,
solution is obtaírred at the prize of
irrtroducing tlre hypenstater which is
a quantity of very high dirnension.
Notice tlrat the structure of the
regulator is similan to the STR in
Fiq.3. There isr howeverr no
distinction between parameters and
otlren state variables.

The optinral control law has arì
irrtenesting property. .The control
will not only try to drive the output
to its desi red vè lue. l,Jlren the
par¿rûreters are urrcentainr the
regulaton also introduces
penturbationsr which wi 1l irrrprove the
estiryrates and the futunq' corltrolÊ.
The optirnal eontrol gives the correct
balance between rnèintaining srnà11
control arrd estimatiorl erlroFs. This
property is c¿lIed dCC!_Se¡!¡gl. See
Feldb¿um (1965)r Jacobs arrd Patelrell
<L972>r and Ba¡-ShaIonr and Tge
(1974). Optintal stoclrastic control
tlreory å lso of f ers other
possibil ities to obtairr sophisticated
adaptive algoritlrrns. See Sanidis
<L977).

EXAMPLE

I f the Fa t.ånreter b lras a gaussian
prior distributionr it follows tlrat
tlre eonditiotral distríbution of br
qiven inputs and outputs up to time

^tr is gaussian with mean b(t) and
standard deviation d(t). The
hypenstate eå11 tlren be c]r¿nactenized

by the triple (y(t) r b(t) rd(t) ) . The
euations for updating the hypenstate
ane the s¿¡fte.fs the ordirlåry Kèlrnån
filtering equations. See Aströrr
( 1970) . The dual cotrtnol law can be
simpl ifiedr because the gcaled

control variable v = ulr" depends

^only on the vaniables y and b/d. A

graphical representatiorr of' the
control law is given in Fig. 6.

Some approximations to tlre optirnal
eorrtrol law are also i I lustrated in
Fis. 6. Tlre sgr!Èr¡¡ly__eSCåyëlËlgg
se!t!re!

u(t) = _ y(t)/b

is obtaitred simply by solving the
corrt nol problen i n tlre eåse of known
pår.ðrTretens ånd substituting tlre krrown
parèrrretens with thein eEtí.mates. The
self-tuning regulator cå11 be
intenpreted as å cer.tainty
equivåIence corrtrol.

Tlre corrtrol Iaw
¡2b (t)

s2 2
y(t)

b(t) b (t)+d (t)
u(t)=--!--.

A simple exarnple is
i l lustråtion. Corrsider
deEcribed by

1s arrothen åpproximatfonr wlrich
called SeC!åeCE__SSn!-UeIr becauge
hedges and uses lower gain wlren
est i mates å re unce l.ta i rr.

Notice tlrat the sealed
va ri able v is equa I to

y(t+1) = y(t) + bu(t) + e(t) r

where u iE the cotrtnolr y the outputr
e white rroiser ðrld b is' å constant
paraírete¡ or å l^Jiener process, Let
the criterion be to ininirrrize tlre mean
squåie deviation of the output y.

conlrol

commond
s¡gnot u

siqnol
meos u red
oulpu¡ y

hyperslole w

Fig.5. Block diagram of an adaptìve regu-
lator obta'ined from stochast ic con-
tnol theory.

used fon
å syste'n

is
it

the

eont ro I
orìe for

v
,.y

0,

Fis. ó.

0,5

Ê2,,tô2, o2t

0ptimal duaL controI lar¡ for the
integrator ptants. The graph shows
the IeveL curves for the scaLed
controI variabte. v = u6/o.

/,
tt

tú -ñî-
t,5

non I i neor
luncl ion

P roc2ss

compulolton
ol

hype6lale
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certåinty equivålence eontrol and
¡2 ¡2 a2

that v=b/(b+d ) for cåutious
control. The different contnol laws
c¿rn tlrus eàsi ly be compared in
Fig. 6. There are orlly smàll
d i fferences between å I I cont noI laws

if b ) 2d. Below the curve v=l the
dual control will always give larger
eo¡rtrol variables than the certainty
equivalence eontrol. In this region
the certainty equÍvalence contnol is
a rnuclr better approx i nrat i on than
cautious cont¡oI.

5. APPLICATIONS

Tlrere are rnany ways to use adaptive
teehniques. A few possibilities åre
d igcussed i n this sect ion. Si nce
there is no reasonably eomplete
theory for adaptive control r . there
ð re må ny p rob I erns r wh i clr mugt be
solved intuitively with support of
simulation when adaptive cont¡.ol is
applied. The situation is not unique
for adaptive control i problerns of
this type a lso occu F when
intplernenting special features in
simple regulators. A partieular
problemr estiírator windupr is
discussed in some det¿il. An overview
of the status of the applications is
also giverr.

ôu!eüc!-rq-!u¡ins
Both the t4RAS and ttre STR reduces to
constant ga i rr feedbaek if the
est i ¡r¿ted pa ramete rs ¿¡ ¡'e corrstant .
The adaptive loop catr thus be used as
a !g!lgr. for a contnol loop. In sueh-
applicatiorrs tlre adaptation loop is
simply switclred otr and nun unti I the
perf orrrance is sat isfactory. The
adaptation loop is tl¡en disconneeted
and tlre systent is left runnit'rg witlr
fixed regulator pararneters.

Auto¡rratic tunitrg catr be appl ied to
sinrple PID corrtrollers as well as to
tÏrore cornpl ie¿ted regulators. It is
partieularly useful when cornbirred
with diagrrostic tools for checking
the perfolmance of tlre control loops.
For rninimum v¿riance control the
perforrnance evaluatiorr can be done
simply by rrronitoring the covariatrces
of the inputs and the outputs. The
turrirrg c¿rn be initiated nranually
whenever the diagnostics indicate
that the loops are out of tune.

Automatic tuning c¿ln be incorporated
irrto a DDC-paekage. One turring
algonithrrr can then serve many loops.
Autotuning can alEo be included in
single loop regulato¡s. For exampler
it is possible to desigrr regulatons
wlrene the írode switch has t[rree

positions
tuni ng.

manual r automatic and

The adaptive eontrol loop này ålso be
used to ÞC¿!É_e__seilt_gghedcle. The
pa narnete rs obta i ned wlren the systerrr
is running . in one oper¿lting condition
are tlren Etored in a table. The gain
sclredu Ie is obta i ned wlren the process
has operated at å rènge of operating
corrdition.¡r whieh covers the
operating rånge.

Tlrere åre àlso other ways to eornbine
gain schedul ing with adaptation. A
gaÍn schedule can be uEed to quiekly
get tlre pararneters into the correct
negion. The adaptive loop can then be
used fon fine tuning.

Adaotive reoulators

The adaptive techniques íråy of eourse
also be uged for genuine adaptive
control of systems with timevaryÍng
pararrreters. There are rnårìy w€tys in
wlrieh this ean be done. Tlre operaton
itrterface is important r sirìce
adaptive regulatons also have
p¿lt'èûretensr wlrich must be chosen.

When applying adaptive techniques it
is often desired to have the absolute
black box lravi ng a blank f rorrt panel
with rìo dials. It has been ny
experienee that such negulators cån
be designed fon veny specific
appl icationsr where tlre purpose of
contnol earr be stated a pniori.

In rôår1y eases it isr howeverr not
possible to specify the purpose of
eontnol à priori. It is at least
rìecessél ry to te I I t he regu I ato n what
it is expected to do. This can be
done by irrtrodueing dials that give
t lre des i red p rope rt i es of t he c I osed
loop system. Such di¿ls are called
peIfoI'Jå!SE:_Ief è!Cd. New types of
negulators ean be designed using tlris
eorrcept. For exarnpler it is possible
to h¿ve a regulator with one dialr
which is labeled the desired closed
loop bandwidtlr. Another possibi I ity
would be to lrave ð negul¿tor witlr a
dial r which is labeled with the
weighting between state deviation and
eont¡ol action in a LOG probterrr. A
ttrird possibility would be to have a
dial labeled plrase or amplitude
rha rg i n.

Pgra qe!er-!¡es!åns

Since the key feètune of an àdaptive
negulaton is its ability to track
variations in pnocess dynamicsr the
perforrrance of the panarrreten
est irrator is erucÍa I .

A furrdamenta I resu lt of systerr
identifieation tlreory is that the
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input signal to the ptocess must be
EcrE¡s!c!!1y-e¡s!!inq or scfflste!!ly
IiSb of order n in order to estinrate
n parametens. In the adaptive systems
the input signal is generated by
feedback. Unden suclr ei rcumstarrees
t lre re i s no gua ra rrtee t hat t he
process wiIl be properly excited. On
the contnanyr witlr .good regulation
tlre excitatiorr can be expected to be
Foor. Consequently there are inherent
I imitatiorrs urrlesE extra perturbation
signals àre introducedr èts is
suggested by dual eontrol theory.

To tnaek pararneten variations it is
rìecessåry to discount old data. This
will irrvolve comprornizes. If data is
diseoutrted too fast the eEtirrates
wiIl be uncertain everr if the true
panameters ¡re constant, If oId d¿ta
is diseourrted slowly the estirn¿tes of
eorrstant pa rametens w j. l I be good. Tlre
estirnaton willr howeverr be urrable to
track rapid vari¿tions.

If thene is good excitation of the
processr å sirîple exporrential
discountitrg of påst data wi I I work
vel'y wel I . I rr the I ea¡t squå r.es
estimatiorr algorithm this means that
the gain a in (8) is corrgtant and
that the matnix l"'l in (11). is chènged
to

tt(t) = cr xt-kQ(k),pT(k)l-1 t (r7)

where À ( 1 is a fergelli¡S_fegtg¡ or
ê qiÞseC!_r!å!lq___f eSlgt. I f the
excitåtiorr of the process is poorr it
is seerr frorn (17) that the rnatrix M

will grow exponerrtially. Ttris is
cal led eE!¡gÈ!g-C_!!¡1dgp in ånålogy
with integraton windup irr simple
negulators. l.llren the gain is
suf f iciently Iange the e,Etimaton wil I
be urrgtable. SrnaIl residuals will
tlren lead to veny large changes irr
tlre pat.aùrete¡sr atrd tlre closed loop
systern rûåy beeome unstable. The
process wi I I therr be well excited r

and the parameter estimates wi I I
quiekly aclrieve good values. Looking
at the proceEs output there wilI be
periods of good regu lat íon fol lowed
by bunsts.

There ère mðny wåys to avoid
cov¿rriånee wirrdup ðnd burits. Sirrce
the problem is fundamentally eaused
by poor excitation of the processt
one possi bi I ity is to moni tor the
excitåtiotr cotrdition and to introduce
ext rå pentu rbat ions wherl the
excitatio¡r is poor'. Such' a solution
is clearly in the spirit suggested by
dual control tlleory.

In some cãses it is not fe¿sible to
i nt roduce ext ra pe rtu nbat i ons to
obtairr good excitation. Covariance
windup cån therr be avoided by

diseounting old dåta only when there
is pnoper excitation.

ïhere àre algo seveFal ad hoe
proeedures pnoposed to avoid bu¡gts.
One possibi I ity is to use va¡iable
forgetti ng factors ås proposed by
Fortescue ét å1 (1?41). It lras also
been pnoposed to switctr off the
pararneten updating under certain
eotrditionsr oF to irrtnoduce
li¡nitations on tlìe covarianees and
the estinrator gains. See Irving
( 1979) .

tcþs¡e!sry-cxper!0e!!E
Over the past 10 yeåFs there have
been extetrsive l¿boratory experirrrerrts
wi th adapt ive cont ro I most I y i n
univers i t ies but a I so to an
itrcreasing extent in cornpènieã.
Scherrres like HRAS and STR have been
exploned exterrsively. The goal of the
experiments has been to undenstånd
tlre algorithrnE and to investigate
rnany of the factors r which a¡e not
properly covened by theory.

Irdc¡!¡¡e!-f ss¡¡Þr1-r!y-E!ugrEE

Tlre re have been a numbe r of
industnial feasibility studies of
adaptive control. The fol lowing I ist
covers soîìe of the processeE that
have been studied.

raw material blending
cement grinding mills
t'olli.ng mills
disti I lation columns
chernical reactors

- stearn generators
eleetrical generators
powen systems
eleetnieal drives
positiorring systerns
pa pe rmaclr i nes
pH eontrol
autopilotg fon ainerafts ånd ships
nìåehine tools
lreat exclrèngers
heating and ventilation systems
glass rrrånufãctuning

The recent publ ieations on
appl ieations oF adaptive control r
Narendra and llorropoÌ i ( 19BO) and
Urrbehauen (1'/Ð())r contain details and
nrarry ref etences.

The feasibi I ity studies have shown
that the,re are indeed casesr where
adaptive control is very usefut. They
have also shown tlrat there ål.e cases
wlrere the berref its ãne frrå¡.ginåI.
Since adaptive cont¡oI is rîone
cornpl icated tharr eonstarrt gain
feedbackr it is always useful to try
the siirrple things first. The
feagibility studies lrave also slrown
that it iÉ not easy to Judge the need
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fon adaptive control from
variations in operr loop dynamies.
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