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Distance Bounds for an Ensemble of LDPC
Convolutional Codes

Arvind Sridharan, Member, IEEE, Dmitri Truhachev, Member, IEEE, Michael Lentmaier Member, IEEE, Daniel J.
Costello, Jr., Fellow, IEEE, and Kamil Sh. Zigangirov, Fellow, IEEE

Abstract— An ensemble of (J, K)-regular LDPC convolutional
codes is introduced and existence-type lower bounds on the
minimum distance d, of code segments of finite length L and on
the free distance ds.. are derived. For sufficiently large constraint
lengths v, the distances are shown to grow linearly with » and the
ratio dp/v approaches the ratio dg../v for large L. Moreover,
the ratio of free distance to constraint length is several times
larger than the ratio of minimum distance to block length for
Gallager’s ensemble of (J, K')-regular LDPC block codes.

Index Terms— low-density parity check (LDPC) codes, LDPC
Convolutional Codes, free distance lower bounds, minimum
distance lower bounds

I. INTRODUCTION

LDPC block codes were first introduced by Gallager in [1].
Specifically, Gallager considered block codes described by
binary parity-check matrices having J ones in each column
and K ones in each row. We refer to LDPC block codes
with this property as (J, K)-regular LDPC block codes. The
convolutional counterpart of LDPC block codes, LDPC convo-
lutional codes, was first proposed by Tanner in a 1981 patent
application [2] and specific constructions were independently
described in [3]. Other constructions for LDPC convolutional
codes have been presented in [4]-[5]. Both variants of LDPC
codes, block and convolutional, are defined by sparse parity-
check matrices and can be decoded iteratively with com-
putational complexity per bit per iteration independent of
block/constraint length.

LDPC convolutional codes have some advantages in com-
parison with LDPC block codes, especially for transmitting
streaming data [6]. Another desirable feature (for example in
Ethernet applications [7]) of LDPC convolutional codes is that
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the same encoder can be used to obtain a sequence of codes
of varying frame lengths with very good performance. Im-
plementation aspects of LDPC convolutional codes, including
termination, are discussed in [7]-[8]. It has also been proved,
using the same ensemble described here, that (J, K)-regular
LDPC convolutional codes have better iterative decoding con-
vergence thresholds than comparable (J, K)-regular LDPC
block codes [9][10].

We consider a class of (.J, K)-regular LDPC convolutional
codes with parity-check matrices (or, equivalently, syndrome
formers) composed of blocks of M x M permutation ma-
trices. These codes are the convolutional counterparts of the
(J, K)-regular LDPC block codes introduced in Appendix B
of [1] and in [11][12].

Encoding and decoding are carried out on blocks of symbols
(the number of symbols in a block depends on A). The code
structure makes an analysis of distance properties, similar to
that carried out in [12] for (J, K)-regular LDPC block codes,
possible.

One way of characterizing the strength of a block code is its
minimum distance dy,;,. The well known (asymptotic) Gilbert-
Varshamov (GV) bound [13][14] guarantees, for sufficiently
large block lengths IV, the existence of linear block codes of
rate R,0 < R < 1, whose minimum distance is lower bounded
by a linear function of N, ie., dmin > acv(R)N, where
agy(R) is the GV coefficient. Analogously, Gallager proved
the existence of (J, K')-regular LDPC block codes (J > 2)
satisfying the inequality duyin > ag(J, K)N for sufficiently
large block lengths N [1]. The coefficient ag(J, K) can be
calculated numerically. For practically interesting J and K,
ag(J, K) is several times smaller than the corresponding
GV coefficient agy(1 — £). (Note that (.J, K)-regular LDPC
codes typically have rate R ~1— J/K.)

The convolutional counterpart of minimum distance is free
distance and the corresponding analog of the GV bound is
the Costello bound [15]. Costello proved the existence of
convolutional codes of rate R, 0 < R < 1, with free distance
increasing linearly with constraint length, i.e., dfee > ac(R)v,
for sufficiently large constraint lengths v. For rate R = %
codes, the coefficient ac(R) is about three and a half times
larger than agv(R).

In [16], the distance spectrum of a special ensemble of
(J, K)-regular LDPC convolutional codes based on Markov
permutors with K = 2.J was analyzed, and a technique to
numerically calculate the distance spectrum of the codes in
the ensemble as a function of constraint length was described.
The results obtained in [16] suggest the existence of LDPC
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convolutional codes with free distance increasing linearly with
constraint length.

In this paper existence-type lower bounds on the minimum
weight of code segments of length L, the Lth order segment
distance dr, of (J, K)-regular LDPC convolutional codes
(J > 2) in a permutation-matrix-based ensemble are derived.
Moreover, for the same code ensemble, we derive an existence-
type lower bound on the free distance dy... In particular, we
prove that the Lth order segment distance is lower bounded by
the inequality dp, > (pf/6)v for sufficiently large constraint
lengths v. The values p[ are decreasing with L and for any

L are lower bounded by p* = 0.5. We then prove that

the free distance of the codes satisfies dpee > (p*/6)v def

arppcc(J, K)v'. Numerical results indicate that, for practi-
cally interesting .J and K, the coefficient ayppcc(J, K) is sev-
eral times smaller than the corresponding Costello coefficient
ac(l — £), where the convolutional code rate R = 1— J/K.
This parallels the result of Gallager for (.J, K)-regular LDPC
block codes relative to the GV coefficient agy(R).

Consider, for example, the (3,6) case. Based on numer-
ical evaluation of the bound on free distance, we find that
arppcc(3,6) = 0.083. This is weaker than the Costello
coefficient ac(1/2) = 0.39 for rate R = 1/2 codes. However,
arppcc(3,6) is about three and a half times larger than the
Gallager coefficient ag(3,6) = 0.023 for (3, 6)-regular LDPC
block codes. This essentially mimics the relationship between
the Costello bound (for convolutional codes) and the GV
bound (for block codes) noted above.

The analysis and bounding techniques used here are sig-
nificantly different from the traditional techniques for lower
bounding the free distance of conventional convolutional
codes [15][17]. The traditional techniques rely on the fact that
the weight at the beginning and the end of a code sequence
increases with constraint length. However, the ensemble of
(J, K)-regular LDPC convolutional codes we investigate has
code sequences with negligible weight at either end. In fact,
most code sequences have their weight concentrated in the
middle. This fact significantly complicates the analysis of these
codes.

The paper is organized as follows. We start with the code
ensemble description in Section II. Section III presents the
main results, formulated in terms of two theorems: a segment
distance bound and a free distance bound. The theorems are
proved in Sections IV and V, respectively. A discussion of the
results is given in Section VI, and Section VII offers some
concluding remarks.

II. AN LDPC CONVOLUTIONAL CODE ENSEMBLE

A rate R = b/c binary convolutional code can be defined
as the set of sequences
v=_(..,v_1,0,v1,...), vy €[5, satisfying the equality
vH" = 0, where the infinite syndrome former H ' is given

'In addition to providing the intuitively pleasing result that its limit for
large L approaches the free distance bound, the segment distance bound is
interesting in its own right as an indicator of the asymptotic performance of
LDPC convolutional codes that are decoded over a window of finite length
(see, for example, the pipeline decoder described in [3]).

by
H, (-1)
L HL(0)
T : T
HT — Hl (_1) Hms(l) , (1)
H;(-1) H;(O) ;
H,(0) H;i(1)
H; (1)
and each H | (t) is a c¢x (¢c—b) binary matrix,i = 0,1,..., m,

t € 7Z.1f H" defines a rate R = b/c convolutional code, the
matrix H (t) must have full rank for all time instants ¢. In
this case, by suitable row permutations, we can ensure that
the last (¢ — b) rows are linearly independent. Then the first
b symbols at each time instant are information symbols and
the last (¢ —b) symbols are the corresponding parity symbols.
The largest  such that H; (t) is a non-zero matrix for some
t is called the syndrome former memory m ;.

LDPC convolutional codes have sparse syndrome formers.
A (J, K)-regular LDPC convolutional code is defined by a
syndrome former that contains exactly J ones in each row
and K ones in each column.

Let a = gcd(J, K) denote the greatest common divisor
of J and K. Then there exist positive integers J' and K’
such that J = aJ' and K = aK' and ged(J',K') = 1.
We consider (.J, K')-regular LDPC convolutional codes defined
by syndrome formers H"' with syndrome former memory
a—1.Fori = 0,1,...,a — 1, the sub-matrices HZT(t) of
the syndrome former are

H{(t)
P P P (1)
P(1,0) (t) P(-l’l)(t) P(-I’J’_l)(t)
P(K;:l,o) (t) P(K’:l‘,l)(t) P(K’fl.,:I.’fl)(t)

where each P\*) (), k=0,1,... . K'=1,j=0,1,...,.J' —
1, is an M x M permutation matrix. All other entries of
the syndrome former are zero matrices. Equivalently, each
H(t),i=0,1,...,a—1,is a ¢ x (¢ — b) binary matrix
where ¢ = K'M and b = (K' — J')M. By construction,
it follows that each row of the syndrome former H T has
J ones and each column K ones. Let Cp(J, K, M) denote
the ensemble of (J, K)-regular LDPC convolutional codes
obtained by choosing each M x M permutation matrix in
H" independently and such that each of the M! possible
permutation matrices is equally likely. (Analogous to the codes
introduced in [3], the codes in the ensemble Cp(J, K, M)
are time-varying, but in contrast to [3], they are, generally
speaking, non-periodic.) Fig. 1 shows the syndrome former of
a (3,6)-regular LDPC convolutional code in Cp(3,6, M).
The syndrome formers in the ensemble C p(J, K, M) have
syndrome former memory mys = a — 1 independent of M
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M x M permutation
/ matrices

H' =

Fig. 1. Syndrome former for a code in Cp (3,6, M).

while b and ¢ depend on M. This is different from the LDPC
convolutional codes considered in [3]-[5], where the codes
have varying syndrome former memories m, while b and ¢
are fixed. For the ensemble Cp(J, K, M), as M increases, i.e.,
as b and c increase, the syndrome formers become increasingly
sparse.

By virtue of their sparse parity-check matrices, the codes
in Cp(J,K,M) can be iteratively decoded using message
passing algorithms (e.g., belief propagation), and decoding
can be scheduled so as to obtain a continuous time pipeline
decoder [3]. At each time instant a block of ¢ = K ' M received
symbols is input to the decoder and b = RK'M information
symbols are decoded and output from the decoder, where R
is the code rate.

For the ensemble Cp (3,6, M), the matrices H ; (t) consist
of two M x M permutation matrices, denoted P EO) (t) and
PED (t), and hence have rank equal to M, i.e., the code rate is
R = M/2M . In this case, by permuting rows of the syndrome
former an equivalent rate R = 1/2 (b = 1, ¢ = 2) code with
syndrome former memory at most 3M/ — 1 can be obtained
(see Fig. 2). Since distance properties are unaffected by row
permutations, the distance bounds obtained for codes in the
ensemble Cp(3,6, M) are also valid for the equivalent b =
1,¢ = 2 codes.

In general, however, there are at least J' — 1 dependent
columns in H § (t) for any code in Cp(.J, K, M). Hence, H"

defines a rate B > 1 — ZM-W -1

i code. The constraint

length? of codes of Cp(.J, K, M) is defined as
v=(ms+1)c=aK'M =KM .

Thus the codes in the ensemble Cp (3,6, M) have constraint
length 6 M .

The syndrome formers of the (J, K)-regular LDPC con-
volutional code ensemble described above have a structure
similar to that of the permutation-matrix-based (.J, K )-regular
LDPC block code ensemble described in [12]. The parity-
check matrices of the codes in the ensemble considered in
[12] are composed of J x K permutation matrices, where
each permutation matrix is of size M x M. Thus the parity-
check matrices are of size JM x KM and have exactly K
ones in each row and J ones in each column. This ensemble
is a vanishingly small sub-ensemble of Gallager’s original
ensemble [1].

If a = ged(J,K) = 1, ie, J and K are rel-
atively prime, then the LDPC convolutional codes in
the ensemble Cp(J,K,M) have syndrome former mem-
ory mg=a—1=0. The ensemble of memory zero
(J, K)-regular LDPC convolutional codes so obtained is
equivalent to the block code ensemble considered in [12].
In [12], we show that asymptotically, i.e., as the block
length N = KM — oo, almost all codes in the ensemble
have minimum distance satisfying Gallager’s bound?, i.e.,
Amin > Oé(;(J, K)N

A probability distribution is defined on the ensemble
Cp(J,K,M) as follows. Assume that all of the permuta-
tion matrices comprising the syndrome former of a code in
Cp(J, K, M) are chosen independently and such that each of
the M possible permutation matrices is equally likely.

III. LOWER BOUNDS ON SEGMENT DISTANCE AND FREE
DISTANCE

We seek a lower bound on the minimum weight of code
sequences having a non-zero segment of length at most L,
i.e., we lower bound the Lth order segment distance dr . To
calculate or lower bound the Lth order segment distance for
the class of periodically time-varying codes, it is sufficient
to consider code sequences with starting positions within
one period (see [17]). However, in the most general case of
non-periodically time-varying codes, such as codes from the
ensemble Cp(J, K, M), all possible starting positions must be
considered. This complicates the analysis.

To avoid cumbersome notation, we henceforth focus on the
(3,6) case, i.e., the ensemble Cp(3,6, M), though the same
technique can also be used more generally.

Consider sequences

0 1 0 1
Viit1,itL] = (...,0,’05_’_)1,’05_’_)1,...,’UEQL,’UEJF)L,O,...) ,

2From (1), we see that (ms + 1)c is the total number of code symbols
involved in the parity-check constraints at any time instant ¢. This also
corresponds to the total number of encoder output symbols that directly
depend on a given block of b information symbols (see, e. g., [8]). Finally,
the pipeline decoder described in [3] requires a processor that can exchange
messages among (ms + 1)c code symbols. Thus it makes sense to define
the constraint length of an LDPC convolutional code as v = (m + 1)c,
and we note that constraint length for LDPC convolutional codes plays a role
analogous to block length for LDPC block codes.

3This holds for small values of J and K.
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1 1
1 1
1 1
pgo)(t+2) P{O ¢+ 3) P (¢ 4 4) 1 B0t 43 (B ¢ + 4 “q PO +3) [Pt + 1)
1 1
1 1
1 1

PV +2) PM (e 4 3) PS¢+ 9 . B 43y [BY ¢+ ) . 115§1)(t+3) B (¢ 49

1 1

Fig. 2. Permuting rows of a syndrome former HT in Cp (3,6, M).

oW e B for j = i+ Li+2...,i+L h =01,
with (41 547] # 0, i.€., sequences with a non-zero segment
of length at most L. The sequence v [;y; ;1] consists of at
most 2L M non-zero binary symbols. If v ;1 ;47] is a code
segment, then at each time instant ¢, i < ¢t < (i + L+ 1),
V[i+1,i4 1] contains an information block vio) of length M and

the corresponding length A parity block 'uil).

For convenience we first define a segment distance measure
related to the starting position. The “local” Lth order segment
distance at time i, d.(7), of a code in Cp(3,6, M) is defined
as the minimum weight over code segments of the form
V[it1,i+L]> U§?|-)1 # 0. Observe that v§?|-)1 # 0 implies
vgr)l # 0. The Lth order segment distance di, of a code in
Cp(3,6, M) is defined as min; di (7). Note that the segment
distance is a non-increasing function of L.

This definition of the Lth order segment distance associated
with a syndrome former is analogous to the traditional defini-
tion of the Lth order row distance associated with an encoding
matrix [17]. In particular, for a time-invariant or periodically
time-varying convolutional encoder, the Lth order row distance
is defined as the minimum weight of code sequences having
a non-zero segment of length at most L + m + 1, where m
is the encoder memory [17]. The symbols in the last m time
instants of the encoder input sequence are determined so as to
force the encoder to the zero state.

We note that row distance is an encoder property, whereas
our definition of segment distance is a code property.* How-
ever, as with the definition of row distance, our definition
of segment distance also looks at weight properties of finite
length sequences. Further, the sequences used to determine
segment distance correspond to a row-truncated syndrome
former. This is similar to the traditional case, where the row

4We would like to thank an anonymous referee for pointing this out and
motivating the comparison between our definition of segment distance and
the traditional definition of row distance.

distance is calculated by considering sequences obtained from
a row-truncated generator matrix.

We are now ready to state and prove the main results of the
paper, given by the following two theorems.’

Theorem 1: For any L and any starting position %, there
exists an My, such that for any M > M, there exists a code
in Cp(3,6, M) with local Lth order segment distance dy (i)
lower bounded by

dy.(i) = (pi./6)v, 2

where v = 6] is the constraint length of the code and p7 is
given in (26). Further, for any L, there exists an M j, such that
for any M > M, there exists a code in Cp(3,6, M) with Lth
order segment distance dj, lower bounded by

d. > (pi/6)v. 3)

O

Numerical techniques are needed to solve the max-min
problem in (26) to evaluate p; for a given L. We were able to
obtain p; for values of L up to L = 16. On the other hand, we
prove in Appendix IV that for any L the value p; > p* = 0.5.
For L. = 16, the coefficient p2/6 = 0.085, which is only
slightly higher than p* /6 = 0.083.

The main idea of the proof is outlined as follows. First
we prove (2) and show that the fraction of codes in the
ensemble Cp(3,6, M) with di(i) < (pf/6)v tends to zero
with increasing M. The key step is to obtain the probability
that a segment v[;;1,;4-1) is a valid code segment. The parity-
check matrices of codes in Cp(3,6,M) are comprised of
blocks of independently chosen M x M permutation matrices.
Hence this probability can be calculated using a technique
similar to the one described in [12]. As we shall see, the
probability depends not only on the overall weight of the
sequence v[;41,4-r] but also on the weight of the individual

SFor simplicity we state the theorems only for the (3, 6) case.
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components vih), t=4+1,....,0.+ L,h = 0,1. This is
a key difference compared to the traditional lower bounding
techniques for convolutional codes ( [15][17]) and significantly
complicates the proof. Section IV presents the proof of (2),
the lower bound on local segment distance.

In order to extend the bound of (2) for the local Lth order
segment distance to obtain the general Lth order segment
distance bound of (3), we use a special expurgation procedure.
We expurgate code sequences leading to a local Lth order
segment distance less than (p; /6)v by fixing some information
symbols to be zero. This lowers the code rate but the loss
in rate tends to zero as M tends to infinity. The expurgation
procedure is explained in more detail at the end of Section IV.

The second theorem provides a lower bound on the free
distance of codes in Cp (3,6, M). The proof is not based on
bounding the segment distance and considers instead different
sets of low weight sequences. Evaluating the segment distance
bounds requires considering sequences of a fixed length,
possibly merging and diverging from the all-zero state several
times. However, for the free distance bound it is sufficient to
look at “detours”, i.e., sequences diverging from the all-zero
state exactly once. For long sequences, the latter number is
significantly smaller than the former. Note also that it is the
overall weight of the sequence, regardless of its length, that is
of interest for evaluating the free distance. As in Theorem 1,
we start by bounding the “local” free distance and use the
same expurgation technique mentioned above to show that the
result is valid globally.

Theorem 2: There exists an My such that for any M > My,
there exists a code in the ensemble Cp(3,6, M) with free
distance df.. lower bounded by

dfree > (p*/6)V o arpecc(3,6)v . @

O
As noted above, we prove in Appendix IV that p{ > p* = 0.5
for any L, and we observe from numerical calculations that
the ratio pf /v approaches the ratio p* /v as L goes to infinity.
It also follows from the definition of segment distance that
Lh_r)réo dp, = diee for a given code. However, these facts along
with (3) do not imply (4), since for every L, (3) is valid only
for M greater than some My, but there is no fixed A, and
thus no fixed constraint length v, for which (3) holds for all
L =1,2,.... Thus a separate proof is required for Theorem 2.
Section V presents the proof of (4), the lower bound on free
distance.

IV. PROOF OF THEOREM 1

We first seek a lower bound on dy (%) for a particular starting
position 2. Without loss of generality, we can investigate code
sequences starting at time ¢ = 1, i.e., of the form V[1,1] and
obtain a lower bound on dy(0). For a segment vy 1], let
di = (dEO),dil)), t=1,...,L, where dl(th) is the Hamming
weight of v\, t = 1,...,L, h =0, 1. Define the 2LM x
(L + 2)M matrix H[TLL] as in (5). If the segment vy 7 is
part of a code sequence, then it must satisfy the (L + 2)M
constraints imposed by the matrix H [Tl 1]~ Fig. 3 illustrates

,Ugo) dgo)
Ugl) d%l)
'UEO) dgo)
’Ugl) dgl)
Ugo) dgo)
’Ugl) d:gl)

Y1 Y2 Y3 Yy s

Fig. 3. Illustration of length L = 3 segment v[; 3] and HE,3].

segment v[; 3) and the matrix H [T173] for a randomly chosen
code in Cp(3,6,M).

For any ¢, 1 <t < L + 2, let ¢; be the probability in the
ensemble Cp (3,6, M) that vy 1 satisfies the constraints (A
equations) imposed by the sub-matrices H; (t), i = 0,1,2,
of H[TLL], i.e., the ¢th column of H[TLL]. Let 1/1[1,” be the
probability that v[; 7 is a valid code segment. Then

L+2

Y, = H P (6)
=1

The sub-matrices H zT (t) of the syndrome former of a code
in Cp(3,6,M) are of size 2M x M and are composed of
two M x M permutation matrices. Hence each of the terms
Y, t = 1,2,..., L + 2, can be calculated and bounded by
following the technique introduced in [12]. The details of this
technique can be found in Appendix I.

Let p, = (0¥, o), t =1,..., L, where p{") = d\" /M
is the normalized Hamming weight of vgh), t=1,...,L,
h=0,1,and let \;(t) = A 0), AV (@), t=2,..., L +1,
i=0,1,2, where /\EO) (t) and )\il (t) are arbitrary constants.

Further, let A ;= (A, Xe,..., A7) and dpypp =
(di,dz,...,dr), and ppy ;) = (p1,p2,---,p1), Where A; is
an arbitrary constant, d; is a Hamming weight, p; = d;/M
is a normalized Hamming weight, and ¢ = 1,...,] is a time
index, and define the function G ;(Ar, p;) as

I
G\ ppon) = 90, Agy o A) = Y Xips, (D)
i=1

where

~

I
(1+e) + 11 —et)
A7) £ 1n =L = . @®)
2

In Appendix I we derive the probability vy;(d; 1)) that
an IM dimensional vector, I > 2, with a given weight
composition d|; i, satisfies a set of M parity check constraints
imposed by I permutation matrices. For I = 2, this probability
is given by (72), and for I > 2 it is upper bounded by (76).
It follows from the definition of v; that 11 = ~2(p, M),

gr(Ar, Az, ...
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H;(1) H;{(2) H,(3
H;(2) H{(3) H;(4)
H = - : 5)
HI(L-1) HT(L) HI(L+1

Y2 = ya(paM,p1 M), Y1 = v6(p M, py_1 M, p,_M) for
t = 3,"'7L’ d)LJrl = 74(pLM,pL71M)’ and ¢L+2 =
Y2(p M). Hence, (72) and (76) imply that ¢, satisfies

1

1 =37 ©
(Mpgo))
1
Yraz = g (10)
(Mp(L?))
¢2 < exp [MG4(A0(2)7A1(2)7p27p1)] (11)
= 2 1
[T TT (ypf)
t=1 h=0
< &P [MG4(A(L+1),X2(L+1),pp,p11)]
Y41 < L 1 .
H H (Mpgh))
t=L—1 h=0
(12)
by < &P [MGs(Xo (1), A1 (1), Aa (), P> Py—15 Pr—5)]
— t 1 )
[T TI (MI:)J(’”)
i=t—2 h=0 ‘
t#1,2,L+1,L+2. (13)
For any code sequence vy, L% we must have
W oY HT (1) = 0, and (,;) ))HT(L +2) = 0.
Hence it follows that ,o1 " and p = p(Ll), ie., the

first two and last two blocks of the code segment vy ) have
the same weight.
Now let

ALz = (Ao(2), A1(2), Ao(3), A1 (3), A2(3), .-,
Ao (L), A1 (L), A2(L), A (L + 1), Ad2(L + 1))
be a (6L — 4)-dimensional vector of arbitrary constants and
pr,L) = (p1,---,pr) be a 2L-dimensional vector of normal-

ized Hamming weights®. Then from (6) and (9)-(13) it follows
that ¢;, 7] can be upper bounded as

- exp [Mﬁ(Au,L], p[l,L]):| M M M
(DR (Mpﬁl))(Mp(Ll))’ (1

where

ﬁ()\[l,L]:p 1 L]) = G4(Ao(2), A1(2), P25 p1)

+ZG6 (Mot

+ G4(/\1(L +1),X(L+1),p1,pPr_1)-

) >‘2() ptapt—lapt—Q)
(15)

%We note that the entries of Ain,z) and ppy r) are now 2-dimensional
vectors. Also, in a slight abuse of notation, )\[1, L] contains entries for time
units 2 through L + 1, rather than 1 through L.

(0)
0
v§ ) AP 2y [ AP (3 P1
1 1
vt MWe [ 3@ Pt
(0) (0)
2 A2y | AP @) | A P2
1 1
'vg ) A [ AP @] AP pg )
(0) (0)
U3 A0 (@) A0 (4 P3
1 1
vy OIS RO ps”

Fig. 4. Set of parameters Ap; 31 and pp; g1 for calculating the function
F()\[l,s],l’[1,3])

Fig. 4 shows the parameters which are needed to calculate
ﬁ()\[m], P[1,3))> Where it can be seen that )\EO) (t) and Agl)(t)
are associated with the permutation matrices PEO) (t) and
PEI)(t) that comprise the matrix H ;(t).

The expected number E(p; 1)) of code segments vy 1
having normalized weight composition p; 7 in a code from
the ensemble Cp(3,6, M) is given by

=Y. H H (Mpw))

t=1 h=0

E(pp,1)) (16)

Now using (14) we can obtain an upper bound on E(py 11).

Lemma 1: For normalized weight compositions p; 1 with
total normalized weight

L
def h d
P1,L] = w(P[1,L]) = ZZPE ) = M

E(pp,)) is upper bounded by

A7)

a)
E(pp 1)) < exp{M<F()\[1,L],P[1,L])
ln(QWeth)M)
+ > i ., (18)
{0
b)

E(p 1)
< (2meM)*L exp {MF()‘[LL]’p[l,L])} , or (19)
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c)

E(pn,) < eXp{M(F()‘[l,L],p[l,L])
+ e}, 20)

where the functions F'(A(1 11, pp1, 1)) and H(p) are given by

F(Awop,ppnp) = Fp,zy, o1 — 3H(AY)
L-1 1
—23 S H(M) - 3H(p)) , @)
t=2 h=0
H(p)= —plnp—(1—-p)In(l—p),

and A[; p) is a vector of arbitrary constants.

Proof: See Appendix II. [ |
We see that the function F(A(1 1), pjy, ) is the key compo-
nent in the upper bounds (18)-(20). If F(Ap 11, pp 17) < 0
for some A[; 1], then the expected number of codes having
codewords with normalized weight composition py; 1 goes to
zero, i.e., there are codes without the composition P,L- Let
us define

def .
Ulppy,iy) = min F(Ap rp, pp1, 1) (22)
[1,2]
6(pp1,1) & max Ulpnr) (23
P[1,L]1w(P[1,L])=P[1,L]
and
« def ~
pr, = max{pp 1y : 0(pp,r)) <0,
if 0 <ppo <pupzt (24
= max{pp,r) : pnax Ulpp,z) <0,
w(Pu,L]):ﬁ[l,L]
if 0 < pu,oy) <ppoyb (25
= ma : ma; min F'(Ar1 11, <0,
x {pp,r] puax. min (Ai1,23, Pp1,1)

w(P[LL]):ﬁ[LL]

if 0 < pri,z) < ppry}. (26)

Finally, we note that #(-) is a continuous function and it
therefore follows from (24) that p7 is the smallest positive
root of 8(pp1,))-

Now we can begin the proof of Theorem 1. We start by
proving

dp(0) > py M = (p} [6)v . 27)

Let
Ar(ppry) = {P[l,L] : w(P[1,L]) =pno}

ie., Ar(pp,r)) is the set of normalized weight compositions
p1,z) With total normalized Hamming weight p(;, ). We then
show that, for an arbitrarily small § > 0,

>

p[l,L]EAL(%)

[ M(p}—0)]

>

d=2

E(py,) =0 (28)

as M — oo’. This implies the existence of a code without
any codewords of normalized weight smaller than p7, ie.,
dr,(0) > p3 M. (At the end of this section, using an expurga-
tion procedure and allowing for a negligible rate loss, we then
show that the Lth order segment distance dj > p7 M)

First we calculate the cardinality of A (%) , which is the
number of ways of representing an integer d as a sum of 2L
nonnegative integers, i.e.,

(4] 2 (2r-1+d
A ()| = (520
9L—1+d 2L—2+d d+1
2L -1  2L—-2 1

< PP (d 4 1) < &P

(29)

for d > 2.
Now consider one term of the sum in (28). Using
Lemma 1 b), (22), and (23), this can be upper bounded as

> Eppp)< >
p[l,L]e‘AL(%) p[l,L]e‘AL(%)
d d
< ‘AL (M) ‘ (27reM)2LeM0(W)
(30)

(27reM)2LeMU(pl1le)

by replacing each term in the sum with the largest term. Now
upper bounding the right hand side of (30) using (29), we
obtain

Z E(p[LL]) < dQL(Qﬂ'eM)QLeMo(%) 31)
Py EAL(5r)
2L 2L
< eXP{M |:M Ind + M 1n(27T€M)
<o ()]} 2

Since we must consider only values of d such that
d < |(p} — 0)M]|, the first two terms within the square brack-
ets in (32) go to zero as M — oo. With respect to the third
term, we note that the function 6(-) is negative between its two
roots 0 and p7 . Therefore, for the case when % is bounded
away from 0, i.e., §' < % < p; — 0 for some ¢, as M — oo,
there exists a positive constant € > 0 such that § (&) < —e.

In this case (32) is upper bounded by

exp {M [% Ind + % In(2reM) — e} } -0 (33)
as M — oo, where the two first terms inside the square brack-
ets go to 0 as M — oo and —e stays constant independent of
M.

For the case when % goes to zero as M — oo, we need
the following lemma.

Lemma 2:

0(pr,01) < 3f6(pp,ry) (34)

"The equal weight condition for the first two and last two blocks of a code
segment v[; 1) implies that all non-zero code segments of length L must
have weight at least 2.
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where
def 1
felop,) = 60[1,L1(3 In5—1+1Inpy ). (35)
Proof: See Appendix III. ]

Now using Lemma 1 c), (22), (23), (29), and Lemma 2, we

obtain
>

Py €A (5r)

< > exp {M <U(pw]) + % 1n(27re)) }

Py EAL(57)

it (2 oo {1 (0 () + 2o mzen)}

E(p 1)

2|

d d
< d?* exp {M (3f6 (M) + i 111(27‘['6))} (37)
< d*Lexpd M 1(31n5—1)i
= p D) M
1d d d
" ln|= — In(2
+2M <M>+Mn(7re)>} (38)
d 1d d
< Z 1) = + = — —
_exp{M( (3In5 1)M+2M1n <M)
d Ind
1 d 1d d
< Z 1) = + = — —
< exp M<2(31n5 1)M+2M1n <M)
d d
+ L n(are) +2LM>} (40)
d 1d d
< — 4= il
_exp{M (aLM+2M1n (M))}
y d
— [ oL,/ — 41
(e M) , ( )
where 1
ap & 3 (3In5 — 1) + In(27e) + 2L . (42)
Observe that for % < e2aL,
d 1d d

and (41) goes to zero as M — oo. (Note, however, that the
convergence is not exponential.)

Now by choosing 6’ = e~2%Z, we can consider separately
the cases d < [6'M | and [0'M| < d < [M(p} —6)|. We
begin by splitting (28) into two terms as follows:

Py €AL(47)
[ Md'|—1

2. X

=2 py €AL(Hr)

[M(pr,—9)]
PO

d=|Mé'] p[l,L]EAL(%)

[M(pr,—9d)]

>

d=2

E(pu,) =

E(pp )+

Elpp,) - 44)

Using (41), the first term in (44) can be upper bounded as

>

P €A (5F)
—2

| Me2et | —1 y d
< Z (e‘“ M)

d=2
2€2aL 3\/§€3aL
<0 e
as M — oo, where the second inequality in (45) is obtained
by overbounding the terms for d =4, .. ., LMe’zaLJ —1by
the d = 3 term. Also, using (33), the second term in (44) can

be upper bounded as

[M(pL,—9)]

2 2

d=[Me=>r ] p,, | €AL(F)
LM (p7, —0)]

< 2

d=|Me—2°L |

+ % IH(QWGM)) } =0

| M¢§'|—1

E(pu,r)
d=2

Me™2% —3) =0  (45)

E(pu,r)

2L
exp{M(—e—l— Vi In M

(46)

as M — oo, and (28) is proved.

Hence, for a fixed L, we have shown that as M — oo
the expected number of code segments starting at ¢ = 1 with
normalized Hamming weight less than p7 in the ensemble
Cp(3,6, M) tends to zero. Therefore, there exists a code in
the ensemble Cp(3,6, M) such that d.(0) > (p} /6)v.

For L = 1,2,...,16, the values p; can be calculated
numerically and are given in Table I. We observe that p}
rapidly decreases for small L. On the other hand, for L > 10
the calculated values of p7 stabilize at 0.51. In Appendix IV,
we prove that p7 > p* = 0.5 for any L, and the numerical cal-
culations confirm that this lower bound is closely approached
for L > 10.

2 [ 3 [ 4 [ 5 1016 ]
1.65 | 085 | 0.66 | 0.56 | 0.51 | 051 ]

TABLE I
NUMERICALLY CALCULATED VALUES OF pz .

Using the same argument as above, it follows that for all
possible starting positions ¢, there exists a code in the ensemble
Cp(3,6,M) such that di.(i) > (p}/6)v. In order to prove
that the Lth order segment distance di, > (p} /6)v, we still
need to show the existence of one single code such that
di(i) > (p},/6)v for all possible starting positions i. We prove
this using a special expurgation procedure.

Let i;, j = 1,2,..., be the starting positions of all the
code segments of length L with weight less than (p]/6)v
for some code in the ensemble Cp(3,6, M), ie., the local
segment distances di(i;), j = 1,2, ..., for this code are upper
bounded by di(i;) < (p}/6)v. The above analysis shows
that, for a given starting position ¢, the fraction of codes with
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di(i) < (p},/6)v tends to zero with increasing M . It follows
that there exists at least one code in the ensemble C p(3,6, M)
such that the fraction of starting positions ¢ ; among all starting
positions with local segment distance dy(i;) < (p}, /6)v tends
to zero with increasing A/. Recall that any code segment
V[i;4+1,i;+1] has at least one non-zero information bit in the
initial block of M information symbols. Each of the low
weight code segments can then be expurgated by fixing at most
one of the non-zero information bits in the initial information
block to zero. (Note that the total number of information
symbols that are fixed to zero is no more than the total number
of low weight code segments.)

Fixing information symbols leads to a loss in rate. Since
both the fraction of starting positions and the number of low
weight code sequences tends to zero with increasing M, the
fraction of fixed information symbols also tends to zero, and
the corresponding rate loss is negligible.

Hence, inequality (3) of Theorem 1, i.e.,

du > (p1,/6)v

follows, and Theorem 1 is proved.

(47)

V. PROOF OF THEOREM 2

For each particular code C' € Cp(3,6, M), the local free
distance at position ¢ is given by

diree(1) = min  wy(v) ,

(43)
VeV(C,i)

where V(C, i) is the set of code sequences (detours)

1 0 1
,0 ”£+)1a Eﬁl,...,vg_i_)L,vg_i_)L,O,...)

v=_(.
such that the partial syndrome former encoder (see [8]) starts
in the zero state at time ¢, ends in the zero state at time ¢ +
L (for some L), and does not pass through the zero state
in between. We note that any sequence from V(C,4) cannot
have more than five consecutive all-zero blocks; otherwise, the
zero state would be reached before the end of the sequence.
Moreover, the first two and last two blocks of a non-zero code
segment v[; 41 41] have the same weight. Finally, the global
free distance is given by

Afree = miin iree (Z) . (49)

We now consider the set V(i) of all possible code sequences
v in the ensemble Cp(3, 6, M) having at most five consecutive
all-zero blocks and such that the weights of the first two and
last two blocks of a non-zero code segment are equal. Thus
V(C,i) C V(i) for any code C' € Cp(3,6,M). By V(d,i) we
denote the subset of V(i) with sequences having weight d, and
by R ( , ) we denote the set of corresponding normalized
weight sequences.

Without loss of generality, we can consider dyee(0). There-
fore, we will omit the index O in the notation for the nor-
malized sequence set and write R (%) instead of R (%, 0).
The number of code sequences leading to dfee(0) < p*M in
a random code is upper bounded by

o™ M|

2. X2

=2 per(y)

(50)

where p is the normalized weight sequence corresponding to
a code sequence v. We will show that this upper bound goes
to zero as M tends to infinity.

First, we estimate the cardinality of R (%)8. Consider a
subset Ry (%) consisting of sequences from R(%) having
exactly N nonzero elements, i.e. there are /N non-zero nor-
malized weights pth). The number of ways of distributing a
weight of d among N nonzero terms is ( 1‘6111). There can be
from 0 to 5 zeros between any two adjacent nonzero elements.

Thus
d d—1
R ()| = (V) e
and the cardinality of R (&) is
d L fd-1
S

N=1

Analogous to the proof of Theorem 1, we now separate
the terms in (50) corresponding to small % from the terms
corresponding to large %. Choosing

§" =exp(—2In7—3In5+ 1 — 2In(27e)) (53)
and splitting (50) into two sums, we obtain
lp™M] [6" ]
d2pew) d?pew)
Lp"M]
+ 0y > E(p). (54

d=[6"M]+1 peR (L)

Starting with the first term in (54), we use Lemma 1 c), (22),
(23), Lemma 2, and (53) to obtain

18" M]

> > Ep

=2 per(y)

d
Uo)+ 37 n2r) |

d=2 peRr(4)
d d
exp {M <0 <M> + Y 1n(27re)>}
W'MJ

[ M]
<> T en{u
L5 M|
< 3 (i)
< Z 79V exp { M { 3fs 4 + 4 In(2me)
- = M M
8Note that, for a given code segment length L, the set R(%) , which

only allows detours, is much smaller than the corresponding set A7, (%)
(see (29)) which allows remergers.
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1
< ;::2 7d-1 exp{M <§(3 In5—-1+ 21n(27re))%
1d d
Z 2 n—
oM M) } (55)
[6" M]
1 1d d
< II_ L«
< ; exp{M( gnd"o- + 550 n M)} (56)
[6" M]
B 1., 1. d
= Z exp{d <—§1n6 +§lnﬁ>} (57)
d=2
Lé-//MJ d
d
=2 (v m) ~ 8
d=2
Now observing that 6,, <lford=2,...,|0"M]|, (58)
can be written as
[6" M]
Z >, El
2 per(r)
Lé-//MJ d
[ d
S Z ( 6”M>
d=2
3v3 " 16
S ' M T Sang ((5”M) (6 M — 3) 6//2M2 —0 (59)
as M — oo.

To bound the second term in (54) we need the following
Lemma.

Lemma 3: Consider a normalized weight sequence p =
pr1,z) With IV nonzero elements such that

0" <w(pp,p) <p
Then there exists an M’ such that for any M > M’

+ — Z (1n(27re) +In pgh)M)

pi"#0
N (3a InM a InM
< et~ (=222 L (i
= €+Q(M 2M> N(M 6M>’ (60)

where a, €, and N' are positive constants.
Proof: See Appendix V. ]
Using Lemmas 1 a) and 3, the second term in (54) can be
written as

Ulpp,ry)

[p*M]

2, X

d=[6"M|+1 peRr (L)

. LPXI\:/IJ 2d:<

)6N1
d=|6"M]+1 N=1

-exp{M(U(p)+ > %)} (61)

pﬁh)¢0

>6N—1

3a¢ InM
ol (ww)
« In M
- (M—GMD} )
Lp*M] d

< MN’/GefN'aefeM Z Z ( )GN N(3g _lnM)

d=|6"M]+1 N=0
Lp* M|

a In d
S (1+eed )

d=[6" M |+1

6e’s oM
sy
M1

where the last inequality is obtained by replacing each term in
the sum by the largest term and upperbounding the number of
terms by M . Now we continue upperbounding (63) and obtain

M
Geéx)p
+ =7
Mz

:exp{(N’/G—l— )InM - N'a

3a
—eM+p*M1n<1+66—f>}
Mz

< exp{(N’/6+ 1)InM — N'a

’ !
S MN /6671\7 OzefeM

< MN'/6gN'ag—eM pp (1 (63)

MN'/ﬁefN'aefeMM (1

" e
—eM +p MMl}

4

:exp{(N’/6+ )InM - N'a

—eM + p*GegzaMZ} =0 (64)
as M — oo, since the term —eM dominates.

Hence the fraction of codes having local free distance
dree (0) < (p*/6)v goes to zero, and this is also valid for
any starting position ¢. Now the expurgation procedure from
Theorem 1 can be used to prove the existence of a code with
global free distance df. > (p*/6)v, and Theorem 2 is proved.

VI. RESULTS AND DISCUSSION

In order to calculate the segment distance to constraint
length ratio in Theorem 1 for small values of L, we use
numerical methods to solve the max-min problem of (26)
and obtain p7. The symmetry condition pio) = p§1>, for
t=2,...,L —1, can be shown to hold in the calculation of
maxp[l,L]:w(p[l,L]):ﬁ[le] mlnA 1 (L,L]: P, L]) This re-
duces the number of vanables [])y half and simplifies the
numerical evaluation of F'(A(1 1, Py 1)

In Fig. 5 the ratio p} /6, a lower bound on the segment
distance to constraint length ratio dp/(6M), is plotted as a
function of L for L < 16. Observe that, for . = 1, the bound
has its maximum value of pj/6 = 1/3, i.e., the code segment
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0.4

0.35f J

0.05 : ; ;

. . . . dL
Fig. 5. Lower bound on segment distance to constraint length ratio 537 a

a function of L.

S

has weight d; = 2M . Also note that, for L = 16, the bound
reaches its minimum value of p7} /6 = 0.085.

Fig. 5 shows that the lower bound on segment distance to
constraint length ratio p} /6 is virtually unchanged from L = 9
to L = 16. In Fig. 6 we plot the ratio pio)/ﬁ for the nor-
malized weight composition py, 1) satisfying w(py 1)) = pi.
that maximizes U(py; r)) for L = 9,11,13,15 (Fig. 6(a))
and L = 10,12,14,16 (Fig. 6(b)), where the time index ¢
represents distance from the middle block of the segment. We
see that the maximizing weight composition always satisfies
p§°) = p(LOlt, i.e., the normalized Hamming weights are
symmetrically distributed about the middle block. Also the
weight distribution of the maximizing weight composition
p1,z) is largest in the middle and both ends have almost zero
weight.

The free distance of a convolutional code satisfies

diee =mindy, L>1, (65)

where dy is the Lth order segment distance, and the numerical
calculations of Fig. 5 indicate that the segment distance
decreases as a function of L until the free distance is attained,
after which it stays unchanged at d .. Further, we have shown
that both the Lth order segment distance and the free distance
are lower bounded by (p*/6)v = arppcc(3,6)v, where
arppcc(3,6) = 0.083 for any L and correspondingly large M
(or, equivalently, v). This bound is weaker than the Costello
coefficient ac(1/2) = 0.39 for rate R = 1/2 convolutional
codes. However, arppcc(3, 6) is about three and a half times
larger than the Gallager coefficient ag(3,6) = 0.023 for
(3,6)-regular block codes. Interestingly, for the general class
of rate R = 1/2 codes, ac(1/2) = 0.39 is also about three and
a half times larger than the corresponding Gilbert-Varshamov
coefficient agy(1/2) = 0.11.

In Table IT we compare the numerically calculated values of
the parameter oy ppec(J, K) with ag(J, K) for the (3,6) and
(4,8) cases, and we see that the asymptotic distance bound
ratio for LDPC convolutional codes is more than three times
larger than for the corresponding LDPC block codes in both
cases.

0.012 ; ‘
» % =
0.01f o L=9
A o L=
© 0008 . L3
S . 0.006 / —— =15 ]
Q ®
0.0041 / X :
0.002F / . i
0 & o ] L L B &
8 -6 -4 =2 0 2 4 6 8
Distance from middle block
(a)
0.012 ‘
0.01} poo > =104
0.008 2 =2
N 3 . - L=14
S, 0.006 / : o L=16 ||
< / N
0.0041 ! \ b
®
0.002f 8
_¥ A <
G & B~ L L L L Y
8 -6 -4 =2 0 2 4 6 8
Distance from middle block
(b)
Fig. 6.  Weight distribution of the maximizing normalized weight vector

Py, for different L.

(J,K) | arppec(J, K) | ac(J, K)
3,6) 0.0833 0.023
4.8) 0.1908 0.0627

TABLE 11

NUMERICALLY CALCULATED DISTANCE BOUNDS FOR LDPC BLOCK AND
CONVOLUTIONAL CODES (ay ppcc (4, 8) IS DEFINED ANALOGOUSLY TO
arppcc(3,6), ASIN (4)).

In the case when J and K are relatively prime, the con-
volutional code ensemble C'p(.J, K, M) has syndrome former
memory mg = 0 and is identical to the block code ensemble
of [12]. Hence the Lth order segment distance and the free
distance in this case satisfy the same lower bound’, i.e., the
lower bound derived by Gallager for LDPC block codes. For
other values of J and K, obtaining upper bounds on U(-)
that permit an analytical evaluation of appcc(J, K) becomes
more complicated, and a numerical solution of the max-min
optimization problem is also difficult to obtain.

The convolutional code ensemble C p(3,6, M) is composed
of permutation matrices, and hence in any code there al-
ways exists a code sequence with weight 20 of the form
(...,O,UIEO),UED,O,...) with 'UEO) = vil) = 1, where 1
is the M -dimensional all-one vector. In fact, for all .J and
K, such a code sequence with weight 20 always exists
for any code in the ensemble Cp(J, K, M). This limits the

When J and K are relatively prime the constraint length v of the
convolutional codes in Cp(J, K, M) equals the block length N of the
codes considered in [12]. Hence, for such values of J and K, we have
min = dfree > aG(J: K)V-
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asymptotic segment distance ratio and the free distance ratio
to arppec(J, K) < % This is a severe restriction for codes
with large K. However, we can expurgate such code sequences
from the ensemble at the expense of a small loss in rate. For
example, in the (J,2J) case, we can fix the first information
symbol in each block to be a zero, so that the rate is reduced
to R = % In general, such low weight code sequences can
be avoided by fixing one information symbol in the first block
to zero.

VII. CONCLUSIONS

We have introduced an ensemble of LDPC convolutional
codes with syndrome formers comprised of permutation ma-
trices. Such code ensembles lend themselves to an analysis of
their distance and threshold'® properties. In particular, we can
derive lower bounds on the Lth order segment distance and the
free distance of these codes. We have proved that this ensemble
contains codes whose Lth order segment distance and free
distance increases linearly with constraint length. Further, for
the same (J, K), the numerically evaluated asymptotic free
distance to constraint length ratio apppcc(J,K) is several
times larger than the asymptotic minimum distance to block
length ratio obtained by Gallager for LDPC block codes. For
example, in the (3,6) case, we show that appcc(3,6) =
% > 0.083. This value is about three and a half times larger
than the corresponding coefficient % = (.023 for (3,6)

G —
LDPC block codes.
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APPENDIX I
ENSEMBLE ANALYSIS

We calculate the probability that an 7 A/ dimensional vector,
I>2,wy = (wi,ws,...,wr), w; €FY, i=1,...1,
satisfies the condition

wp I = 0, (66)
where the IM x M matrix II is given by
=[P, P,,.. P/

and the P;, ¢ =1,...,I, are M x M permutation matrices.

For the block code ensemble in [12] only the case [ = K
was needed. However, for the (J,K) LDPC convolutional
code ensemble considered here, the cases I = 2,4,..., K, are
required. Thus, for the ensemble C p(3,6, M), the cases I =
2,4,6, must be considered. Since the permutation matrices
comprising the syndrome formers in C p(3,6, M) are chosen
independently and equally likely, we assume the same for the
matrices P;, i.e., they are chosen independently and take on
one of the M! possible values with equal probability.

Let d;, i« = 1,...,1, be the Hamming weight of the
M dimensional vector w;. We say that wy; yj has weight
composition dj; jj = (di,d>,...,dr). The Hamming weight
d of the vector wy y with weight composition d[; 1} is
d=dy +ds+---+dj.

If wyp ;) satisfies (66), then each of the M constraint
equations defined by the columns of II must include an even
number of ones, i.e., 0,2,...,2|/2], from wy gj. Since IT
is composed of blocks of permutation matrices, a constraint
equation involves at most a single one from each w;, ¢ =
1,2,...,1.

For the mth constraint equation of II, m = 1,..., M,
we associate an [-dimensional binary vector p,,. The ith
component of p,,, ¢ =1,...,1, is one if a one from w; is
involved in the mth constraint equation and is zero otherwise.
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Since any constraint equation involves an even number of ones,
p,, can take on one of 2/~ values.

Let vy denote the number of constraint equations involving
only zeros of wp rj. Then, let v3(i1,is) be the number of
constraints involving two ones, one from each of the vectors
w;, and w;,, and zeros from the other I — 2 components
of wyy 7. In general, let va (i1, ..., i2), ¢ = 1,...,[1/2],
denote the number of constraints involving 2q ones, one
from each of the vectors w;,,...,w;,,, and zeros from the
remaining (I — 2q) components of wy; ;. Observe that the
arguments of vo,(i1,...,02,) are distinct, ie., i1 # ix #
.-+ # iaq. Further, voq(i1,...,i2,) is invariant to permuta-
tions of the arguments, for example, va4(i1,%2,...,92¢) =
Vaq(i, i1, .. .,024). In other words, va,(iy, .. .,i24) is a func-
tion of the set {i1,i2,...,i24}. To emphasize this fact,
we henceforth write vog({i1,...,124}) for vog(in,. .., i2q).
There exist (;q) different sets {i1,%2,...,i2,}. Therefore the
function vz, ({i1,%2,..
necessarily distinct.

Now assume that I = 6. Then the number of ones in each
constraint equation is at most six. In this case, since the total
number of constraints is M, we have!!

yizg}) can take on (,) values, not

I/0+ Z VQ({il,iQ})
{i1yiz}

+ Y val{iryin,is,ia}) +ve = M .

{i1,i2,i3,14}

(67)

Further, it follows from the definition of va,({i1, i2, . .
that, for any i, € {1,2,...,1},

> ow{inis}) + > va({ir,is,is,ia}) +v6 = diy. (68)
{i=} {i2,i3,i4}

For any vector wy; g with weight composition d; g),

(VUy {VQ({ilyiQ})}’ {V4({i17i2vi37i4})}7 Vﬁ)

is called a constraint composition of wy; g] if

v, {va({in, 12 1)}, {va{in, iz, 03,04 })}

and vg satisfy (67) and the six equations implied in (68).
To clarify some of the above notation we present a simple
example.

Example 1: Let I =6 and M = 5.
In this case, each of the vectors w;, ¢ = 1,...,6, is a five
dimensional vector. Let the vectors w; be

-vi2q})

w; = (0,1,1,1,0)
wy; = (1,0,0,1,0)
wsy = (0,0,1,1,0)
wy, = (0,1,0,0,1)
ws = (1,0,0,1,1)
ws = (0,0,1,0,1).

1T'We omit the arguments and write 1 since, in this case, we have a one
from each of the six components of wyy g

Hence, w; 6] has weight composition d; 5 = (3,2,2,2,3,2).

Suppose now that IT = [Py, P, ..., Pg] ", with
0 0 1 0 O 1 0 0 0 O
0 0 0 1 0O 00 1 0 O
Pf=]o 1 0o o of,Pf=|0 0o 0o o 1],
0 0 0 0 1 00 0 1 0O
1 0 0 0 O 01 0 0 O
0 1 0 0 O 0 0 1 0 O
0 0 1 0 O 1 0 0 0 O
p;=|0o o o 1t of,Pf=|0 1 0o o of,
1 0 0 0 O 0 0 0 0 1
0 0 0 0 1 0 0 0 1 O
0 0 0 1 O 0 0 1 0 O
0 0 1 0 O 01 0 0 O
PIf=]1 0 o o ofl,Pf=|1 0 0 0 o
0 0 0 0 1 0 0 0 0 1
01 0 0 O 00 0 1 O
Since I = 6, the vector p,, associated with the mth
constraint equation, m = 1,...,5, is a six dimensional vector.
The first constraint equation involves a one from each of the
vectors ws, w3, wy, and wg. Hence, p;, = (0,1,1,1,0,1).
Similarly, we obtain
p2 = (1,0,0,0,1,0)
D3 = (070707050:0)
p4 = (17171715171)
p5 = (1,0,0,0,1,0).

The third constraint equation involves no one’s from wy g),
and hence v9 = 1. The second and fifth constraint equations
involve one’s from w1 and ws, so v2({1,5}) = 2. In fact, this
is the only non-zero term in the set {v({i1,i2})}. The first
constraint equation involves ones from w», w3, w4, and wg.
This is the only non-zero term in the set {v4({i1,%2,73,%4})},
and we have v4({2,3,4,6}) = 1. The fourth constraint equa-
tion involves a one from each of the vectors w;, 7 =1,...,6.
Hence vg = 1. Now we have

vo+1v2({1,5})+14({2,3,4,6})+vs = 1+2+1+1=5=M

so that (67) is satisfied. Similarly, it can be checked that the
six equations implied in (68) are also satisfied. |
Let ¢ = (py,...,Py). If wp g has constraint composition

(V07 {VQ({ila 7/2})}7 {V4({i17 7:27 Z‘37 24})}7 Vﬁ) 9
then it follows that

e 1y of the vectors p,,,, m = 1,..., M, are the all-zero
vector

o For each set {i1,i2}, v2({i1,42}) of the vectors p,,, have
ones only in positions ¢; and i

o For each set {iy,is,i3,i4}, va({i1,i2,i3,94}) of the
vectors p,,, have ones only in positions ¢1, %2, %3, and 44

o g of the vectors p,,, are the all-one vector

For any constraint composition

(VU,{V2({i1;i2})}7{V4({i17i2vi3vi4})}7’/6) )
there are in total
M!
1/0! H VQ({il,iz})! H l/4({i1,i2,i3,i4})! Vﬁ!

{i1,i2} {i1,i2,i3,i4}
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possible vectors c. Let

v = {(v, {ra{i1,i2})}, {va({i1, 02, 93,74})},v6) }

represent the set of possible constraint compositions of w [ g].
Note that v is only a function of the weight composition d; g
of wyy g, i.e., v = v(dy ). For a given weight composition
dj, ], there are in total

b6 (dp16])
Z M!
- 1/0! H l/2({i1,i2})! H V4({i1,i2,i3,i4})!V6!
V(d[1,e]) {i1,d2} {i1,i2,

i3,ia}

(69)

possible vectors ¢, where the summation in (69) is over the
set of possible constraint compositions. The formulas (67)-(69)
can be similarly extended to other values of I. In the general
case, the probability that wy; ) satisfies (66) is given by the
following lemma.

Lemma 4: The probability v (d[l, I]) that a vector

Wi, = (w1, ws, ..., wr)
with weight composition dy ;) = {di,ds,...,dr} satisfies
(66) is
¢r (dp 1])
v (dnn) = =7 (70
Hi:l (dl)

Proof: Consider an arbitrary vector w;, ;) with weight com-
position dyy 7. For a fixed w7 and ¢, there are d;!(M —d;)!
ways of choosing the permutation matrix P;, ¢ = 1,...,1I.
Since the number of possible c is equal to ¢ ; (d[l, I]) and each
of the permutation matrices can be chosen in M! ways, we
obtain

61 (dp,n) [izy dil(M — dy)!
(M ’
which results in (70). O
For the case I = 2, we must have d; = d>. Thus vy = d;,
= M — d;, and therefore in this case (69) simplifies to
M!
di!(M —dy)!”

v (di,p) =

b2 (dj12)) = (71)

Hence we have

$2(dpo) (o) 1
7 () =y = Gy =

In general, however, the function v; (dj;,;) has a complex
structure. Therefore we obtain an upper bound on v (d[l, 1]
by first upper bounding ¢ (dp 1) -

Lemma 5: The function ¢ (d[l, I]) is upper bounded by the
inequality

(72)

¢r (dpi,p) <exp [M(gl(h,)@, cy AT)

= )]s 73)
i=1

where gr(A\1,A2,..., A7) is as defined in (8), p; = d;/M, is
the normalized Hamming weight of the vector w ;, and the \;
are arbitrary constants, ¢ = 1,...,1.

Proof: We present the proof for the I = 6 case, but general-
ization to other values of [ is straightforward. Multiply each
of the terms in (69) by

6
exp| 30 (vl iz
i1=1 {i2}
+ D v
{i2,iz,ia}

{2177/272377/4})—{_’/6 d >:| ) (74)

where each \;; is an arbitrary constant. Observe that this does
not change the sum in (69) by virtue of the constraints of
(68). To obtain an upper bound on ¢¢(d[; ), we sum over all
constraint compositions

(vo, {va({i1,i2}) }, {va({ir, iz, i3,ia}) }, v6)

satisfying (67) but not necessarily (68). The multinomial
theorem [18], (69), and (74) together imply that

M
14+ eM) + ‘

b6 (d[1,6]) < Hl il ) 5 Hl 1= )]
e~ Xio1 Mids , (75)
and (73) follows from (8) and (75). O

From Lemmas 4 and 5 we obtain the upper bound

exp [MGI()‘[I,I]: 0[1,1])]

vr (dpny) < (76)

T [ M ’
| (Mpi)
where Gr(Aq,17, pp1,p7) is as defined in (7).

APPENDIX II
PROOF OF LEMMA 1

From (14) and (16) we have

E(pp,z) 1L11jf[ (Mpt )

exp (MF( [1,L] P[l,L])) M M
< L 1 M \12 (Mpgl)) (MP(Ll)) 7D
[thl | (Mpﬁh))]

where for 0 < pgh)

< 1 we can use the inequalities (see [19])

M 1
(Mp(h)) < exp (MH(Pih))) B D)
! V2rM P (1 - pi)
(78)
and
M\ (W) _ ,(h)
(Mpgh)) <exp (~MH(p )J%Mp (1-p™)
L (79)

h DN
2 (1 - )
Observing that p;(1 — pj) > 77 (1 — 47), we obtain

12M pi(1 — pg) > 2 (80)
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and
2rMpr(1 —pi) > 1 (81)
for M > 2. Thus (78) and (79) can be simplified to
M (h)
(Mpih)> < exp (MH(Pt )) (82)
and
Mo\ (h)
(Mpgh)) < exp (—MH(Pt ))
20 M pi™ exp (%) : (83)
For pih) =1,
Mo\ _ L (h)
<Mp§h>> =1=exp(MH(M) , 84

and therefore (82) and (83) are valid in this case as well.

Now consider only ¢ and h such that pt ;é 0. Let us
enumerate them with one index k. We assume that there are N
such normalized weights, p1,p2,..., pn. The corresponding
weights are dy = piM, do = p2M,..., dny = pnM.
Substituting (82) and (83) into (77) and recalling the equal
weight condition for the first and last two blocks of vy ], it
follows from (21) that

N
E(pn,n) Sexp{M'F( [1,L]5 P1,L]) }H 2medy) , (85)

which implies (18). In order to find the maximum of the
product term we consider a simple optimization problem: for
N variables d;, > 1, Efc\f:l d;, = d, find the maximum of
the product Hfj:l dy. It is easy to show that all dj, should be
equal to maximize [] w—1 dr (otherwise, instead of d1, d>, one
would take (d; + d2)/2, (dy + d2)/2), and the maximum is
[T, d. = (d/N)N. We are left with

omed\ ™
E(py 1)) < eXp{M : F()‘[I,L]:p[l,L])} (T) . (86)

Now recalling that N < 2L and d < M N (the maximum
possible total weight), we see that (86) implies (19). Moreover,
noting that 1 <d,k=1,...,N, and

N
N < de =d=pp M,
k=1

we see that the maximum of (86) is reached when N = d =
pp,r)M , and it follows that

E(pp 1)) < eXP{M : F(A[l,L]ap[l’L])} (2re)?
= exp{ M - F\y 1, ) (2me) 1 (87)

which implies (20). [ |

APPENDIX III
PROOF OF LEMMA 2

Before proving Lemma 2, we derive some important prop-
erties of the function U(py; 1) defined in (22). First, we note
from (21) and (15) that the function F'(A [y r], p[LL]) consists
of several terms. Although F(A1 1], pp,z)) depends on the
entire set A[; r), only the term at time ¢ in f‘(/\[l’L],p[LL])
depends on the variables )\Eh) (t),1=0,1,2, h = 0,1. Thus,
the minimization min)\[l’L] F(A1,z) pp1, 1)) can be carried out
individually for each of the terms in F (Ai.zp Pr,Ly)-

After some reorganization of terms, and recalling the equal
weight condition for the first and last two blocks of vy 1, it
follows that we can represent U(pyy 1) as

L

=Us(py) +Us(ps p1) + D Us(Pys Pr_15 Py )
t=3

+Uslpr,p 1) +Ua2(pyL) »

Ulpp,ry)
(33)

where the functions Us, Uy, and Ug are defined as

min
1y:-576

6 9 6
=D Xipi—3 ) H(pi)|, (89
; p 32 (p)] (89)

|:g4(>\1 ) >‘27 >\3a >\4)

i
Uﬁ(plﬂp2ap3ap47p5ap6) dé |:gﬁ(>\17>‘27>\37>\47>\57>\6)

min
1yeeeyN4

4 2 4
- Z Aipi — 3 ZH(Pi)] , (90)
i—1 i1

Ualpr, ) & —3 (H(pn) + H(p2))

def
U4(P1,P2,P3,P4) =

oD

and we see that Us(py1, p2) < 0 for any p1, p2 € [0,1].
Proposition 1: For any pi,...,ps such that p; € [0,1),

i=1,...,6,
1 6
U6(p15"'7p6 <U6< Zpla Z/h:aéZ/h) )
i=1
(92)
1 4
Us(prs---,pa) < Us sz,... —Zm) (93)

i=1
Proof: A proof is glven 1n [12]. [ ]
Corollary 1: Consider a normalized weight composition
pi,r) such that, for each t € {3,4,..., L}, the sum of six

consecutive terms pi’i)%i, 1=0,1,2, h =0, 1, satisfies

2 1
SN o, <6-0.023=0.138 .
i=0 h=0

(94)

Then

Ulpp,p) <0 . 95
Proof: We consider (88) and apply the bounds from
Proposition 1 to every term on the right hand side. For
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te€ {3,4,...,L} we obtain

Us(pgs Pr—1,P1—2)
P! ()
h
<u(52
1=0 h=0

Z Z Pi— 2+u

zOhO

2+z7

2 1
1
5 3D B TR
i=0 h=0
since (94) implies

where 0.023 is approximately equal to the smallest positive
root of Us(p, - .., p) (note that 0.023 is the value of ag(3,6)
obtained by Gallager for (3,6) LDPC block codes). The term
Us(py, p;) can be upperbounded as

1 2 1 1 2 1
SXOVAET 53 S 3 9

t=1 h=0 t=1 h=0
o7

since (94) implies

—ZZ

t=1 h=0

0138 <0.112,

where 0.112 is approximately equal to the smallest posi-
tive root of Us(p,...,p). Analogously, we can show that
Us(pr,pr—;) < 0. Finally, since the terms Us(p,) and

Us(p;,) cannot be positive, (95) follows. [ |
Proposition 2: For any p1, ..., pe such that p; € [0,1),7 =
1,...,6,
Us(p1,---»ps) <6f6( Zm) : (98)
Us(p1,---,pa) <4f6( sz> : (99)
where fg(p) is defined in (35).
Proof: From numerical calculations of Ug(p, ..., p) for

€ [0,1), we determine that it is upper bounded by
p(3In5 —1+1np) =6fs(p) .

Then we lower bound Us(p, ..., p) using Proposition 1 to
obtain (98). Function U4(+) is upper bounded in the same way.
|
We now note that the smallest positive root of fg(-) is
slightly larger than 0.021, and we define ps ' 0.021. For
p € (0, pg], the function f¢(p) < 0.
Proposition 3: For any combination p1,...
€1[0,1),i=1,...,6,

,pe such that

6

Us(prs---06) < folpi) (100)
zjl

Us(pr,---,pa) <D fo(pi) (101)
i=1

and

Us(p1,p2) < fo(pr) + fo(p2) - (102)

Proof: We can write

Us(p1;-- - ps) <6f6( Z/h) <Zf6 pi), (103)

where the first inequality in (103) follows from Proposition 2
and the second from the convexity of the function fg(-). The
same argument holds for Uy(+). For Us(-), we make use of
the fact that —§ H (p) < fg(p) for p € [0,1]. [

Proposition 4: For any positive integer £ and pq,..., p
such that p; € [0,1),i=1,...,k,
k k
> folpi) < fo (Z m) : (104)
=1 i=1
Proof:
k k
Z Z ;(3In5 — 1+ In p;)
=1 i=1
1 : 1
= (35— 1);pi +;6pilnpi
1 k kg k
< 6(31115 - 1)Zﬂi +Zgl)ilﬂ ij
i=1 i=1 j=1
k
= fo (Z m-) : (105)
i=1
|

Proof of Lemma 2: Starting with (88) and upper bounding
each term on the right hand side using Proposition 3, we obtain

Ulpp,r) <3 Z Z

(Note that every normalized weight pt () belongs to exactly
three terms in (88), and hence f§ (pih)) appears in the inequal-
ity exactly three times for each ¢ and h.) Now Proposition 4
implies that

L 1
puap) <3303 Folp™) <35 (wlpy ) 5 (107)

t=1 h=0
which, along with (23), leads directly to (34). |

(106)

APPENDIX IV
A LOWER BOUND ON p7,

Proposition 5: For p7 defined in (25), and for any L,

pL > p =05 (108)

Proof: Consider an arbitrary p, r; such that

w(pp,L) < p* =05

and subdivide this sequence into tuples of length six. There
can be at most three 6-tuples whose sum

Z Zp(h) > 0.126 = 6p; .

t'=t—2 h=0
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Now assume that there are exactly three such 6-tuples,

1 0 0 1 0 0
Pil)apgl)r-wpil)_m pgz)apiz)a"'apgz)—Qa

1 0 0
P o),

and

and consider the set of time instants
Tax = {t1—6,t1—5,...,t1+6}U{ta—6,t2—5,...,t2+6}
U{tg —6,t3 —5,...,t3 +6} . (109)

Observe that |Tinax| < 3-13 = 39. Using numerical optimiza-
tion we can show that

N Us(pr, o1, py) < —1075 .
tETmax

(110)

For any other 6-tuple,

t

1
S S e <0126,

t'=t—2 h=0

and it follows from Proposition 2 and the fact that ps = 0.021
is slightly less than the smallest positive root of fg(p) that
Us(Psy Pi_1,Pi_2) < 0, and the same holds for Uy (:) and
Us(+). Combining these results into (88) we obtain

Up,zy) <0 (111)

If there are two, one, or zero “high-weight” 6-tuples whose

sum ; L
S S e > 0126,

t'=t—2 h=0

we can use the same arguments to show (111). Since (111)
holds for any py; r; such that w(py ;) < p* = 0.5, (108)
follows from (25). |

APPENDIX V
PROOF OF LEMMA 3

Proposition 6: There exists an M’ such that for any
M > M' and any p € |17, pr = 0.021],

1 « In M
_— < —
fo(p) + 537 m(2mepM) < 37 = 7= (112)
where
1 1 In27e
=—|(In5—= . 113
a=3 nb 3 + 3 (113)
Proof: To find maximum of the function
def 1
¢(p) = fo(p) + 77 In(2mepM)
1 1 1 In(2mepM)
=—|(ln5—-= —pl e 114
2<n5 3)p+6pnp+ YT , (114)
we calculate its first and second derivative as follows:
Ip(p) _ 1 1 1
——~> =—In5+ =1 — 115
op 2 TeM Pty (115)
9? 1 1
¢(p) (116)

op  6p 3p°M°

17

9%¢(p)

By looking at the sign of — 3 o

, we observe that =3
P

is decreasing in the interval [M? %] and increasing in the
interval [%, pf] . Moreover,

9 1 11
9¢(p) =-Ins+-—-InM<0 (117)
7 376
and
d¢(p)
IO~ 0.1608 0 118
|, " 0.0630 ~ (1

for large M . Therefore, 82(;’ )

has exactly one root in the in-
terval [7, p¢]. This root corresponds to the point of minimum
for ¢(p), and the maximum is achieved on the boundary for
p= ﬁ or p = pr. For these values of p, we obtain

i _i 1 1n5—1 +1n27re
Y\ ) T m\2 3 3

1
——InM 119
eif MM (119)
- In(0.359M1)
=-122x10 "+ ———~ 120
o (pr) <1074 ST (20)
and for large M the first expression, which coincides with the
right hand side of (112), is greater. [ ]
Now we define the function
~ def
Us(pe: Pi—1, Pr—2) = Us(Pys Pi—1,Pr—2)
Z 1n(27reMp§h)) (121)
3M ’
pgh)e./\/t

where N; is the set of positions corresponding to nonzero
values of pih) in the 6-tuple (p,, p,_1, Py_o). We also define
Us(p,) and Uy(p,, p,_,) analogously, where in these cases N
denotes the set of positions corresponding to nonzero values
in the 2-tuple (p,) or 4-tuple (p,, p;_,), respectively.

Corollary 2: Consider a 6-tuple (p,, p;_;,pP;_5) such that
0< Zpgh)em th) < 6pr = 0.126. Then there exists an M’
such that for any M > M',

- a InM
Us(pys Pi—1,Pi—2) < [NV (M ~ i ) <0, (122
~ a InM
Us(p, pr1) <IN (M S ) <0,
~ a InM
U < — — 0.
2(p0) < Wil (57— 3 ) <
Proof: Consider p = %ZPW en, pgh). From Proposi-

tion 2, Proposition 6, and the convexity of the function In(-),
it follows that

ﬁﬁ(ﬂt, P 1P )

ln(QﬂeMp(h))
=Us(P Pr—1,Pr—2) + Z Tt
ot EN,
In(2weM p)
<6 6——7—
<6fs(p) + 3M
a In M « In M
_- _ < T
<6<M GM)—M(M 6M><0’(123)
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where the last two inequalities hold for large enough M.
Similar arguments lead to the bounds on Us(-) and Uy(-). H

Additionally, we note that

ln(QWeMpgh))
3M

>

Pgh) EN

—+0 (124)

as M — oo, which leads to the next corollary.

Corollary 3: Consider a 6-tuple (p;, p;_1,P:_o) such that
0<d< Zpﬁh)eNt p\" < 6p; = 0.126. Then, for M large
enough,

ﬁﬁ(ptaptflapt72) < 6max {fs(0/6), fe(pr)} <0 .
Proof: First we use Proposition 2 to obtain

(125)

ﬁﬁ (pt: pt—l: pt—2)

=Us(Pys Pr—1:P1—2) + Z
(h)ENi

§6f6<1 > pl(fh)) >

" eN; M eN;

1n(27reMth))
3M

1n(27reMth))

oAl (126)

Then, following the same procedure as in the proof of Propo-
sition 6, we find that fg(-) achieves its maximum at one of
the boundary points, either /6 or p¢. Using this maximum,
which is a negative constant, as an upper bound, and making
use of (124), we obtain (125). [ |

Proof of Lemma 3: 1t follows from (88) and the definition of
U(-) that

1
— (In(27e) +1In Mp(h)
%;0 i ( ")

U(P[l,L])

PN

p

U (Pt Pr_1,P1—2) + ﬁ4(P2; py) + ﬁ2(Pl)

QIMN

(127)

w(pr,pr_1) + Ua(pr)

where we note that each time unit is included three times in
the sum on the right hand side of (127). Now we consider
three different cases.

Case 1: There exists a 6-tuple (pil), (0 ), . ,p§0)2) such
h
that 3= oy, pt" > 0.126.

We follow the same procedure as in the proof of Proposi-
tion 5 and consider the set of indices Thax in (109). By Nyax
we denote the total number of nonzero elements pih in the
6-tuples (p;, Py_1,Pi_o), for all t € Thax. (If the 6-tuples
overlap, we count repetitions of overlapping elements.) If all
elements in the 6-tuples indexed by ¢t € Tp,,x are nonzero,
then Ny, attains its maximum value 6 - 39 = 234. Using the

numerical optimization result of (110), it follows that

Z 06(ptv Pi—1, pt—2)
tE Tmax

= Z Us (pta Pe—1, pt—2)
t€ Tinax

n(2med o
+ Z Z e pt ) (128)
teTmax P(h)EN
In(2reM
<1075 +Nmax% <-10°% ¢ (129

where the last inequality holds for large enough M and we
have used the fact that pih) <1 for all ¢ and h.

Now, for t € {1,...,L} \ Tmax, wWe use the bound from
Corollary 2 to obtain

UG(ﬂt: Pi_1:Pi_2)

« In M
< M <M - 6—M)
te{3,...,L}\ Thax , (130)
~ « In M
U4(pt7pt717) S |-/V.t| <M - G—M) y t= {QaL}\Tmax y

~ In M
a(p) < Wil (7 = 3 )+ t= {1 E}\ Tos

Combining (129) and (130) and substituting into (127) gives

Ulpp,r) + Z % (1n(27reMp§h))
pi"#0
< —e+ (3N — Ny (% - 12]\‘7\;) (131)
<—e+N (Sﬁa - %)
— N (% = %—ﬁ) : (132)
where again we note that each non-zero element pgh) will

appear three times in the sum on the right hand side of (127)
and M is chosen large enough to guarantee that 7 — 121\1‘4/[ <
0. Since the middle term on the right hand side of (132)
is negative, and €, , and Np,x are positive constants, (60)

follows.

Case 2: Case 1 is not true, but there exists at least one pair
t, h such that ‘5 ()

<p .
We consider the 6-tuple containing p;
to obtain

(") and use Corollary 3

Uﬁ(pt, Pi—1:Pi—2)
6// e
< 6max{f6 (E) ,fﬁ(pf)} <0 (133

for M large enough. For the other terms we use Corollary 2,
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resulting in

Ulppi)+ Y 7 (nCrenpf)

P #£0
« In M
< — — -
< —e+ (3N 6)<M 6M) (134)
30 InM o In M
_—e+N<——2—)—6(——6—> , (135)

and (60) again follows.

Case 3: pgh) < %” forallt € {1,2,...,L}, h=0,1.

By T H1 we denote the set of index pairs (¢, h) correspond-
ing to the k largest elements pth , where k is chosen such that

"
T Y A, (136)
(t,h)ETH1

and k = |TH1| < . The remaining index pairs we denote
by 7 H-. Now using (106) we can write

1
Ulpp,np) + Z i (ln(27re) +In Mpih))

Pt #£0
(h) 1 (h)
< S350+ Y M(ln(27re)+lnMpt ) (137)
P #£0 P #£0
ln(QWeMp(h))
=3 > "+ Y
(t,h)ETH1 (¢,h)ETH1
(h)
(), , In(2meMp;"’)
+3 ) (fﬁ(pt oty ) - (3®)
(t,h)ETHo

We use now Proposition 4 to upper bound the first term
of (138) and the linear bound Inz < z to upper bound the
second term of (138), which gives

(h)
3% A+ Y BT

(¢,h)ETH1 (¢,h)ETH1

<sfe | S M| +m@re) S oM

(t,h)ET Ha (t,h)ET Ha

" 0" def
< 3fs (3) +1n(27re)3 =<0, (139)

where the second inequality follows from (136) and the fact
that f§(p) < 0 for all p € [0,1).

Finally, we use Proposition 6 to bound the third term, which
gives

(h)
3 (o )

(t,h) ETHz

M 2M

§3|TH2|(£—IHM) S%(Sa In M

T, ) (140)

where the last inequality follows from the fact that |7 Ho| >

N/2 and 7 — 121\1\/[/[ < 0 for M large enough. Now we combine

(138), (139), and (140) to obtain

1
Ulpp,np) + Z i

h
pi" 0

and (60) again follows.

(1n(27re) + ln(Mpgh)))

< +N
—e4+ —
- 2

(

3a

M

In M
2M

) , (141)
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