
LUND UNIVERSITY

PO Box 117
221 00 Lund
+46 46-222 00 00

Direct Numerical Simulation and Modelling Study of the Structures and Propagation of
Partially Premixed Turbulent Flames

Holmen, Vivianne

2015

Link to publication

Citation for published version (APA):
Holmen, V. (2015). Direct Numerical Simulation and Modelling Study of the Structures and Propagation of
Partially Premixed Turbulent Flames. [Licentiate Thesis, Fluid Mechanics].

Total number of authors:
1

General rights
Unless other specific re-use rights are stated the following general rights apply:
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors
and/or other copyright owners and it is a condition of accessing publications that users recognise and abide by the
legal requirements associated with these rights.
 • Users may download and print one copy of any publication from the public portal for the purpose of private study
or research.
 • You may not further distribute the material or use it for any profit-making activity or commercial gain
 • You may freely distribute the URL identifying the publication in the public portal

Read more about Creative commons licenses: https://creativecommons.org/licenses/
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove
access to the work immediately and investigate your claim.

https://portal.research.lu.se/en/publications/09e1c34c-5d3f-4b60-9354-e413f299144b


Direct Numerical Simulation and

Modelling Study of the Structures and

Propagation of Partially Premixed

Turbulent Flames

Vivianne Holmén Notander

Licentiate Thesis

Lund 2015
Division of Fluid Mechanics

Department of Energy Sciences
Lund University



ISRN LUTMDN/TMHP-15/7094-SE
ISSN 0282-1990

©Vivianne Holmén Notander, September 2015
Division of Fluid Mechanics
Department of Energy Sciences
Faculty of Engineering
Lund University
Box 118
S-221 00 LUND
Sweden

Typeset in LATEX

Printed by Tryckeriet i E-huset, Lund, September 2015



Abstract

Turbulent partially premixed flames are found in common combustion applica-
tions, such as the lifted jet flames in diesel engines. There is less theory sur-
rounding the structure and propagation of turbulent partially premixed flames
than for classical premixed flames and diffusion flames, especially in regards to
modelling. This thesis presents direct numerical simulations (DNS) and analysis
of the structures and propagation of turbulent partially premixed flames. The
aim is to collect detailed information on turbulent partially premixed flames
and to provide insight for the development of models for turbulent partially
premixed flames.

The fuels considered are methane and hydrogen, with unity Lewis number
and Lewis number less than one, respectively. A detailed chemical kinetic mech-
anism and mixture averaged transport properties were used in the DNS. The
computations were carried out at room temperature and atmospheric pressure
in a rectangular domain of size of 20 mm, 10 mm and 10 mm in the stream-
wise and cross flow directions respectively. Isotropic turbulence was imposed at
the inflow boundary and the inflow velocity was selected such that the flame
was stabilized in the domain during the time span of the simulation. The two
simulated flames have similar turbulence conditions. The Karlovitz number of
the methane/air flame is about 50 at the triple-point of the flame, and for the
hydrogen/air it is about 5. The DNS was carried out using a high order finite
difference code.

Both the turbulent methane/air and hydrogen/air partially premixed flames
consist of a main premixed flame front trailed by two thin lean premixed flames
at the edges and a diffusion flame following the stoichiometry line. The lean
premixed flames can be sustained at much lower equivalence ratio than the
corresponding planar unstretched laminar premixed flames. The leading front
has a w-shaped structure, with weak reactions distributed on the burned side
of the premixed flame. Turbulent eddies wrinkle the flames in both cases and
broaden the preheat zone. The hydrogen flame is wrinkled at smaller scales
than the methane flame, despite having very similar turbulence. The lean trail
and the diffusion flame both have a heat release rate roughly two orders of
magnitude lower than that of the premixed front.

The propagation of turbulent partially premixed flames are shown to be
highly sensitive to local equivalence ratio, curvature and strain rate of the flame,
and local turbulent motion. The triple flame enhances the displacement speed of
stoichiometric mixture of hydrogen due to the interaction between the diffusion
flame and premixed flames. The effect of turbulent eddies is shown to highly
disturb the flame structures and local displacement speed, which poses a great
challenge to the development of cost-effective CFD models for turbulent partially
premixed flames under high Karlovitz numbers.

Descriptors: Partially premixed flames, direct numerical simulation, displace-
ment speed, G-equation, modeling.
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1 INTRODUCTION 1

1 Introduction

Turbulent flames are seen in nature as well as in industrial applications; a forest
fire is one of the most iconic examples of turbulent flames found in nature. A
forest fire is more powerful and difficult to extinguish in very windy weather.
Turbulent flames have several advantages over their laminar counterparts and
are therefore widely used in energy and power production devices such as gas
turbines, internal combustion engines and furnaces. Turbulent flames enable a
much faster burning rate of fuel and faster oxidation and for this reason can
provide a higher power output within a small combustor.

Turbulent flames can be classified into different types [59]: turbulent diffu-
sion flames, turbulent premixed flames and turbulent partially premixed flames.
Turbulent diffusion flames are flames where the fuel and the oxidizer react as
they mix; turbulent premixed flames are flames where the fuel and the oxidizer
are mixed prior to entering the reactor. A forest fire is an example of turbu-
lent diffusion flames naturally ocurring in nature. Diesel engines, rocket engines
and aircraft engines are examples of diffusion flames in engineering applications.
Since the fuel and oxidizer are not premixed before entering the reactor there
is no risk for uncontrolled ignition of the fuel/air mixture outside the desired
reaction zone. This makes diffusion flames advantageous in terms of safety con-
trol. The reaction zone in a diffusion flame is located where the fuel and the
oxidizer mixture reaches an equivalence ratio of unity, i.e. at stoichiometry. The
maximum flame temperatures are found at stoichiometry, which means diffusion
flame temperatures are the highest possible for a given fuel. High combustion
temperatures favour complete combustion, however, this is at the cost of high
NOX production as NOX production increases exponentially with temperature
increases.

In premixed flames the fuel and the oxidizer are mixed before entering into
the combustion zone which makes it possible to control the ratio of fuel to ox-
idizer in the mixture, thereby controlling combustion temperature. A mixture
with a non-unity equivalence ratio will have a lower combustion temperature
since the heat released in the chemical reactions is used to heat up the combus-
tion products as well as the remaining fuel and/or oxidiser. The reaction zone
of a turbulent premixed flame is not localised – in contrast to the turbulent
diffusion flame where the reaction zone is found at stoichimetry – the reaction
zone in a turbulent premixed flame propagates in the fuel/oxidizer mixture.
Propagating flames are more difficult to work with from a safety point of view
as the flame can move around inside the combustor or out of it entirely. When
combined with the fact that the mixture is flammable before entering the com-
bustor, it becomes clear that understanding how the flame will propagate is of
special interest concerning safety. A practical question is thus how fast a turbu-
lent premixed flame can propagate; this is related to the structure of the flames
and turbulence/flame interaction. There is therefore a great amount of current
research on turbulent premixed flames [59, 18, 15, 16].

Turbulent partially premixed flames are flames that share common charac-
teristics with both diffusion flames and premixed flames [7]. Part of the flame –
the leading front of the flame – propagates as a premixed flame, while another
part of the flame – the trail of the flame – burns as a diffusion flame. At first
glance, using turbulent partially premixed flames seems to be something that
should be avoided – the flames have both the disadvantage of high combus-
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tion temperatures with the resulting high NOx production, and the problems
associated with a propagating reaction front.

Turbulent partially premixed flames are unfortunately unavoidable in prac-
tical applications. A perfect premixed flame cannot always be generated in a
combustor. A stratified premixed mixture where the mixture varies from lean
to rich in the combustor can form a partially premixed flame. The flame front
consists of a rich premixed flame and a lean premixed flame. The fuel in the
rich part of the flame is not all burned due to the lack of oxygen; the oxygen in
the lean part of the flame is not completely consumed due to the lack of fuel.
As a result, the leftover fuel downstream of the rich part of the flame will react
with the remaining oxygen from the lean part of the flame, thereby forming
a diffusion flame trailing behind the premixed flame. Together, the lean pre-
mixed flame, the rich premixed flame and the diffusion flame form a triple-flame
whose intersection point (known as the triple point) is found where the equiva-
lence ratio is equal to one. The structure and propagation of turbulent partially
premixed flames depend on the local mixture and turbulence conditions.

Partially premixed flames can also be found in combustors meant to work in
the diffusion flame mode, for example diesel engines. The liquid fuel is injected
through a small nozzle into the cylinder where it needs time to atomize and
evaporate. When this has occured, the vapour fuel and air begin mixing until
they reach the correct composition. The combustion zone is therefore located
at the downstream end of the diesel jet. When the fuel ignites a small pre-
mixed flame is formed around the diffusion flame where the fuel/air mixture is
flammable but not of unity equivalence ratio, therefore resulting in a partially
premixed flame. In diesel engines the triple-flame propagation is one of mecha-
nisms that stabilise the lift-off of the flame and it has a great impact on NOx
and soot formation.

Compared to the research on turbulent diffusion flames and turbulent pre-
mixed flames, studies on turbulent partially premixed flames are behind. The
results of research on partially premixed flames include several controversies.
For example, some authors have found that the propagation speed at the triple
point in a turbulent partially premixed flame is much higher than that of a stoi-
chiometric premixed flame, while others have found evidence suggesting the op-
posite. Perhaps unsuprisingly, modelling of turbulent partially premixed flames
is a less mature area than its counterparts for turbulent premixed and diffusion
flames.

This thesis aims to provide a fundamental study of the structures of turbulent
partially premixed flames. The goal is to analyse the different reaction layers
and the preheat layer in a turbulent partially premixed flame and to study
how the flames propagate. Direct numerical simulation (DNS) data is used to
perform the analysis. The scope of the thesis is as follows:

• detailed analysis of the structures of turbulent partially premixed flames;

• exploration of the effect of turbulence on the structures and propagation
of partially premixed flames;

• exploration of the effect of differential diffusion on partially premixed
flames;

• examination of modelling approaches for turbulent partially premixed
flames.
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This thesis is arranged as follows: In Chapter 2 a survey of the existing
literature for partially premixed flames is presented, including laminar partially
premixed flames and modelling of partially premixed flames. In Chapter 3
the direct numerical simulation methods are presented. The main results are
discussed in Chapter 4, followed by a summary of the main conclusions of this
thesis and future work in Chapter 5.
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2 Literature Review and Research Questions

In order to provide the definition of partially premixed flames there are several
basic concepts that need to be clarified first. When discussing combustion it is
common to use the words flame and combustion interchangeably. Combustion
is the term applied to all types of exothermic chemical reactions where a fuel
is oxidised. Combustion can refer to both rapid chemical reactions and slow
ones, from an engineering point of view only the rapid reactions are of interest.
Combustion can occur in flame or non-flame mode. The different modes of
combustion have different characteristics and must therefore be distinguished
with care.

• Flames - A flame is a specific mode of combustion where intense chemical
reaction occurs in thin layers. The flame mode is most common for appli-
cations of combustion. Flames can be of three different types: premixed,
non-premixed and partially premixed. The terminology refers to whether
the fuel is mixed with oxidiser before ignition or not. Partially premixed
flames are a combination of the two ideal scenarios, showing characteristics
of both types of flames. In addition, flames can be turbulent or laminar,
depending on the characteristics of the flow. Turbulence can change the
structure of the flame. Flame propagation is refered to as deflagration.

• Ignition Waves - This is a combustion mode belonging to the the non-
flame group. An ignition wave can behave similarly to a propagating
flame. It is however fundamentally different as it is not constrained by a
flame speed and is in fact a mixture of fuel and oxidiser autoigniting. Au-
toignition is the term used when rapid oxidation reactions occur at many
locations within the unburned gas, leading to a very rapid combustion
throughout the volume, with an essentially volumetric heat release [83].
The propagation speed of an ignition wave is a function of the local mix-
ture’s ignition delay time and the gradient of temperature, composition,
and pressure [96, 21, 17, 97]. Homogeneous charge compression ignition
(HCCI) engine combustion is typically governed by the propagation of
ignition waves [19, 89].

• Detonation Waves - As opposed to deflagration waves, which refers
to premixed flames, detonation is a mode of combustion involving a su-
personic exothermic front accelerating through a medium that eventually
drives a shock front propagating directly in front of it [85].

This thesis is devoted to the study of partially premixed flames; thus we will
not go into further detail regarding the latter two modes of combustion.

2.1 Partially Premixed Flame Structure

Since a partially premixed flame consists of both a premixed flame (with strat-
ification of fuel in the fuel/air mixture) and a diffusion flame, we will provide a
theoretical background of both flame modes.
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2.1.1 Mixture fraction and scalar dissipation rate

In a non-premixed flame the reactions are assumed to occur very rapidly in a
thin layer at stoichiometric fuel/air ratio. The fuel and the oxidiser first come
into contact with each other inside the combustor, which means the process of
mixing both components is responsible for the position of the flame. This is why
non-premixed flames are often called diffusion flames. Hence, the structure of a
non-premixed flame is dependent on both the mixing process and the chemical
reactions [60, 74, 74, 3].

The mixing process in turbulent flow is very complex, especially when com-
bustion is taken into account, as it adds heat realease, varying densities and
volumentric expansion into the problem. However, if all species can be said to
mix in the same way, a single variable would suffice to compute the mixing of the
different elements. Therefore, assuming the diffusion coefficients of all scalars
are equal the mixing process can then be described by generating a scalar called
the mixture fraction, Z. Mixture fraction can be defined in different ways [83, 6].
A simple definition for cases when the fuel and oxidiser are segregated into sep-
arate streams is the ratio of mass originated from the fuel stream to the total
mass in the mixture [22].

A transport equation for mixture fraction can be derived from the transport
equations of species. The equation can be written as follows in a Cartesian
coordinate system where velocity in the xi direction is denoted by ui, the density
of the mixture by ρ and the diffusion coefficient of the mixture D,

ρ
∂Z

∂t
+ ρui

∂Z

∂xi
=

∂

∂xi

(
ρD

∂Z

∂xi

)
(1)

An assumption underlying this definition of mixture fraction is unity Lewis
number. The Lewis number, defined as Le = λ/ρcpD, where λ is the thermal
conductivity, ρ is the density, cp is the heat capacity at constant pressure and
D is the diffusion coefficient, is the ratio between thermal diffusivity and mass
diffusivity of the mixture. The assumption of unity Lewis number means that
energy is assumed to diffuse at the same rate for all species.

The unity Lewis number assumption works well for methane flames for exam-
ple, where all the major species have a Lewis number close to unity, therefore
Eq. (1) is a good model for such flames. However, large hydrocarbons and
hydrogen have Lewis numbers that significantly differ from one, making this
assumption less accurate. The result of varying Lewis numbers is that temper-
ature and species will diffuse in opposite directions when gradients are present.
This effect is known as differential diffusion. As Eq. (1) does not consider the
effects of differential diffusion a more detailed transport equation for mixture
fraction has been developed by Pitsch and Peter [62] to account for this.

Eq. (1) is sufficient to compute mixture fraction in several practical applica-
tion and the model has proven to be very useful [1, 63]. However, it is important
to be aware of the simplification made and the effect they have on the physical
interpretation of mixture fraction.

Using Eq. (1) to analyse a stationary jet flame with jet velocity U and jet
radius R, one can see that the convection term is of the order of ρU/Lf , while
the diffusion term is of the order of ρD/R2. Balancing these two terms one can
see that the length of the flame Lf is determined by the jet velocity, jet radius,
and diffusion coefficient:
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Lf ∼ UR2/D (2)

In turbulent flames turbulent eddy motion dominates the mixing process.
The diffusion coefficient D in Eq. (2) is therefore replaced by the turbulent
eddy viscosity.

There is no term providing information about the chemical reactions in Eq.
(2), this means that the shape and length of the flame can be fully described by
the characteristics of the flow and mixing. However, the reaction zone structure
of a diffusion flame is not only governed by the mixing process. It is also affected
by chemical reactions. Specifically, it is governed by the competition between
the mixing rate and the chemical reaction rate. The mixing rate can be described
by the scalar dissipation rate, χ, defined as

χ = 2D
∂Z

∂xi

∂Z

∂xi
(3)

The ratio between the chemical reaction rate and mixing rate is often referred
to as the Damkohler number, Da,

Da = ω̇/χ (4)

It determines whether the flame structure will be dominated by chemical re-
action or by the mixing process. When the scalar dissipation rate is lower than
the chemical reaction rate there is sufficient time to complete the oxidation of
the fuel, which gives rise to a high flame temperature. The high flame temper-
ature further increases the chemical reaction rate. Combustion with low scalar
dissipation rate therefore favours complete combustion. On the other hand if
the scalar dissipation rate is too high, the chemical reaction may be unable to
keep up, leading to quenching.

Eq. (3) shows that high scalar dissipation rates are found where the gradient
of mixture fraction is high. In a jet flame the gradient is the highest near the
nozzle. This is the region where the flame can be quenched.

If the mixture is not ignited by this point the fuel and air will continue to
mix. The fuel/air mixture can then be ignited by an external source of heat,
e.g. the spark in a cigarette lighter. Due to the prolonged mixing there will now
be regions of flammable non-stoichiometric mixture surrounding the area where
the mixture has reached stoichiometry. This means that combustion for such a
case, where the chemical reactions occur downstream of the fuel jet nozzle, is in
fact in the partially premixed flame mode. In a partially premixed flame, the
mixture fraction model is no longer sufficient to describe the combustion as the
physics of such a flame differ substantially from the non-premixed case.

Figure 1 shows the structure of a partially premixed flame. A partially
premixed flame is made up of a lean premixed flame, a rich premixed flame
and a diffusion flame. The diffusion flame forms a trail starting the mixture is
stoichiometric (Φ = 1). A premixed flame front is found ahead of the diffusion
flame, therefore it is called the leading front. The diffusion flame intersects
with the premixed flames at the triple-point. The relative size of the diffusion
trail versus the premixed front varies depending on the application, meaning a
partially premixed flame may be dominated by either a non-premixed flame or
a premixed flame. It is sometimes assumed that a partially premixed flame can
be separated into purely non-premixed parts and purely premixed ones instead
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Lean premixed flame 

Rich premixed flame 

Diffusion flame 

Triple point 

Φ=1 

Figure 1: The reaction zone structure of a partially premixed methane/air flame.
Detailed discussion of this figure is given in Section 4.

of being considered a flame mode in itself. In the next section premixed flames
are discussed.

2.1.2 Structures and propagation of leading premixed flame fronts

A general description of premixed combustion requires an explanation of the
mechanism of flame propagation. In a flammable mixture of fuel and air a
flame can be initiated by an external heat source. Once ignited the flame will
release heat that is diffused to the low temperature zone, i.e. the unburned
gases. The hot combustion products also diffuse from the flame. The rate of
heat diffusion is proportional to the diffusion coefficient of heat, as well as to
the gradient of temperature. The diffusion of heat warms up the surrounding
unburned gases until they reach a certain temperature, the ignition temperature,
T0. At this temperature the fuel/air mixture will ignite. Once the flame has
been initiated the flame is self-sustained by using up the unburned mixture. This
diffusion-reaction process results in a reaction zone that is progressively moving
toward the unburned mixture. This is what is referred to as the propagation of
a premixed flame, the flame speed often denoted by SL.

Studies on the structure and propagation of premixed flames can be traced
back to the work of Le Chatelier and Mallard [48]. The basic structure of
a premixed flame can be described using a three-layer model. As shown in
Figure 2 The flame consists of a preheat layer, a reaction layer and a post-flame
zone. The preheat layer has a thickness of δH and consists of the zone where
the unburned gases have been heated and some low temperature intermediate
species can be found. The reaction layer, with a thickness of δR, is where the
heat is released and the fuel is consumed. The thick post-flame layer consists of
combustion products at high temperature downstream the reaction layer.

In order to derive relationships for the flame speed and thickness one can
look at the governing equation of temperature. It can be simplified as follows,
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Figure 2: The flame structure of a 1D planar premixed flame. OH is used as an
indicator of reaction zone in this example.

ρ
∂θ

∂t
+ ρui

∂θ

∂xi
=

∂

∂xi

(
ρα

∂θ

∂xi

)
+ ρω̇θ (5)

where α is the diffusion coefficient of heat, ω̇θ is rate of heat release. Here, θ is
normalized temperature,

θ =
T − Tu
Tb − Tu

(6)

where Tu and Tb are the temperatures of the unburned and burned mixtures
respectively. The mixture fraction cannot be used for premixed combustion. If
the mixture has a uniform equivalence ratio the mixture fraction is also uniform
everywhere, regardless of whether it is in the burned or unburned side of the
flame. In premixed combustion the flame is usually identified using a reaction
progress variable instead. This is a variable that varies between 0 and 1 de-
pending on the progress of the chemical reactions. As θ varies between 0 in
the unburned mixture and 1 in the burned mixture it can be used as a reaction
progress variable.

In order to derive relations for the flame speed, SL, and flame thickness, δL,
we consider a one-dimensional planar premixed flame propagating in a homoge-
neous fuel/air mixture without convective flow motion. Setting the convection
flow motion to zero means that in a coordinate fixed at the flame front, the
unburned fuel/air mixture moves towards the flame at a velocity of SL, that is
ui is equal to SL in Eq. 5. The flame thickness is assumed to be the layer where
temperature changes form Tu to Tb, that is δ = 1/dθ/dx. By then looking at
the flame in the preheat and reaction layers separately the following relations
can be obtained:
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In the preheat zone there is no heat release and temperature does not change
over time, therefore only the convection and diffusion terms remain in Eq. (5),
therefore across the preheat zone,

ρSL/δL ∼ ρα/δ2
L (7)

In the reaction zone heat release rate is the dominant term. It is balanced
by the heat diffusion term,

ρω̇θ ∼ ρα/δ2
L (8)

Combining Eqs.(7) and (8) it can be shown that

SL ∼
√
αω̇θ (9)

and

δL ∼
√
α/ω̇θ (10)

Eq. (9) states that flame propagation is proportional to heat release rate
and the thermal diffusion coefficient. This is not surprising, as high heat release
will increase chemical reaction rates and a high thermal diffusion means that
the unburned gases will reach ignition temperature faster. From Eq. (10) it
can be seen that high heat release rate results in a thin flame. In combustion
of practical fuels the flame thickness is typically less than one millimeter [45].
It is worth noting that according to Eqs. (9,10) premixed flame propagation is
independent of the velocity of the flow.

Several more detailed analysis of the flame structure and propagation of
premixed flame speeds have been developed by a variety of researchers. Different
assumptions are made in order to study specific characteristics. For example
Zel’dovich has models based on one-step chemistry and high activation energy
asymptotics [95]. There are also a number of models based on multiple-step
chemistry and rate-ratio asymptotics [73, 72, 70, 71].

In the above discussion the flame has been assumed to be planar and flame
area is not a function of time. In general, the flame front can be curved and
strained. In this situation SL is affected by not only the chemical reactions and
thermodynamic properties, but also by curvature and strain, that is how the
flame is stretched. Following an asymptotic analysis as presented in [59] the
flame speed under stretch (curved and strained) can be written as follows,

SL = S0
L

[
1−L κ+

L

S0
L

ζ

]
(11)

where L is the Markstein length, S0
L is the laminar burning velocity correspond-

ing to a planar flame, κ is the curvature and ζ the strain.

2.1.3 Propagation of a premixed flame front in a complex flow field

In the previous discussion the unburned mixture has been assumed to have zero
velocity. In a complex flow field the flame front position is affected by both
the local flow velocity and the propagation speed of the flame. We consider
an iso-surface of θ = c, for a value of c within either the preheat zone or the
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reaction zone, i.e. 0 < c < 1. The iso-surface of θ = c can be discribed by the
following function,

G(x,y,z,t) = θ − c = 0 (12)

In premixed combustion the flame front is considered to be the chosen iso-
surface. The flame front propagates towards the unburned mixture with a local
displacement speed Sd in a flow field with velocity v̄. The displacement speed is
defined such that the convection of the fluid is not included, but only the self-
propagation is taken into account. A point on the flame front can be denoted
as

r̄p = xēx + yēy + zēz (13)

The motion of each point r̄p is governed by the following equation

r̄p
dt

= v̄ + Sdn̄ (14)

In this equation n̄ is the direction normal to the flame surface.
The level set framework, which will be described in section 2.3, provides a

convenient way to describe the theory of propagation speed. A level set is the
set of points with the same value, Eq. (12) is therefore the zero-level set. A
time derivative of the level set G

dG

dt
=

∂G

∂t
+
∂G

∂x

∂x

∂t
+
∂G

∂y

∂y

∂t
+
∂G

∂z

∂z

∂t
(15)

=
∂G

∂t
+∇Gdr̄p

dt
(16)

= 0 (17)

and combining this with the description of the motion of each point we get

∂G

∂t
+∇G · (v̄ + Sdn̄) = 0 (18)

which, using n̄ = −∇G/|∇G| results in what is commonly referred to as the
G-equation.

∂G

∂t
+ v̄ · ∇G = Sd|∇G| (19)

It is important to note that this derivation is only valid for points inside the
set G(x,y,z,t) = 0,, i.e. for points on the flame surface. The equation lacks phys-
ical meaning outside this surface. In combustion the G-equation is commonly
referred to as the level-set equation. The G-equation is a first order Hamilton-
Jacobi equation; i.e. a first-order non-linear partial differential equation of the
form

H +
∂S

∂t
= 0 (20)

where H is a function given in the domain known as the Hamiltonian. The
Hamiltonian depends on the spatial variables, the function S and the gradient
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of S. Equations of this type are known to not have classical solutions in general,
therefore the theory of viscosity solutions is necessary for generalised global
solutions [20]. As the level.set approach is important in a lot of flame modelling
section 2.3 will provide a detailed account of the G-equation.

Substituting G in Eq (12) with θ = G+ c as formulated in Eq. (19) results
in a formulation based on a progress variable, therefore presenting a natural
connection to the chemical reaction progress of the combustion.

∂θ

∂t
+ v̄ · ∇θ = Sd|∇θ| (21)

Eq. (21) can be introduced to Eq. (5) resulting in the following

ρSd|∇θ| =
∂

∂xi

(
ρα

∂θ

∂xi

)
+ ρω̇θ (22)

which can be used to compute the local displacement speed of the iso-surface
θ = c,

Sd =

(
∂

∂xi

(
ρα

∂θ

∂xi

)
+ ρω̇θ

)
/ (ρ|∇θ|) (23)

Consider a planar flame propagating at constant speed SL in a flow field
where the inflow velocity is set to vu = SL. The flame will be stabilized at a
fixed position. The mass flux across the preheat zone and the reaction zone
remains constant due to mass conservation:

ρv = ρuvu (24)

where the subscript u is used to denote the unburned mixture. Since the flame
is stabilized at a given position, the local displacement speed Sd must be equal
to the local flow velocity v, thus

ρSd = ρuSd,u (25)

Substituting Eq. (25) into Eq. (23) provides and expression for the displace-
ment speed in terms of the progress variable θ

Sd,u =

(
∂

∂xi

(
ρα

∂θ

∂xi

)
+ ρω̇θ

)
/ (ρu|∇θ|) (26)

Sd,u is the displacement speed of the boundary between the preheat zone
and the unburned mixture. It corresponds to the flame speed discussed in the
previous section 2.1.2, SL. For premixed flames where the equivalence ratio is
not constant the thickness of the flame varies. The fuel/air mixture in a complex
flow field may not have a uniform equivalence ratio, especially if the fuel does
not have a unity Lewis number. The flame thickness then will also vary in time.
Sd,u is in this case very sensitive to where the iso-surface of θ is defined.

2.2 Turbulence/flame interaction in turbulent partially pre-
mixed flames

Most partially premixed flames in engineering applications are turbulent flames
since the fuel/air velocity in typical combustion devices is high enough such that
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the flow become turbulent. Turbulence is a flow state that has several distinct
characteristics [82], for example, its wide spectrum of three dimensional eddies,
its enhanced mixing rate, and its random nature. Turbulence has a significant
effect on partially premixed flames. Flames can also affect the turbulence field.
Some aspects of turbulence/flame interaction can be listed as the following:

• Turbulence enhances the mixing of the fuel and oxidizer in the trail dif-
fusion flame and the transfer of heat and combustion products to the
unburned mixture in front of the leading premixed flame.

• Turbulence eddies wrinkle the flame front, giving rise to increased flame
surface area that can speed up the combustion process in both the leading
premixed flame and the trailing diffusion flame.

• Turbulence can quench the flame if the mixing rate (scalar dissipation
rate) is too high.

• The flame can also affect the turbulence field. The dilation effect of heat
release can suppress the turbulence level by reducing the vorticity of the
eddies; the higher viscosity can enhance the dissipation of turbulence and
can increase the smallest scale of turbulence, the Kolmogorov scale; the
high velocity gradient due to heat release can enhance the production of
turbulence.

2.2.1 Turbulent mixing and its effect on the trailing non-premixed
flame

The mixing process in a turbulent flow can be explained using the energy cascade
theory [66, 36]. A short overview of the energy cascade theory is presented here.

The eddies present in a turbulent flow have a wide range of sizes, the largest
one is called the integral scale. In a combustor, the velocity (u′0), time (t0)
and length (`0) of the largest eddies is determined by the flow velocity of the
fuel/oxidiser streams and the geometry of the combustor itself. The smallest
scale of eddies, the Kolmogorov scale, depends on the dissipation rate of turbu-
lent kinetic energy and the viscosity of the fluid.

According to the energy cascade theory, the dissipation rate is constant for
all scales. The order of magnitude of the dissipation rate at the Kolmogorov
scale, ε, is given by

ε ∼ νu′2k /`2k,

where ν is the kinematic viscosity of the mixture. The subscript k denotes
eddies at the Kolmogorov scale.

The Reynolds number for eddies at the Kolmogorov scale is of the order of
one,

Rek ∼ u′k`k/ν ∼ 1.

From the previous equations the following relation can be derived

u′k ∼ (νε)
1/4

, `k ∼
(
ν3/ε

)1/4
. (27)

If the same thing is done for the integral scale we find that the dissipation
rate is

ε ∼ u′03/`0.
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The Reynolds number for eddies of integral scale is

Re0 ∼ u′0`0/ν � 1.

Through simple mathematical manipulation combining the expressions for the
Kolmogorov scale and the integral scale one finds that

u′k/u
′
0 ∼ (tk/t0)

1/2 ∼ (`k/`0)
1/3 ∼ Re−1/4

0 . (28)

where the time scales on the integral scale and Kolmogorov scale are defined as

t0 ∼ `0/u′0, tk ∼ `k/u′k.

t0 and tk are often referred to as the turnover time of the corresponding eddies.
The turnover time is related to the rotation of the eddies.

Equation (28) implies that a high Reynolds number on the integral scale
Re0 corresponds to smaller Kolmogorov scales, with short Kolmogorov eddy
turnover times, and lower Kolmogorov eddy velocitie.

The mixing process of the fuel and oxidizer can be understood as follows.
The fuel and oxidiser are brought into contact with each other by the larger

eddies. These eddies are moving at a speed of u′0 across a length `0, which takes
the time of t0. As a result of large eddy breakup there are smaller eddies in
the large ones, including the Kolmogorov eddies. The smaller eddies interact
in the same way as the large ones, bringing the fuel and oxidiser together,
during a shorter time and across a shorter length. On the Kolmogorov scale the
mixing process is completed on a the molecular lever, which means the molecular
diffusion time is the key to mixing.

The molecular mixing time of the Kolmogorov eddies is

tk,m ∼ `2k/ν,

which can be shown to be the same as the eddy time scale for Kolmogorov eddies
tk. This means that the fuel and oxidiser mix on the molecular level within the
Kolmogorov eddy turnover time, therefore resulting in the mixing of the two
streams.

The turbulent mixing process is controlled by the integral scale eddy turnover
time as this is the slowest process of the mixing cascade. The mixing rate can
therefore be given as the inverse of the eddy turnover time on the integral scale.
If turbulent kinetic energy is denoted by k the mixing rate of fuel and oxidiser
in turbulent flow is given by

ṁ ∼ 1/t0 ∼ ε/k, k ∼ u′02. (29)

Introducing the turbulent eddy viscosity in analogy to the molecular mixing
process presented before the following relation can be set up

ε ∼ ν (u′k/`k)
2 ∼ νt (u′0/`0)

2
,

which yields
νt ∼ u′0`0 ∼ k2/ε.

The scalar dissipation rate in the diffusion flame trail of a turbulent partially
premixed flame is proportional to ṁ [43],
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χ ∼ Z ′2ε/k, (30)

where Z ′2 is the variance of mixture fraction.
Following a similar analysis to that for determining the flame length for a

jet in Section 2.1.1, the molecular diffusion coefficient can be replaced by the
turbulent eddy diffusion coefficient, resulting in the length of a turbulent jet
flame as

Lf ∼ UR2/Dt ∼ UR2/νt ∼ R
U

u′0

R

`0
. (31)

In a turbulent jet flame the large eddy velocity is proportional to the jet
velocity and the large eddy length scale is proportional to the jet radius. The
ratios U/u′0 and R/`0 are fairly independent of U and R. Thus, the length of
the turbulent non-premixed flame trail is nearly independent of jet velocity, and
consequently also independent of turbulent kinetic energy. This implies that
jet velocity and mixing rate are nearly proportional to each other, so if the
velocity is increased the mixing rate increases by almost the same factor. This
means that the flame length does not need to change in order to accommodate
the extra inflow of fuel. This is an important characteristic of diffusion flames
since it entails that a combustion device can be run at different loads without a
significant change of the flame volume, thus allowing combustor size to remain
constant.

When the mixing rate is too high, i.e. the scalar dissipation rate is above a
critical value [58, 43, 2], the flame can be locally or globally quenched. Local
extinction near the jet nozzle leads to a lifted flame, which can develop into a
partially premixed flame depending on the ambient conditions [24].

2.2.2 Eddy/flame interaction and regimes of turbulent premixed
flames

At the leading premixed flame front of a turbulent partially premixed flame
the eddies interact with the flame in two different ways: First, turbulent ed-
dies can enhance the mixing of hot combustion products with the unburned
mixture therefore aiding in the transfer of heat. Second, turbulent eddies wrin-
kle the flame front, this can significantly increase the flame surface area from
that of the corresponding laminar flames. Both of these effects can increase
the burning rate and thereby enhance the propagation speed of the flame. The
relative importance of these two processes of flame/turbulence interaction can
be determined through scale analysis.

The rate of heat transfer between the reaction zone and the preheat zone
through molecular diffusion can be estimated as follows,

θ̇L ∼ α/δ2
L ∼ SL/δL.

The diffusion rate of heat due to turbulent eddies can be estimated, based on
the analysis in the previous section, through the following expression

θ̇t ∼ ε/k ∼ u′0/`0.

The ratio of these two is

θ̇t/θ̇L ∼ (u′0/SL) (δL/`0) . (32)
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The physical meaning of Eq. (32) can be explained by looking at several
non-dimensional parameters.

The Damkohler number, introduced earlier in this section as the ratio be-
tween the chemical reaction rate and the mixing rate, is more specifically the
ratio between turbulent large eddy time t0 and the chemical reaction time
tc ∼ δL/SL,

Da = t0/ (δL/SL) .

From this definition it becomes clear that θ̇t/θ̇L ∼ 1/Da. For flames with
large Damkohler numbers, Da > 1, the heat transferred through molecular
motion between the reaction and the preheat zone is larger than that related
to turbulent eddy motion. As molecular motion is the dominating mechanism
of heat transfer, meaning the effect of turbulence is not very pronounced, the
structure of such flames is similar to that of laminar ones.

In order to more thoroughly discuss the effect of turbulence on the flame
structure another non-dimensional variable is introduced: the Karlovitz number.
It is defined as the ratio between the chemical reaction time and the Kolmogorov
time scale,

Ka = (δL/SL) /tk.

Using the scale relation discussed in the previous section one can show that

Ka = (δL/SL) /tk ∼
δL
SL

u′k
`k
∼ δ2

L

`2k

u′k`k
SLδL

∼ δ2
L

`2k
. (33)

where the relation SLδL ∼ α ∼ ν is used. The Karlovitz number and Damkohler
number can be related each other through,

Ka = (δL/SL) /tk ∼
δL
SLt0

t0
tk
∼ Re

1/2
0

Da
. (34)

As the level of turbulence will affect the flame structure it can be useful
to separate turbulent premixed combustion into different regimes. Within each
regime the flames are expected to be similar, which means that usefulness of
specific models and theories will not necessarily be possible to generalise across
regimes. Ka and Da can be used to classify 4 different regimes of turbulent
premixed combustion:

• Ka ≤ 1. From Eq. (33) it can be seen that when Ka ≤ 1, the flame
thickness is smaller than the length scale of the Kolmogorov eddies, i.e.
δL ≤ `k. This means that the turbulent eddies cannot enter the preheat
and reaction zones. The small scale eddies are also rapidly dissipated
into heat, further limiting the effect they could have on the internal flame
structure. Note that according to Eq. (34) when Ka ≤ 1, Da must be
greater than one since Re0 is much greater than one in a turbulent flame.
Eq. (32) shows that heat transfer from the reaction to the preheat zone
occurs primarily through molecular diffusion. As mentioned earlier, this
means that the flame structure is not altered by turbulence and is similar
to that of a laminar flame. This regime is therefore referred to as the
laminar flamelet regime [8, 85, 59]. In this regime turbulence only has a
significant effect on the flame wrinkling.
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Figure 3: Borghi diagram showing the boundaries to the different turbulent
premixed combustion regimes.

• Da ≤ 1. In this regime Ka � 1 (cf. Eq. 34). The thickness of the flame
is much larger than the Kolmogorov scale. The heat transfer between
the reaction zone and the preheat zone is controlled by turbulent eddies
(cf. Eq. 32). This regime is referred to as the distributed reaction zone
regime [8, 85, 59]. Since the eddies can enter the flame in this regime the
structures of the preheat and the reaction zones are significantly different
from those of laminar flames.

• Da ≥ 1 and Ka ≥ 1. In this regime the heat transfer from the reaction
to the preheat zone is governed by molecular motion but it can also be
affected by turbulent eddy transfer. Peters [59] showed that when Da ≥ 1
and 1 ≤ Ka ≤ 100 the thin fuel consumption zone of a hydrocarbon
flame is similar to that of laminar flamelet. However, the preheat zone
is broadened, hence small turbulent eddies can enter it. This regime of
combustion is referred to as the thin-reaction zone regime.

The regimes can be clearly shown in the Borghi diagram, Figure 3. The
cases presented in this work are found in the thin reaction zone regime and the
distributed reaction zones regime, which may not allow for flamelet models to
be used.

2.3 Modelling of turbulent partially premixed flames

As discussed in the previous sections turbulent partially premixed flames are
made up of a leading premixed flame with fuel/oxidizer mixture of non-uniform
equivalence ratio, followed by a trailing diffusion flame. This complicated flame
structure poses a great challenge to modelling and CFD simulations [7]. While a
vast literature exists for the modelling of premixed flames and diffusion flames,
for partially premixed flames the literature is rather limited.

In principle, models developed for premixed flames and diffusion flames can
be combined together to work as the model for partially premixed flames. Gen-
eral models developed that have been developed to work for combustion in
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Figure 4: An illustration of the relation between the surface and its zero-level
set.

all modes, e.g., finite-rate chemistry models [47, 37, 68, 30, 79], the probabil-
ity density function based models [65, 26], can be used for partially premixed
flames. However, mode-specific models are usually more efficient and are for
this reason used more frequently in engineering applications. In this thesis
we examine two types of mode-specific models, namely the reaction progress
variable/mixture fraction model [9] and the G-equation/mixture fraction model
[52, 50, 51, 13, 14, 40]. In both these models the premixed flame front is de-
scribed using either the reaction progress variable or the level-set G-equation,
and the trailing diffusion flame is modelled using mixture fraction and scalar
dissipation rate.

2.3.1 The level-set approach for the premixed flame front

The main idea of the level set method is to embed an interface into a scalar field.
This scalar field can geometrically be seen as a surface of one more dimension
than that of the original interface, i.e. for a 2D curve the level set approach will
evolve a 3D surface instead. The surface is linked to the evolution equation as
an initial value problem, by building a surface with its zero level set equal to
the initial position of the interface, in the context of combustion the interface
is set to the flame front. For example, if a 2D circle is to be studied, a cone can
be constructed as 3D surface as long as the intersection between the zero-plane
and the cone coincides with the 2D circle, see Figure 4.

This method has advantages when dealing with the topology of the surface.
The level set approach also makes it simple to determine geometrical properties
of the front, such as curvature and normal direction. The theory of viscosity
solutions of partial differential equations guarantees a unique weak solution to
the equation. From a numerical point of view, this method allows for the use of
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accurate schemes developed for the solution of hyperbolic conservation laws.
The level set method can also aid in avoiding problems that arise in com-

bustion modelling due to the sharp change of density, ρ, and viscosity, µ, that
occurs at the flame front as a result of temperature increase and the change in
composition of the mixture.

From Figure 4 it can be seen that several surfaces can be fitted to the initial
interface, in fact there is an infinite number of surfaces that can be constructed
for any given interface. The choice of a smooth surface (a surface that has no
discontinuities) is preferable to maintain the gradients bounded in the numerical
solution [75].

The main problem of the method arises because the evolution equation is
only valid at the interface itself, related to combustion this is consistent with
the physical behaviour as only the flame has a propagation speed. In addition
to the propagation speed, combustion applications have the underlying velocity
set to the flow velocity in the whole domain. As the flow velocity is not neces-
sarily uniform advancing, the surface with this velocity is likely to deform the
surface which can lead to a loss of smoothness [75]. A loss of smoothness poses
numerical problems. The gradients at the discontinuities become unbounded,
which can cause the numerical solution to become unstable.

Relation to the signed distance function
As mentioned, the only formal requirement for choosing the surface in the level
set method is that its zero-level set coincides with the interface in the original
problem. However, some choices of surface result in a simplification of the
problem. For this reason, a common choice is to use the signed distance function
of the interface as its 3D surface.

A signed distance function (SDF) is a distance function defined as positive
on one side of the interface and negative on the other. The boundary separating
two regions is considered to be a part of one of the sets.

Φ(x) =

{
d(x,Sc), x ∈ S
−d(x,S), x ∈ Sc

d(x,S) = infy∈S d(x,y)

(35)

The distance function d(x,y) can be defined in any metric, most commonly
Euclidean. A property of a distance function is that the magnitude of the
gradient is identical to one almost everywhere.

|Φ| = 1 (36)

This is known as the Eikonal equation. It is true everywhere except where
the gradient is undefined, for example the SDF of a circle is a cone with a slope
equal to one everywhere except for at the tip.

Having a gradient identical to one makes this interesting for numerical appli-
cations where simplifications can be introduced if the magnitude of the normal
is equal to one. For this reason especially, the level set method is generally
implemented as a signed distance function. By adding the requirement that the
surface be a signed distance function of the interface a limit is imposed to how
many possible surfaces can be chosen for a given problem.
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However, while the advantages of having a smooth bounded surface are many,
several difficulties arise when using an SDF as a scalar field to describe an in-
terface that evolves following a Hamilton-Jacobi equation, which as mentioned
before in Section 2.1.3 the level set equation is. The main difficulties are de-
scribed in the list below.

• SDFs are not solutions to Hamilton-Jacobi equations. This means
that the solution each time-step will not have a gradient of magnitude one,
except in special cases. [23]

• Using the Eikonal equation as a constraint. When the solution of
the evolution equation does not conform to |Φ| = 1 forcing the surface to
be an SDF can disturb the position of the zero level set. [67]

• Determining the distance to the interface. In a discretised domain
the interface is smaller than the smallest grid as the interface is an in-
finitely thin boundary. This means that the distances themselves cannot
be uniquely determined as the exact position of the interface in a subgrid
level is not known. [80]

There are different approaches to solving some of the problems above. They
however entail their own drawbacks, primarily in the form of increased compu-
tational time.

Reinitialisation
The initial value of the evolution equation is a signed distance function, however
the solution after each time step is not. This means that each time step the
scalar field becomes less smooth and the gradient is no longer guaranteed to be
one, meaning it could become unbounded and lead to divergent results.

This can be solved by solving the Eikonal equation between every time step
which means that the surface is re-smoothed each step. Analytically the reini-
tialisation does not affect the zero-level set so this procedure should not change
the results of the interface evolution.

A reinitialisation process was presented by Sussman [81] in 1994, where in-
stead of solving the Eikonal equation itself the new distance function is con-
structed by solving Eq. (37) to steady state.

Φt = S(Φ(n+1/2))(1− |∇Φ|)

Φ(x̄,0) = Φ(n+1/2)(x̄)
(37)

The solution of this provides the surface, Φ, for the next time-step. In the
expressions above S is a continuous SDF and Φ(n+1/2) is the scalar field (level
set) resulting from one time-step of the evolution equation.

Velocity extension method
An important aspect of premixed combustion is that only the flame front has a
propagation speed, while the flow has a continuous external velocity that is often
irregular. The irregularity of the flow velocity can result in surfaces that become
highly deformed. Since the G-equation has a propagation speed in addition to
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the underlying flow velocity a method to maintain the smoothness of the sur-
face involves extending the velocity at the front to the rest of the computational
domain to guarantee that the gradient of the zero-level set is maintained.

For a level set function the velocity v̄ is replaced by an extension velocity
uext constructed using a coordinate along the normal direction to the interface
and the velocity at the zero-level set.

In Ref. [75] a velocity extension method is presented based on the Fast
Marching Method. The basic idea is to solve the equation

∇Φtemp · ∇Fext = 0

so that Φtemp is the SDF with the same zero level set as the original level set
function Φn. This has a similar result to the reinitialisation method in practice,
however, the key difference is that this method changes the velocity, not the
scalar field Φ. Practically the equation above is solved in a similar way to find-
ing the distance from grid points to the interface. The velocity is constructed
as a weighted average of the speed values at the points which are used in com-
puting the distance, where the weight is proportional to one over the square of
the distance.

Adding source terms to the evolution equation
Another approach to maintaining the signed distance function is to change the
evolution equation itself to build in the constraint |∇Φ| = 1. This turns the
Hamilton-Jacobi equation into a partial differential equation. Adding a source
term that includes the solution function Φ itself does not affect the solution.
This is because the only part of the level set function that is a solution to the
front evolution equation is the zero level set, where Φ is identical to zero by
definition, meaning the evolution equation is unchanged at the front.

This idea has been presented by Gomes and Faugeras in [23] for applications
in surface reconstruction and image segmentation. It is also derived specifically
for the G-equation in [67] where the added term to the evolution equation is
referred to as a source term. This source function is determined using the above
constraint.

The altered G-equation then looks as follows

∂G

∂t
+ ū · ∇G = SL|∇G|+A(x̄,t)G (38)

with
A(x̄,t)− φ∇iφ∇iA = ∇iφ∇iuk∇kφ (39)

Furthermore, the source term can be simplified as φ→ 0 to

A(x̄,t) = ∇iφ∇iuk∇kφ (40)

Eq. (39) is the exact expression for A and therefore does not require reini-
tialisation. Sabelnikov et. al. show in [67] that this formulation is in fact
equivalent to the velocity extension method. The advantage of this formulation
is in the possibility to use the simplified version of the source term. In this form,
however, the source term does not suffice to avoid reinitialisation, but it does
require it less often which increases efficiency.
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The G-equation is very frequently used when modelling turbulent flames in
both the flamelet and the thin reaction zone regime, therefore it has attracted a
lot of interest to improve upon the existing models and make them more robust
and efficient. Different research groups have attempted to study the mathemat-
ical characteristics of the G-equation with the goal of increasing understanding
of the physical connotations in combustion. The following are a few examples
of the direction such research has taken.

Symmetries of the G-equation
Finding the symmetries of an equation is a way to describe the fundamental
properties of the equation. A symmetry is a transformation under which the
solution set of the equation remains invariant. One can find symmetries of
different orders depending on the order of the transformations studied.

Finding symmetries of a particular differential equation is equivalent to find-
ing transformations which map the equation onto itself. That is, finding a trans-
formation that can be used to find new solutions of a given equation from known
solutions.

Studying the symmetries of the equation can prove interesting when changes
are made to the equation (source terms, averaging, etc). If the fundamental
properties are changed one can argue that the new equation is no longer solving
the same problem. They provide a way to make sure that the equation has not
been fundamentally altered.

Oberlack et al. determines in [56] the different symmetries of the G-equation
and then shows that the equation can be uniquely derived from these symme-
tries. The key symmetry in the derivation is

G∗ = F (G) (41)

with
dF (G)

dG
> 0

This is denoted as the generalised scaling symmetry. This symmetry
captures the fact that the value assigned to G at a given flame front is irrelevant
as it lacks a physical meaning.

In [56] only point symmetries are addressed. In a later paper higher or-
der symmetries are studied with the aim of finding conservation laws of the
G-equation. It is concluded that there are no local conservation laws when the
underlying flow velocity is allowed to be anything. However, when the velocity
is constant an infinite number of conservation laws can be derived. The prac-
tical interest of these is in the potential to develop new numerical methods to
solve combustion problems. [55]

Averaging the G-equation
Averaging is common practice when dealing with turbulent flows, so it is natural
to want to get an average G-equation to deal with turbulent combustion. Prob-
lems arise however, because the G-equation lacks physical meaning outside the
interface, the interpretation of the result of averaging is unclear. In addition,
if interface averaging is done using the entire domain the results can be quite
arbitrary [59] [44] [69] [32].
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LES and the G-equation
Large Eddy Simulation (LES) is a simulation approach that only looks at the
large scales of turbulence by filtering the smaller scales. This can be a problem
for combustion as the flame front is generally much thinner than these scales.
The zero level set of the G-equation is also much smaller than the LES filter
size as it is just a sharp boundary, therefore some special care must be taken
when using it.

That the G-equation is only valid at the zero-level set means that when
averaging or filtering the flame front information should only be taken from
the flame front itself, and not the rest of the G field. In the context of LES
this means that a special filtering kernel that only takes information from the
instantaneous flame surface should be used. In [61] a level set formulation is
presented. By considering the symmetries of the G-equation described in [56]
the formulation is shown to be consistent with the non-filtered G-equation.

The level set formulation presented by Pitsch [61] includes a number of un-
closed terms that have to be modelled. These are the flame front conditionally
averaged flow velocity, the subfilter burning velocity and the subfilter flame
front wrinkling [61]. In [49] the LES formulation presented earlier is extended
to account for turbulent transport. It is claimed that without this extension the
G-equation is not able to capture the effects of turbulent transport.

Homogenisation of the G-equation
The propagation speed of the flame is an input to the G-equation model. This
can be a problem when studying turbulent combustion, as the propagations
speed is not necessarily known beforehand. In section 2.1.3 an expression for
the displacement speed is derived combining the G-equation with a progress
variable transport equation. However, the turbulent flame speed is still a much
discussed topic in turbulent combustion. There are different definitions for it
and it is not always clear how it is determined. The main point of interest is to
quantify how the turbulence in the flow affects the burning velocity and front
propagation.

Homogenisation is an attempt to analytically study the dependence of the
front speed on the advection field, that is the underlying flow velocity. In [46, 12,
54, 86] the advection flow is assumed to be time-independent, enabling the study
of the effect of turbulence on flame speed after a long time, i.e. the asymptotic
growth rate sT = limt→+∞G(x,t)/t.

Homogenisation is about finding an explicit analytical expression for the
limiting differential equation of a family of differential operators. Applying a
scaling transform to the G-equation yields Eq (42).

Gεt + v̄(x/ε) ·DxG
ε = sl|DxG

ε| (42)

The limiting differential equation is found by letting ε → 0. Homogenising
the equation therefore gives us a value for sT as defined above.

It has been proved that a limit for the G-equation can be found under certain
assumptions for the underlying flow. This limit tends towards a scalar, which
can then be considered to be the theoretical turbulent burning velocity. By
changing the underlying flow, one can study how the burning velocity is affected.
The main problem with this approach is the need for an analytic description of
the underlying flow, and the assumptions of time-independence, divergence-free
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flows and periodicity in space. This makes it difficult to apply in practical cases.

2.3.2 Flamelet model based on the G-equation and Z-equation

Li et al. [40] presented a flamelet model based on the G-equation and Z-
equation. The model was used to simulate a partially premixed flame in a
conical burner. Comparison with the planar laser-induced fluorescence (PLIF)
experiments for the same burner indicated that the model can capture the flame
structure and flame position reasonably well. The premixed part of the conical
burner flame is small compared to the diffusion flame, it acts as an ignition
point for the diffusion flame and provides stabilisation. The results were used
to explain the performance of the conical burner [40, 4, 88]. The model can be
summarised as follows:

• The solution of G-equation gives the G = 0 iso-surface (the position of the
leading premixed flame front) at each time-step and its signed distance
function. The solution of the Z-equation determines the position of the
trailing diffusion flame. The intersection point of G = 0 and Z = Zst is
defined as the triple-point of the partially premixed flame. Here, Zst is
the stoichiometric mixture fraction.

• The temperature and the composition in the region where G < 0 is given
by the state of the unburned mixture.

• The burned region, where G > 0, is determined through a flamelet library
tabulation method. As the premixed flame in this case is very small the
flamelet library tabulation is essentially simplified to the flamelet library of
a diffusion flame with the original fuel from one side and original oxidiser
from the other side. On the other hand, when the leading premixed flame
is large, the diffusion flame burns an intermediate fuel such as CO and H2

on the fuel side and a mixture of oxidiser and products (CO2, H2O) on
the oxidizer side.

2.3.3 Flamelet model based on the θ-equation and Z-equation

Bray et al. [99, 9] developed a model for turbulent partially premixed flames
combining the progress variable equation with the mixture fraction equation.
The basic assumption of the model is that the species composition and temper-
ature can be determined by the two independent variables: θ and S. This can
then be used to fully describe the flame structures. Based on this assumption a
transport equation for the progress variable is derived from the original species
mass fraction transport equations.

Combining these models gives rise to extra terms, such as the scalar dissipa-
tion rate χ and cross-scalar dissipation rate, in the equation. The cross-scalar
dissipation rate is proportional to the scalar product of the gradient of mixture
fraction and the gradient of the reaction progress variable. These terms have
to be approximated through other models. Once the equations are set up, their
solution can be used to determine the species distribution and the temperature
field.

Application of this model to practical turbulent partially premixed flames
has been rather limited.
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2.4 Research questions

The overall aim of this thesis is to increase the understanding of turbulent
partially premixed flames and to provide insights into modelling such flames.
This is done by addressing some specific challenging issues.

• Detailed experimental and numerical studies on turbulent partially pre-
mixed flames are rather limited, in particular under high intensity turbu-
lence conditions.

Due to the limits in spatial resolution of velocity measurements, e.g. parti-
cle image velocimetry (PIV), eddies in the preheat and reaction zones are
seldom detected. Recent experimental studies using multiple species pla-
nar laser-induced fluorescence (PLIF), e.g. the work at Lund University
[42, 77, 100, 101], have shown a broadening of the reaction zones caused by
turbulence at high Karlovitz number (Ka > 100). However, even so, the
studies still lack simultaneous imaging of turbulent eddies in the reaction
zones.

The boundaries of the combustion regimes outlined in the previous section,
based on dimensional analysis and scale comparison, have not been proven
to be accurate. This is especially true for the thin reaction zone regime and
the distributed reaction zone regime. Generally more studies are needed
to determine where the boundaries of these regimes are, and whether the
regimes are an accurate division.

• The present CFD models for turbulent partially premixed flames require
more validation. The models discussed in sections 2.3.2 and 2.3.3 are based
on the assumption that the structures of turbulent partially premixed
flames can be described using two independent variables, G and Z or θ and
Z. This assumption needs to be proven. Bray et al. [99, 9] suggested the
use of reaction progress variables other than the normalized temperature.
This illustrates that the reaction progress variable is not uniquely defined
when discussing turbulent partially premixed flames, leading to question
of whether different progress variables perform differently in CFD models.

• As mentioned before, in G-equation based models, the local displacement
speed is an input required by the model. Since current experiments cannot
directly measure the local displacement speed of a turbulent flame due to
the two-dimensional nature of most laser based experiments, a system-
atic study of the local displacement speed in turbulent partially premixed
flames is necessary, especially at high Karlovitz number conditions, as
these are the flames most common in engineering applications.

• As a clean fuel possibly obtainable from renewable sources, hydrogen has
the potential to become an important fuel for combustion engines in the
future. Hydrogen combustion is a complex process. Due to hydrogen’s
high diffusivity thermal-diffusive instabilities are common [76], making
hydrogen combustion more difficult to control. In order to counteract
such effects the structure and propagation of turbulent hydrogen partially
premixed flames requires further investigation.

In this thesis we carried out direct numerical simulations (DNS) of two
flames, a methane/air turbulent partially premixed flame and a hydrogen/air
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turbulent partially premixed flame, both at high Karlovitz number conditions.
The DNS data provides detailed information about the structures and propaga-
tion of the flames that can be used to answer the questions listed above.
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3 DNS of turbulent partially premixed flames

This section will present a general overview of direct numerical simulations
(DNS) as well as a detailed description of the cases studied in this thesis.

The basic idea of DNS is to use a high accuracy numerical method to solve
the governing equations of turbulence and, when studying reacting flows, the
chemical reactions. The name alludes to the fact that DNS resolves even the
smallest scales of turbulence, meaning that there is no need for sub-grid scale
turbulence modelling. In addition, combustion also has the requirement to
resolve the smallest flame scales, that means that if the flame thickness is less
than the Kolmogorov scale it will set the resolution requirements for DNS.

The smallest scales found in turbulent partially premixed flames can be any
of the following three, depending on the Karlovitz number: the Kolmogorov
length scale, the leading front premixed flame thickness (for the preheat zone
and the reaction zone) and the thickness of the mixing layer/reaction zone in
the trailing diffusion flame. Through observation, the latter is expected to be
larger than the former two regardless of Ka and therefore will not be discussed
further. In the flamelet regime, where Ka < 1, the smalles scale is the premixed
flame thickness. The flame in this regime is a sharp boundary and the smallest
turbulent eddies are too large to disturb the internal flame structure. When Ka
is high the Kolmogorov scale is smaller than the flame thickness and therefore
the flame is also completely resolved by the DNS. In such a case the spatial
resolution necessary for the Kolmogorov scale is of the same order of magnitude

as Re
9/4
0 .

Due to the resolution required, DNS is very computationally expensive and
supercomputers are needed to perform the simulations. The DNS runs pre-
sented in this thesis were carried out on the Prace Tier-0 computers CURIE
TN, based in France at the TGCC (Très Grand Centre de calcul du CEA).
Each run required about 3 million CPU hours.

3.1 Governing equations

Turbulent reacting flows are governed by the conservation equations of mass,
momentum, species and energy as well as an equation of state. The numerical
approach used for these simulations splits pressure into two parts: a thermo-
dynamic pressure, P (t) and a hydrodynamic pressure, ph(x,t). The thermo-
dynamic pressure is constant and used in the equation of state. The smaller
hydrodynamic pressure is used in the momentum equation. The continuity
equation can be written in material derivative form as this makes it possible to
handle large density gradients.
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where the spatial coordinate is denoted by x and time t. ρ, µ, Cp and λ are the
mixture averaged density, dynamic viscosity, heat capacity and conductivity of
the mixture, respectively. ui is the velocity component i and δij is the Kronecker
delta. Yk, ω̇k, hk, Cp,k and Wk are, in order, mass fraction, reaction rate, specific
enthalpy, heat capacity and molar mass of species k. T is temperature, N is
total number of species and < is the universal gas constant. Species diffusion is
given by

−YkVkj = Dk
∂Yk
∂xj
− Yk

N∑
i=1

Di
∂Yi
∂xj

(44)

where Dk is the mixture averaged diffusion coefficient of species k.

3.2 Chemistry and transport properties

When carrying out simulations of reacting flows a choice can be made when it
comes to the chemical mechanism used to describe the reactions. The simplest
approach is to use one step chemistry, this means that the reactants are directly
turned into products by the reaction. Single step chemistry is computation-
ally inexpensive and in many cases contains sufficient information for practical
applications. However, because it does not include any intermediate species it
cannot be used when studying partially premixed flames.

In the other extreme there are complete chemical reaction mechanisms.
These include all possible paths for the reactants to reach the state as products.
Chemical reaction mechanisms are generally very extensive, e.g. the methane-
air reaction mechanism from GRI-Mech 3.0 consists of 325 reactions that involve
53 species.

Detailed chemistry is necessary when studying methane partially premixed
flames because the diffusion flame burns an intermediate fuel, not the original
fuel. However, complete mechanisms are computationally unwieldy due to the
number of species and reactions present. In order to be able to study the
effects of chemistry on a turbulent flame so-called skeletal mechanisms have been
developed, these aim to maintain the species that have the greatest impact on
behaviour of the flame and remove everything else, thereby achieving a middle
ground between accuracy and computational viability.

In this study, the CH4/air mechanism by Smooke and Giovangigli [78], em-
ploying 16 species and 25 reactions (10 reversible and 15 irreversible reactions),
is used for the methane flame. For the hydrogen flame the H2/air mechanism
by Li et al. [41], employing 9 species and 21 reversible reactions, is used.

The transport properties, e.g., species diffusion coefficients, thermal con-
ductivity, and viscosity, are mixture averaged based on the individual species
obtained from the Chemkin thermodynamic database [31].
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3.3 Numerical Methods

The numerical methods used to solve the governing equations in this study
consist of a low Mach number DNS solver [94] with a stiff solver for the chemical
reaction calculations.

The temporal integration of the convection-diffusion-reaction system is based
on a 2nd order symmetrical Strang splitting algorithm. For each time-step, ∆t
the stiff chemical reaction term is calculated. Between these steps intermediate
integrations of the diffusion and convection terms are carried out with a time-
step t1/2 = ∆t/2. The integration of the diffusion term is split further into
multiple sub-steps of explicit integrations, starting with a Runge-Kutta step
followed by Adams-Bashforth steps. This sub-step size is chosen to satisfy the
diffusion stability limit.

All spatial discretization is based on a 6th order central difference scheme,
except for the discretization of the convective terms in the species, mass and en-
ergy equations where a 5th order weighted essentially non-oscillatory (WENO)
scheme is used to avoid non-physical numerical oscillations. Any necessary in-
terpolation is done with a 6th order scheme. The pressure/velocity decoupling
results in a variable coefficient Poisson equation that is solved using an efficient
parallel multigrid method [92]. The temporal/spatial accuracy of the solver
has been verified using successive grid/time-step dependency tests. The solver
has been used in several earlier studies of both laminar and turbulent flames
[91, 90, 98, 16, 15].

The integration of the stiff system of equations for the chemical reaction
rates is done using the DVODE solver [10].

3.4 Case Description

Two 3D DNS runs have been carried out, one for a methane/air turbulent par-
tially premixed flame and one for a hydrogen/air turbulent partially premixed
flame. The ambient pressure is 1 bar for both flames, and the unburned gas
temperature is set to Tu = 298 K.

In order to obtain a steady state initial condition for the 3D DNS a laminar
2D DNS simulation of the same mixture was run first. The 2D-DNS study was
performed in a rectangular domain with a stream-wise (x-direction) length (Lx)
of 20 mm and a cross-flow (y-direction) width (Ly) of 10 mm. A convective
outflow condition was used at the outlet and at the cross-flow boundaries peri-
odic boundary conditions were imposed. The uniform inflow velocity was varied
during the transient stage of the simulation until a stabilized flame with leading
edge at x = Lx/4 was obtained. The equivalence ratio at the inflow boundary,
Φin, was stratified following the Gaussian function of y given in Eq. (45), where
c = 0.17.

Φin = Cf · exp(−((y − Ly/2)/Ly)2/(2c2)). (45)

where Cf is a constant that controls the maximum equivalence ratio in the
domain. For the methane/air flame Cf = 1.5 and for the hydrogen/air flame
Cf = 3. This definition results in a stratified equivalence ratio profile with
Φin = 1.5 for the methane/air flame and Φin = 3 for the hydrogen/air flame at
the centreline and zero at the cross-flow boundaries.
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methane/air flame hydrogen/air flame
Lx [mm] 20 20
Ly [mm] 10 10
Lz [mm] 10 10
Cf 1.5 3
nf 12 12
Tu [K] 298 298
Vu [m/s] 4.5 3
`0 [mm] 1.667 1.667
u′0 [m/s] 8.5 10
τ [ms] 0.196 0.1667
Re0 83 21
KaΦ=1 55 5.5
KaΦmax

665 4.7

Table 1: Summary of simulation set-up and initial conditions.

In the 3D-DNS, a lateral (z-direction) dimension was added (LZ = 10mm)
and Ψ = [u T Y], where u is velocity, T is temperature, and Y is species mass
fractions, from the 2D-DNS steady solution were imposed as initial conditions as
it was extended homogeneously in the lateral direction: ψ3D(x,y,z) = ψ2D(x,y).

The velocity field is made up of two parts, a mean velocity field and a
fluctuating velocity. At the inlet plane the mean flow velocity was set to Vu.
The fluctuating velocity was obtained from synthesizing Fourier waves [38, 93]
satisfying a prescribed turbulence energy spectrum [27] in a cubic box with
periodic boundary conditions. The same synthesized turbulence was used to
initialize the fluctuating flow field.

When initialising the turbulence field the integral length scale, `0, was set to
`0 = Lx/nf where nf is the number of integral eddies found in the stream-wise
direction of the computational domain. The turbulent integral scale velocity,
u′0, was specified. The integral time scale τ ∼ `0/u′0.

Table 1 summarises the specific parameters of the two DNS cases, including
the Reynolds number based on the integral scale and the Karlovitz number
defined at the triple flame front Φ = 1 and at the rich premixed flame near the
centreline, around Φ = 1.5 for methane and Φ = 3 for hydrogen.

The 3D domain was discretized on a uniform grid of 1024 × 512 × 512
(in the x, y and z directions) cubic cells. This yields a total of approximately
268 million cells with a grid resolution of ∆s = 19.4µm. The computations
are run for two integral times, t ≤ 2τ . Since no forcing is used, the turbulence
field decays from its initial intensity during the first 1.5τ before stabilising. This
results in a Karlovitz number that decreases with time, reaching its lowest values
of 40 for Φ = 1 and 500 for Φ = 1.5 at t/τ = 2, still well above the limit into
the flamelet regime.



4 RESULTS AND DISCUSSION 30

4 Results and Discussion

In order to describe the structures of partially premixed flames we first introduce
the two reaction scalars that can be used to identify different parts of the flame.
Mixture fraction or equivalence ratio is a suitable choice to track the trailing non-
premixed flame. The equivalence ratio and mixture fraction for a hydrocarbon
or a hydrogen flame can be determined from the local element mass fractions
of H, C, O, and N. The equivalence ratio Φ at a given point in the flow field is
given by

Φ =

(
2YC
WC

+
YH

2WH

)
/

(
YO
WO

)
, (46)

where Yi and Wi are the mass fraction and the mass weight of element i, re-
spectively. The mixture fraction Z is defined as,

Z =
YC + YH

YC + YH + YO + YN
= YC + YH . (47)

The trailing non-premixed flame is located at Φ = 1, which is equivalent
to the mixture fraction Z = Zst. Since the two scalars are equivalent when
tracking the diffusion flame, either one can be chosen for the analysis. In this
study equivalence ratio is chosen as it also provides information for the analysis
of the premixed front.

The leading premixed flame front can be identified using the fuel mass frac-
tion, since the fuel is oxidized in the reaction zone of the premixed flame. Due to
the fuel being stratified in the unburned mixture, the progress of fuel consump-
tion is a function of local equivalence ratio. A normalised fuel mass fraction that
considers local equivalence ratio is introduced as a reaction progress variable.

c1 =
YF,u − YF
YF,u − YF,b

, (48)

where YF is the mass fraction of fuel, YF,u and YF,b are the mass fractions
of fuel at the corresponding unburned state and the completely burned state,
respectively.

YF,u =
ΦWF

ΣWi,r
and YF,b =

{
(Φ−1)WF∑

Wi,p
Φ > 1

0 Φ ≤ 1
(49)

where Wi,r and Wi,p are the molecular weight of the reactant species and the
product species, respectively.

Note that YF,b is a reference mass fraction of the fuel remaining in the burned
gas determined using a one-step irreversible reaction model. As mentioned in the
previous section, in real hydrocarbon fuel chemistry the fuel is first converted to
intermediate species. The presence of intermediates such as CO and H2 means
that Yf can be zero even when Φ > 1. In this way YF,b takes into account
combustion intermediate species even if it is based on the one-step irreversible
reaction model.

The local displacement speed of the iso-surface YF = YF,f , where YF,f is a
constant chosen for the analysis, can be determined using the level-set method
discussed in section 2.3.1.

The displacement speed is defined as
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SD = −(ρ−1
u | 5YF |−1 ρ DDtYF ) |YF,f

= SD,diff + SD,react,

SD,diff = −(ρ−1
u | 5YF |−1 5 · JF ) |YF,f

SD,react = −(ρ−1
u | 5YF |−1 ω̇F ) |YF,f

(50)

The negative sign is added since the mass fraction of fuel decreases as a
function of the reaction progress variable, it thereby ensures that SD is positive
when propagating towards the unburned mixture. D/Dt is the material deriva-
tive and JF and ω̇F are the diffusive flux of the fuel and the net reaction rate
of fuel, respectively. SD consists of a reaction part (SD,react) and a diffusion
part (SD,diff ) and is affected by curvature, strain, equivalence ratio, etc. It is
therefore important to scrutinise which quantities have the largest effect on the
displacement speed of partially premixed flames and whether they differ from
their premixed counterparts.

It should be noted that the iso-surface of the fuel mass fraction does not
coincide with the iso-surface of the reaction progress variable c1, due to the
normalisation. The displacement speed of the iso-surface of the reaction progress
variable c1 can be used to characterize the flame propagation more accurately,

SD = (ρ−1
u | 5c1 |−1 ρ

Dc1
Dt

) |cf , (51)

where cf is a reference constant for the iso-surface used in the analysis. When
local displacement speed is analysed, the choice of iso-surface is crucial and
therefore it is important to clarify what iso-surfaces have been considered in
this study.

Previous studies have reported that the propagation of the premixed flame
is affected strongly by the local curvature of the flame. The curvature of the
flame surface can be defined using the iso-contour of the progress variable,

κ = ∇ · n, n = ∇c1/|∇c1|. (52)

4.1 Methane/air partially premixed flame

Results from direct numerical simulations of three-dimensional flames with a
skeletal chemical mechanism provide a detailed picture of the structure and
dynamics of a partially premixed methane/air flame in turbulence. The results
are analysed with respect to the following aspects: (a) triple flame structure and
interaction between the diffusion flame the premixed flame; (b) detailed reaction
layers and the impact of elementary reactions; (c) the displacement speed and
its correlation with local equivalence ratio and curvature; (d) modelling of the
flames.

4.1.1 Structures of the flame

Figure 5 shows a snap-shot of the three dimensional leading premixed flame
front at t/τ = 1. The flame front is visualized using the iso-surface of c1 = 0.95,
where c1 is the progress variable defined in Eq. (48). The temperature at the
flame is shown using the colour distribution on the surface. The 2D plane behind
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Figure 5: Premixed flame surface coloured with temperature and distribution
of CO mass fraction in the central plane. Results are taken at t/τ = 1.
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the flame surface shows the mass fraction of CO to indicate the position of the
diffusion flame. The flow direction is from the bottom of the figure to the top,
and the flame is propagating downwards. The leading front has a W-shaped
structure, indicating that the flame propagates with a lower displacement speed
along the centreline and the edge than in between these points.

The equivalence ratio on the flame surface varies between 0.38 and 1.25,
using the definition of equivalence ratio in Eq. (46). The fuel-rich part (Φ > 1)
is in the center of the domain and the lean part (Φ < 1) at the edge of the
flame. The flame is wrinkled as a result of turbulence/flame interaction. The
wrinkles occur at fairly large scales. At the trailing edge two lean premixed
flames are found to burn at Φ ' 0.39. This is significantly lower than the lean
flammability limit for methane/air flames (Φ ∼ 0.53) reported in literature [22].
These trailing lean premixed flames persist until the end of the domain.

To examine the structure of the diffusion flame and the interaction between
the diffusion flame and the premixed flame Figs. 6 and 7 show the mass fraction
of CH4, O2, H2, CO and OH radicals as well as temperature in relation to the
iso-line of c1 = 0.95. The distributions are shown for the same 2D plane and at
same instance of time as in Fig. 5. The diffusion flame is demonstrated by the
CO, H2, O2, and OH distribution.

Previous studies of laminar partially premixed flames [5] and turbulent fuel-
rich premixed flames [53] indicate that CO and H2 are combustion intermediates
found downstream of rich premixed flames. From Figs. 6 and 7 it is clear that
CH4 is consumed completely at the premixed flame front.

CO and H2 are formed in the rich part of the premixed flame where there is
a deficit of oxygen. The flame is thus unable to complete the oxidation of the
intermediate fuels. The oxidation of CO and H2 requires oxygen from the lean
part of the flame. The oxygen surplus from the trailing lean premixed flame
reacts with H2 downstream of the rich part of the flame providing the radical
pool that completes the oxidation of combustion intermediates such as CO and
H2. Figs. 6 and 7 show that the diffusion flame is located around Φ = 1, where
CO and H2 are oxidized and OH has its local maximum mass fraction.

Kioni et al. [33] and Owston and Abraham [57] studied the species distri-
butions in a triple-flame and compared it with premixed flames with different
equivalence ratios. It was suggested that the diffusion flame reaction zone could
aid in extending the flammability limits by providing non-flammable regions
with radicals, thereby increasing reaction rates [57]. The OH distribution in
Fig. 6 makes it clear that the diffusion flame supports the lean trailing pre-
mixed flame. The OH radicals peak at the diffusion flame, suggesting they are
formed there. These radicals are diffused in the burned gases until they reach
the lean premixed trail. The neighbouring lean premixed flame (result of the
periodic boundary conditions) does not provide support to the flame in the form
of OH radicals, thus it has no obvious role in maintaining the trailing premixed
flame.

The temperature is the highest in the tip of the diffusion flame where oxida-
tion of CO and H2 is more complete. On the surface of the premixed flame (Fig.
5) the temperature varies from its highest values (' 2000 K) at the base of the
flame to progressively lower (' 1200 K) along the lean trail. The temperature
at the lean trail is low; however, the flame is stable as it is sustained by its
neighbouring diffusion flame as discussed earlier.

Fig. 6 shows that high concentrations of CO and H2 can be found on the
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Figure 6: Distribution of temperature, mass fractions of CO and OH radicals in
the central plane. The solid black line is the iso-line of c1 = 0.95 in the plane;
the solid purple line is the iso-line of Φ = 1 in the plane. Results are taken at
t/τ = 1.

Figure 7: Distribution of mass fractions of CH4, O2 and H2 in the central plane.
TThe solid black line is the iso-line of c1 = 0.95 in the plane; the solid purple
line is the iso-line of Φ = 1 in the plane.. Results are taken at t/τ = 1.
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unburned side of the lean premixed flame, where c1 < 0.95. These regions
correspond to areas of high temperature. Despite the high temperature there
are no reactions occurring, which can be seen as there are no OH radicals present
in these zones. This means that these areas are the preheat zone of the leading
premixed flame. That these zones exist as small islands relatively far from the
flame indicates that the preheat zone is broadened by turbulent eddies.

The islands of the high CO and H2 concentration, and high temperature, act
as a trace marker for the eddies originally formed in the reaction zone that are
transported to the preheat zone. The Karlovitz number for this flame ranges
from 55 to 665, therefore, according to the theory discussed in section 2.2.2 it is
possible for the small eddies to exist in the preheat and reaction zones. These
results support the boundaries of the regime diagram of turbulent premixed
flames developed based on dimensional analysis.

In previous studies of partially premixed flames it has been noted that using
a progress variable based on fuel does not necessarily capture the diffusion flame,
and conditioning on various species distributions does not provide a viable al-
ternative as no single species can clearly show the triple flame structure [64].
In the present flame it is clear from Figs. 5 and 6 that the fuel based progress
variable cannot ascertain the position of the diffusion flame, since the fuel in the
rich part of the premixed flame has been converted to intermediate species. To
account for this a new progress variable based on the final combustion products
is suggested,

c2 = (YCO2
+ YH2O)/α, α =

{
5 · Φ

Φ+γ ,Φ < 1
5

Φ+γ ,Φ ≥ 1
(53)

where γ is the mass ratio of air to fuel at stoichiometry.
Figure 8 shows the time evolution of the flame and its reaction zone structure

(visualised with production/consumption rate of H radicals, ω̇H). The diffusion
flame and the lean trailing flames are clearly visible in the ω̇H field. The iso-
contours of c2 are also plotted in Fig. 8. It appears that c2 can be used to
identify the diffusion flame front as well as the premixed one. The progress
variable iso-lines reflect the fact that chemical reactions take place over a large
region behind the main premixed flame front as the progress variable does not
reach one until these reactions are completed. Note, however, that the reaction
rates of H in the downstream reaction zones shown in the figure are two orders
of magnitude weaker than those at the leading premixed flame front.

Several authors [34, 87, 29, 28, 84] have studied the effect of strain on the
structure of a triple flame and its propagation. It is observed that the diffusion
flame is much weaker than the premixed front (heat release rate is about 2 orders
of magnitude lower) [84]. This is explained by a low scalar dissipation rate [84].
This is consistent with the present flame as the reaction rate of H formation
in the diffusion flame is indeed two orders of magnitude lower than that in the
premixed flame.

At the initial time the flame is essentially laminar due to the initial conditions
imposed; it consists of a main premixed flame front, 0.5 < Φ < 1.25, trailed by
two thin lean premixed flames at the edges and a diffusion flame following the
stoichiometry line. The net reaction rate of H radicals shows distinct reaction
zone structures: (a) a thin H production layer at the premixed flame front
and the trailing diffusion flame front (around Φ = 1), (b) a thinner layer of
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Figure 8: View of the centre plane at different times showing the location of
the triple flame visualised with reaction rate of H. τ is the eddy turnover time.
Iso-lines for c2 = 0.5 and c2 = 0.93 are drawn in white. Local equivalence ratio
Φ = 1 is shown with a purple line. Close-ups to the boxes are shown in Fig. 9.

H consumption upstream of the H production layer, and (c) a rather thick H
consumption layer in between the premixed flame and the diffusion flame. The
overall structure of the flame remains similar throughout the flame evolution in
time.

In different parts of the flame the relative importance of different elementary
reactions varies due to the difference in temperature and composition of the
mixture. In the H-production layer of the leading premixed flame front the
main reactions responsible for the net production of H are H2 + OH = H2O
+ H and CO + OH = CO2 + H, regardless of equivalence ratio. The main
difference found along the premixed front is the strength of these reactions at
the different parts of the flame, the highest net rates are found at the rich part
of the flame. This is the CO-H2 oxidation layer, which is characterized by the
high net H production rate in Figure 8. H2 and CO are formed in the thin
H-consumption layer upstream of the CO-H2 oxidation layer, where the net
consumption of H is mainly a result of the H + O2 = O + OH reaction. In
addition, in rich parts of the flame CH4 + H = CH3 + H2 is significant, while
H + O2 + M = HO2 + M is important in the lean part and CH3 + H = CH4

dominates at the stoichiometric part of the flame.
The same reactions account for the production of H in the diffusion flame.

The net rates of reaction are however much lower here than in the leading
premixed front; the reversible reactions H + O2 = O + OH, H2 + OH = H2O
+ H and O + H2 = OH + H are close to equilibrium.

The lean trailing premixed flame is significantly different from the leading
front of the flame, the main reactions responsible for the production of H in the
lean trailing premixed flame are CH3 + O = CH2O + H and HCO + M = CO
+ H + M. The strongest individual net reaction of the lean trail is H + O2 =
O + OH, an H-consuming reaction. The consumption region found behind the
leading premixed flame are a result of H + O2 + M = HO2 + M and H + HO2

= 2OH reactions.
The reaction rate of H radicals directly behind the premixed front up to the

diffusion flame is negligible in the initial flame (when the flame is laminar). This
is because the different elementary reactions producing and consuming H are in
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equilibrium resulting in no net H reaction rate. However, in the turbulent flame
this region of equilibrium is not maintained due to turbulence/flame interaction.

In Fig. 9 close-ups of the triple flame and the lean trail are presented to
show the distribution of three key species and the heat release rate in the neigh-
bourhood of the flame surface.

The maximum CH2O mass fraction found in both parts of the flame is of
similar magnitude, however, in the lean trail it is found to spread out to a
larger region. The spread of high CH2O mass fraction coincides with the high
temperature of the fuel/air mixture. The CH2O is found at temperatures up to
'1600 K. In the rich part of the main leading premixed flame front CH2O can
be found at higher temperatures than in the rest of the flame, while in the lean
trail there is little left above 1200 K.

Downstream of the lean part of the premixed front the mass fraction of OH
is high. This state coincides with the negative reaction rate of H in Figure 8.
The temperature of the lean fuel mixture increases further downstream due to
the two neighbouring flames; this combined with the radical support from the
diffusion flame, providing OH and other reactive species, allows the lean trail
to burn despite its low equivalence ratio.

H2 is produced at the rich premixed flame and consumed at the diffusion
flame; the diffusion of H2 is fast and it can be found throughout the region
between the lean trail and the diffusion flame. The mass fraction of H2 at the
lean trail is low, which indicates that H2 is consumed in the lean trail. The lower
frames in Fig. 9 show that the heat release rate for the lean flame is two orders
of magnitude lower than that of the main premixed front. Note that the heat
release rate for the premixed flame is much stronger than that of the diffusion
flame trailing the triple point. The weaker heat release rate downstream of the
premixed front is also more distributed, making it difficult to identify a distinct
flame. A comparison with Fig. 8 implies that the parts along the lean trail
where there is no production of H are not necessarily quenched; in fact, the heat
release rate in one of these segments is higher than the surroundings, where
there is H production. The heat release rate is strengthened in areas of high
curvature convex to the burnt gases.

4.1.2 Local displacement speed: triple flame acceleration

An important property of partially premixed flames is the displacement speed
of the flame (SD). A triple-flame front is commonly observed in certain par-
tially premixed flames, e.g. in lifted non-premixed jet flames where triple-flame
propagation plays an important role in the flame stabilisation process and con-
sequently the lift-off distance [59]. The triple flame structure is clearly identified
in the present flame using the progress variable c2 defined in the previous sec-
tion. The propagation speed of the triple flame is expected to be different from
that of a stoichiometric premixed flame of the same fuel. It depends on various
parameters, including the Lewis number [11, 39] and mixture fraction gradient
[25, 34]. Ko and Chung [35] have experimentally observed that the displacement
speed of a methane/air triple flame is several times larger than the laminar flame
speed. In this section we examine the displacement speed and its correlation
with local equivalence ratio and flame curvature.

In Fig. 10 the contributions to displacement speed from the reaction and
the diffusion parts are shown for a segment of the premixed flame front that in-
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Figure 9: Close-up to the areas in Fig. 8 showing species distributions at the
leading premixed flame front (left column) and in the lean trail (right column).
Vectors show the instantaneous local velocity. Iso-lines showing temperature.
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cludes the triple point. A large spatial variation is observed in both the reaction
part of the displacement speed (middle, Fig. 10) and the diffusion part of the
displacement speed (bottom, Fig. 10). The reaction part of SD is correlated to
both the equivalence ratio, with the strongest reactions happening close to sto-
ichiometry, and the curvature of the flame front. Strengthening of SD,react can
be seen in the parts of the flame curving towards the burnt gases. On the other
hand, cusps are formed behind the parts that curve towards the unburned gases.
The effects of both curvature and equivalence ratio will be further addressed in
Figs. 11 and 12. The diffusion component of the displacement speed (bottom,
Fig. 10) shows large spatial variation at smaller length scales, which appear
to be related to turbulence. The effect of diffusion on the total displacement
speed (top, Fig. 10) is significant in all regions of the flow field, especially in
the unburned gases. The reaction rate contribution is strongest in the reaction
zone. Displacement speed shows large variations not only along the flame but
also across, in the flame normal direction. This makes the choice of iso-surface
for the evaluation of SD very important. Discussion regarding the choice of
iso-surface can be found in connection to Figs. 13 and 14.

Fig. 11 shows that negative displacement speeds, i.e., when the iso-surface
moves away from the unburned mixture, correspond to regions where the flame is
convex towards the unburned gases. Such structures lose heat through diffusion
to the cold unburned mixture leading to lower displacement speeds. Curvature
is found to have a strong correlation to displacement speed for all Φ in this case.
Negative displacement speed have been previously reported in [18].

Fig. 11 shows a scatter plot of displacement speed as a function of curvature
conditioned on different Φ at t/τ = 1.5. The straight lines show the correlation
at initial time. A clear positive correlation of increasing displacement speed
with curvature is seen (positive curvature is referred here to as convex to the
burned gases). The relation is clearly monotonic and negative displacement
speeds are consistently found at flame segments of negative curvature. This
relation is also implied in Fig. 9, where high curvature parts of the flame have
higher heat release rates. The reaction component of the displacement speed
is always positive, therefore it is inferred that the negative displacement speeds
are caused by the effect of curvature on the diffusion term in the formulation of
displacement speed.

In Fig. 11 we can also see that the dependence of displacement speed on
curvature is highly dependent on time. At the initial time the correlation is
similar for all Φ conditions, however, they develop differently in time. Most
noticeable is that the gradient of the correlation for the rich flame increases
for positive curvature. The rich flame in this case coincides with a very high
heat release rate. This is a result of the leading premixed flame front being
connected to the diffusion flame, as can be seen in figures 8 and 9. The highest
displacement speed is found to be several times higher than the corresponding
unstretched laminar premixed flame. This result is consistent with previous
experiments [7].

In Fig. 12 the displacement speed dependency on equivalence ratio is studied
by conditioning on zero curvature. The laminar flame speed is calculated for a
1D planar unstretched flame using the same chemical mechanism as in the DNS.
It is shown that the displacement speed from the partially premixed flame is
generally lower than the laminar flame speed of the unstretched premixed flame,
except in the lean regions where the corresponding 1D methane-air mixture at
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Figure 10: Displacement speed and its components SD,react and SD,diff at time
t/τ = 1 with contour lines showing the iso-surfaces of the fuel mass fraction.
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Figure 11: Displacement speed as a function of curvature. Scatter for t/τ = 1.5
with straight lines from the correlation at the initial time.

room temperature cannot sustain a flame. The large amount of flame segments
with negative displacement speed results in a lower average SD in general. The
higher displacement speeds in the lean region are due to the support received
from the neighbouring flames through diffusive transport of temperature and
radicals. The lower speed at rich conditions can be explained by the effect of
heat diffusion on flame speed. Due to the stratified nature of this flame, there are
temperature gradients along the flame, therefore heat from the points with the
highest burning temperature (Φ ' 1) is diffused to the surrounding gases. This
effectively decreases the temperature at those points and consequently lowers
the displacement speed as well. The displacement speeds in the later time steps
are consistently lower than those at the initial time and in the laminar case; this
is due to heat transfer being enhanced by the wrinkling of the flame turbulent
diffusion.

Figs. 10-12 clearly show that there is a large variation in the displacement
speed for any given curvature and/or equivalence ratio. This is because the
displacement speed in an unsteady three-dimensional flame is highly unsteady
as well. To demonstrate this, Fig. 13 shows how SD varies across a rich part of
the flame. SD varies relatively little inside the reaction zone, while it fluctuates
significantly on the unburned side. The preheat zone shows a large variation in
SD due to the small-scale turbulent eddies found there.

The displacement speed varies a lot when viewed in the spatial coordinate
x as is done in Fig. 13. However, if the fuel consumption layer is stretched by
remapping the flame to fuel mass fraction space a clear plateau emerges. As
seen in Fig. 14, this provides a better indication of which value of the fuel mass
fraction (and therefore of the progress variable c1) is appropriate to use to define
the displacement speed of the flame.

The displacement speed appears to vary slowly over a larger range in the fuel
mass fraction coordinate, which suggests that the choice of iso-surface can be
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Figure 12: Scatter plot of displacement speed dependence on Φ conditioned at
zero curvature (κ). Lines showing the displacement speed for a 1D laminar
flame, the best fit line to the initial time points and best fit line of t/τ = 1.5.

Figure 13: Flame structure for the rich part of the premixed flame at t/τ = 1.
The line with squares shows the variation of displacement speed along the flame
normal direction. Yfuel (the line with triangles, right axis) and the heat release
rate (the line with circles, no axis) are shown to illustrate where the heat release
layer is found.
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Figure 14: Displacement speed mapped to fuel mass fraction at two different
segments of the flame with different equivalence ratios (lines with squares, left
Φ = 1.2, right Φ = 1) at t/τ = 1. Heat release rate (lines with circles) is plotted
to indicate where the reaction zone is. Points with heat release rate <5e-6 are
not plotted.

made by simply choosing the middle of the plateau in the region with high heat
release rate. A difficulty remains when discussing partially premixed flames,
since the location of this plateau in the fuel mass fraction coordinate is not
necessarily the same at all points along the flame, nor can it be assumed that
it exists, as can be seen in Fig. 14, right. This is likely a contributing factoer
to the large scattering of SD as shown in Figs. 11 and 12.

In the Φ = 1.2 part of the flame (Fig.14, left) negative displacement speeds
are seen to coincide with high fuel mass fraction and low heat release rate. This
region corresponds to the preheat zone of the flame. In the stoichiometric part of
the flame (Fig. 14, right), SD is positive in the same region but has rapid small-
scale fluctuations where heat release is very low (not shown). The proximity of
a diffusion flame behind the flame may be responsible for the distribution of SD
in this part of the flame.

It is important to mention that the displacement speed is calculated based
on iso-surfaces of fuel, while a lot of discussion is made in relation to progress
variables. For methane fuel mass fraction iso-surfaces are similar to progress
variable iso-surfaces, as illustrated in Fig. 15. When discussing hydrogen flames
we will see that this approximation becomes highly inappropriate.

4.1.3 Discussion on the modelling of turbulent partially premixed
flames

Progress variable and equivalence ratio are commonly used as modelling param-
eters; therefore, a scatter plot of c2 − Φ space at t/τ = 1.5 coloured by heat
release is presented in Fig.16. There, it can be seen that there is no unique
mapping of heat release rate to c2 − Φ space. As the flame is no longer sym-
metrical at this point we see two areas with high heat release, one at Φ = 1
and one near Φ = 1.2. The heat release rate on the rich side corresponds to
the position where the diffusion flame is attached to the premixed front. It is
clear that the highest heat release rates, found in the leading premixed flame,
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Figure 15: Iso-contours for methane mass fraction, YCH4 , compared to iso-
contours for progress variable. Heat release given as an indication to where the
flame is in relation to both.

occur before c2 = 0.8. The low heat release rate at higher c2 corresponds to the
diffusion flame. The lean trail has a low heat release rate sustained until c2 ' 1
of comparable magnitude to the diffusion flame.

4.2 Hydrogen/air partially premixed flame

In analogy to the methane flame analysis, the triple flame structures are exam-
ined using the equivalence ratio as defined in Eq. (46), and a reaction progress
variable.

In hydrogen/air partially premixed flames, due to the high diffusivity of hy-
drogen, the change of the fuel mass fraction is not only dependent on reaction
but also strongly affected by diffusion, especially the additional effect of differ-
ential diffusion of hydrogen with respect to other species. Since the normalised
fuel mass fraction defined in Eq. (48) accounts for all these effects implicitly
some strange results can be obtained in certain conditions. For example, the
propagation of an iso-surface of c1 might not be connected to any reactions. An
alternative progress variable, c3 can be defined based on the product of complete
combustion as follows

c3 = YH2O/Y
max
H2O , Y maxH2O = min(9YH , 9YO/8), (54)

where YH and YO are the element mass fractions of H and O, respectively.

4.2.1 Structures of hydrogen/air partially premixed flames

Figure 17 shows an instantaneous flame front of the partially premixed hydro-
gen/air flame defined at c1 = 0.4 at time t/τ = 1, c1 is defined in Eq. (48). The
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Figure 16: Heat release rate mapped to progress variable c2 and equivalence
ratio Φ.

2D plane shows the distribution of the fuel mass fraction, giving an indication
of the position of the diffusion flame.

The flame front is defined at c1 = 0.4 in order to extract both the lean and
rich parts of the premixed flame. A very low progress variable value has to be
used in this case because, in contrast to the methane flame, the fuel burned in
the diffusion flame is the same as that in the premixed flame. This means that
the fuel mass fraction in the rich part of the domain does not disappear until
after the diffusion flame.

Figure 18 shows the distribution of the reaction progress variable c1 in the
same 2D plane as in Figs. 19 and 20. The gradient of c1 in the lean part of the
premixed flame (close to the lateral boundaries) is so large that the choice of
c1 does not significantly alter the flame position. On the contrary, in the rich
part of the flame the gradient of c1 is quite small. A larger c1 value is unable
to capture the rich premixed flame. For example, if c1 = 0.6 is chosen the flame
front extracted is located deep into the burned side of the actual flame. The
location of the premixed flame can be easily inferred from the distributions of
OH and H radicals in Figs. 19 and 20. Figure 17 shows that the temperature is
very low on this surface, especially for the lean part of the flame, which suggests
the choice of c1 is too low to provide an accurate flame surface even in the lean
part. The reaction progress variable based on the mass fraction of H2O defined
in Eq. 54 gives a more consistent flame front position with a higher value of c3.

It is useful to compare the structures of partially premixed flames of different
fuels in order to ascertain which characteristics are independent of the specific
chemistry details. The partially premixed hydrogen/air flame structure has
many similarities to the methane flame studied in the previous section. The
most important similarities suggest what can be considered general aspects of
partially premixed flames, and are mentioned below.
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Figure 17: Premixed flame surface coloured with temperature and distribution
of H2 mass fraction in the central plane. The flame surface is defined at c1 = 0.4.
Results are taken at t/τ = 1.
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Figure 18: Distributions of the reaction progress variables, (a) c1 defined in Eq.
(48), and (b) c3 defined in Eq. (54). The solid black line is the iso-contour of
c1 = 0.4 in the plane; the white line is the iso-contour of c3 = 0.8; the solid
purple line is the iso-contour of Φ = 1 in the plane. Results are taken at t/τ = 1.

Figure 19: Distribution of temperature, mass fractions of H2 and OH radicals
in the central plane. The solid black line is the iso-contour of c1 = 0.4 in the
plane; the solid purple line is the iso-line of Φ = 1 in the plane. Results are
taken at t/τ = 1.
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Figure 20: Distribution of mass fractions of O2, HO2 and H radicals in the
central plane. The solid black line is the iso-contour of c1 = 0.4 in the plane;
the solid purple line is the iso-contour of Φ = 1 in the plane.. Results are taken
at t/τ = 1.

The triple point of the hydrogen/air partially premixed flame is found around
Φ = 1, which is the same as that in the methane/air flame. This is a direct
consequence of the definition of triple point, so that in both flames the diffusion
flame meets the premixed flame front at Φ = 1. However, what is less self-
evident is that the highest displacement speed is found at the triple point for
both flames, as is indicated by the W-shape of the flame front. Having the
highest propagation speed at Φ = 1 is unsurprising for the methane/air flame,
as the laminar flame speed of a methane/air mixture peaks there. However,
for hydrogen/air flames the maximum displacement speed is found in a rich
mixture, e.g. around Φ = 1.8 [22]. This suggests that the triple flame is in fact
enhancing the displacement speed of the stoichiometric mixture in both cases.
A possible reason for this effect is the strong influx of OH radicals diffusing from
the trailing diffusion flame strengthening heat release reactions, cf. Fig. 19.

Both flames in this study sustain a very lean trailing flame on the edges.
The mechanism for supporting the lean trail is the same as for the methane
flame: the diffusion of OH radicals generated in the diffusion flame. Due to the
periodic boundary conditions the lean premixed flames are very close to each
other and at points merge with each other. The species distributions shown in
Figs. 19 and 20 suggest that even so the interaction between the neighbouring
lean premixed flames is rather weak. The lean hydrogen/air partially premixed
flame surface appears to have equivalence ratios as low as 0.1. The lean limit
of this flame is quantitatively uncertain as the flame surface is extracted at a
very low progress variable value, making it difficult to guarantee the surface is
capturing the reaction zone along the entire trail.

The effect of changing fuel results in some distinct differences in the prop-
erties of the flames. The first difference that can be easily seen is that the
flame front defined by c1 = 0.4 is wrinkled at significantly smaller scales than
those found in the methane/air flame. Since the turbulence conditions in the
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Figure 21: View of the centre plane at different times showing the location of
the triple flame visualised with reaction rate of H. From left to right: t/τ =
0, 0.5, 1., 1.5, 2. where τ is the eddy turnover time. Iso-contours for c3 = 0.5 and
c3 = 0.93 are drawn in white. Local equivalence ratio Φ = 1 is shown with a
purple line.

two flames are similar, the difference in the wrinkling is likely to be an effect
of differential diffusion and thermal-diffusion instability, both characteristic of
hydrogen/air flames.

The other difference is that the original fuel is not completely consumed by
the premixed flame, as it is in the methane/air flame. In the hydrogen/air flame
the diffusion flame burns hydrogen that is found after the premixed front. This
difference makes the reaction progress variable based on the fuel mass fraction
(c1) unsuitable for characterising the premixed flame front. For the hydrogen/air
partially premixed flame the value of c1 has to be carefully chosen in order to
extract both the lean premixed flame and the rich premixed flame. In terms
of modelling the leading premixed flame front, using c1 can be problematic as
the value has to be picked for each case specifically. A possible approach to
generalise the choice of c1 would be to use the local maximum gradient of c1
to define the flame surface instead of a constant value. Fig. 18 shows that the
maximum gradient of c1 closely matches c1 = 0.4 in this case. Alternatively,
using the progress variable c3 defined in Eq.(54) may be preferable, cf. Fig. 18.

Figure 21 shows 2D distributions of the net reaction rates of H radicals in
the hydrogen/air partially premixed flame at different instances of time: from
the initial field to the fully developed turbulent flame state.

The formation of H radicals is a result of the elementary reaction OH + H2

= H + H2O, where fuel is consumed to form the combustion product, H2O. The
consumption of H radicals is located in the thick layer downstream of premixed
front, where H is mainly consumed in the chain branching reaction H + O2 =
O + OH, producing OH radicals. There is also H consumption upstream of
the fuel consumption layer. Here the temperature is relatively low and thus the
three-body recombination reaction H + O2 + M = HO2 + M is important. This
low temperature H consumption layer coincides with the HO2 layer shown in
Fig. 20.

In Fig. 21 the reaction progress variable c3 is shown to coincide very well
with the reaction zones. In particular, c3 = 0.5 is suitable for the premixed
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Figure 22: Close-up of the hydrogen flame leading edge showing the distribution
of OH (left figure) in relation to the OH reaction rate (middle figure). H2O2

(right figure) is used to show the position of the preheat zone. The purple line
shows the iso-contour of Φ = 1, while the other lines show iso-contour of Φ > 1.

flame front while c3 = 0.93 coincides well with the lean premixed flame and
the diffusion flame. In Fig. 18 the iso-line for c3 = 0.8 is shown to also match
the reaction zones well, showing that the product progress variable has a larger
range where it fits the flame surfaces.

Figure 22 shows a zoomed region around the triple-point on the bottom
right of the leading flame front. As mentioned earlier OH radicals are mainly
formed by the chain branching reaction H + O2 = O + OH; it is highest at the
triple-point. The OH consumption is in the fuel-consumption layer. The triple
point is shown to be further downstream than rich and lean premixed flame
surrounding it. This is an effect of turbulence/flame interaction. The eddies
transport OH radicals upstream, resulting in a change of the propagation speed
of the reaction front. The effect of eddies on the displacement speed is discussed
further in the next section.

4.2.2 Displacement speed of hydrogen/air partially premixed flames

To examine the effect of turbulent eddies on the local displacement speed the
distribution of the local displacement speed defined based on the transport equa-
tion of fuel mass fraction, Eq. (50), is shown in Fig. 23. Note that the iso-surface
of the fuel mass fraction is only an approximation of the iso-surface of the re-
action progress variable c1. Consequently, the displacement speed shown in the
figure is also an approximation of the displacement speed of the reaction front.

Figure 23 shows that the displacement speed is strongly correlated to the
turbulent eddies. The displacement speed can be both positive (propagating
towards the unburned fuel/air) and negative (propagating towards the burned
mixture) indicating that the flame is broadening.

The displacement speed in the preheat zone, where fuel mass fraction is high,
fluctuates due to the diffusion transport SD,diff . This is the result of turbulent
eddies in the preheat zone being highly energetic since the local temperature
is low enough that the dilation effect is not significant. The eddies move from
hot to cold zones and vice versa. This eddy transport has a large effect on the
diffusion component of displacement speed and since the reaction contribution
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Figure 23: Displacement speed SD and its components SD,react and SD,diff
at time t/τ = 1 with contour lines showing the iso-surfaces of the fuel mass
fraction.

is lower in the preheat zone SD is determined by this term, resulting in negative
displacement speeds.

SD,react is always positive and confined to thin layers where the fuel is con-
sumed and heat is released. The local high temperatures resulting from this
heat release cause eddy dilation. This is an effect of the gas expansion caused
by the low density of hot gases. An eddy that experiences volumetric expansion
has lower vorticity and a larger size. This means that the smaller eddies to not
survive past the preheat zone.

Figure 24 shows the distribution of the fuel mass fraction, heat release rate
and displacement speed across the leading premixed flame at the triple-point.
The preheat zone (left to the heat release zone) shows high fluctuations of SD.
The distribution of SD indicates that different layers of the flame are propagating
at different velocities and in different directions. This implies that the structure
of the flame evolves with time, locally becoming broader/thinner depending on
the flow.

4.2.3 Modelling of hydrogen/air partially premixed flames

From the discussions in the previous sections several observations regarding
modelling of hydrogen/air partially premixed flames can be made:

• The choice of progress variable is critical when modelling hydrogen/air
turbulent partially premixed flames. As has been stated before, a fuel
based progress variable (c1) is not suitable since the choice of value to
define the flame front is problematic. The use of a product based progress
variable (c3) is better, however, it still requires using different values of c3
to identify all parts of the flame.

• An unsteady flame thickness can cause problems when using flamelet mod-
els. The large effect of turbulent eddies on the displacement speed in the
preheat zone can cause local broadening and thinning of the flame. There-
fore, flamelet models based on stationary flamelet library tabulation can
be unsuitable for such flames. The assumption of a flame as a sharp in-
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Figure 24: Structure at the triple-point of flame at t/τ = 1.5. The line with
squares shows the variation of displacement speed along the flame normal di-
rection. Yfuel (the line with triangles, right axis) and the heat release rate (the
line with circles, no axis) are shown to illustrate where the heat release layer is
found.

terface can result in non-physical displacement speed fluctuations as the
internal structures cannot be captured.

• The local displacement speed is dominated by the effect of turbulent dif-
fusion leading large variations in the speed. There is currently no model
that quantifies the correlation between the local turbulent eddies and dis-
placement speed. This poses a great challenge in applying the level-set
approach for modelling of turbulent partially premixed flames since the
model requires an explicit expression of the local displacement speed as
an input to the model.
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5 Conclusions and Future Work

Three-dimensional direct numerical simulations are carried out to study the
structure of partially premixed methane/air and hydrogen/air flames in turbu-
lent flows. The results are used to improve the understanding of the structures
and propagation of turbulent partially premixed flames and to determine the ef-
fect of the interaction between the premixed and non-premixed parts of a flame.
The following conclusions are drawn.

Structure of partially premixed flames. For both the methane/air flame and
the hydrogen/air flame a triple-flame structure is found. The leading premixed
flame consists of a lean premixed flame and a rich premixed flame. At the triple-
point, which is the point on the leading premixed flame where the mixture is at
stoichometry, a diffusion flame trail starts. It is shown that the premixed flame
sustains a stable flame at very lean conditions (Φ ' 0.39 for the methane/air
flame and Φ ' 0.1 for the hydrogen/air flame) as a result of support from the
neighbouring diffusion flames. The support is primarily due to diffusion of hot
combustion products including highly reactive species such as OH radicals. For
the methane/air flame the diffusion flame oxidises CO and H2 formed as inter-
mediates from the rich premixed flame in the leading front. For the hydrogen/air
flame the fuel that leaks through the leading premixed flame continues mixing
and oxidation in the trail diffusion flame. It is found that the structure of the
flame behind the main premixed front is complex, with a range of low-rate reac-
tions taking place in the whole area behind the flame. These reactions are not
restricted to the diffusion flame and the lean trailing flame; consequently the
diffusion flame cannot be described as a thin sharp reaction zone. Turbulence
further aids in mixing, thereby bringing different species in contact with each
other. A progress variable based on the products of combustion is shown to be
able to capture both the premixed and the diffusion flame surfaces.

Propagation speed of partially premixed flames. It is found that the local
displacement speed is highly sensitive to local curvature, equivalence ratio and
turbulence conditions. At zero curvature the displacement speed of a turbulent
flame is lower than the corresponding laminar ones as well as that of the un-
stretched planar premixed flame. However, owing to the existence of curvature
on the flame front, the displacement speed is in general several times higher than
that of the unstretched planar premixed flame. Turbulence appears to have a
large effect on the diffusion component of displacement speed, causing a large
variation in SD across the flame as well as along it. That the displacement speed
shows such large variation throughout the flame - including segments where it is
negative - means that the thickness of the flame is not constant but evolving in
time. This aspect of turbulent partially premixed flames differs fundamentally
from the laminar flamelet model of premixed flames.

Effect of turbulence on partially premixed flames. It is found that turbulent
eddies can enter the preheat zone of the flame under the current high Karlovitz
number conditions. The eddies in the preheat zone modify the diffusive trans-
port of heat and mass in the zone, which gives rise to high spatial variation of
the local displacement speed, causing highly unsteady thinning and thickening
of the flame. Due to changes in curvature and strain rate caused by eddies in
the reaction zone, the local reaction rates are highly altered, which further alters
the flame structure and displacement speed. In the postflame zone, due to the
elevated temperature and the resulting gas expansion, the eddy size increases
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and their strength decreases.
The level-set approach was originally developed for flame surface propaga-

tion, i.e. infinitely thin flame sheet. It was later extended to thicker flames in
the flamelet regime and the thin-reaction zone regime. An underlying assump-
tion of this model is that the time scale of chemistry is faster than the flow time
scale so that the flame structure can be assumed to be quasi-steady, i.e., there is
no significant temporal evolution of the flame structures. The high sensitivity of
local displacement speed to flame curvature, strain rate, equivalence ratio and
turbulent eddy motion gives rise to temporally evolving flame structures. Mod-
elling turbulent partially premixed flames using a single level-set formulation is
therefore not straightforward. We would like to approach this subject in future
work, as effort is needed to accommodate such flame dynamics in the modelling.
An attempt using different iso-surfaces in the preheat zone and reaction zone
tracked using respective G-equations with locally different displacement speeds
and local turbulence field could show how the flame thickness varies with time.
The reinitialisation method necessary when working with the G-equation and
the signed distance function needs to be revised, and the velocity extension
method may be revisited as an alternative.

When using the reaction progress variable and mixture fraction formulation
for partially premixed flames, care must be taken when choosing the reaction
progress variable. It has been shown that the fuel based progress variable cannot
capture the diffusion flame. To develop a computational cost-effective CFD
model for partially premixed flames, the mapping of flame structure to the
progress variable and other scalars should be investigated further. In the present
study it was shown that mapping the flame to progress variable and equivalence
ratio space is not sufficient as it cannot uniquely describe the flame.
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