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Light scattering by multiple red blood cells
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The interaction of light with multiple red blood cells was systematically investigated by the finite-difference
time-domain method (FDTD). The simulations showed that the lateral multiple scattering between red blood
cells is very weak and that the polarization has an almost insignificant influence on the distribution of the
scattered light. The numerical results of the FDTD method were compared with the results from the Rytov
approximation and the discrete dipole approximation (DDA). The agreement with the DDA was excellent.
© 2004 Optical Society of America

OCIS codes: 170.0170, 290.0290.

1. INTRODUCTION
Today laser light is a common tool for medical examina-
tion and treatment. Consequently there is a medical in-
terest in the light-scattering properties of tissue. It has
an influence in dosimetry of laser therapy,1–3 light-
scattering spectroscopy for tissue diagnostic purposes,4–6

and optical analysis of blood for blood-related diseases.7,8

For all these applications the optical properties of the
blood play an important role. These applications moti-
vate efforts in improving experiments, theory, and nu-
merical simulations in blood optics. In this paper the
scattering from multiple blood cells is numerically ana-
lyzed by a full-wave method as well as by approximate
methods.

It is known that the scattering and absorption of light
in blood are largely governed by the red blood cells
(RBCs). It is their refractive index, as well as their size,
shape, and orientation, that determines how light propa-
gates. A previous paper9 presents an investigation of the
interaction of light with a single RBC. It was shown that
approximate methods that utilize that the RBC is a
weakly scattering object provided accurate results. In
experiments the blood can be diluted so that the blood
cells are sparsely distributed. In that case approximate
multiple-scattering methods based on the Monte Carlo
method are applicable.10 The parameters used in these
methods can be determined from a single-blood-cell calcu-
lation. In whole blood the concentration of RBCs may be
as high as 50%, and the multiple-scattering effects have
to be considered. In a recent paper11 the boundary-
element method was applied to the scattering from mul-
tiple blood cells. In that case the blood cells were aggre-
gated in an axially symmetric rolleau, and this symmetry
was utilized to reduce the problem to two dimensions.
Otherwise there seem to be very few reports on scattering
from multiple blood cells.

The aim of this paper is twofold. One objective is to
investigate the limitations of the finite-difference time-

domain (FDTD) method, the Rytov approximation, and
the discrete dipole approximation (DDA) for the case of
multiple blood cells within a small volume. In the nu-
merical examples there are up to six blood cells in the
modeled region. The other objective is to analyze the
scattered intensities from multiple RBCs. That includes
the analysis of cross polarization, the dependence on the
orientation of the RBCs, and the dependence of the refrac-
tive index. The shapes of the RBCs are realistic (i.e.,
discocyte-like shape) in all of the calculations.

In Section 2 the geometry, the material parameters, the
incident field, and the scattered fields are defined. Sec-
tion 3 contains short descriptions of the FDTD method,
the Rytov approximation, and the DDA method. The nu-
merical results are collected in Section 4, and in Section 5
some concluding remarks are given.

2. PRELIMINARIES
The refractive index for the RBC is denoted as n1 , and
the refractive index of the surrounding blood plasma is
denoted as n2 . For the wavelengths assumed in this pa-
per, the absorption is very low, and for this reason it is ne-
glected in both regions, even though the numerical meth-
ods are capable of including it. The model of the disklike
normal RBC used in the simulations is defined in Refs. 12
and 13 with an RBC volume of 94 mm3. Figure 1 shows
the cross section of the disklike RBC model, where the en-
closing box has height a 5 2.547 mm and length b
5 7.76 mm. The three-dimensional (3D) shape is ob-

tained by rotating the cross section around the z axis.
Figure 2 depicts the 3D picture of the disklike RBC
model. The membrane of RBCs has a negligible influ-
ence on the scattered field (see Refs. 14 and 15), and
hence the RBC model does not include the membrane or
any other internal structure. In the simulations the in-
cident wave is a time-harmonic linearly polarized plane
wave that propagates in the positive z direction. The di-
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rection of the electric field is along the vector ĵ, which is a
vector in the xy plane. With the time convention
exp(2ivt), the complex incident electric field is given by

Einc~z ! 5 ĵE0 exp~ikz !, (1)

where k 5 n2v/c0 is the wave number for the plasma and
c0 is the velocity of light in vacuum. In the numerical ex-
amples the RBCs are oriented so that their axis of sym-
metry is parallel either to the z axis or to the x axis (see
Fig. 3). To interrelate the angular distributions of the

scattered light of different incident angles, we calculate
the scattering probability as a function of the zenith scat-
tering angle us (see Fig. 1). The scattering probability
P(us) is defined as the integral of the differential scatter-
ing cross section sdiff(us , f ) over all azimuthal angles f
P @0, 2p#:

P~us! 5

E
0

2p

sdiff~us , f !sin us df

E
0

2pE
0

p

sdiff~u, f !sin u dudf

. (2)

The differential cross section is defined by

sdiff~u, f ! 5 r2
^Ss~r, u, f ! • r̂&

^Sinc • ẑ&
, (3)

where

^Ss~r, u, f !& 5
1

2
Re@E~r, u, f ! 3 H* ~r, u, f !# (4)

^Sinc& 5
1

2
Re@Einc~z ! 3 Hinc* ~z !#

5
1

2

n2

h0
uE0u2ẑ (5)

are the time averages of the Poynting vector of the scat-
tered and incident fields, respectively. Furthermore, r̂ is
the radial unit vector, E(r, u, f ) is the scattered electric
field, H* (r, u, f ) is the complex conjugate of the corre-
sponding magnetic field, and h0 5 120p V is the wave
impedance of vacuum. Note that P(us)du is the probabil-
ity that a photon is scattered in the angular interval
(us , us 1 du).

The far-field amplitude F(u, f ) of the scattered field is
defined by

lim
r→`

E~r, u, f ! 5 F~u, f !
exp~ikr !

kr
. (6)

3. METHODS
In this section the methods that are applied to the RBC
problem are described briefly.

A. Finite-Difference Time-Domain Method
The FDTD approach is general and flexible and was re-
cently applied to biological scattering problems.9,16–20 It
permits the simulation of scattering from inhomogeneous
objects of arbitrary shape. Today it is one of the best full-
wave methods for accurate simulations of the scattering
of light from a small number of blood cells. Readers in-
terested in the FDTD method are recommended the book
by Taflove.21 The FDTD algorithm numerically solves
Maxwell’s curl equations in the time domain. To calcu-
late the angular far-field distribution of the scattered
light, we require several techniques.

Absorbing boundary condition. Because of the finite
computational domain, the values of the fields on the
boundaries must be defined so that the solution region ap-

Fig. 1. RBC cross section, where D(x) 5 @1 2 (x/R0)2#1/2@C0
1 C2(x/R0)2 1 C4(x/R0)4# and R0 5 3.91 mm, C0 5 0.81 mm,

C2 5 7.83 mm, and C4 5 24.39 mm, which corresponds to a vol-
ume of 94 mm3.

Fig. 2. 3D RBC.

Fig. 3. Different geometries used in the simulations.
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pears to extend infinitely in all directions. With no trun-
cation conditions the scattered waves are artificially re-
flected at the boundaries, leading to inaccurate results.
In this paper split-type perfectly matched layers have
been implemented in the 3D FDTD program. Each com-
ponent of the electromagnetic field is split into two parts.
In Cartesian coordinates the six components yield 12 sub-
components denoted as Exy , Exz , Eyx , Eyz , Ezx , Ezy ,
Hxy , Hxz , Hyx , Hyz , Hzx , and Hzy . The Maxwell equa-
tions are replaced by 12 equations. In our simulations
eight perfectly matched layers are used. That gives a re-
flection coefficient of less than 1028. References 21 and
22 contain more detailed descriptions of perfectly
matched lasers.

Total field/scattered field. The total field/scattered
field formulation permits the introduction of the incident
field in an elegant way (see Ref. 21). The computational
grid is divided into two regions. The total field region en-
closes the scatterers, whereas the scattered field region,
where only the scattered field components are stored, en-
closes the total field region, as illustrated in Fig. 4. At
the border between the two regions, special connecting
conditions are required, where the incident field is either
added or subtracted from the total field.

Far-field transformation. The FDTD method is inher-
ently a near-field method. To determine the far-field
scattering pattern, we transform the near-field data to
far-field data by the near-field-to-far-field transformation.
The transformation used in this paper is from a surface
integral representation of the scattered field. A compre-
hensive discussion of the near-field-to-far-field technique
is found in Ref. 21.

B. Discrete Dipole Approximation
The DDA is closely related to the method of moments.23

The principle of the method is as follows: The scattering
volume is divided into N parts. Each part is small
enough to be represented by a dipole moment. Linearity
of the medium implies that the induced dipole moment is
equal to the electric field in the volume multiplied by the
polarizability of the volume. The evaluated electric field
is calculated as a superposition of the field from the
sources external to the object and the electric field from
the sources inside the object, in this case the induced di-
poles. The field from the external sources is the incident
plane wave, and hence the electric field in volume j is
given by

E~rj! 5 Einc~rj! 2 (
kÞj

A~rj , rk! • p~rk!. (7)

The term 2A(rj , rk) • p(rk) is the electric field at posi-
tion rj from a dipole p(rk) at position rk and can be found
in basic textbooks in electromagnetic theory (see Ref. 24).
The equation is usually not solved by direct inversion.
Instead, iterative methods, e.g., the conjugate gradient
method, are applied. A more detailed description of the
DDA method is given in Refs. 23 and 25.

C. Superposition
The superposition approximation is based on the assump-
tion that multiple-scattering effects are small between
the cells. Each RBC is viewed as a scattering object, and
the multiple-scattering effects between the RBCs are ne-
glected. The advantage is the reduction of the CPU time
and the required RAM of the computer. The far-field pat-
tern is calculated by the FDTD method for each RBC, and
then the far fields are added. In our RBC simulation
models, the scattering objects are identical and have the
same orientation. The far fields of the RBCs are the
same, except for the phase shift. Thus it is enough to
perform a simulation for one RBC and add a phase shift
to get the total far field of the RBCs. Given the far-field
amplitude F(u, f) [see Eq. (6)] of one RBC with the origin
located at the center of the RBC, the far-field amplitude
expression for the configuration of N RBCs reads as

FRBC~u, f ! 5 F~u, f !(
n51

N

exp~ikr̂ • dn!, (8)

where r̂ 5 (sin u cos f, sin u sin f, cos u), dn is the trans-
lated vector of RBC n relative to the origin, and k is the
wave number for the plasma. In the numerical examples
it is shown that the method provides accurate results as
long as the blood cells are located in directions lateral to
the z axis.

D. Rytov Approximation
The Rytov approximation is a frequently used method in
tomography (see Refs. 26 and 27), where it is utilized for
the inverse-scattering problem of determining the inter-
nal structure of an object. In this paper it is applied in
its simplest form to the scattering of a plane wave from
objects in a homogeneous lossless medium. The method
can be explained as follows: Consider an object that oc-
cupies the volume V. Let the index of refraction be n1
for the object and n2 for the surrounding medium. The
incident wave is given by Eq. (1). The approximation as-
sumes that when the wave passes the object, the phase of
the wave is shifted while its amplitude and polarization
are unaltered. The wave is assumed to travel along
straight rays parallel to the z axis. If z 5 z1 is a plane
behind the object, the total electric field in that plane
reads as

E~x, y, z1! 5 x̂E0 exp$ik0@n2z1 1 ~n1 2 n2!d~x, y !#%,
(9)

where k0 5 v/c0 is the wave number in vacuum and
d(x, y) is the total distance that the ray travels inside the
scattering object. Thus the phase is shifted an angleFig. 4. Regions used by the FDTD method.
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k0(n1 2 n2)d(x, y) compared with the incident wave.
The far-field amplitude is given by the near-field to far-
field transformation (see Ref. 21), i.e.,

F~u, f ! 5 i
k2

4p
E0 exp~ikz1!r̂ 3 E E

S
~ ŷ 2 r̂ 3 x̂ !

3 $exp@ik0~n1 2 n2!d~x, y !# 2 1%

3 exp~2ikr̂ • r!dxdy, (10)

where S is the plane z 5 z1 . Note that the integrand is
zero outside the projection of the blood cells on the plane
z 5 z1 . All reflections of the wave are neglected. Con-
sequently, the method is limited to scattering angles us
, p/2. Despite these approximations the calculated far-

field pattern is quite accurate for the single-RBC case.
The advantages of the Rytov approximation are that it
can easily be implemented on a computer and that it is a
fast method.

4. RESULTS AND DISCUSSION
In this section the scattering properties of the RBCs are
investigated by the FDTD method, the superposition ap-
proximation, the Rytov approximation, and the DDA
method. The simulation program SEMCAD (Ref. 28) was
used for the FDTD simulations of the far-field scattering
pattern. In all of the simulation cases, the incident
wavelength is 632.8 nm. The grid space was adaptively
set between l/10 and l/20 in order to yield accurate re-
sults. The errors in the far-field amplitude are with this
grid space everywhere less than 1%. This is confirmed
by comparisons with Mie scattering and with the DDA
method. Since the relative index of refraction n2 /n1 is
close to one, it is the wavelength and not the geometry
that determines the required grid space. The examples
indicate the maximum size of a sample that an FDTD
program can handle with a modern personal computer.
The largest sample in the examples contains six RBCs.
That requires roughly 2 Gbytes of RAM and 10 h of CPU
time. The simulations in this paper indicate that the Ry-
tov approximation is somewhat faster than the DDA
method. Both are considerably faster than the FDTD
method. In the numerical examples there is no differ-
ence in accuracy between the DDA and FDTD ap-
proaches. The Rytov approximation and the superposi-
tion method neglect multiple scattering, and they provide
accurate results only when the RBCs are located in direc-
tions lateral to the z axis (see Figs. 8–13 below).

In the numerical examples the indices of refraction of
the RBC and of the plasma are n1 5 1.406 and n2
5 1.345, respectively (see Ref. 29), except in Subsection

4.D, where the influence of the index of refraction is in-
vestigated. The FDTD method is used in most of the nu-
merical examples, but one could just as well have used
the DDA, since it gives the same results. In a number of
the graphs, the u interval is restricted to angles less than
20°, since the scattering probability is very close to zero
for larger angles.

A. Influence of the Polarization
It is anticipated that cross polarization can appear in
blood samples where the cells are aligned, e.g., in flowing
blood, where the RBCs tend to align in a direction perpen-
dicular to the flow direction. The question is whether the
polarization effect is strong enough to be measurable.
The far fields were calculated with the model presented in
Fig. 3(a) for two orthogonal polarizations, one with ĵ
5 x̂, i.e., with the electric field in the x̂ direction, and the

other with ĵ 5 ŷ [see Eq. (1)]. The scattering probability
patterns are shown in Fig. 5. Since the scattering prob-
ability [see Eq. (2)] is an averaged value over the azi-
muthal angle f, the polarization effect almost disappears.
This conclusion is in agreement with T-matrix results.30

Figure 6 shows the absolute value of the electric far-field
amplitude in the xz and yz planes in the cases of polar-
ization in the x̂ and ŷ directions, respectively. The corre-
sponding graphs for cross polarization are shown in Fig.
7. As seen from the graph, the effect that the polariza-
tion has on the far field is marginal. There will be a

Fig. 5. Scattering probabilities of the RBC in Fig. 3(a) for polar-
ization along the x̂ and ŷ directions.

Fig. 6. Absolute value of the far-field amplitude of the electric
field for the RBC in Fig. 3(a). Solid curve, far field in the xz
plane for the incident field polarized in the x direction; dotted–
dashed curve, far field in the yz plane for an incident field polar-
ized in the y direction.
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small cross polarization if all RBCs are aligned as in Fig.
3(a). The simulations indicate that very accurate mea-
surements are required in order to detect the cross polar-
ization with samples containing few RBCs.

B. Scattering Probability for Models (b)–(d)
To investigate the dependence of the distance between
two RBCs, we conducted systematic simulations by accu-
rate FDTD calculations, as well as by superposition and
by the Rytov approximation. Three cases were simu-
lated. For each case the scattering probabilities were

calculated for different distances between two RBCs [i.e.,
0a, 1a, 2a, and 3a, where a is the thickness of the RBC
(see Fig. 1)].

1. Model (b) Case
Figure 8 shows the influence that the distance between
cells has on the scattering probability. The scattering
pattern becomes more complex when the RBC distance
increases. Interestingly, the superposition method pro-
vides accurate results, even when the two RBCs touch.
These results emphasize that the lateral multiple scatter-
ing is very weak between RBCs.

2. Model (c) Case
The same simulations as those in the previous case were
conducted for the geometry in Fig. 3(c). The results are
presented in Fig. 9. The scattering patterns are almost
independent of the lateral distance. The superposition
method is accurate because of the weak lateral multiple
scattering between RBCs. Also, the Rytov approxima-
tion provides similar results (not shown).

3. Model (d) Case
The scattering patterns for the geometry in Fig. 3(d) are
similar to those of model (c) (see Fig. 10). The superpo-
sition method does not work as well as in models (b) and
(c). This means that the multiple scattering along the in-
cident wave direction is more pronounced than in the lat-
eral case and cannot be neglected. The Rytov approxima-
tion results of model (d) support this conclusion (see Fig.
11). Since the simplest form of the Rytov approximation
is used, there is no difference between simulation results
for different distances in model (d) [see Eq. (9)]. The
DDA method was also applied to model (d). Figure 12

Fig. 7. Absolute value of the far-field amplitude of the electric
field for the RBC in Fig. 3(a). Solid curve, far field in the yz
plane for the incident field polarized in the x direction; dotted–
dashed curve, the far field in the xz plane for an incident field
polarized in the y direction.

Fig. 8. Scattering probability for the geometry in Fig. 3(b) with four different separation distances. Plots (a), (b), (c), and (d) are the
results with separation distances equal to 0a, 1a, 2a, and 3a, respectively, where a is the thickness of the RBC cross section (see Fig.
1).
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shows the result when the RBC distance equals 0a for
model (d). It is seen that the DDA method can deal with
the multiple scattering. As mentioned above, the DDA
method provides the same accuracy as that of the FDTD
method for all of the examples in this paper.

C. Scattering Probability for Multiple Red Blood Cells
In Subsection 4.B it was seen that the superposition
method provides accurate results as long as the blood
cells are located in directions lateral to the direction of
propagation of the incident wave. Figure 13 shows the

Fig. 9. Same case as that in Fig. 8 but for model (c). The superposition method, where the far fields for two single RBCs are added,
gives virtually the same results as those from an FDTD calculation of the entire region. The multiple scattering is negligible.

Fig. 10. Same case as that in Fig. 8 but for model (d). The superposition method, where the far fields for two single RBCs are added,
does not give the same result as that from an FDTD calculation of the entire region. The multiple scattering is not negligible.
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scattering patterns of multiple RBCs. The simulation
geometry is the same as that in Fig. 3(b), except that the
number of RBCs is changed. Our simulation results
show that one may calculate the scattering probability for
many parallel RBCs by dividing the large simulation do-
main into small and computable subdomains along direc-
tions perpendicular to the incident wave direction.

D. Dependence of Refractive Index
To investigate the dependence of the refractive index, we
altered the refractive index of the plasma, n2 , while keep-
ing the refractive index of the RBC fixed at n1 5 1.406.
This corresponds to a situation where a liquid that
changes the index of refraction of the plasma is added to
the blood. Three different indices of refraction were used
in this case (i.e., n2 5 n1/1.020, n1/1.010, n1/1.007). It is
interesting that the normalized scattering patterns of
these three cases are almost the same. An approximate
estimation of the scattered power from an RBC with rela-
tive index of refraction nr 5 n1 /n2 close to unity can be

obtained by the Born approximation.31 According to the
Born approximation, the scattered field of an object with
nr close to unity is

Es~r, u, f ! 5 2
k2 exp~ikr !

4pr
k̂s 3 ~ k̂s 3 ê i!~nr

2 2 1 !

3 E E E
RBC

dx8dy8dz8

3 exp@i~ki 2 ks! • r8#. (11)

Here k is the wave number of the plasma, ki is the wave
vector of the incident field, ks is the wave vector of the
scattered field, k̂s 5 ks /k, and r 5 (x8, y8, z8). To see
the variation in the scattered far field when the index of
refraction of the plasma is changed, we analyzed the ratio
of the scattered far fields for two different backgrounds.
The ratio reads as

E8

E
; S k8

k D 2 nr8
2 2 1

nr
2 2 1

@1 1 O~dk !#, (12)

where k and k8 are the wave numbers in the two back-
grounds and dk 5 k8 2 k. The corresponding ratio of
the radiated powers reads as

P8

P
; S 1 2 nr

2

1 2 nr8
2D 2

. (13)

In Table 1 the radiated powers for different background
refractive indices are listed. The results from relation
(13) with nr8 5 1.007 and P8 5 4.33 3 10215 are also
given in the table. The FDTD simulation results and
that of the Born approximation have the same order of
magnitude. The accuracy of the Born approximation im-
proves as the relative refractive index approaches one.

5. CONCLUSIONS
The scattering from several RBCs is analyzed. Two
methods, FDTD and DDA, give identical and accurate re-
sults. Since the DDA method is related to the method of
moments (see Ref. 24), it is expected that the method of
moments is also a suitable method for blood optics. The
boundary-element method, which is based on a surface in-
tegral equation, is also related to the method of moments.
The boundary-element method has successfully been ap-
plied to blood optics (see Refs. 11 and 32). The Rytov ap-
proximation and the superposition method are limited to
configurations where the multiple-scattering effects are
small. From the simulation results it is seen that there
is a weak polarization dependence in the far-field pattern
from a single RBC. This is in agreement with the pub-
lished results of T-matrix calculations.30 It implies that
there are cross-polarization effects when polarized light
propagates through a sample of blood if the blood cells are
aligned. The effect is weak, in particular in the forward
direction, and it might not be possible to detect the cross
polarization in an experiment. The scattering probabil-
ity patterns are not sensitive to the polarization because
of the integration in the azimuthal angle. The general
and flexible numerical approach of the FDTD method was

Fig. 11. Scattering probability obtained by the FDTD method
and the Rytov approximation for the geometry in Fig. 3(d) with
distances 0a and 4a between the RBCs.

Fig. 12. Scattering probability obtained from the FDTD method
and the DDA simulations for the geometry in Fig. 3(d) with dis-
tance 0a between the RBCs.
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employed to study the multiple-scattering properties be-
tween RBCs. The calculations show that the lateral mul-
tiple scattering between RBCs is very weak. As a result,
approximate methods are accurate. Meanwhile, the mul-
tiple scattering between RBCs located along the incident
wave direction cannot be neglected. Hence superposition
and the simplest form of the Rytov approximation do not
give accurate results in that case. However, the results
of the DDA method, which is a more accurate method,
agree with the FDTD results.

For the applications in this paper, the DDA method is
faster than the FDTD method and requires less memory.
Hence it is a strong alternative to the FDTD method.
The Rytov approximation is less accurate than the DDA
and FDTD methods. However, it is a simple method that
can easily be implemented on a computer. It provides ac-
curate results for geometries similar to the one in Fig.
3(c).
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