LUND UNIVERSITY

Behaviour of Elasto-Plastic Point Set Structures

Plem, Erik

1971

Link to publication

Citation for published version (APA):
Plem, E. (1971). Behaviour of Elasto-Plastic Point Set Structures. (Bulletin of Division of Structural Mechanics
and Concrete Construction, Bulletin 21; Vol. Bulletin 21). Lund Institute of Technology.

Total number of authors:
1

General rights

Unless other specific re-use rights are stated the following general rights apply:

Copyright and moral rights for the publications made accessible in the public portal are retained by the authors
and/or other copyright owners and it is a condition of accessing publications that users recognise and abide by the
legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study
or research.

* You may not further distribute the material or use it for any profit-making activity or commercial gain

* You may freely distribute the URL identifying the publication in the public portal

Read more about Creative commons licenses: https://creativecommons.org/licenses/

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove
access to the work immediately and investigate your claim.

LUND UNIVERSITY

PO Box 117
221 00 Lund
+46 46-222 00 00


https://portal.research.lu.se/en/publications/814cb1d8-91c3-4fab-bad0-76ffe66850c3

3

Sl

s

G

e

s




BEHAVIOUR OF EiASTO“PLASTIC POINT SET STRUCTURES

by o
|  Brandteknik
ERIK PLEM LU”dSTEKQSkaEﬂégskob
Bibtioteket
TEKN.LIC.

AKADEMISK AVHANDLING

som med tillsténd av dekanus vid sektionen for - .
vig=~ och vatienbyggnad vid Tekniska Hbgskolan 1
Lund'(Tekniska fakulteten vid Lunds Universitet)
framlédgges till offentlig granskning fOr teknisk
doktorsgrads vinnande mdndagen den 27 september 1671

" k1 10 & ndrsal A, vdg och vatten, John Eriesson vig 1,

Lund

LUND 1971



PAPERS COMPRISED IN PRESENT THESIS

The present thesis comprises

Paper I. Plem, E, 1968, Design of Point Set Structures. (National
Swedish Institute for Building Research) Report 21/68,
Stockholm.

Paper II. Plem, E, 1971, Punktkonstruktioners verkningssétt vid
upprepade lasteykler /Behaviour of Point Set Structures
under Influence of Repeated,Cyclés'of Loading/. {Lund N
Institute of Technology, Division of Structural
Mechanies and Concrete Construction) Bulletin 17, Lund.
INTRODUCTICHN
The term "point set structure” is used in what follows to designate
a plane structure that can transmit a load from one loasded struc-

tural member to another through & finite number of discrete poimts.

Examples of structures of this kind are riveted and bolted joints,
nailed joints, as well as groups of vertical piles subjected to

torsional loads.

The present—day methods used for theoretical studies dealing with
the behaviour of point set structures are characterised by the
assumption that the behaviour of these structures is purely elas-
tiec, or by an approximate assumption concerning the position of

~the centrerofitwist in connection with total plastification.

The distribution of forces in & point set structure under per-
fectly elastic conditions is conventionally calculated in such a
way that the external force is supposed to be applied at the
centre of gravity of the point set, and is then uniformly distri-
buted among the points of the set so that the component force ai
each point acts in the direction of the external force. After
that, the moment of displacement 1s balanced by a second compo-

- nent force at each point. The magnitude of this component force
is proportional to the radius drawn from the centre of gravity

of the point set to the point in question, and its line of action
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is at right angles to this radius. Finally, the resultant force
at each point is obtained by vector addition of the above-men-

tioned two component forces,

This method of analysis implies that the displacements assccia-—
ted with the points are considered to be caused, first, by a trans-
lation of the point set as a whole, and second, by a rotation
about the centre of gravity as centre. However, a motion that 1s
combined in this way can be described as pure rotation about an
instantaneous centre. By using this instantaneous centre as a
point of reference, the method of analysis summarised in the
above can be simplified. This simplification leads to a modified
method of analysis, in which the unknown forces at the poiﬁts

are obtained directly, without any vector addition of the compo-
nents. Of course, neither of the above—mentioned two methods of
"analysis furnishes any information on the ultimate strength of

the structure.

OBJECT AND SCOPE OF THESIS

The object of the present thesis is to contribuite to deepening
our knowledge of the mode of action of a point set structure
subtmitted to a load that exceeds the limit at which its behaviour
ceases to be elastic. The scope of this thesis covers different
loading situstions, which are stated in what follows. The first
loading situation is met with during the first application of
load to a point set structure which is initially free from
stresses. The behaviour of the structure under these conditions
is followed throughout the elasto-plastic stage up to total plas-
tification. The second loading situation covers the range that
extends from the subsequent removal of load to a no—load state
which is characterised by a system of residual forces in inter-
nal eguilibrium. Finally, in the third loading situation, the
behaviouf bf thé'strqcture is_investiggté@iﬂfirgt; during a sihgle
load cycle, and then during repeated load cycles whose limits

are comprised within the elasto-plastic region. The effect pro-—

duced by strain hardening on the variation in internal forces in



structures made of metallic materials is approximately taken into

account in the last-menticned investigation.

The methods of analysis evolved in this thesis are independent

of the numerical data relating to properties of materials. After
programming for automatic data processing, these methods afe app—
lied to phenomenoclogical studies of the above-mentioned changes

in state, and the mechanisms of these changes are examined in

this connection.

All materials engineering aspects of the problems under conside-

ration lie beyond the scope of the presert thesis.

ABSTRACT OF PAPER I

This publication comprises in the main a study dealing with the
behaviour of & point set siructure during the first application

of load to the structure which is initially free from stresses.

In this connection, the point set structure is characterised by
perfectly elasto-plastic properties at each individual point. It
is assumed that the line of action of the external force is fixed
with reference to the point set structure. The yield limit of the
point set structure is defined as the magnitude of that external
load which causes yield to occur at the most heavily stressed
point of the structure. So long as the increase in load remains
below the yield limit, the displacement of the point set is cha-—
racterised by rotation about the above-mentioned instantaneous
centre. This centre of twist is common to all points of the set,
and its position can ‘be determined by simple manual calculations.
It has a fixed position in the plane of the point set structure

during all changes of state within the load range under considera-

tion.

The ultimate strength of the point set structure is defined as the
magnitude of that external load which causes total plastification

of the point set structure. When the external load exceeds the



yielid limit, passes through the elasto-plastic region, and con-
tinues to increase up to the ultimate strength of the polnt set
structure, the centre of twigt_which is common to all points of the

set, becomes movable in the plane of the structure within this

load range.

The state of stfess,‘?, is i;troduced in order to characterise a
certain definite state in the elasto-plastic region. The state of
stress is ‘defined as the ratio of the radius, Ro’ of that boun-
dary circle which - really or fictitiously - divides the point
set into an elastic zone and a plastie zone to the radius, RM’
which is drawn to the outermost point of the set. Both these

radii are drawn from that instantaneous centre which corresponds

to the state ‘]0

In reality, the description of the state of stress in terms of
the parameter fjimplies that this state i1s expressed in terms

of imposed deformation. The reason why the latter has been chosen
as the primary action is bound up with the circumstance that the
extent of the elasto-plastic regicn is great in respect of de-
formation, whereas it is in certain cases very limited in respect
of force. Accordingly, the choice of ¥9as the determining para~-

meter makes it possible to approximate much more closely the

state that is aimed at.

In conformity with the abvove definition, the yield limit of the
point set structure corresponds to f’= 1, and its ultimate strength
corresponds o f7= 0. For a given value of f)within the interval
from unity to zero, the position of the instantaneous  centre of
twist can not be determined in the same simple manner as in the
purely elastic region. Generally speaking, the state of the struc-
fure is determined by the three equations of equilibrium in the
plane for the total system of forces, so that the two equations

of projection give the position of the instantaneous centre, and
the equation of moments gives thai magnitude -of the external load
which corresponds to the value of f’under consideration. However,

" the equations of projection assume here such a form thai it is

not possible to solve them in the gereral case. Therefore, by

studying the internal work of the system, these equations are
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re-interpreted so as t0 be converted into residuals of the gra-
dient of internal work, and then the state of equilibrium is de-

termined by satisfying a minimum condition.

When the position of the instentaneous centre has been determined,
the remaining problems is statically determinate, and therefore
the equation of momenss gives s unique magnitude of the external

force, and hence the internal force pattern.

It is demonstrated that the limiting position of the instantaneous
centre at the ultimate strength of a poiht set structure sub-—
Jjected to a load which consists of a pure moment coincides with
the Torricellian point of the point set. This is the point charac—
terised by the fact that the sum of the distances from this point
to all points of the set is;; minimum. A"geometrical construction
of the position of this point in the special case of & point set

that consists of three points is described at the same time.

Finally, it is shown how the elasto-plastic distribution of in-
ternal forces can be calculated in the case of a pdint set struc-—
. ture submitted to a temperature difference between the two struc-
tural members which are connected together by means of the point
set structure. In this case, the relative displacement of the
points of the set is a displacement that is affine with respect
to a pole which is showﬁ to coincide with the centre of twist of
a point set structure subjected to a moment alone. Accordingly,
in the stage of failure, the pole of affinity coincides with the

Torricellian point of the set.
The digital computer programme that has been prepared on the basis

of the method of analysis outlined in the above is reproduced in

this paper, commented upon, and demonstrated in its applications

to several examples.

ABSTRACT OF PAPER IT

To begin with, this publication presents a method of analysis




which makes it possible to follow the changes in the internal
state of a point set structure during a single load cycle whose
limits are comprised within the elasto-plastic region on the
assumption that the properties of eack individual point are per-
Tectly elasto-plastic. In this connection, the load cycle is
supposed to start from that state which exists after a first
application of load to a point set structure that is initially
free from stresses. In this case too, the method of analysis is
based on a re-interpretation of the three equations of eguilibrium
in the plane, which are converted into residuals of the gradient
of internal work, and this enables the state of equilibrium to

be determined by satisfying a maximum or minimum condition. The
three unknown quantities involved in the problem in this case are
the co—ordinates of the centre of twist that belongs to an addi-

tional rotation, as well as the magnitude of this rotation.

By using the wmethod epitcmised in the above, the force at an in-
dividual point of a point set structure can be determined in mag-
nitude as well as in direction as a Ffunction of the magnitude of
the external force. In this case, the line of action of the ex—

ternal force is likewise sssumed to be fixed with reference to

the point set structure.

It is shown that the instantaneous centre, which was fixed during
the elastic stage of loading, and movable during the elasto-plas-
tic stage, but was the whole time common to all points of the
point set, is replaced during the following load cyecle by indi-~
vidual instantaneous centres for each point. It is furthermore
 shown that these instantaneous centres are movable in the plane
of the point set structure during the elasto-plastic stages of

the load cycles as well as during its elastic stages.

In particular, this method of analysis makes.it possible to de-
termine the distribution of residual forces in internal equili-
brium, that is to say, the internal forces which remain in the
structure when the external load is removed after the increase

 in load to an elasto-plastic stage.




It is demonstrated that the final state of the structure, after

it has been submitted to a load cycle with elasto-plastic cycle

limits, is different from its initial state except when the load
cyele is symmetrical, that is to say, when the lower limit of

the cyele is numerically egual to its upper.limit.

At the outset, the psper under review was based on the limiting
assumption that the load-deformation curve for the individual
points of the get is perfeetly elasto-plastic. In a separate
chapter, this assumption is abandoned, and, for the sake of ge-
neralisation, an approximate method is evolved in order that any
lvad-deformation curve which is not concave upwards, but which
is otherwise arbitrarily chosen for the individual points of the
set, may be taken into account more realistically. The loasd-de-~
formation curve adopted in each case is approximated Lo any arbi-
trarily chosen degree of aceuracy by a load-deformation curve
which is built up of a number of yield levels and intermediate

elastic curve portions situated between these levels,

This refinement of the methed is important especially in the ana-
lysis of the mechanical behaviour of joints using high-strength
friction—grip bolts. The individual elements of these joints are
characterised by a load-deformation curve which comprises two
distinet yield levels, viz., one which corresponds to the force
that is applied to overcome friction, and the other which initia—
tes yield in the material. The method that has been generalised

in this way is used tc study some point set structures characteri-
sed by locad-deformation curves which differ from the perfectly
elasto-plastic curve, first, in respect of the distribution of

- residual forces after the removal of load, and second, ih respect
of the variation in the force at a point during a single load
cycle, This study is based on two simplified assumptions. The
first is that a decrease in the force at a point during the remo-
val of load takes place in accordance with a linear force—defor-—
mation curve which is parallel to the initial tangent to the load-
deformation curve under consideration. The second assumption is

' fhat an increase in the force at a point during the application

of load is determined by the sssumed load—-deformation curve.



Finally, the method of analysis summarised in the above is app-
lied to a phenomenoclogical study of the behaviour of a point set
structure under the action of repeated load cycles. In this con-
nection, the method of analysis is modified s¢ as to take account
.of the effect produced by strain hardening on the mechanical pro-

perties of the individual point.

In this connection, it was found difficult to deduce an analyti-
cal expression for the increasse in the yield limit during the
process of loading, since the force at a point changes in direc-
tion, and its magnitude varies at the same time. As an approxima-—
tion that is not toc rough, the yield force at a point was calcu-
lated as a function of the number of occasions on which yield
occurs at the point in auestion. In this investigation, the in-
terest was primarily centred, first, in those changes in the dis-
tribution of internal forces at the upper limit'of a load cycle
which take place from one load cycle to another, and second, in
the successive increase in the upper yield limit and in the upper

ultimate strength of the pqiht set structure.

In the analysis, use is made of fixed limits of the load cycle

in the elasto-plastic region. However, these limits have been
moved towards the ultimate strength during the prbcess of loading
when the incressing yield limit tends to exceed the limit of the

load cycle, in which case the coniinued behaviour of the structure

becomes purely elastic, and hence trivial.

The main results of this investigation are summarised in what fol-
lows.

(1) The extent of the yield zone becomes successively smaller.

(2} A redistribution of the internal forces takes place in such a
way that those points which have been slightly stressed from the

outset are gradually unloaded, whereas those points which have

been héavily stressed are subjJected to increased loads.

{3) The Bauschinger effect reduces the upper yield limit during the
first load cycle.

{4) In the course of repeated load cycles, the yield limit increa-



ses at a higher rate than the ultimate strength, and this implies
that the brittleness of the point set structure successively in-

creascs.

(5) After a certain definite number of load cycles, the yield 1i-
mit reaches the limit of the cycle, and then the continued beha-
viour of the point set structure becomes purely elastic. After
that, no further changes in properties take place in the point set
structure, unless the numerical value of the cycle limits are

inereased.

(6) The residual forces are successively removed by repeated load

cycles.

The method of anzalysis evelved in this paper, with its alterna-
tive modifications referred to in the above, has been embodied in
a digital compubter programme, which is written in Algol 60, and
is adapted to the UNIVAC 1108 automatic data processing system.
This programme, which ig reproduced and described in the paper,
makes it possible to choose between three types of analysis in

conformity with the above.

The first type of analysis consists in the determination of the
elasto-plastic state after the first application of load to a point
set structure that 1s initially free from stresses. Thus, the fune-
tion of this programme is the same as that of the programme de-
"seribed in Paper I. However, it is recommended to use the new
version of the programme, first, because it permits the applica-
tion of a more generalised load-deformation curve, and second, be-

cause it is based on a more effective strategy of computation than

the previous version.

The second type of analysis deals with the changes which occur in
the elasto-plastic state of a point set structure while it is sub-
jected to & single cycle of load. In this case too, it is possible
to use a generalised load—-deformation curve for any point of the
point set structure. In principle, the method of anélysis descri-
_bed in the above enables the position of the instantaneous centre
of twisgt associated with =zach point of the structure to be deter-

mined at any instant of & load cycle. In practice, when this method
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is used in the digital computer programme, the load cycle is di-
vided into an arbitrarily chosen number of equidistant stages of

calculation.

Finally, the third type of analysis is intended for the calcula-
tion of the variations in state at the upper limit of the load
cycle, as well as at the yield limit and at the ultimate strength
of the point set structure, under the action of repeated load

- ecyeles. This analysis takes account of the strain hardening effect,
and the process of strain hardening can be varied within wide

limits by an appropriate choice of three parameters.

CONCLUDING REMARKS

The two papers summarised in the above deal with the behaviour
of a point set structure under elasto-plastic.conditions on the
assumption that the structure is submitted to a variable exter-

nal load, and that the line of action of the external load is fixed.

An imaginable variant of the method of analysis presented in these
papers would be characterised by a cyclic parallel displacement

of an external force which is constant in magnitude. This loadiﬁg
situation is met with when a beam subjected to a movable load is
fastened by means of riveted or bolted joints. In principle, it
should be possible to solve this problem on the same lines as that
whick is dealt with in the present thesis, that is to say, by
studying the variations in the internal work of the sysiem. In
‘fact, only minor modifications of the programme reproduced in this.

thesis would be required in order that it might be used for dea-

ling with this problem.

The two types of variation in force referred to 1n the above are
characterised by the fact that these variations arelgnambiguously
determined from a mechanical point of view by ‘the state of external

force at the two end poihté of the interval of-:variation.
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A gifferent 31tuatlon has to be dealt Wlth 1f these two types of

.varlatlon are comblned This can be required, for instance, in
the analysis of bolted joints used as constructional components

in machines which comprise oscillating or rotating masses. In
such cases, the variation in forces is not unambiguously deter-
mined by the states at the limits of the interval of variation.

In principle, however, such an action of forces, which is more
complicated, could probably also be analysed with the help of

the method evolved in these papers. This could be achieved by
dividing the interval of variation into appropriate sub-intervals,
and by alternately using the above-mentioned two simple formulae

for the variation in forces.

These possibilities of development of the method of analysis in
gquestion relate ‘o different forms of variation in the external
load, but the internal mechanical propsrties of d point set
structure can also be subject to variation. Only one cause of
such variastions in properties will be touched upon here, namely
+the faet that the load-deformation curve for sn individual point-
of a point structure can vary with the temperabure. The effect of
this variation has to be taken into account, for example, in the
design of joints using high—strength friction-grip bolts which
can be exposed to fire. However, & rational design that takes
this problem into consideration presupposes that the behaviour of
the constructional component in question at a temperature which
varies with the time is known, and this knowledge is not availab-~
le at present. Consegquently, this field is virgin soil for re-

search dealing with point set structures.
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