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Control of Preferences in Social Networks*

Georgios C. Chasparis' Jeff S. Shammat

January 30, 2012

Abstract

We consider the problem of deriving optimal advertising policies for the spread of innovations
in a social network. We seek to compute policies that account for i) endogenous network
influences, ii) the presence of competitive firms, that also wish to influence the network, and
iii) possible uncertainties in the network model. Contrary to prior work in optimal advertising,
which also accounts for network influences, we assume a dynamical model of preferences and we
compute optimal policies for either a finite or infinite horizon. These optimal policies are related
to and extend prior introduced notions of centrality measures usually considered in sociology.
We also compute robust optimal policies in the case where the evolution of preferences is affected
by misspecified dynamics or uncertainties which can be modeled as external disturbances of the
nominal dynamics. Under these perturbed dynamics, we formulate a max-min optimization to
compute an optimal policy which is robust to a class of norm-bounded uncertainties. We also
show that the optimization exhibits a certainty equivalence property, i.e., the optimal values
of the control variables are the same as if there were no uncertainty. Finally, we investigate
the scenario where a competitive firm also tries to influence the network. In this case, robust
optimal solutions are computed in the form of i) Nash and Stackelberg equilibria, and ii) max-

min solutions.

1 Introduction

This paper is concerned with the derivation of optimal advertising strategies in a network of cus-
tomers whose preferences are affected by both their neighbors and the incentives provided through
advertising. The contribution of this paper lies in the inclusion of three important factors in the
derivation of an optimal advertising strategy: i) dynamic network effects in the formation of prefer-
ences, ii) possible misspecifications/uncertainties in the assumed model of evolution of preferences,

and iii) uncertainty in the intentions of a competitive firm that also tries to influence the network.
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The literature on optimal advertising starts with the pioneering work of [1] in a monopoly
framework and it has been extended to differential games in oligopolies, a detailed survey of which
can be found in [2]. The main objective of this line of work, as very well stated in [3], is to set up an
optimal control problem to determine the optimal rate of advertising expenditures over time in a way
that mazimizes the net profit of the firm. To this end, prior work has focused on i) the derivation
of dynamic models which capture the sales response to advertising, and ii) the computation of an
optimal policy of advertising as a function of the sales.

Those models which capture the effect of advertising on sales are usually described by means
of a differential or difference equation which describe the evolution of the state (usually the sales
rate or the market share) as a function of the state and the advertising expenditures. We will
generally assume that firms have some way of knowing or estimating the dynamics of sales response
to advertising. The estimation of these dynamics will not be part of this work. Moreover, several
sales-to-advertising models are also a function of other properties of the product, such as its price
or quality, which will not be considered here.

Prior sales-to-advertising models usually capture the following phenomena: i) advertising effects
persist over the current period but diminish with time [1], ii) marginal advertising effects diminish or
remain constant with the size of advertising [4], iii) advertising effects diminish with the size of sales
[1, 5, 6], iv) advertising effects diminish with the size of competitive advertising |7, 5, 8, 9, 10, 11],
and v) advertising effects are affected by word-of-mouth communication (or excess advertising) [12].

Depending on the formulation of sales response to advertising, models have also been categorized
in: i) sales response models (where the state is the rate of sales) [1], ii) market share models (where
the state is the share of the market) |5], iii) diffusion models (which capture the market growth)
[13], and iv) goodwill models (which capture the evolution of advertising capital) [14].

Our model is also related to those models. It exhibits diminishing returns with time in the
absence of advertising effort, constant marginal returns with the size of advertising, and diminishing
returns with the size of competitive advertising. It extends traditional advertising models by also
considering the effect of word-of-mouth communication through a network of interactions similarly
to [15, 16]. We model network effects similarly to the model of [16]. However, the analysis here
is not restricted to the equilibrium state of the evolution of preferences. Instead, the dynamics of
network effects become part of the optimization. Using this model, we are able to derive analytically
optimal advertising strategies which are related to and extend prior introduced notions of centrality
measures usually considered in sociology [17].

At the same time, we would also like to consider the possibility that we are uncertain about the
accuracy of the preferences update, instead of assuming a deterministic update. Usually stochastic
extensions of existing models have been considered, e.g., [18, 19]. In this paper, we would like to
consider uncertainties that can incorporate possible unmodeled dynamics. Under these perturbed

dynamics, we formulate a max-min optimization to compute an optimal policy which is robust to a



class of norm-bounded uncertainties. We show, as probably expected, that the optimization exhibits
a certainty equivalence property, that is, the optimal values of the control variables are the same as
if there were no uncertainty.

Finally, we also investigate the possibility that a competitive firm also tries to influence the
network, introducing a second form of uncertainty. In this case, and when the objective of the
competitive firm is to maximize its sales, the strategy of the competitive firm may not be known.
We will either assume that i) the competitive firm has the form of a competitive fridge which tries
to enter the market, introducing a notion of sequential optimization (expressed by a Stackelberg
solution), or ii) both firms have the ability of simultaneous play (expressed by a Nash solution).
Under these scenarios, we provide a complete characterization of Nash solutions (also Stackelberg
solutions) within the set of open-loop strategies. These solutions are also a subset of closed-loop (or
Markovian) Nash solutions. A complete characterization of the set of closed-loop Nash solutions
is going beyond the scope of this paper, since it is highly case-dependent, i.e., it depends on the
class of policies which will be considered reasonable for the scenario of interest. However, the
proposed framework can be easily utilized to provide closed-loop Nash solutions when the class of
policies, over which we are optimizing, is specified. Finally, we investigate the scenario where firms
are also uncertain about the objectives of the competitor, which can be formulated as a max-min
optimization.

The remainder of the paper is organized as follows. Section 2 describes the problem under
consideration. Section 3 discusses some necessary background on dynamic programming. Section 4
derives finite- and infinite-horizon optimal policies in a monopoly under unperturbed and perturbed
preferences update. Section 5 computes Stackelberg and Nash solutions in a duopoly. Finally,
Section 6 presents concluding remarks.

Notation: For any vector x € R", where x; is its ith entry,
— |z| denotes its Euclidean norm,
— [oloo £ max{[z], .., 2]},
— max] () £ max{0, 71,72, ..., Ty},
— max; (z) £ max{{O,xl,xQ, R AN maxz(a;)} ,fori > 1,
— for some a > 0, sat(z; ) = (y1, Y2, ..., Yn) such that
a T2
yi=<2 O<z<a, i=12..n

0 l‘iﬁo



2 Problem Description

2.1 Evolution of preferences

The problem considers a pair of firms £ = {a,b} and a finite set of customers or nodes 7 =
{1,2,...,n}.!  We will denote a firm by ¢/ € £ and a customer by i € Z. We assume that the
customers are nodes in a given directed network, which is described by a row stochastic matrix W.2
The matrix W captures how nodes’ proclivities towards the product of either firm a or firm b are
affected by its neighbors.

Let a:f’k > 0 denote the proclivity of node i towards buying the product of firm ¢ € {a,b} at
time k, and

VAN l l l n
Ty = (‘/El,k7$2,k’ “":En,k) € R+

be the vector of proclivities over the whole network. We will refer to this vector as the state of firm
¢ and we will denote by S C R? the corresponding set of states.

Firm ¢ € L is able to influence the proclivity of node i € Z towards its product by marketing
its product to node i, e.g., by offering discounts or warranties. Let uﬁk > 0 denote the amount of

funds that firm ¢ spends on marketing its product to node ¢ at time k, and

¢ ¢ 0 ¢
Up, £ (uLk,uQ’k, ...,Un7k) € Ri
be the vector of funds firm ¢ spends over the set of nodes Z. We will refer to this quantity as the
control of firm ¢. We will also assume that the amount of funds each firm can spend at any given

time cannot be larger than MY, i.e.,
> ub <MY forall k=0,1,.... (1)
i€l

Let C* C R denote the resulting constraint set of controls.
The specific relation between the controls and the states is motivated by the work of [16, 20| on

social influence network theory and it is described by the following difference equation:
Thyr = OWaj + (I - ©)p(uj, ui") 2)

which provides the proclivity of node i at time k + 1 as a convex combination of i) a weighted
average of the proclivities of the neighbors and ii) the external influence caused by both own and

competitive advertising. The notation —¢ denotes the complementary set £\¢. The matrix © is

! An extension of the forthcoming analysis to multiple number of firms will be straightforward.
2A row stochastic matrix W is a nonnegative matrix which also satisfies W1 = 1, i.e., the sum of its entries in
any row is equal to 1.



assumed diagonal such that
@ = dia‘g{017 027 L] 071}7

with diagonal entries satisfying
0<6; <1, Viel. (3)

The constraint (3) has a natural interpretation since it implies that there is no node that com-
pletely ignores external influence. Furthermore, in the absence of external influence, it also models

diminishing returns with time. We will simplify notation by rewriting the dynamics in the form:
4 4 0 —0
xpq = Axy, 4+ Bo(uy, uy ), (4)

where A £ OW and B £ I — ©. Variations of this nominal model will also be considered later on
in this paper when firms are uncertain about the accuracy of the model.

The function ¢ : C* xC~¢ — [0, 1] x ... x [0, o], for some «; > 0, i € Z, maps the control vectors
of both firms to a vector of influences over the set of nodes Z. It is assumed to be nonnegative and
bounded above, i.e., the amount of external influence is finite. We will refer to this function as the

mfluence function. We would like function ¢ to also satisfy the following property:

Property 2.1 The influence function ¢ : C* x C™¢ — [0, 1] x ... x [0, aw,], for some o; >0, i € T,

18 such that:
.y . —/
1. @z(ui)uk ) > 07 Zf uf,k > ui,k"
¢, L ol L
2. %’(UMU;C ) =0, if U < U; g

In other words, we would like the influence of firm ¢’s advertising to be nonnegative when firm /¢ is
investing more on advertising than its competitor, and zero, otherwise. That is, a customer would
be influenced towards either one of the firms depending on the relative size of their advertising.

One candidate function which satisfies the above property is the following:
il uy*) £ sat(ugy, — ug ;i) (5)

for some a; > 0,7 =1,2,...,n.

We will refer to the above model as duopoly. When, instead, u;,f = 0 for all ¢ € Z and
k=0,1,..., we will refer to this model as monopoly.

The proposed update of preferences exhibits diminishing returns to both own and competitive
advertising, which is due to the definition of the influence function. It also exhibits diminishing
returns with time, due to the definition of the matrix ©. Finally, it models the effect of word-of-

mouth (or excess) advertising due to the assumed network of connections.



2.2 Objective

The utility of firm ¢ € £ at time k is defined as:
gl up) = V(ag) — Clup) (6)
where we assume that the reward is linear with the proclivities of the nodes, i.e.,
V(ay) = vlay,
for some vector v € R"}, and the cost is linear with the funds spent on advertising, i.e.,
Cluy) = ' ug,

for some c € R"}.

For some discount factor § € (0,1), the objective of firm ¢ has the following form

mlellt

N-1
o {100 & i 3 st )| 0
k=0

over the set of infinite sequences of policies IT¢ with elements 7¢ = (,ué, ps,...) where ,uf; is a function
from the set of states S to the set of controls C. The above optimization is subject to the dynamics
(4). Later on, we are also going to consider variations of this optimization, especially when dynamics
(4) are perturbed and robust optimal policies need to be derived.

For the remainder of the paper, the proposed advertising model characterized by the dy-
namics of (4) and the utility function (6) will be denoted by .#.

2.3 Assumptions and preliminaries
For the remainder of the paper, we are also going to consider the following assumptions:
Assumption 2.1 fvTB — ¢t > 0.

This assumption can be written equivalently as
Pui(l—6;) —c¢; >0, i=1,2,...,n.

It implies that, for every unit of advertising effort, the discounted return received from each node is
strictly greater than the corresponding cost. This is a reasonable assumption and it is also related

to the existence of a non-degenerate solution to the optimization problems considered here.

Assumption 2.2 af > Mf foralli e and l € L.



This assumption implies that each customer’s capacity of getting influenced through advertising is
larger than the advertising power of each firm. This is not a necessary assumption for the existence of
solutions, however, it simplifies the following analysis. The derivation of the corresponding solutions
in case Assumption 2.2 does not hold is also straightforward and qualitatively remains identical.

In the presentation of the model, we have implicitly assumed that the evolution of preferences is
governed by identical dynamics for both firms. This assumption allows for a cleaner presentation of
the analysis, however, as it will become obvious later, it does not change qualitatively the solutions.

We also assume that the utility functions of both firms are identical. This implies that benefits
and costs are materialized as a function of the proclivities and investments similarly for both firms.
This is a reasonable assumption, however, the following analysis can be easily modified to include
the case of different utility functions.

Note, finally, that the proposed preferences update (4) constitutes a linear time-invariant system
with bounded inputs. It is straightforward to show that the above system is input-output stable
in the sense that there exists nonnegative constants ¢, 6 such that the solution to the difference
equation, denoted z(k, zg,u), satisfies |x(k, 2o, u)| < ¢+ 0||ul|oo, where ||u|loo = sup{|ug| : k € Z,}.
This is due to the fact that W is a row stochastic matrix and © satisfies the constraint (3). The
constraint (3) on matrix © also implies the controllability (cf., [21]) of the system (A, B), simply
because rank(B) = rank(/ — ©) = n.

2.4 Alternative models and discussion

The dynamics of preferences (4) is based on the assumption that agents are bounded rational, since
their preferences are a weighted average of neighbors’ preferences. Full rationality instead may not
necessarily lead to better models due to the resulting computational complexity. A similar model
in the context of evolution of preferences without external influence has also been considered by
[22, 23] to study the diffusion of innovations and norms in a social network. This model has also
been related to alternative measures of centrality as discussed in [17, 24].

In this paper, we modified the model used by [22, 23] to include the possibility of an external
control influence (4), e.g., due to advertising effects. The proposed model bears similarities with
several previously introduced advertising models, e.g., the goodwill models of [14], new product
diffusion models |13] or extensions of the Vidale-Wolfe model [1]. In the following subsections we

discuss some of the similarities and differences between these models with the proposed .Z .

2.4.1 Comparison with goodwill models

Advertising goodwill models (see, e.g., [2, Section 3.5|) capture the evolution of the advertising

capital. For example, the advertising goodwill model introduced in the seminal paper [14]| assumes



the following dynamics

G(t) = u(t) — 6G(t), (8a)

where G(t) here represents the advertising capital. The main difference with the proposed model .#
is that the latter includes directly the interpersonal influences through the assumed communication
network modeling a form of word-of-mouth communication. Note also that the control input or
advertising effort u influences directly the advertising capital. Similar is the assumption in .,
where the advertising effort directly influences the preferences of all nodes. As we will see later, this
is not necessarily the case in other advertising models, where the advertising effort only applies to
the undecided part of the population. In other words, both .#Z and the goodwill models investigate
situations where the product is recently launched in the market and all customers are willing to
revise their preferences regardless of prior preferences.

The dynamics (8a) can also be modified to include the possibility of multiple firms, e.g., the

models in |25, 26]. For example, the model considered in [26] assumes

Gi(t) = Vui(t) — 6Gi(t), Gi(0) =G >0, ie{1,2}, (8b)

and the sales rate x; (similarly to the proposed vector of proclivities) depends on the advertising
capital of both firms, i.e., z; = 2;(G1,G2), where 0x;/0G; > 0 and O0x;/0G; < 0 for i # j.

Note that the square root of the control input in (8b), which has also been used in other
advertising models (see, e.g., [5]), captures diminishing returns with the size of advertising effort.

Alternatively, diminishing returns can also be modeled indirectly by considering a squared cost in
2

the utility function. For example, in [6] the term wu; is considered instead in the cost function,
or in [27| more general non-linear functions of u; are considered which are convex increasing. In
the proposed model .#, diminishing returns with the advertising effort are modeled indirectly by
assuming the saturation effect of the influence function.

A squared cost term in the utility functional could also be included in the proposed model in
comparison to the initially proposed model .#Z of Section 2.1. For example, an alternative utility

functional that incorporates diminishing returns with the size of advertising could be:
0 ¢ T, .0 T ~ ¢
g(xp, uy) =v @ — (uk) Cluy, (9)

where C' £ diag(c), i.e., C is a diagonal matrix where the diagonal entries coincide with the entries
of the vector ¢. Some of the nice analytical properties of .# are also shared by the above quadratic

cost function (9), such as the forthcoming analytical solution of the monopoly optimization problem.



2.4.2 Comparison with market-share response models

The previously described goodwill advertising models and the proposed model .# differ from the
class of market-share response models emanating from the model of Vidale-Wolfe [1]. An extension

of this model to a duopoly has been considered by [7] and is described by:
T; = (1 —X; — a:j)ui — 5@'5171'7 1‘2(0) = T;0, i,j S {1, 2}, 7 75 ] (10)

A small modification can also account for excess advertising effects due to word-of-mouth influences

in the population, such as the model in [28] described by
i = (1 —x; — xj)u; — 6wy + ei(wi — uj)(w; +x5), :(0) =mo, i,j€{1,2}, i#j4, (11

where the last term represents the persons switching from firm j to ¢ as a result of the word-of-mouth
processes.

Contrary to both .# and the goodwill advertising models, where the advertising effort applies
directly to the whole population, in the market-share response generalizations of Vidale-Wolfe’s
model [1], the control applies only to the undecided part of the population. The last term of the
dynamics (11), which models excess advertising, applies to the decided part of the market and
models transfers due to excess of advertising. This term also resembles the influence function ¢
considered in ., where the influence on a node depends only on the excess part of the advertising
efforts at that node.

Note, however, that a small modification of the proposed model .# can account for behaviors
that are present in the market-share models [1|. For example, if we instead consider the following

influence function:
pi(uf, uyt) £ diag (ofl - ZE;Z) u’ — diag (0/1 - $£) u’. (12)

then the advertising efforts of either firm applies only on the part of the market which is either
undecided or has different preferences. When we assume the alternative dynamics with the influ-
ence function (12), then an analytical derivation of a closed-form solution, even for the monopoly
framework, is not feasible any more. In the forthcoming analysis, we will only consider the initially
proposed influence function which provides closed-form solutions, however future work may include
alternative forms of the influence function that accept only computational solutions.

Similar remarks also hold for the models emanating from the Lanchaster model of combat, such
as the models of |29, 8, 9, 10, 11]. The main difference of Lanchester models with the Vidale-
Wolfe models is that in the latter ones the effect of competitive advertising onto the market share
is indirectly included (through the undecided portion of the market). Instead, in the Lanchester

models, the effect of competitive advertising is directly included in the dynamics of market share.



This discussion reveals the flexibility of the proposed model .Z to incorporate alternative be-
haviors or modeling ideas which have already been discussed in prior literature. In several cases
though, it is also desirable that a sales-to-advertising model also provides closed-form optimal so-
lutions which avoids computational burdens. The proposed model .#Z and its extensions herein
exhibit most of the observed phenomena of sales-to-advertising models and, as we will discuss later,

it provides attractive closed-form expressions of optimal strategies under several scenarios.

3 Dynamic Programming Background

The notation and part of the analysis in this section follows [30].

3.1 The dynamic programming algorithm

Denote by J the set of all extended real-valued functions of the form J : § — R*, defined on the
state space S and taking values on the extended real line R* = [—o0, +o0].

For some time horizon N € N, consider the generic finite-horizon optimization problem:

N-1
max {JNm(xo) £E {g(xN) + Z 5k9($k7ﬂk7wk)}} (13)

eIl
T k=0

over any admissible policy m = {uo, i1, ..., un—1} € II, where py € M for all k, and M is the set of
functions from the set of states S to the set of controls C. Furthermore, g(xy) defines the cost at
the final stage, which depends only on the final state x .

The above optimization is subject to the system dynamics

Tpy1 = [k, uk, W),

where {wy} denotes a noise sequence taking values in a measurable space (W, §). Denote Jx (z)

the optimal value of the N-stage objective function. Finally, assume that
lg(x,u,w)| < oo, foralzeSuel,weW.
For any function J € J, define the following function

(TJ)(z) & max)E{g(m,u,w) +BJ(f(z,u,w))}, z€S.

uel(z

Note that (T'J)(-) is the optimal value function for the one stage problem that has stage cost g and
terminal cost 3J.

Also, we will denote by T* the composition of the mapping T with itself k times; i.e., for all

10



k=1,2,..., we write
(TkJ)(a:) = (T(Tk_lJ))(a;), r € S.

For convenience, we also write (7°.J)(z) = J(x).

Similarly, for any function J € J and any policy p: S — C, we denote:

(TuJ) (@) = E{g(w, u(x),w) + BI (f (2, (), w))}. (14)

Again, T, J may be viewed as the cost function associated with the policy p for the one-stage
problem that has stage cost g and terminal cost 3.J.
The dynamic programming algorithm (DP) is the following algorithm; for any k =1, ..., N

compute
Ji(@) = (TJp—1)(), (15)
with initial condition Jy(z) = g(z). The last step of the DP algorithm provides the N-stage value,
In(z), z €S.
Define

H(z,u,J) 2 E{g(x,u,w) + BJ(f(z,u,w))}. (16)

Assumption 3.1 The above sequence {Ji} C J is a non-decreasing sequence satisfying H(x,u, J1) <
o0, and
lim H(z,u,J;) = H(z,u, klim Jk),
— 00

k—o0

forallx € S and u € C.

The above assumption excludes problems where exchangeability of expectation with the limit
is not possible. This assumption is satisfied when we consider a monotonously increasing sequence
of functions {Jx}x in J and also the functions Jj are measurable with respect to the probability

measure under consideration. This will be due to the Lebesgue’s Increasing Convergence Theorem
(cf., |31)).

Proposition 3.1 (Optimality of DP) Let Assumption 3.1 hold, and assume that Ji -(x) < oo
forallz eSS, mell, and k=1,2,....N. Then

Iy =T (Jo).

Proof. See Proposition 3.1 in [30]. O

11



3.2 Infinite horizon problems

Consider now the infinite horizon optimization problem:

k=0

N-1
I}rlgﬁ({Jw(xo) = ]\}flooE{Z 5k9(xk7,uk(xk)awk)}}7 (17)

over any admissible infinite policy m = {uo, i1, ...} and subject to the system dynamics

Th+1 = f($,’LL,’(U)-
Let us also define the optimal value of this problem as

J*(x) & frlelg Jr(x). (18)

The following is a condition on the optimal stationary policy.

Proposition 3.2 (Optimal stationary policy) Consider the infinite horizon optimization prob-
lem of (17) and assume that

Jo(z) < H(z,u,Jy), VreS, Yuel
where Jo(x) = g(x). Then, the optimal value of the infinite horizon optimization problem is
J (x) = Z\}im JIn(x). (19)

where Jy () is the N-th stage value of the dynamic programming algorithm. Let also Assumption 3.1

hold. Then, a stationary policy 7 = (u*, p*,...) € I is optimal if and only if
Ty () = T(Jrx). (20)

Proof. See Proposition 5.5 in [30]. O

4 Optimal Policy in Monopoly

In this section, we compute the optimal policy of a firm when there is no competitive firm, and also
the dynamics are either a) unperturbed, or b) perturbed. Since we consider a single firm, we will

skip the superscript ¢ for the remainder of this section.

12



4.1 Unperturbed dynamics

The dynamics we consider in this section are described by (4) with u;z =0, ie.,

Tp+1 = Az + Bo(ug) = f (g, ug). (21)

In the remainder of the section we compute the optimal policy for the 1) finite-horizon, and 2)
infinite-horizon optimization problem.

First, define:
k

A2 pA
j=0
and
hgﬂ 2 vt ALB — T,

for k= 0,1,.... Note that Ay = I and AT = gv™B — ¢T.
Before computing the solutions to the finite- and infinite-horizon optimization problems, note
that:

Claim 4.1 vT A, > 0T A, for all k=0,1,....

Proof. First note that

k+1
v Apy = UTZﬁjAj
7=0
k
_ UTZB]A] + UTﬂk+1Ak+l > 'UTAk.
7=0

where the last inequality results from the fact that all the entries of matrix A are nonnegative. [

4.1.1 Finite-horizon optimization

We first consider the finite-horizon optimization

N-1
max {Jn(l’o) £ g(en) + Y Brglak, uk(wk))} : (22)

S =0
where g(z) 2 vT2 defines the utility at the last stage.

Proposition 4.1 (Nth stage optimal policy for monopoly) Consider the finite horizon opti-
mization problem (22) under the dynamics (21). The Nth stage optimal value of the dynamic

13



programming iteration, 1S

k=0

The optimal control at time k, for k =0,1,...,.N —1, is uyy_; = (u’iN_k, "‘7“Z,N—k)? where

M i=argmax] (hy_)
U N = (24)
’ 0 otherwise.

Proof. We are going to show the statement by induction. According to the dynamic programming

algorithm, the k-th stage optimal value is

Ji(r) = max {9(33 ug) + Bg—1(f(z,ur))}

ukEC

where Jy(z) = g(z) = v"x. By applying the operator T to Jy, we get the optimal value for the first

stage, which is

Ji(z) = (TJo)()

= u?ézclz( {g(:E ’LL1) +ﬁ=]0(f($au1))}

= max {v'z—cTu + v (Az + Bu)}
u1 €C(x)

= e {@" + BT Az + (BvB — cT)ur }
u1 € ac

— TAIQ: + hl Ul

where the optimal stage control is uj = (u] q, ... ) such that

*
?un,l

M i=argmax; (h
iy = s () )
0 otherwise.

Note that the value Ji(+) is given by expression (23) if we set N = 1 and the optimal stage control
uj is given by expression (24) if we set N =1 and k£ = 0.

Assume that the value iteration for the N-step optimization horizon gives (23), i.e.,

N-1

In(z) = v Ayz + Z BERN gt (26)
k=0
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where u}_, = (u] y_p, - U y_p) is such that

M i=argmax] (hy_)

Ui N_f = )
0  otherwise,
fork=0,1,...N — 1.
Consider now an (N + 1)-step optimization horizon. The value at N + 1 is:

Inyi(z) = (TJIn)()
= maxc{g(l’aUNH)+5JN(f(33=UN+1))}

UN4+1E
i N-1
—_— ’UT <I + BANA) T+ max h]r‘[\‘7+1UN+1 + /8 Z 5kh%_ku}kv_k
uN+1EC =0
i N
= vTAyjz+ Z BENN 1k UN 41k
k=0
i 1 i
= Az Y F (5UTBAk_i+1 - cT) — (27)
i—1

where u}r | = (u] yy1,- Uy yoq) 18 such that

. M i=argmax] (hyi1)
Ui N+1 = ) (28)
0  otherwise,

fori=1,2,...,n.

Thus, we showed that the values of the dynamic programming iteration are provided by equation
(23).

Finally, to show optimality of the dynamic programming iteration, subtract equations (26) from
(27) to get:

N-1

Iny1(x) = Iy(z) = 0" (AN—H - AN) v+ > B (M1 — WN—gun—g) + BV I ul.
k=0

By Claim 4.1, we have that
vt (AN—l—l — le) x>0 forallxesS.
Given also Assumption 2.1 and the form of optimal control (28), we get that

T * T * T *
h’N-i-luN-i-l Z hN'LLN Z Z hl Uy > 0.
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Therefore, Jyy1(x) > Jy(z) for all x € S and Assumption 3.1 is satisfied. Then, by Propo-
sition 3.1, the dynamic programming iteration provides the optimal value of the finite-horizon

optimization (22). O

4.1.2 Infinite-horizon optimization

We would like to solve the following optimization problem:

N-1
max {Jw(fﬂo) = N > ﬁkg(fﬂk,uk(fﬂk))} (29)
k=0

mell

subject to the discrete-time dynamics (21).

Before we compute the solution to the infinite horizon optimization problem, recall the defi-
nition of H(x,u,J) from (16). Given also that Jo(z) = vTx, it is straightforward to show under
Assumption 2.1 that:

Claim 4.2 Jy(z) < H(xz,u,Jy), for all x € S and u € C(x).
Note also that:
Lemma 4.1 The matriz (I — BA) is non-singular for any 3 € (0,1).

Proof. Note that by construction, (I — 3A), is strictly diagonally dominant,? since the magnitude
of its i-th diagonal entry 1 — 56;w;; satisfies

1—B0w; = 1-—0£06;(1— Zwij)

J#i
= 1-p0;+ 529{%]' > 5291'701'3‘,
JFi JFi

i.e., it is strictly larger than the sum of magnitudes of all non-diagonal entries of the ith row. By

Levy-Desplanques theorem (cf., [32]) the matrix (I — #A) is non-singular. [

Lemma 4.2 Let 5 € (0,1) and A € R" " such that (I — SA) is non-singular. Then

k
Ar =Y AT = (I - BA)H(I - gEHLaksy), (30)
j=0

3 A matrix is strictly diagonally dominant if in every row of the matrix, the magnitude of the diagonal entry in
that row is larger than the sum of the magnitudes of all the other (non-diagonal) entries in that row.
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k=0,1,.... Furthermore, if limy_ ., A* exists, then
A £ FA = (1-pA)”!

Proof. To show the first statement, simply multiply from the left with (I — SA). The second

statement is a direct consequence of (30) if we take the limit as k& — oco. O

Define also:
hOTo 2 30T A B —c'.

Proposition 4.2 (Optimal Stationary Policy in Monopoly) Consider the infinite horizon op-

timization problem (29) under the deterministic and unperturbed dynamics (21). Then, the station-

ary policy 7 = (p*, p*,...) € II, such that p*(x) = (i, 13, ..., ) with

. M i =argmax] (hoo)
Hi = ] > (31)
0 otherwise

for i € I, is an optimal policy for the infinite horizon optimization problem. Furthermore, the
optimal infinite value 1s

. . M
J* =0T Asx + 1—maxir (hoo) - (32)

Proof. Due to Claim 4.2, we have
Jo(z) < H(z,u,Jy)

for all x € S and u € C(x). Also, as we showed in the proof of Proposition 4.1, due to Claim 4.1 and
Assumption 2.1, Jgy1(x) > Jg(x) for every x € S. Thus, Assumption 3.1 is satisfied and, according
to Proposition 3.2, in order to show that the stationary policy 7* = (u*, p*, ...) is optimal, it suffices
to show that

First, we compute Jr+(x): Similarly to Proposition 4.1 and taking into account (30), the sta-

tionary policy 7* establishes the following sequence of values

JN,W* = A T+ Z ﬁkhN k:u
— WTAL(T ﬁN+1AN+1)$+
N-1 ~
B* (BT Ao (I = BNTFANTE)B - (T
k=0
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N-1 N-1
— UTAOO$+ Z /Bkhg‘ou* o 5N+1'UTAOOAN+1$ _ 5N+IUTAOO Z AN—kBN*

k=0 k=0
Note that
N-1 N N
S AN =N ARBur = whek(1 — o).
k=0 k=1 k=1

Since the diagonal entries of © satisfy 0 < 6; < 1 for every ¢ € Z and p* is bounded, the above

series is convergent. Therefore, we have

- 1
T 2 kh_)ngo i oe = v Agx + —hgo,u*.

1-p

Given that p* = (uf, 43, ..., ) where pf is given by (31), we have
hoop* = M - max; (heo) - (33)

Thus,

M
Jee =0T Ago + 1—maxi" (hoo) -

We are ready now to compute T}« (Jr+) and T'(Jr+). In particular,

Ty (Jrr) gz, 1) + BIr (f (z, 1))

= o7 <I + ﬁflooA> z+hEput+ f_—Mﬁmaxf (hoo) -

Due to condition (33) and the fact that I + fAA = A, we have

Ty (Jpe) = v Ao + %maxi" (hoo) -

Finally,

T(w)@) = max {g(z,u) + BJx (f (@, w))}

ueC(x
= V(I + BAcA)z + Jmax {hiu} + f_—MﬂmaXf (hoo)
= o1 Az + Mmax] (heo) + f_—jwﬁmaxir (hoo)
~ M
= vTA z + 1—maxi|r (hso) -

Hence, we showed that
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which implies that 7* is an optimal stationary policy. Also, J.« provides the optimal value of the

infinite-horizon optimization. [J

Trying to interpret the optimal stationary policy (31), the firm is going to invest the largest

possible amount M to the node ¢ which corresponds to the maximum entry of
hE = T A B — T = o T(I — A1 (I —©) — cT.

Note that this decision is affected by the following factors:

1. how easily node ¢ can be influenced by the firm’s advertising policy, which is measured by
1—6;,

2. how large is the “network value” of node ¢ throughout the optimization horizon, expressed by
the ith entry of BvT (I — BA)~!, which measures the effect of every unit of advertising effort

spent in ¢ on the proclivities of all nodes that are connected directly or indirectly to ¢,
3. how small is the cost of every unit of advertising effort in node 4, expressed by c¢;.

Note also that the matrix (I — 3A4)~!, which influences the optimal decision, can be interpreted
as a measure of the centrality of the nodes. In fact, Bonacich in his work on measures of centrality

[17], introduced the following centrality measure:

c(y,B) &y — BA) I AL (34)

where 7 is a scaling factor. When v = 1, ¢(1, 3) has several nice interpretations. To see this, note

that the centrality measure is equivalently written as:
[ee)
c(1,8) = (Z ﬁkA’f) AL = (I + BA+ A% 4 )AL, (35)
k=0

Therefore, the centrality ¢(1, ) is a measure of closeness, and it is high for a node which is connected
to other nodes with short and highly weighted paths. The parameter § represents the degree of
information (benefits in our model) that is transmitted from one node to another node. In our case,

where A is a row stochastic matrix, the above centrality measure takes on the following form
c(1,8) = (I + BA+ 32A% +.)1 = (I - pA) 1.
Trying to translate this centrality measure in the language of our dynamic model of the evolution

of preferences, we can say that it represents a measure of the relative importance of nodes (in terms
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of benefits) when the initial condition is g = 1 and there is no external influence (i.e., there is no
control input).

Note that in our dynamic model both the initial condition and the control input affect the returns
of the advertising firm. Since, though, we are only interested in the computation of the optimal
advertising policy, an appropriate centrality (or network value) measure would be ﬁvalooB —cT.
The highest entry of this vector will provide the highest benefits over time. Note that when g = 0,
the control input does not have any implication to the returns. In that case, centrality could be

measured by vT A, since it is only the initial condition that affects the returns.

4.2 Perturbed Dynamics

In this section, we are going to consider a family of perturbations of the nominal model (21),
described by
Tra1 = Axg + Bcp(uk) + Fqp, (36)

where we have neglected the effect of the second firm. The term ¢ corresponds to an unknown
signal caused possibly by misspecified system dynamics. The sequence {gx} may feed back in a
possibly nonlinear way on the history of x. We will impose the following constraint on the size of

any instance of this perturbation sequence:
lgk| <mn, forall k=0,1,..., (37)

where n > 0 is a measure of the firm’s confidence of the accuracy of the nominal model. Let Q
denote the resulting constraint set of disturbances.

Note that due to the presence of the unknown (but bounded) signal g our initial assumption
that S C R’} may be violated. As we noted though in Section 2.3, the system is input-output stable,
therefore an appropriate shift of the state can always guarantee that the dynamics will evolve within

the positive cone. In particular, consider € R}, such that
Farn+7 >0, (38)
for all g satisfying (37), and define instead the dynamics:
Tpp1 = Azy, + Bo(ug) + Fap +2 2 f(ag, up, qr)- (39)

Note that shifting the dynamics by  does not change qualitatively the model, since the state x still
describes propensities, but relative to .

For some F' € R™ ™ let us also define the vector
Tl;r+1 2 3T ALF, k=0,1,..,
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with T = BuTF. Let also:
rl 2 BT A F.

We would like to solve the following optimization for the computation of a robust solution:

N-1
max min {J(ma) (zo) 2 ]\}I_I)noo Z Bkg(l’k’ Mk(l’k))} ) (40)

€ll oeX
™ o =0

subject to the perturbed dynamics (39) and the constraints (37)-(38). Here X denotes the set of
sequences of policies o = (v, 1, ...) of the uncertainty, where v, is a function from the set of states

S to Q. Note also that due to the new shifted dynamics, a utility function of the form

glz,u) = vz — cTu— \(Z)
would have been more appropriate. However, in that case, and since the last term is a constant,

the optimal policy of (40) would have been identical.

Proposition 4.3 (Optimal policy under uncertainty) Consider the infinite horizon optimiza-
tion of (40) under the perturbed dynamics (39) and the constraint (37)-(38). The optimal stationary
policy is p* = (u3, ..., 1), such that

M i =argmax; (h
i = & 1(""), iel. (41)
0 otherwise

Proof. To solve this optimization problem, we implement the dynamic programming iteration. In

fact, we recursively implement the operator 7'(-) defined as

(TJ)(x) £ max min{g(z, u) + B.J(f (z,u,9))}, (42)

ueC q€

for any z € §. The dynamic programming iteration successively gives:

N-1 N-1 N-1
In(z) = vTAyz+ Z Bkh%_ku}k\,_k + Z Bkr%_kq}‘v_k + Z BT AN i,
k=0 k=0 k=0
for all N = 1,2, ..., where u;, and ¢; denote the sequences of optimal investments and disturbances,

respectively. In particular, uy = (u’{k, ,u;k) and ¢; = (qik, ...,q:“k), are such that

M i =argmax; (hy
uly = g 1 (h) L ieT,
0  otherwise
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and

*

quk =-n ’rk’oo :

In other words, the disturbance places all its weight on the maximum (in absolute value) entry of
Tk, Or
; +
—n i =argmax, (rx ,
q:k = " ] ! ( ) s 1 €1
0 otherwise
The order of max and min in the definition of the operator 7T'(-) does not change the optimal

policies. Note also that:

H($aan7J0) = g($’u)+ﬁ‘]0(f($)u)q))
= Jo(z) + pvT Az + BvT (Fg + %) + (Bv™B — c¢V)u
> Jo(z)

for all z € S, u € C*, ¢ € Q* and under condition (38). Thus, from Proposition 3.2, the dynamic
programming iteration provides the optimal infinite value.
Consider the stationary policy (41) for the monopolistic firm and the stationary policy o* =

(v*,...,v*) for the disturbance such that

TEOV* = 1|00 -

Similarly to the proof of Proposition 4.2, the corresponding infinite value is

N-1 N-1 N-1
T (@) = WM Ar % T S g ek tim 3 g4 A Y
u k=0 k=0 5 k=0
T i + n TA 7
= v AT+ — ) — o Ao
v :E+1_Bmaxl(h ) 1_5|7‘ |OO+1_5U z

By following similar reasoning to the proof of Proposition 4.2, we can show that

T ey (Jirr 00)) = T(J(7r 0+))-

Therefore, according to Proposition 3.2, (7*, 0*) provides the optimal lower value. It is also straight-
forward to show that the sequence of policies (7%, 0*) also provides the optimal upper value, defining

this way a solution to the max-min optimization problem. [
Note that the robust optimal policy for the perturbed model coincides with the optimal policy

for the unperturbed or riskless model, i.e., exhibits a certainty equivalence property. Such property

was expected due to the linearity of the perturbed model (36) and the linearity of the utility function
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(6).

5 Optimal Policy in Duopoly

5.1 Preliminaries

The previous section computed the optimal robust policy for the problem of monopoly under norm-
bounded model uncertainty. In this section, we would also like to include the possibility that a
competitive firm tries to influence the preferences of the customers towards buying its own product
as described by the more general duopoly model (4).

The presence of a competitive firm introduces a new source of uncertainty. We will either assume
that i) the competitive firm has the form of a competitive fringe which tries to enter the market,
introducing a notion of sequential optimization (expressed by a Stackelberg solution), or ii) both
firms have the ability of simultaneous play (expressed by a Nash solution).

Each firm ¢ € £ solves the following optimization problem:

N—oo

gg&{t}(ﬂﬂ 0y(wg) £ lim Zﬁk (xk,ﬂk(fﬂk))} (43)

subject to the system dynamics

f 1 = Azj, + Bo(ug, 1) (44)

where ¢ = (uf, i, ...) and 77¢ = (ul_g,,ugz, ...) are the infinite sequences of policies of the firms ¢

and —/, respectively.

Definition 5.1 (Stackelberg solution) A Stackelberg solution is a pair of policies (%, 77%) €
¢ x TI=* such that
—0x lx\ A —0y | _ex
"€ BR_y(n™) = arg max {J(rf,nf)(xo ) ‘71 }
-

and, furthermore,

ey | _—e ¢
€ arg max {J(ﬂz’ﬂfz)(:no) ‘w € BR_y(w )} .

In the above definition of a Stackelberg solution, we will refer to firm ¢ as the leader and firm
—{ as the follower. Note that the definition implies that firm ¢ (or leader) announces first its policy,

while firm —¢ (or follower) reacts to that policy.

Definition 5.2 (Nash solution) A Nash solution is a pair of policies (7%, 7=%) € TI* x II=* such
that
— 0% Ox\ A —¢ Ox
7" € BR_y(7™) £ arg _max {sz(xo ) ‘77 }
~Lell
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and, furthermore,
7 € BRy(r %) £ arg max {Jwe (z5) ‘ﬂ_z* } .
mtellt

We will also refer to these solutions as Markovian or closed-loop Nash solutions. If, instead, the
maximization in the definition of the Nash solution is restricted to the set of sequences of control
inputs in C’, then the corresponding solutions will be referred to as open-loop Nash solutions. Note
that these definitions of Nash solutions implicitly assumes a simultaneous announcement of policies
from both firms.

A straightforward implication of the above definitions is the following claim.

Claim 5.1 Any Stackelberg solution is also a Nash solution.

5.2 Open-loop stationary Nash equilibria

In this section, we will restrict our attention to open-loop Nash equilibria that are also stationary,
i.e., time-independent. Before characterizing this family of Nash solutions, define the set of actions
A2 {ag, a,...,a}, £ € L, such that for each i € {1,2,...,n}, a; = (041,02, ..., 0 ) where

L M j=argmax] (hoo),
Q45 = J = 1,2,...,n.
0  otherwise,

In other words, the action «a; corresponds to investing all available funds to the ith largest non-
negative entry of ho,. Note that the set of actions define an isomorphic set of stationary policies,
i.e., for each action «; there is a stationary policy (o, qy,...). Let us also denote by J(ij) () the
corresponding infinite horizon value for initial condition x when one firm applies stationary policy
(0, v, ...) and the other firm applies stationary policy (o, @;j,...). Any other open-loop stationary

policy u¢ can be represented as a mixture of actions in A, i.e.,

p
a1, with probability pl{

a9, with probability p}
T l e, (45)

(n, with probability pf,

where pf >0,i€Z,and ), pf = 1. The corresponding value of the objective function (43) for any

open-loop stationary policy is characterized by the following proposition.

Proposition 5.1 (Payoffs under stationary open-loop policies) When both firms { € L ap-
ply an open-loop stationary policy ™ = (u, ut, ...) satisfying (45), the infinite value of the objective
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function Jize ey defined by (43), is

Jirt 7ty = Z Z J(z;j)pr;Z,

i€T jeT

where
VT Aot + 5 —cTew, i =1,
Jiig () = ) = ] Porest, tec (46)
UTAOO$ + ﬁ [hgal]v { 7& ja

Proof. When the pair of stationary policies (7, 77%) is applied, where 7¢ = (uf, u%,...) and 7=¢ =

(=t u=*t,...), the corresponding value of the objective function of firm ¢ will be:

Tt mty(@) = 0" Aoz + NhganZ_lﬂk (oo + )T (W' (@) 17" () = i ()]
k=0
B ﬁ [(heo + 0 ('), 174 @) = i (2)]

for some initial state x € S’. If u’ = ¢ = oy, then the corresponding infinite value of the objective

function of ¢, denoted J; ;, is:

~ 1
Jii)(w) = v Az + —[—cTai].

1-p

If, instead, uf = oy and p= ¢ = a; with i # j, the corresponding infinite value of the objective

function ¢, denoted J; 5, is:

T A 1 T
J(z',j) (a;) = Aooa: + ﬂ[hooa,]

Then, the corresponding expected return of firm ¢ € L is:

- 1
St r-oy(z) = v Agoz + — Z Z [(hoo + )T o(ai, aj) — cTozi] pfpj_z

1 5 1€1 jEL
=D [UTAooa: 15 [(hoo + &) "p(vi, ) — "] | pip; !
i€l jeT B
= > > Jugpiny
€L jET

which concludes the proof. [J

Thus, we may define an equivalent one-stage symmetric game of two players, finite set of actions
Al = {a1, a0, ...,a,} for each player £ € £, and payoff matrix of the row player which is given by
Table 1.

25



aq a2 On

a | Jan | Jag) | o [ Jam
az | Jouy | Jo2 J(2.n)
an | 1) | Jn2) J(nn)

Table 1: Equivalent one-shot symmetric game in open-loop stationary policies.

A direct consequence of Claim 5.1 is the following:
Claim 5.2 The following hold:
1. Ji () = Jiay(x) for all i,j € T with i # j;
2. Jij(x) = J (@) for alli,j,j" € T such that j # i and j' # i;
3. Juj(w) = Jija(x) for alli,j € T withi> j.

Proposition 5.2 (Stackelberg & Nash solutions) Consider the optimization problem (43) un-
der the dynamics (44) and the constraints (1) with M* = M~ i.e., both firms have identical
advertising power. For any £ € L, the pair of open-loop stationary policies T = (7%, 77%) where
7t = (ut*, p, ) and pt is defined by (45) satisfying either

1. pfi:pgzzl, or

_ Ja,2)=Je2)
Ja=JantJen—Jez)’

2. pli = p2—£
defines an open-loop Nash solution. Furthermore, when ¢ € L has the opportunity to announce

first its policy, any one of the above pairs of open-loop stationary policies also defines an open-loop

Stackelberg solution.

Proof. The first claim is a direct consequence of Claim 5.2 and the fact that any one of the
policies corresponding to the cases (1) and (2) defines a Nash equilibrium for the equivalent one-
shot symmetric game of Table 1.

Assume now that ¢ has the opportunity to announce its strategy first. In order to show that
(7%, m=%) defines a Stackelberg solution, we need to verify that the leader’s policy 7% guaran-
tees maximum return over all possible announced policies. It is straightforward to show that any
announced policy that does not allocate all available funds to arg maxf(hoo) will result to a best

response of the follower that can only decrease leader’s optimal value. [J

The conclusions of Proposition 5.2 do not necessarily hold when we consider different spending
powers for the firms, i.e., when M? # M~¢. However, extending the conclusions of Proposition 5.2,
to that case is straightforward.

Another straightforward implication of Proposition 5.2 is summarized in the following corollary.
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Corollary 5.1 The open-loop stationary Nash solutions characterized by Proposition 5.2 are also

closed-loop Nash solutions.

This is due to the fact that open-loop strategies are a subset of Markovian or state-dependent
strategies.

A complete characterization of the set of closed-loop Nash solutions is going beyond the scope
of this paper, since it is highly case-dependent, i.e., it depends on the class of policies which will
be considered reasonable for the application of interest. For example, if we assume that the class of
strategies over which the optimization is executed are affine functions of the state, then a new class

of closed loop Nash solutions can easily be computed using the framework proposed in this paper.

5.3 Max-min solutions

Computation of Nash equilibria by either firm requires that firms are aware of the performance
indices of the competitors. Such an assumption may be quite strong especially in a competitive
environment.

When firms are not able to compute Nash solutions, computing an optimal strategy which is
robust to any possible policy of the competitor might be the only possibility. Such an optimization
problem can be formulated as a max-min optimization.

We are going to consider two firms with different expenditure capabilities. In particular, we
consider the following two scenarios: a) M > M~* and b) M* < M~¢ for any £ € L.

The firm ¢ € {a, b} solves the following max-min optimization problem:

N-1
max min {J(m,) (zg) £ ]\}21100 Z Bkg (7, Nk(xk))} (47)

mell oex P
over the set II of infinite sequences of policies (ug, f41,...) and subject to the system dynamics

g1 = Az + Bo(uk, vi). (48)

The set 3 denotes the collection of infinite sequences of policies (v, 1, ...) of the competitor. In
words, the above optimization reflects the situation at which the firm wishes to announce a strategy
which will provide the optimal returns assuming that the competitor acts to minimize these returns.
To simplify notation, we have removed the superscript £ from the above optimization variables. It

is straightforward to show that the following holds:

Proposition 5.3 Consider the optimization problem (47) under the dynamics (48) and the con-
straints (1). If M* > M~ i.e., the advertising power of the firm is larger than the competitor’s
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one, then the optimal strategy of the firm will be a stationary policy (pu*, p*,...) such that

M i=argmax’ (hy) .
= , 1€L. (49)
0  otherwise

Note that this is not necessarily the case when the advertising power of the firm is less than the
corresponding one of the competitor’s. It is straightforward to see that in that case, any strategy
will be optimal, since the competitor has the power to counteract any announced strategy of the

firm.

6 Conclusions

We discussed the problem of deriving optimal advertising strategies in a network of customers.
Contrary to prior work, the dynamics of preferences were also affected by an underlying network of
connections which introduces a form of word-of-mouth effects between nodes. The derived optimal
policies are related to and extend prior introduced notions of centrality measures usually considered
in sociology. Although the assumed model of the evolution of preferences might be the outcome
of an identification process, it is likely that we are uncertain about its accuracy. To this end,
we also considered a perturbed model which models possible misspecifications or uncertainties of
the nominal model, and we derived robust optimal strategies. It was shown that the monopoly
model exhibits a certainty equivalence property, i.e., the optimal strategies for the perturbed model
coincide with the optimal strategies for the unperturbed or riskless model. Such behavior can be
attributed to both the linearity of the monopoly dynamics and the linearity of the utilities. Finally,
we investigated robust policies in a duopoly framework. In particular, we characterized the set of
open-loop Nash solutions, which also happens to be closed-loop Nash solutions. The model can
easily be utilized to accommodate scenarios at which more complicated forms of strategies are of
interest, leading to new forms of closed-loop Nash solutions. We finally characterized the set of
max-min solutions in a duopoly framework, when the firm makes no assumptions about the utilities

of the competitive firm.
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