International Symposium on Information Theory and its Applications, ISITA2004 Parma, Italy, October 10–13, 2004

On Coded and Multi Dimensional Partial Response Signaling

Fredrik RUSEK and John B. ANDERSON

Departement of information Technology, Lund University P.O. Box 118, SE-221 00 Lund Sweden E-mail: fredrikr, anderson@it.lth.se

Abstract

Optimal finite partial response signals based on 2 and 4 PAM have been found by Said and Anderson [1]. The encoder is a simple discrete-time filter, whose combination of bandwidth and Euclidian distance is optimized. Here we extended the idea to the case where the modulated symbols are first encoded by a short convolutional encoder. This gives power gains of 1–3 dB while maintaining the same bandwidth. We also investigate possible gains from multi dimensional partial response signaling.

1. INTRODUCTION

The CPM, TCM and partial response signaling (PRS) classes of coded modulation are well known. In the last class are intersymbol interference removal and schemes based on filtering and real number discrete time convolution. These classes operate in different parts of the energy–bandwidth plane and PRS in particular is characterized by narrow bandwidth and high energy per bit.

Partial response signaling reduces the consumed bandwidth by introducing intentional ISI. Forney [2] showed that maximum–likelihood sequence estimation of sequences in presence of ISI can be accomplished with a matched filter and the Viterbi algorithm. When the ISI is severe reduced complexity algorithms [3] must be used.

Partial response signaling was first introduced by Lender [4]. Later, much research has gone in to finding optimal partial response pulses. Chan [5] and Foschini [6] have both attacked the problem of finding optimal pulses for linear PRS under bandwidth constraints. In both cases the ISI was limited to small duration. More recently Said [1] showed that finding a optimal PRS pulse is a linear programming problem (LPP). By using this approach he derived optimal pulses out to 15 taps. In this paper we have extended the work of Said.

This work was supported by the Swedish Research Council, Grant 271-2000-475.

In [1] the data symbols presented to the PRS encoder were uncoded, here we find optimal pulses for coded data symbols. Furthermore a complex valued pulse can represent a two dimensional PRS scheme, and also this is a LPP. The gain of using two dimensions is roughly 1 dB. By proceeding to higher dimesionality than two further gains could be possible. However finding a LP formualtion of multi dimensional PRS is still an open problem. Heuristic search directly over the taps could be employed, but this is a tough optimization problem when the number of taps is large [7]. Instead we derived an suboptimal formulation which is based on a LP. This will give us quick insight in the magnitudes of possible gains for multi dimensional PRS.

The paper is organized as follows: in section 2 we give an introduction to Optimal PRS (OPRS). In section 3 we give the results of Coded Optimal PRS (CO- PRS). In section 4 we extend OPRS to Multi dimensional PRS. We sum the paper up in section 5.

2. INTRPDUCTION TO OPRS

We synthesize PRS by discrete–time convolution followed by a modulator. The system model for OPRS are shown in figure 1. We now follow Said’s deriva-

Figure 1: System model

tions to obtain the linear formulation of OPRS, this is necessary in order to later derive a suboptimal linear formulation for multi dimensional PRS.

The modulation signal transmitted over the channel is s_u(t) = ∞∑ n=−∞

u[n]h_c(t − nT ) (1) where T is the symbol time and h_c(t) is a spectrum shaping time-continuous pulse with unit energy. The sequence u[n] consists of uncoded M-ary PAM symbols. The pulse h_c(t) can in turn be represented as

h_c(t) =

L−1∑ n=0 b[n]ψ(t − nT ) (2)

where ψ(t) is an orthogonal interpolation signal such as the root raised cosine pulse. To evalute bandwidth the spectral concentration (SPC) in the frequency interval [−W, W ] is used. This is defined as

C_h(W ) =

∫_W −W |H_c(f)|^2df ∫_∞ −∞ |H_c(f)|^2df = ∫_W −W |H_c(f)|^2df (3)

if h_c(t) has unit energy. W is the physical bandwidth. For C_h(W ) we use 99 % and 99.9 %. To compare different modulation schemes, we use the normalized bandwidth NBW = W T R Hz-s/bit. (4)

If the data alphabet is suitable normalized [1] then the normalized Euclidian square distance between two signals s_a and s_b generated by the (causal) data sequences a and b is

d^2(a, b) =

∫_∞ 0 |s_a(t) − s_b(t)|^2dt = ∫_∞ −∞ | | ∞∑ n=0 (a[n] − b[n])h(t − nT ) | |^2dt

= ∫_∞ −∞ | | ∞∑ n=0 ξ[n]h(t − nT ) | |^2dt

= ∞∑ n=0 ∞∑ m=0 ξ[n]g[m − n]ξ[m], (5)

where

g[m − n] =

∫_∞ −∞ h(t − nT )h(t − mT )dt. (6)

It is now possible to simplify (5) to obtain the linear equation

d^2(a, b) = d^2(ξ) = ∞∑ −∞ g[n]r_ξ[n], (7)

where r_ξ[n] is the autocorrelation of ξ. In the same way it is possible to simplify (3) to a linear equation of g[n]. Furthermore there exists a set of linear equations on g[n] that guarantees the existance of a pulse h_c(t) having g[n] as autocorrelation function.

Given a set of error events it is straightforward to set up a LP [1] to solve for the optimal pulse h_c(t) of the form (2). To handle the fact that there exists an infinite number of error events Said derived the following iterative algorithm to solve for the optimal pulse [1]:

1. Initialize an error event set E with a few error events.

2. Find the optimal set of taps for E, denote the solution b^o (solve LP).

3. Find the actual d^2_{min} and the corresponding error event ξ_{min}.

4. If ξ_{min} ∈ E then stop: b^o is optimal. Otherwise, add ξ_{min} to E and go to step 2.

The obtained results are very good, in the narrowband region the performance of OPRS improves on TCM.

3. CODED OPTIMAL PRS

Since the symbols presented to the linear filter for OPRS are uncoded, every possible error event is valid. Furthermore the minimum distance can never exceed the trivial upper bound 6 · log_2M/(M − 1) where M is the alphabet size. However, by first encoding the information symbols by a convolutional encoder and then optimize the taps using Said’s algorithm it is possible to get a larger minimum distance while maintaining the same bandwidth. The system model is given in figure 2 where R denotes the number of information bits per

Figure 2: System model for Coded Optimal PRS.

PAM symbol and r denotes the number of coded bits among the R input bits. Furthermore we denote the constraint length of the convolutional encoder by ν.

In view of the LP, the convolutional code removes some of the constraints, so the minimum distance must increase, however the normalized bandwidth is increased so combined energy–bandwidth gains are not ensured by the convolutional code.

Searching for the optimal generator is done via exhaustive search. If the connection polynomials of the convolutional encoder are denoted by {g_{ij} } and the least significant bit of the PAM mapper is indexed by 1 then the encoders satisfying g_{11} = g_{1ν} = 0 and g_{21} = g_{2ν} = 1 are always best. This is found by experience and is motivated by the fact that if this is true then it can be showed that every error event must start and end with the error symbols ±4, ±6, . . .. We have observerd that this is crucial for producing a high Euclidian minimum distance.

The iterative algorithm described in section 2 needs only to be modified in step number 3; a new algorithm must be employed in order to account for the convolutional code.

The results are very good, COPRS most often improves on OPRS. A collection of obtained minimum distances are tabulated in appendix A. Most often The length of the linear filter can be decreased when applying the convlutional ecoder, however the alphabet size is increased.

Decoding is performed using the M-algorithm. The M in the M-algorithm is slightly larger for COPRS than for OPRS. Furthermore the simulations reflects the gains in minimum distance well.

4. MULTI DIMENSIONAL PRS

Multi dimensional PRS is nothing new, Xia [7] have done much work in this field and uses the iterative algorithm that Said invented. However no method how to find the optimal pulses are given. Here we present a method of finding a suboptimal coded modulation scheme using linear programming.

Two dimensional PRS are represented as an complex valued pulse h(t), here we proceed to 4 dimensions but the extension to any dimensionality is obvious. In a four dimensional PRS system we assume two independent complex valued input data streams, u[n] = (u_1[n], u_2[n]), and a set of complex valued pulses {h_{ij} , i ≤ 2, j ≤ 2}. Two independent bandpass channels are used for transmitting the data signals which are formed as

s^i_u(t) = 2∑ j=1 ∞∑ n=−∞

u_j [n]h_{ij} (t − nT ), i = 1, 2 (8)

This is illustrated in figure 3

Given two sequences of data vectors, u^′ [n] = (u^′_1[n], u^′_2[n]) and u^{′′} [n] = (u^{′′}_1 [n], u^{′′}_2 [n]), and defining e_i[n] = u^′_i[n] − u^{′′}_i [n] the Euclidian distance between the 4 dimensional PRS signals generated by that data is d^2(e) = 2∑ k=1 ∫_∞ −∞ |s^k_u′ (t) − s^k_u′′ (t)|^2dt

Figure 3: System model for 4–dimensional PRS.

= 2∑ k=1 ∫_∞ −∞ |s^k_e(t)|^2dt

= · · · = ∞∑ n=−∞ 2∑ i=1 2∑ j=1 g_{ij} [n]r^∗_{ij} [n], (9)

where

g_{ij} [n] = 2∑ k=1 ∫_∞ −∞ h_{ki}(t + nT )h^∗_{kj} (t)dt, (10) and r_{ij} [n] = ∞∑ m=−∞

e^∗_i [m]e_j [n + m]. (11)

This means that the Euclidian distance of 4 dimensional PRS can be calculated from linear equations with g_{ij} as variables.

We will do some simplifications to figure 3 in order to get easier expressions. We set

h_{22}(t) = h_{11}(t) h_{21}(t) = h_{12}(t). (12)

This gives exactly the same properties for s^2_u as for s^1_u and therefore we denote signals in the sequal just by s_u.

Since u_1[n] and u_2[n] are independent the power spectral density of s_u(t) equals

σ^2_u T ( |H_{11}(f)|^2 + |H_{12}(f)|^2 ) (13)

where σ^2_u denotes E{u^2_k[n]}. The average energy per data symbol in one channel, E_s, equals

E_s = σ^2_u(λ_{11}(0) + λ_{12}(0)) (14) where λ_{ij} (t) is the autocorrelation function of h_{ij} (t).

The average energy per data bit is

E_b =

E_s + E_s log_2 M^2_c = 2E_s log_2 M^2_c = σ^2_u log_2 M_c

(15) if λ_{11}(0) + λ_{12}(0) = 1. (16) To measure bandwidth of the modulated signals we use the spectral concentration.

SP C(W ) =

∫_{fs+W}

f_s−W

|H_{11}(f)|^2 + |H_{12}(f)|^2df (17)

Since the filter is complex valued it does not have to be centered at 0 so the integration runs between f_s − W and f_s − W where f_s is a frequency offset. The filters h_{ij} (t) is built up as interpolated FIR filters

h_{ij} (t) =

L−1∑ k=0 b_{ij} [k]ψ(t − kT ) (18)

where L is the length of the FIR filter b_{ij} [n] and ψ(t) is a interpolation pulse, such as a root raised cosine.

If we are using g_{ij} [n] as variables in a LP we must find admissibility constraints when we can find causal FIR filters from g_{ij} [n]. This is an unsolved problem for dimensionality above 2. By restricting the problem to a special kind of pulses the problem can be avoided. On the other hand the obtained results are not longer optimal. Our restrictions are the following

1. b_{11}[n] is chosen arbitrary.

2. b_{12}[n] = b_{11}[n] ∗ c[n], where c[n] is known FIR filter of length M + 1.

Some more notation: we denote b_{11}[n] just by b[n] and g_b[n] is the sampled autocorrelation of b[n]. Since we are dealing with only one unknown filter there is no problem with admissibility. We can use Said’s original constraint ∞∑ k=−∞

g_b[k]e^{−j2πkf} ≥ 0, for all f ∈ (−1/2, 1/2]. (19)

It is now straight forward to calculate g_{ij} [n],

g_{11}[n] = . . .

= g_b[n] ∗ v[n] + g_b[n] ∗ g_c[n] ∗ v[n] = g_{22}[n]. (20)

where v[n] =

∫_∞ −∞ ψ(t + nT )ψ^∗(t)dt, (21) and g_c[n] is the autocorrelation of c[n]. Furthermore it turns out that

g_{12}[n] = . . .

= g_b[n] ∗ c^∗[−n] ∗ v[n] + g_b[n] ∗ c[n] ∗ v[n] = g_{21}[n]. (22)

Combining this with (9) gives

d^2(e) = ∞∑ n=−∞

g_b[n] 2∑ i=1 2∑ j=1 μ^∗_{ij} [n], (23)

where

μ_{11}[n] = r_{11}[n] ∗ v[n] + r_{11}[n] ∗ v[n] ∗ g_c[n] μ_{22}[n] = r_{22}[n] ∗ v[n] + r_{22}[n] ∗ v[n] ∗ g_c[n] μ_{12}[n] = r_{12}[n] ∗ c^∗[−n] ∗ v[n] + r_{12}[n] ∗ c[n] ∗ v[n] μ_{21}[n] = r_{21}[n] ∗ c^∗[−n] ∗ v[n] + r_{21}[n] ∗ c[n] ∗ v[n]. (24) Turning to bandwidth, evaluating the first term of the r.h.s of (17) gives

∫_{fs+W}

f_s−W

|H_{11}(f)|^2df =

= L−1∑

k=1−L

g_b[n]

∫_{fs+W}

f_s−W

|Ψ(f)|^2e^{−j2πnfT} df =

= L−1∑

k=1−L

g_b[n]χ^∗[n] (25)

which is just Said’s original spectral concentration. The second term is somewhat more challenging:

H_{12}(f) = Ψ(f)

L+M−1 ∑ n=0 (b ∗ c)[n]e^{−j2πnfT}

= . . .

= Ψ(f)C(f)

L−1∑ k=0 b[k]e^{−j2πkfT} , (26)

therefore

|H_{12}(f)|^2 = |Ψ(f)|^2|C(f)|^2

L−1∑

k=1−L

g_b[n]e^{−j2πnfT} . (27) So ∫_{fs+W}

f_s−W

|H_{12}(f)|^2df =

= L−1∑

k=1−L

g_b[n]

∫_{fs+W}

f_s−W

|Ψ(f)|^2|C(f)|^2e^{−j2πnfT} df =

= L−1∑

k=1−L

g_b[n]β^∗[n]. (28)

Now (17) becomes

SP C(W ) =

L−1∑

k=1−L

g_b(χ^∗[n] + β^∗[n]). (29)

The normalization in (16) gives

L−1∑

n=1−L

g_b[n] [ g_c[n] + δ[n] ] = 1, (30) if v[n] = δ[n], (31)

which it is if ψ(t) is a root raised cosine pulse.

When searching for a good coded modulation scheme we use the algorithm described in section 2. In step 2 we then solve the LP for different c[n] and select the optimal. We use a set of 30 filters each of length 3. Some results are given in table 3, comparisons are made against complex valued OPRS with equal L. It can be seen that the gains are small, however simulations shows that decoding complexity is much worse than both OPRS and COPRS.

It may appear unfear to compare to OPRS with equal length L OPRS since h_{12}(t) consists of L+2 taps. However, the general case of 4–dimensional OPRS has two filters each of length L while this suboptimal variant consists of one L–tap filter (b[n]) and one 3–tap filter (c[n]). So the degrees of freedom in the optimization is much less than in the general case, but gains are eventhough possible.

5. CONCLUSIONS

A previously known coded modulation scheme has been extended. It was first concatenated with a low memory convolutional encoder. The results of this are very good: significant gains in Euclidian minimum distance and only small increase in decoding complexity. Also it was necessary to increase the alphabet size.

We also extended the scheme to multi dimensions. No linear formulation for this case was found. Instead we derived a suboptimal linear formulation. The results are not as good as COPRS: small gains and a large increase in decoding complexity. It is interesting to observe that the extension of TCM to multi dimensions (see [8], chapter 5) leads to similar .3–.7 dB gains as multi dimensional PRS achieves.

A. NUMERICAL RESULTS FOR COPRS

In table 1 to table 6 we give some minimum distances for COPRS, the comparisons are made against OPRS with equal L.

Table 1: Obtained minimum distances for COPRS. The optimal convolutional encoder is given in brackets. R=1, r=1, 99 % SPC, 6 taps, ν = 3.

NBW OPRS d^2_{min} COPRS d^2_{min} gain (dB) .50 2.00 3.21 (5,2) 2.05 .46 2.00 2.98 (5,2) 1.73 .42 2.00 2.36 (5,2) 0.72 .38 1.95 2.15 (5,2) 0.42 .34 1.41 1.89 (5,2) 1.27 .30 1.20 1.77 (5,2) 1.69 .26 0.95 1.53 (5,2) 1.61

Table 2: Obtained minimum distances for COPRS. The optimal convolutional encoder is given in brackets. R=1, r=1, 99 % SPC, 6 taps, ν = 4.

NBW OPRS d^2_{min} COPRS d^2_{min} gain (dB) .50 2.00 3.69 (17,6) 2.66 .46 2.00 3.49 (17,6) 2.42 .42 2.00 3.15 (17,6) 1.97 .38 1.95 2.58 (17,2) 1.22 .34 1.41 2.17 (13,6) 1.87 .30 1.20 1.79 (17,6) 1.74

Table 3: Obtained minimum distances for COPRS. The optimal convolutional encoder is given in brackets. R=1, r=1, 99 % SPC, 6 taps, ν = 5.

NBW OPRS d^2_{min} COPRS d^2_{min} gain (dB) .50 2.00 3.99 (25,14) 3.00 .46 2.00 3.88 (33,10) 2.88 .42 2.00 3.40 (37,14) 2.31 .38 1.95 2.78 (27,2) 1.54 .34 1.41 2.20 (23,10) 1.93

Table 4: Obtained minimum distances for COPRS. The optimal convolutional encoder is given in brackets. R=2, r=1, 99 % SPC, 8 taps, ν = 5.

NBW OPRS d^2_{min} COPRS d^2_{min} gain (dB) .24 0.84 1.90 (23,4) 3.55 .22 0.80 1.54 (23,4) 2.84 .20 0.80 1.22 (23,4) 1.83 .18 0.70 0.92 (23,4) 1.18 .16 0.56 0.73 (23,4) 1.16

Table 5: Obtained minimum distances for COPRS. The optimal convolutional encoder is given in brackets. R=2, r=1, 99.9 % SPC, 8 taps, ν = 5.

NBW OPRS d^2_{min} COPRS d^2_{min} gain (dB) .3 0.99 1.93 (23,4) 2.88 .28 0.81 1.52 (23,4) 2.73 .26 0.80 1.04 (23,4) 1.14 .24 0.80 0.90 (23,4) 0.51 .22 0.80 0.83 (23,4) 0.16 .20 0.68 0.75 (23,4) 0.45 .18 0.45 0.53 (23,4) 0.73 .16 0.22 0.27 (23,4) 0.82 .14 0.12 0.17 (23,4) 1.37

Table 6: Obtained minimum distances for COPRS. Only a single encoder was tested. R=2, r=2, 99 % SPC, 6 taps, ν = 3.

NBW OPRS d^2_{min} COPRS d^2_{min} gain (dB) .25 0.83 1.32 1.86 .24 0.80 1.30 2.11 .23 0.80 1.26 1.97 .22 0.80 1.18 1.69 .21 0.80 1.12 1.46 .20 0.80 1.07 1.26

References

[1] A. Said and J.B. Anderson, “Design of optimal signals for bandwidth-efficient linear coded modulation,” IEEE Trans. Inform. Theory, vol. 44, pp. 701-713, March 1998.

[2] G.D. Forney Jr., “Maximum-likelihood sequence estimation of digital sequences in the presence of intersymbol interference,” IEEE Trans. Inform. Theory, vol. IT–18, pp. 363-378, May 1972.

[3] J.B. Anderson, T. Aulin and C.-E. Sundberg, Digital Phase Modulation, Plenum Press, New York, 1986.

[4] A. Lender, “The duobinary technique for highspeed data transmission,” IEEE Trans. Commun. Electron., vol. 82, pp. 214–218, May 1963.

[5] N. Chan, Partial Response Signaling with a Maximum Likelihood Sequence Estimation Receiver, M.Sc. thesis, Dept. of Electrical and Computer Engineering, McMaster University, Hamilton, Canada, Dec. 1980.

[6] G.J. Foschini, “Contrasting performance of faster binary signaling with QAM’,” AT&T Bell Laboratories Technical Journal, vol. 63, pp 1419–1445, Oct. 1984.

[7] X.-G. X. Xia, Modulated Coding for Intersymbol Interference Channels, Marcel Dekker, New York, 2001.

[8] J.B. Anderson and A. Svensson Coded Modulation Systems, Plenum Press, New York, 2003.