LUND UNIVERSITY

The polarizability and the capacitance change of a bounded object in a parallel plate
capacitor

Kristensson, Gerhard

2010

Link to publication

Citation for published version (APA):

Kristensson, G. (2010). The polarizability and the capacitance change of a bounded object in a parallel plate
capacitor. (Technical Report LUTEDX/(TEAT-7203)/1-43/(2010); Vol. TEAT-7203). The Department of Electrical
and Information Technology.

Total number of authors:
1

General rights

Unless other specific re-use rights are stated the following general rights apply:

Copyright and moral rights for the publications made accessible in the public portal are retained by the authors
and/or other copyright owners and it is a condition of accessing publications that users recognise and abide by the
legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study
or research.

« You may not further distribute the material or use it for any profit-making activity or commercial gain

* You may freely distribute the URL identifying the publication in the public portal

Read more about Creative commons licenses: https://creativecommons.org/licenses/

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove
access to the work immediately and investigate your claim.

LUND UNIVERSITY

PO Box 117
221 00 Lund
+46 46-222 00 00


https://portal.research.lu.se/en/publications/0cdf0371-b2cd-4a55-bc8d-d403122c9bf8

Download date: 18. Dec. 2025



CODEN:LUTEDX/ATEAT-7203)/1-43/(2010)
Revision No. 3: April 2012

The polarizability and the capacitance
change of a bounded object in a
parallel plate capacitor

Gerhard Kristensson

Electromagnetic Theory

Department of Electrical and Information Technology
Lund University

Sweden

A4

P,




Gerhard Kristensson
Gerhard.Kristensson@eit.lth.se

Department of Electrical and Information Technology
Electromagnetic Theory
Lund University

P.O. Box 118
SE-221 00 Lund
Sweden

Editor: Gerhard Kristensson
(© Gerhard Kristensson, Lund, September 12, 2011



Abstract

A method to solve the change in capacitance (or charge), if an object is intro-
duced in a parallel plate capacitor, is developed. The integral representation
of the potential is exploited in a systematic way to solve the potential ev-
erywhere inside the capacitor. In particular, the change in capacitance is
extracted. The method shows similarities with the null field approach to solve
dynamic problems.

1 Background

Electrostatic problems are very well understood, and to revisit such problems de-
serves a strong motivation and purpose. This inspiration is easily found in the
newborn interest in quantifying the static electric and magnetic properties of an ob-
ject, i.e., its polarizability dyadics ~, and ~,,. The reason for this attention is that
the broadband properties of a scatterer, an antenna or a periodic structure stated
as sum rules, are determined by the values of these dyadics [2,7-12,24-28]. As an
example, for a finite scatterer, we have that

~ ~

% Oexi (K - . L\ R
/0 U];Q()dk:g<e Yo - €+ (ki x €) -'ym-(k:ixe))

which shows that the extinction cross section of the object, oex(k), as a weighted in-
tegral over the wave number & (i.e., proportional to the frequency), depends directly
on the static electric and magnetic polarizability dyadics 4, and «,,. The polariza-
tion of the incident plane wave is denoted e, and the incident direction of the plane
wave is k. As a consequence, the overall dynamic behavior of the scattering and
absorption properties of an object depends on the static properties of the scatterer.
Sum rules of this kind are well known in solid state physics, e.g., Kramers-Kronig
relations |1, 16|, but are much less know in the electromagnetic community.

The polarizability of an object quantifies the induced disturbance due to an
external, homogeneous, static electric field. The aim of this paper is to develop a
method to eliminate the effects of the higher modes that inevitably are present due
to fact that the exciting sources are located at a finite distance from the object.

The obvious solution to the problem finding the electric polarizability -y, would
be to put the object inside a large plate capacitor and measure the change in capac-
itance with and without the object. From the change in capacitance, we then try
to extract the polarizability of the object. The first way of solving this electrostatic
problem of an object inside a plate capacitors that comes to mind is the method of
images. This approach can quite easily be accomplished for a simple object, like an
object with symmetries. However, for an arbitrary object this approach is hard to
administrate, due to the infinite number of images, and a more systematic approach
to solve the potential problem is needed. Such a method is developed in this paper,
where we solve the electric potential inside the parallel plate capacitor containing
an arbitrary finite object. The extraction of the polarizability from the change in
capacitance is addressed in a sequent paper.
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Figure 1: The geometry of the capacitance problem with the two confining surfaces
S1 and S5 and the object under test bounded by S3. Here a is the radius of the
smallest circumscribing sphere of the object.

In this paper, we exploit a solution technique which has had its main success
in solving time harmonic problems in geometries that contain both infinite and
bounded surfaces. In particular, the solution of scattering of buried objects has
been solved with this technique both in the acoustic, electromagnetic and the elas-
todynamic cases [4,15,17,20]. This method has its origin in pioneer works by P.
Waterman, see e.g., [30-32].

The outline of the paper is as follows: In Sections 2 and 3, the formulation
of the problem is made, and its solution in terms of the integral representation is
presented, respectively. The expansion functions used in the solution are introduced
in Section 4, and in Section 5 the null field approach is exploited and the elimination
of the surface fields is made. The change in the capacitance due to the body is
developed in Section 6, and the induced polarizability dyadics are quantified in
Section 7. The paper is concluded with some numerical examples in Section 8 and
three appendices that contain the mathematical details of the analysis.

2 The formulation of the problem

The geometry of the problem is shown in Figure 1. Two infinite, perfectly conducting
planes, S; and S,, parameterized by z = z; = constant, ¢ = 1,2, which also define
the normal directions of the planes, confine the volume V} (labeled region 4 in the



figure). With the choice of origin in the figure, z; < 0 and z; > 0. For the moment,
the position of the origin is arbitrary, but it is important for the analysis that the
origin is located in region 4, as seen in the analysis below.

Region 4 contains the object under test in volume V3 (region 3), bounded by the
surface S3. For simplicity, in this paper we assume that the object in volume V3 is
a perfectly conducting object,'i.e., the potential ® on its surface is then a constant,
which we denote by ®'. This quantity is unknown at the moment, but it can be
determined by the analysis below. The regions below S; and above Sy are denoted
regions 1 and 2, respectively.

The potential ®(r) satisfies the Laplace equation in volume Vj, and the appro-
priate scalar boundary value problem to solve in this paper becomes

V20(r) =0, rcV,
O(r)=9;, res;, i=12 (2.1)
(I)(’I") = (13/, resSs
The potentials ®; and @, are given (excitation of the problem). It is no loss of
generality to assume that setup is symmetrically excited, i.e., the potential &, =

—®; (the difference in potential then is 2®;), and that the object S3, and the plates
S and Sy have no net charge, i.e.,

// ) dS =0 (2.2)
// -Vo(r dS—i—// )dS =0

With appropriate Condltlons at infinity (large lateral distances), the differential for-
mulation in (2.1) has a unique solution. To proceed, we adopt an integral represen-
tation of the solution to this problem.

and

3 Integral representation of the solution

The integral representation of the potential is the starting point of the analysis [29].
With the directions of the unit normals on S;, i = 1,2, 3, in Figure 1, the solution
of the problem in (2.1) must satisfy the following integral relations:

Z// ) Vig(lr = 7']) = g(lr — ') (r') - V'O ()] dS’

{0, T in region 1 or 2 or 3

®(r), 7 in region 4

LA similar derivation is possible for more general objects, such as dielectrics or several bounded
objects etc.. The extension to a homogeneous, dielectric object is somewhat cumbersome but
straightforward. We comment on the generalizations to these cases below.



where Green’s function for the Laplace equation is

B 1
CArm|r — |

g(|r = 7']) (3.1)
Note that this integral representation of the solution is consistent with the proper
condition of the potential at large lateral distances. At large lateral distances, we
require the gradient of potential to be vertical, i.e., the undisturbed electric field
has only a z component.

The solution without an obstacle V5 is the applied potential, ®,p,(r), due to
a constant electric field E,,, = 20,2/d = —V®,,, between the plates, where the
distance between the plates is denoted d = 2o — 2; > 0. This solution is used as a
reference and the explicit solution of this problem is

Zo + 21 — 2%
(I)app(r) = (Dl(Qfdl)

The difference in potential between the plates is then 2.
All surfaces have constant potential, which implies

3 . .
0y lor2
=3 [[ e =iy viate) dS’z{ wrr): T TCBIOR Lor 2013 g
=1 s;

(3.2)

O(r), r in region 4
where the potential @, is
Dy, T in region 1
®p(r) = —P1, 7 in region 2 (3.4)
P’ r in region 3

To prove this, utilize that all integrals containing the normal derivative of Green’s
function can be evaluated explicitly for constant potential, i.e., the surface integral
on the surface Ss is

0 tside S
[[ oty watr=vyas = [[[ 92—y av = 3% TS

—1, 7 inside S5
Sg VS

due to the properties of Green’s function
Vig(lr —r']) = =6(r — ')

Similarly, with the unit normal vectors defined in Figure 1, we obtain (close the plane
by adding a half-sphere in the upper or lower half-space, and repeat the argument

above)
—1/2, i ion 1
[[ o)Vt =) dS'z{ 2 region
St

1/2,  elsewhere

—1/2, i ion 2
[ atie =) ds’:{ /2, in region
Sa

1/2,  elsewhere



These integrals, and the assumption ®3 = —®4, implies (3.3).

The potential @, in (3.3) serves as an effective applied potential, and it is
different from ®,,, due to reconfiguration of the charges on .S;, i = 1,2, due to the
presence of the object bounded by Ss.

4 Basis functions and expansions

To proceed, we need appropriate sets of functions that are adopted to the geometry.
We start by defining these sets of functions.

4.1 Spherical solutions

We introduce the solutions in spherical coordinates to the Laplace equation

on(r) = 'Y, (7)
" V20 +1 (1.1)
(1) = =Y, (7) '

V20+1

respectively, where n = {o,m,(} is a multi-index, ¢ = e,0 (even or odd in the
azimuthal angle ¢), m = 0,1,...,l—1,];and [ = 0,1,2,.... The spherical harmonics,
Yo (7) = Youu(0, ¢), are defined by |3]

_ |
Yy 5m\/21+1l m) P (cos ) {CQSm(ﬁ}

The Neumann factor is defined as

80:1

Em =2 — Omo, 0.6, €y =
m m,0; y Em {szz, m> 0

Notice that the spherical solutions are not dimensionless,? and that the solutions v,
are regular, and w,, are irregular (singular) at the origin, respectively.
The spherical harmonics are orthonormal on the unit sphere €2, i.e.,

// dQ - 6nn’ - 50’0”5mm’5ll’

Orthogonality of the spherical harmonics and the use of the divergence theorem

2Tt is a matter of taste if these functions are scaled with the radius of the circumscribing sphere
a so that they are dimensionless, or not. The final result does not depend on this scaling.



imply that regular and irregular solutions satisfy

[/( 8“”— ”V >dS—0
// (un% = %i”un/) ds =0 (1.2)
JEEsr.

for any bounded surface S that encloses the origin.

4.2 Planar solutions

Similarly, we introduce solutions to the Laplace equation related to the Fourier
transform. We call this type of solution planar solutions of the Laplace equation,

and we define them as .
(ki) = oo (1.3

where we introduced the notion p = @z + yy and k; = &k, + yk,. The modulus
of the two-dimensional vector k; is denoted k, = |k, = (k2 + k2)/? > 0. The
decreasing exponential behavior in ¢4 implies that the upper (lower) sign is natural
for expanding the potential in the upper (lower) half-space (z 2 0).

Due to the completeness of the Fourier transform, the orthogonality conditions
on the plane surfaces are (i = 1,2)

//g&i kir )gajF(k;, r) dS = 47%5(k, — k})

/ / (ke 7)ol (Kisr) AS = A6 (ky — Ki)e T (4.4)

// o1 (ki r)os(k);r) dS = 4720 (k, + Kk})eT2M=

\ 2=2%;

where a star denotes complex conjugate.

4.3 Green’s function expansions

We need two different expansions of the Green function in (3.1) — one employing
the spherical solutions and one the planar solutions.
Green’s function has an expansion the spherical solutions v,, and w,, [13]

glir =) = 3 g i Yo, o0, 6) = vl () (49

o,m,l n



where 7~ (r.) denotes the argument having the largest (smallest) modulus of r and

r.

Moreover, Green’s function has expansions in the planar solutions ¢, see [22, p.
1256, |3] and (A.1)

dk, dk
glr —']) = //sok )iy (ks /) S
t

. dk, dk
) //@i(kt?r)%F(kt%T/) , 5oz z2
2

where the sign in the planar solutions depends on whether z > 2/ or z < 2/

(4.6)

4.4 Transformation between solutions

To connect the two different types of solutions, spherical and planar solutions in
Sections 4.2 and 4.3, we need the transformation properties between the two sets of
functions.

In this paper we need to express the irregular spherical expansion function wu,
in terms of the planar solutions ¢y. This transformation is not so well know or
well used, and to remedy that and to help the reader, two different derivations are
provided in Appendix A. The transformation between the irregular spherical and
planar solutions is, see (A.7)

dk, dk‘
87T2// kt@-{—kty) k z>0

un(r):
IL, . dkxdky
o // B (ki) (kiim) S 2 <0
RZ

where the transformation function B, (k;) and the parity factor II,, are defined as

Bn(kt):i‘m\/(Hnj;r?;”‘_ )kl{ijgg}, I, = (—1)Hm (4.8)

For future reference, the lowest order contributions in powers of k; are

Beoo(ki) = VAr
eOl( ) \/_kt (49)

B e

(4.7)

5 The Null field method

We now have all the mathematical tools to represent the solution and to find ex-
plicitly the solution of the problem in (2.1).
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The applied potential ®;  in (3.4) is given (the constant ® is at the moment
unknown) and we assume that it has an expansions in regions 1-3, viz.,

(1
— // a_(kt)gp_(k:t;r)dkm dky, 7 in region 1
R2

872 ke
1 dk, dk . .
D p(r) = @// ay(ky)ps (k) h Y 7 in region 2 (5.1)
R2

Z anv,(r), 7 in region 3

\ n

The explicit expansion coefficients are easily derived from (3.4) and the definitions
of the spherical and planar solutions. The result is

a_(k,) = 872 @ ke "76(k,) = 812 kS (k)
ay (k) = —8m2® ke 0(k;) = —8m2 D1 ki6(ky) = —a_ (k) (5.2)
Ay = (I), V 477'507657”705170

Here, the expansion coefficients ay(k;) are known, but a, is unknown, since it
contains the unknown potential ®’.

5.1 Elimination of the surface fields

To obtain the solution of the potential problem, we have to eliminate the unknown
surface fields in the integrals in (3.3). The appropriate equations to do this are
derived in this section.

The position vector r can take four different principle positions. In three of them
we employ the extinction part of the integral representation, and these relations we
use to find different relations between the unknown surface fields on S3, and on 5,
i = 1,2. The fourth region, region 4, is used to find an expression of the induced
field.

To make the derivation transparent, we divide this part of the analysis in four
subsections, restricting the position vector to a specific region in each of these sub-
sections.

5.1.1 Relation from region 1

First, we let the position vector r take any position below the lower surface S; and
at the same time outside the circumscribing sphere of S3. In all integrals we then
have specific relation between the position vector r and the integration variable 7/,
i.e., on S7 and on S, we have the relation z < 2/, and on S3 we have r > »/. This
means that the same expansion of the Green function in (4.5) and (4.6) can be used
in each of the surface integrals.



From (3.3), we obtain

- 8—;//90—(’%"“) // o (ko (r') - V'O(r )clks*’dk‘ikjUZC
Lo //m ot o st
-l // (') dS' =

or using the transformation in (4.7)

// Uesi //w kv o (r') - V' O(r )dS,dk:k:lk;
_@//@—(kt;r) //goi(kt;r’);)(r/).v o (r )dS,dkajk

R2 S5
_#//@—(kt;r)ZHan(kt)//vn(r/)a<rf>. (r )dS,dkktdk o

R2 n 5

A comparison with the expansion of the potential in (5.1) gives an identity that the
coefficient a_(k;) has to satisfy, i.e.,

a_(ky) :—// 0" (ky;m)D(r) - VO(r) dS—//goi(k:t;r)ﬁ('r')-V@(r) ds

S1 S2
- ZHan(k:t) // vp(r)D(r) - VO(r) dS
n S3

This is the first relation linking the known expansion coefficients a_(k;) to the three
unknown surface fields in the integrands.
5.1.2 Relation from region 2

Now, we let the position vector r take any position above the upper surface Sy and
at the same time outside the circumscribing sphere of S3. Similar to the analysis in
Section 5.1.1, we get using (3.3), (4.5), and (4.6).

// (ky;™)o(r) - VO(r) dS — // (ky;7)o(r) - VO(r) dS
—ZB (k) // Vo(r) dS

This is the second relation linking the known expansion coefficients a(k;) to the
three unknown surface fields in the integrands.
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5.1.3 Relation from region 3

Let the position vector r now take any position inside the inscribing sphere of Ss.
This position implies that » < 7’ on all surfaces S;, Sz, and S3. From (3.3), we

obtain
—Zvn Z//un ) V'®(r') dS' = &

A comparison with the expansion of the potential in (5.1) gives an identity that the
coefficients a,, have to satisty, i.e.,

0 = — i / / ()5 () - V'B() dS’

Once again, utilize the transformation in (4.7), and we obtain (here we make use of
the fact that z; < 0 and 2z, > 0)

// Up (T Vo(r) ds
dk, dk,
. //H Bt // et o) s
dk, dk
87‘(’2 // kt // (V2NN kt, VCI)< )dS kt Y

This is the third and last relation linking the known expansion coefficients a,, to
the three unknown surface fields in the integrands. Before we proceed to extracting
the pertinent relations from the last region, region 4, we collect the results from the

region 1-3.
//ga+ Ky 7)o (r) - VO(r) dS — //¢+ ks )i (r) - V(r) dS

—ZHB k:t//vn )o(r) - Vo(r) dS

< [[ st ot s ] wemie) voie as
~ 2 Bk // va(r) ds
- [ vai as
87r2//HB (k) // (ksr)i(r) - Va(r) ds S
ng// (k) //wt, vq)()dsdkxk_fky

(5.3)



11

These relations contain the three unknown surface fields, and in Section 5.2 these
relations are exploited to find the unknowns.
5.1.4 Relation from region 4

The final choice of location of the position vector r is in region 4. More precisely, let
r be located outside the circumscribing sphere of S3 and between the plane surfaces
Sy and Sy. From (3.3), (4.5), and (4.6), we obtain

_8_;//go+<kt;r) //QO*_(kt;r’)f/(r’).v/ (- )ds,dkktdk
ot
S [t e -

This relation gives the desired potential ®(7) in the capacitor provided the surface

field are known. Rewrite the expression as

dk, dk,
ky

=3 unr) + g [ [ Gelhopseir) + £ (kg (kism) (5.4

//vn ) Vo(r) dS
// (ky: 7)o (r) - VO(r) dS 5.5
//¢+ (ke 7)0(r) - VO(r) dS

5.2 Expansion of the surface fields

where

In this section, we determine the unknown surface fields in terms of the known ex-
pansion functions of the exciting field, ay(k;) and a, (partly unknown still). One
way to proceed is to expand the unknown surface field 0,% on the surfaces in reg-
ular spherical and in planar solutions. We assume the following expansions of the
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unknown surface fields:

W// (k)p_(kir) dk,dk,, 7 €S

—0(r) - VO(r) = 13 // ai(ki)ey(kyr) dk,dk,, T €S, (5.6)

Zan%r, €S
n

This is an expansion of the unknown surface field on the two infinite, planar surfaces,
S1 and Sy, in a Fourier transform expansion. For convenience, we choose ¢_ (k¢;7)
on S7 and ¢, (k;; ) on Sy, but the opposite choice is also possible — it leads only to
minor changes in the expressions below. The set of expansion functions {t,} is any
complete set of expansion functions on the surface S5, where the index n belongs
to an appropriate index set. The only additional condition we require is that the
functions are consistent with (2.2), i.e.,

/ p(r) dS =0, foralln (5.7)

An example of such a system is {&(r) - Vv, (r)}.
To make notation more easy, we introduce the two Q)-matrices of the body

Q= / / Un () (1) S, Q= / / V() (1) dS (5.8)

In particular, for the system {&(r) - Vo, (r)} the matrices are

Qi = / / Un(P)D - Vo (r) dS,  Quu = / / Un (P& - Vo (r) dS
S3 S3

A more symmetric form of the matrices with this set of basis functions is

Q.= % + //f/ -V (upvy) dS, Qun = //f/ -V (00 ) dS
53 S3

These expressions are obtained by an application of the divergence theorem, i.e.,

// unavn U Un’ dS 6nn’ // Unavn U ’Un/ dS =0

and the fact that
a’Un/ aun . a (Unvn’)
S S
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and

//vnavn ovy, Do S — // (U V)

Note that, due to (5.7) (vego is a constant functlon)
Qeoony =0,  for all n' (59)

Insert the expansions in (5.6) into (5.3) use (4.4) to obtain

a (ki) = (k) + ay (ke 2+ T, By () Qi

n,n’

(5.10)
0y (k) = a(k)e™ ™ + o (k) + > Bu(ky)Quuonw
and
1 oo diey dE
= 30 Qs+ g [ Btk (T (ke 4 (ke ) S5
n ]RZ
(5.11)
In a similar manner, we obtain from (5.5)
= Z an’an’
! (5.12)

Fi(ker) = a(Fey)e™e™
f-() = oy (ky)e 2R

We see that once the expansion coefficients a. (k;) and «, are known, we can de-
termine the field in region 4. How to find the expansion coefficients a(k;) and «,
in terms of known quantities is the task of the next section.

5.3 Solution of the potential problem

The unknown coefficients, a4 (k) and «,, are now eliminated. This process starts
with the elimination of «,,. Solve for a,, in (5.11). We get

= Z Q:ﬁ‘ (an — cu/Ch) (5.13)

where we have adopted the notion (notice that we have made a change of variables
k; — —k, in the Fourier integral)

dk, dk
87T2 // _(kt)ertzl + Oé_l_(kt)ef%tzg) k—ty (514)

and ] a the normalization constant, which, for reasons of simplifications in the
expressions below, is
Vard

29,

Cy = — (5.15)
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From (5.10), solving for ay(k;), we then get using (5.13)

a_(ky)e* =1 —a (k) + A(ky)

oy (k) = —

L — e (5.16)
oy aa(k)e e —a (k) + Ak, '
a- (k) = - 1 — o—2kid

where

A(kr) = (1= ,e%) By, (ky) T (or/Ch — air)

nn’

Al(ky) =Y (I, — 7)) By (k) T (¢ /C1 — )

n,n’

and where the T-matrix, the transition matrix, of the body is defined [32], see (5.8)

T = =Y Qunr (Q) ity (5.17)

n//

The matrix T, is symmetric for a perfectly conducting body bounded by S;.
This symmetry is proved in Appendix D. Moreover, the transition matrix charac-
terizes the object bounded by S5 completely.

The derivation so far has been under the assumption that the obstacle is a
perfectly conducting object. We see that the only way the obstacle enters in the for-
mulation is through its transition matrix 7, . Any other object, such as a dielectric
body, homogeneous or not, or several objects, enters via its transition matrix just
as in the perfectly conducting case. The derivation, however, is much more complex
in the general case.

Due to (5.9), the first row and column in the transition matrix, corresponding
to [ = 0, vanish, i.e.,

Te()(]n = 1Lnpe0o — O, for all n (518)

where we also used the symmetry of the transition matrix. Due to (5.2), this prop-
erty implies that )  T,pa, = ®'V4rT,e0 = 0, and, therefore, it simplifies the
functions A(k;) and A'(k;) defined above. We have

1 .
A(kt) = a Z] (1 - Hn62kt ) Bn(kt)Tnn’Cn’
. (5.19)
Al(ky) = @ ; (IL, — e72"*2) B, (ky) T
and also 0
n — nn/ Xn/ — L Tnn’ n' 5.20
b ; Qnn \/Ed ; c ( )

The functions ay (k) in (5.16) look singular at k; = 0 due to the form of the
denominator on the right-hand side. A more detailed analysis shows that this is



15

not the case. In fact, the lowest order contributions in A(k;) and A’(k;) in k; are,

see (4.9)
2 V 47Tkt

A(k)t) = Z TeOlncn + O(kQ)
n (5.21)
, 2vAaTk
A (kt) = - 01 : ; TeoinCn + O(th)
since Teoon, = 0, for all n. The functions a(k;) in (5.16) then become (use (5.2))
820 A(k
ay(ky) =— ld(kt) (14 O(kt)) — (—tQ)k' d
8 2@) jléllzke) t (522)
77
o (ki) = =——0(ke) (14 O(ky)) = =55

Notice from (5.21) that there is no algebraic singularity in a4 (k;) at k; = 0 (not
counting the delta function).

To summarize the situation right now, we see that the only unknown in a(k;),
and therefore fi(k;) and f,, right now is the array c¢,. Once this quantity is deter-
mined, the entire solution is obtained.

The final step in the solution, is to find the array c,. This array is determined by
a matrix equation, and the solution has a physical interpretation in terms of mirror
image contributions. The matrix equation in ¢, is obtained by inserting (5.22)
n (5.14). We get

Cp = dn + Z Annlcn/ (523)
where
dk, dk
) (1L, — 1 =Y
k) (n, 1) Pa
Z A C _ // HnA/(kt)Gthzl + A(kt)e_thZQ dl{jx d/{jy
nn/Cn! — 72 1 — e—2ked kt

or using (5.15) and (5.19)

( 29
d, — 1C1

V4 5n e01 = 47T5n e01

A = =55 Z// w (Ke) (5.24)

_thzg + Han”ertm _ (Hn” + Hn)e—thd dk, dky
X Tn//n/
\ 1 — e—2kid k;

The form of the matrix A, is, see Appendix C

A = =" My T = B T
nn nn n’'n dl+l//+1

n// n//
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where

I+ 1)
(2d)1+0+1

— (C((-) (ST +1,))

My =Ny (C(l + ! +1, Z2/d) + (_1)l+l/C<l + ! +1,1- ZQ/d)

where ((z, a) is the generalized Riemann zeta function [21, p. 22]

C(z,a):Z(n—l—a)_z, a#0,-1,-2,...

n=0

and
5m7m/ 60,0’

VMmN —m)I( 4+ m)(I — m)!
and where the matrix P, is independent of the distance d, and given by
L+

oI+

= (1D + ()T +1,1))

nn’

P =N, <<(l + ! + 17 ZZ/d) + <_1)l+l/<(l + ! + 17 1—- 22/d)

Especially, for zo/d = 1/2, we get

(1+1)!

Pont = Now S

CU+1+1,1) (1 n (—1)“’) (2l+l’+1 1 (—1)l+m> (5.25)
where ((z) = ((z,1) is the Riemann zeta function.

1
((z) = =
n=1
We see that only [ 4+ I’ even integer gives a non-zero B, .
Note that every quantity in the system (5.23) is known for a given object char-

acterized by its transition matrix 7),,. We solve this system for ¢,. Formally, we
write
—1
Cn = Z (I B A)nn’ d”/
n/

We then have solved for all unknowns. The array ¢, determines the expansion
coeficients oy (k;) by (5.19) and (5.16), which then give fi(k;) and f, by the use
of (5.12) and (5.20). Specifically, the potential outside the circumscribing sphere
of S3 and between the plane surfaces S; and S5, region 4, can be written in terms
of known quantities, and the problem of this paper is solved. The result is, see
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Equations (5.4), (5.12), (5.16), (5.17), (5.19), and (5.20)

1 a. (ky)e 2k — q_(k,)e*k= dk, dk
- // +< t> 1 _egkt; t> ¢+(kt;'r) kt .

_2k d —2kiz
@ g (ke dk, dk,
87T2 // 1 — e—2kid P— (kt> 7') ,
H — e*2ktz2 Bn(kt)eZktzl dk‘x dkjy
87T201 Z // 1— e—thd <p+(kt’ T) kt Tnn’cn’

(1 -1, 62’”“ By, (K)o dk, dk,
87T2C’1 Z// o—2kid o (k) 2 T Crr

t

The specific values of ay(k;) in (5.2) and the value of C} in (5.15) imply

20,
(b T - un nn’cn’ + (I)a
i > ol

20, H — e—2/€t22 B, (k:t>ezk’t21 dke. dk
\/ ki; YT o o
drd 82 Z // 1— e—2ktd o+ (ki) 3 c

20 1 _ H ertzl B (kt)efﬂftZQ dkx dk
/—1 2 Z // 2ked (ki) o e
Amd 8™ 1 — e 2k k

t

where ©,,, (1) = @1 (22 + 21 — 22)/d is given by (3.2).

We have a particular interest in the normal component of the electric fields on
the plane surfaces S; and S5, which determine the surface charge densities on these
plates. To this end, we compute the surface field 9,9 on the surface S; and S,.
From (5.6) and (5.22), we get on S

—b(r) - VO(r) = 4—; / / o (ke (k) dk, dk,

(5.26)

and on S5, we have

_b(r) - VO(r) = 4—; / / s (k) (ke 7) dky ik,

// 1— e—t2ktd efrpehizz dk, dk,, T €S,
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6 Evaluation of change in capacitance

The physical quantity of interest is the change in charge on the plane surfaces due
to the introduction of the object bounded by Ss inside the plates. The planes —
equally but opposite charged — and the body carries no net charge. The change in
charge AQ on 9 is

8Q=—a [[ (@) -t () - #(r) a5
S1

where ®,,,(r) is the potential without any object between the plates. The poten-
tial ®(r) is the potential with the object — the potential we have solved above.
Employing (3.2), we get

0 Py(z0+21—22) 294

—2 - V(2 =2) = ~ % y ==

The use of (5.26) and (5.21) implies

t 1kt- kiz1
o ][] e aan, as

S1 R2

A kft 121 2(1)160
- / / (k) b, dly = — =S T,

Similarly, the change in charge AQ’ on S, is

O = —e //V(cb(r) By (7)) - 2(r) dS
Sa
20
= —€p // —2k; d ) —kiz2 dk‘x d/{?y = d_;e() ZTe(nnCn

which is equal to and of opposite sign to the change in charge on the lower surface.
The change in capacitance, AC, then is

AC = 2(1)1 ZTeOHLCn (61)

where we have explicitly used the value of the normalization constant C; in (5.15).
The coefficients ¢, are the solution of (5.23)

Pnn//Tn//n/
Cn = dn + E Ann’cn/ = dn - iU Cp/
n/

n/n’

where the matrices A,,, and P,,, and the array d,, are given in Section 5.3.
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This is the general solution to the problem and the change in capacitance due
to the presence of the object S3 inside the parallel plates. We are now ready to
summarize the problem. From (6.1) we get

ACd?

€0

= Gor (6.2)

where

6eOl - - Z TeOlncn (63)

and the array ¢, defined as

én = - § Tnn’cn’
n/

Tnn’ Pn’n”
qV++1

n/n”

is the solution to
Cpt (6.4)

671 = _47TTn,eOI -

which is obtained by a matrix multiplication of —7 in (5.23).

7 Induced field and polarizability dyadic in the ab-
sence of plates

In Section 6 the change in capacitance, AC, due to the presence of the object
bounded by S3 was obtained. We now address the question of how this change is
related to the electric polarizability dyadic ..

In this section, we show that the magnitude of the entries of the electric polariz-
ability dyadic is related to the entries of the transition matrix. To see this, assume
once more that the object bounded by S3 is a perfectly conducting object. We ana-
lyze the problem with the plates separated by a finite distance d, and let eventually
the plates separate to infinity, d — 0o, and at the same time let the exiting potential
increase, i.e., ®; = Pgd, where P, is a constant potential.

The electric dipole moment p of the object is expressed as an integral of the first
moment of the normal derivative of the potential over the bounding surface Sj:

P
p:—eo//ra (r) ds
ov
S3

provided the sources are located at infinity, which corresponds to the case d — oo.
Insert the surface expansion (5.6), and the electric dipole moment becomes

p= €o;an //r¢n(r) ds
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The position vector r can be expressed in terms of the spherical solutions, v, for
[ =1, cf., the definition of v, in (4.1)

x = VArver ()
Y= \/Evon(?“)
Z = \/EUB(H(T)

The definition of the @ matrix, see (5.8), then implies that the component of the
electric dipole moment has the form

( Pz =V 47T60 Z Qellnan
py =V 47TEO Z Qollnan
Pz=V 47T€0 Z QeOlnan

\ n

From (5.20), (5.17), and (6.3) we have in terms of the T-matrix

Vame 2P €
Pz = 0 ZTellncn = - 0 ZTellncn

Ch ~ d
41eg 204¢
Py = C ZTollncn =T ET:TonnCn (7.1)
VAT 204¢ —1
b = c; Z TeoinCn = — d Z/ Teo1n (I - A)nn’ dyy
\ n n,n

We let the plates separate, d — oo, and at the same time let &7 = Pgd. As
An — 0 as d — oo, the vertical electric dipole moment, p., in the limit d — oo
then becomes

20 ¢
D. = — C; 0 Tho1e014m = —2B0€0Tag1e01 47

The definition of the electric polarizability dyadic, ,, in terms of the electric
dipole moment, p, and the exciting electric field, FE, is

D= €% EO
where the exciting field Eg = —V®q(z2+21—22) = 2®¢2. The vertical polarizability
dyadic entry, 7,., then becomes

Pz

— = —471T 010 7.2
2Bgeq T 1Le01e01 ( )

Vzz

8 Numerical simulations

In this section, we illustrate the analysis developed in this paper with some numer-
ical computations of the capacitance change, AC, due to a perfectly conducting
object inside the plates. We specialize to an axially symmetric body, and we choose
spheroids and cylinders as test objects. The sphere, of course, being the most simple
object, is a special case of the spheroidal geometry.
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8.1 Perfectly conducting axially symmetric body

To calculate the capacitance change, the transition matrix, 7},,/, of the body has to
be available.

The first step in the computations of the transition matrix is to calculate the
(-matrices of the body. Adopting the system ¢, (r) = ©(r) - Vu,(r), we get from
the definition of the Q-matrices in (5.8)

Q. // 8vn dS, = // c%n dS

We assume the perfectly conducting body has axial symmetry, and that the
surface can be parameterized by r = r(0) > 0, for all § € [0, 7]. We then have

2
/ "\ 0 0 r 0
1+ TSlHQd@d(b 1+( ) ay—a—ﬁ%

and the matrix )’ becomes (only l-index is appropriate, no coupling in m or o)

(9 T/ 8 "' m .
" = N / 1P (cos 0) { (87“ rQ%) ' P} (cos@)} r?sin 6 df

where r is set to r(0) after the partial derivatives are taken, and where the normal-
ization constant is
5o 500,5%,\/(1 — ) (I — m)!
nn/ —

Similarly, the ) matrix is

Qp = Nnn//o ' P (cos 0) { (E — :—2%) ' P (cos 0)} r?sin @ do

The explicit form is

= Nnn/l'/ ' 1(0) P (cos ) P (cos 0) sin 6 df

, 9 (8.1)
— N / P==10)r' (0) P (cos H)aePl, (cos®) sinf db
and -
Q= 7m/l’/ rHHL(9) P (cos 0) P (cos 6) sin 6 d
9 (8.2)
— N / B 0) (0) P (cos 0)89 7 (cosf) sin 6 de

The kind of bodies that we are going to analyze has mirror symmetry in the x-y
plane, i.e., 7(0) = r(m — 0), then

Q=0 Qr=0, [+ odd
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Figure 2: The geometry of the spheroid with half axes a and b, respectively.

Due to the properties of the () matrices for an axially symmetric body, the T-
matrix in (5.17) is diagonal in the m and the o-indices. Therefore, since the d,
array has only one non-zero element (I =1, m = 0, 0 = e), only the indices m = 0
and o = e enter into the calculation. Moreover, the mirror symmetry in the z-y
plane, P,,» = 0, if [+’ odd, see (5.25), and the specific value of d,,, imply that only
odd [-values have to be considered. For this reason, the capacitance change in (6.2)
reads (only the index [ is pertinent here)

ACd?

€0

=0 (8.3)
where and the array ¢; is the solution to

- El/Pl/l// -
c = —47'('1—},1 — E —dl’+l”+1 cyr
l/l//
odd

and, see (5.25) (I and I’ odd)

21+ 1)CA+ 1 +1)
1l

Py =

8.1.1 Spheroidal geometry

An interesting and important test object is the spheroidal geometry, see Figure 2.
The @Q-matrices of the spheroidal geometry is analyzed in Appendix E.1, and the
explicit matrix entries are given by (E.1) and (E.2). The change in capacitance
ACd?/ey in (8.3) (scaled by the volume of the circumscribing sphere) for a set of
spheroids is depicted in Figure 3.
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a=1, b=0.5

Capacity change
— N W e Ol O =]

a/:]_7 b:2 a:l’ b:01

0.1 0.2 0.3 04 0.5
a/d

Figure 3: The capacitance changed in (8.3) (scaled by the volume of the circum-
scribing sphere) of a perfectly conducting spheroid as a function of the ratio a/d.
The curves have ratios b/a = 0.1,0.5, 1,2, depicted as black, red, blue, and green
curves, respectively.

The exact value of the polarizability ~,, is [14]

B 4Aab?
Te2 T 3T

where the depolarization factor L3 is

1—e? 1
2636 (ln . i_ Z - 26) (prolate)

Ly = (8.4)
1 V1—e?
— (1 - < arcsin e) (oblate)

e? e
and the eccentricity e = /1 — &2, where £ = min{a/b,b/a} € [0,1] is the ratio
between the minor and the major semi-axes of the spheroid. For the sphere, e = 0,
we get Ly = 1/3, and ~,, = 4mwa’.

The lowest order approximation (terms up to [ = 1) gives an approximate value
of the capacitance change in (8.3), which, using the exact value of T3, from (E.3), is

AC(d)d® 4rab?
€0 3Lz —4((3)ab?/d?

This is a good approximation of the exact solution shown in Figure 3 for small values
of a/d.

The special case of a = b, the sphere, is particularly important, since the T-
matrix has a closed form for this geometry, i.e.,

Tnn’ = - a2l+ ! 5ll’ 5mm’ 500’
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Figure 4: The geometry of the cylinder with height 2a and diameter 2b, respectively.

which implies, see (7.2)

Vez = 47T6L3
and the approximate value
AC(d)d* 4ra’
€ 1 —4¢(3)a3/d?

8.1.2 Cylindrical geometry

The second example of test objects is the cylindrical geometry, see Figure 4. The
(Q-matrices of the cylindrical geometry is analyzed in Appendix E.2, and the explicit
matrix entries are given by (E.4) and (E.5). The change in capacitance ACd? /¢
in (8.3) (scaled by the volume of the circumscribing sphere) for a set of cylinders is
depicted in Figure 5.

8.2 Layered perfectly conducting sphere

We finish the numerical illustrations with the capacitance change of an object that
is not perfectly conducting, but has an exterior dielectric coating. The transition
matrix for a dielectrically coated perfectly coated sphere is calculated in Appendix F.
Figure 6 shows the effects of the thickness of the dielectric coating (outer radius b and
relative permittivity e = 2.3) on a perfectly conducting sphere of radius a. Notice
that the capacitance change is scaled with the volume of the perfectly conducting
sphere (radius a), and not with the volume of the circumscribing sphere (radius b).
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3.0F
o 2.5F
&0
=
=20
)
= 15 a=1, b=2
2
= 1.0F

0.1 0.2 0.3 0.4
a/d

Figure 5: The capacitance changed in (8.3) (scaled by the volume of the circum-
scribing sphere) of a perfectly conducting cylinder as a function of the ratio a/d.
The curves have ratios b/a = 0.1,0.5, 1,2, depicted as black, red, blue, and green
curves, respectively.

9 Conclusions

Recent advances in the characterization of the dynamic performance of a scatterer,
material, or antenna, have proved depend on the static behavior of the object [7—
10,12,24-28|. In particular, the polarizability properties are instrumental in this
characterization. To meet this request, we, in this paper, present a method for the
computation of the capacitance change in a parallel capacitor due to the presence
of an arbitrary object of finite volume. This change in capacitance is related to
the polarizability of the object, and the extraction of the polarizability from the
capacitance change will be addressed in a future paper.

Appendix A Transformation between irregular
spherical and planar solutions

The transformation between the irregular spherical function w,(r) and the planar
solutions ¢ (k¢; ) plays a fundamental role in the construction of the solution of
the problem in this paper. The transformation is basically a Fourier representation
of the function u,(r). We suspect that this relation between the two solutions are
not particularly well known, and we, therefore, in this appendix, give two alternative
presentations of the transformation.
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7 -
& o
% 5 ] a / b:O'8”777,77”",,,,,//———'// -
;:U 4 _7 -
= a/b=0.9
25
8, a/b=1
3 9F
@)
1F
0.0 0.1 0.2 0.3 0.4
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Figure 6: The capacitance changed in (8.3) (scaled with the volume of the PEC
sphere) of a perfectly conducting sphere of radius a coated with a dielectric layer
(outer radius b and relative permittivity € = 2.3), as a function of the ratio a/d.
The curves have ratios a/b = 0.8,0.9, 1.0, depicted as green, red, and blue curves,
respectively.

A.1 Transformation, [ =0

We start with the special case of [ = 0. The spherical solution for [ = 0 is related
to the Green function of the Laplace equation. We have

11

ero(T) = E;

The Fourier transform of the Green function is?

)= = — [ [ &k el Sz Ty Al
g(Jr =) Aic|r —r'|  8n? . ¢ ky (A1)
R

In particular, we have

T : dk, dk
Ueoo (1) = VATg(r) = 4—\::2 // elkt'p_ktlz|—kt ! (A.2)
RQ

To proceed, we introduce the following notion (p = rsinf):

w = x + iy = p(cos ¢ + isin @) = pe'? w* =1 — iy = pe ¢

o _1(0 0 o _1(0 .0
ow 2\0r Oy ow* 2\ 0z Oy

3Most easily obtained by taking the Fourier transform in = and y of

e—hilz—2'|
2k,

Vig(lr —v'l) = =d(r —r') = glki,22) =
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and .
{ k =k, + ik, = ki(cos f +isinf) = ke

k* =k, — ik, = ke
We write the scalar product as
1
ki-p=kyx+kyy=Re(k'w) = 3 (K*w + kw™)

and from (A.2), we get

i iz (k*w+kw*)—k¢|z| s Y A
T 2 ﬁe ’ ]i]t ( 3)
R2

A.2 General transformation, [ > 0

With the result of Section A.1, we now address the case of [ > 0 by a ladder process.
We aim at evaluating the following identity in two different ways:

0 aN\" o™ 1 om om (1
—+i—] =—(-)=2" — | - A4
(833 —H@y) Ozl—m (r) 2 Ow*™ Qzl=m (r) (A4)

The first way utilizes (A.3). We get for z > 0

0 oN\™ o™ 1 1 . ; dk, dk
-~ s o) == ik, )™ imp —k l—m ik p—ki|z| VT 2 VY
(830 _Hﬁy) Ozt—m (r) 27 //(1 )" (k) e ki
R2

(=1)f // 1 im ke p—ky 2| Az A

_ ol gike-p—h |z P ARy

2mim & C ks
RQ

The second way of evaluating (A.4) uses the integral representation [21, p. 18§]
or |22, p. 1270]

(A.5)

1 m im
mPZ (cos )™’ =

S, X v fom)  (as)

where (x = rsinfcos ¢, y = rsinfsin ¢, and z = r cos 6)

X(u) = z+i(zrcosu+ysinu) = r (cosd +isinf cos(u — ¢)) = z—i—% (we™ + we™)

For completeness, this integral representation is proved in Appendix B.
We now restrict the variable z to z > 0, i.e., 0 € [0,7/2), and evaluate (A.4) a
second way using (A.6) for [ = 0. We get

o o\™ o™ (1 gm gm 7w .
(%“a—y) o <;>—2 Jur 9 27 / (X(w))™ du

_om(_1ym(g— )= / (X ()0 4y

21 Qwr™

1 27 . 1 .
= (—1)liml!—/ (X (u))" e qu = (1)1 — m)!mﬂm(cos 0)e™?
0

2T
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where we in the last equality have used (A.6) again. Comparing this expression with
the one obtained in (A.5) we obtain

dk, dk,
1m¢> l 1m,8 iky-p—kez VT VY
ZHPI (cos)e 2mim l— //k . ko

or, see (4.1)

__i=m COoS mﬂ iki-p—kiz dkx dky
Up(r) =i \/167T3(l+m 1 —m // {smmﬁ} —k?t , z>0

We write this transformation as

dk, dk’
87T2// kth_i_ku) k‘ z>0

87T2 k)t kt, ) k‘ z<0

Cm dme,, ; [ cosmp
By (ki) =1 \/(l +m)(l — m)!kt {sinmﬂ} (A.8)
I, = (_1)l+m

where

and (4.3)
pu(kyyr) = elbrPThe

A.3 Alternative derivation

An alternative derivation of the transformation relation between the spherical and
the planar solutions to the Laplace equation is to start from the relation in the
dynamic case (Helmholtz equation), i.e., [3, p. 180] (notice that k is here a real-
valued parameter and should not be confused with k = k, + ik, used above)

(1) o 1kt Fiz(k2—k2)1/2 dkm dl{y
hl (k??“ lm T // lm P ) W, z>0

where the branch of the square root has non-negative imaginary part, £ is the wave
number, k = k; + k.2, and k = k/k.
Multiply with &1 and take the limit as k¥ — 0. The left hand side has the limit

. 200 .
il_r)r(l)k”lh (kr)Yi,(7) = —iT Y ()
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The right hand side has the limit

i~
. 1+1 lkt ptiz(k2—k2)1/2 dk, dky
2 // Rk — R2)172

Em |21 —l— 1( // cosmpf3 oikip—hi dk, dk,

o l +m) t2ll' sinmf ik,
_(2l). j—m—1 Em 21 —}- 1 // CcoS mﬂ 1k:t-pfktz dk?x dk?y
20 2 Vor\ 200+ m) sinmf k,

since

k2 _ k2 m/2 qm
lim &' P (k% — k2)Y?/k) = lim k! (1 — ¢ ) —Py(z)

k—0 k—0 k2 dzm 2=(k2—k2)1/2 [k
dm
=k lim k'™ —— P (2)
k—0 dzm 2=(k2—k2)1/2 /K
(20)!
k’t m(lk’t)
where we used that
2! dm (21)! I
= . —P((z)= ————2""
12) = sz I A T

The transformation then is

. €m cosmf oky» Ak dk
n —im kl ik p—kiz VT VY
n(r) =1 \/16%3(l—|—m)!(l—m)!// t{smmﬁ} ke 2>0
R2

which is identical to the result in Section A.2.

Appendix B Derivation of Equation (A.6)

In this appendix we give a derivation of

1 , im! 2 ,
m imo __ —I-1 imu
_7,[+1Pl (cosB)e™? = m/o (X (u)) e™ du, 0€10,7/2)
which is used in Section A.2. Here [ = 0,1,2,..., m = —[,...,—1,0,1,...,[, the

angle 6 € [0,7/2), and
X(u) =z+i(zcosu+ ysinu) = r(cos@ +isinf cos(u — ¢))

and z > 0.
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To prove this, we start with (6 € (0,7/2))
2m } 2m ]
/ (X (u)" el dy = 1 / (cosf + isinfcos(u — @)™ ™ du
0 0
. 27r .
= T_l_le‘md’/ (cos @ +isinf cosu) '~ ™ du
0
We introduce a new variable of integration

. dt .
t =cosf+ie “sinf = T e “sinf = —i(t — cosb)
u

and
t* —1=2ie ™sinfcosf —sin* 6 (1 + e *"*) = 2ie ™ sinf (cosf + isin b cosu)

This implies that (note the positive orientation of the contour I')

2m o
/ (X (w)" e™ du = r~7 1™ (2isin §)' ! / (* — 1)_l_1 e—illH1-m)u g,
0 0

. (2ising)™! -1 -
— rlle‘md’(—j{ *—1 t —cosH) ™ dt
ummm”lmr( ) )

I—m
_ _ymtlgltl —l-1imé 5 m 9]{ (t — cos0)

———— dt
T (t2 _ 1)l+1

The contour I' is shown in Figure 7, and the contour encloses ¢ = 1 but not ¢t = —1,
since for 0 € (0,7/2)

1—cosf < (1+cosf)(1—cosf) =1—cos’f =sin’f <sinf = cosf+sinf > 1

and, similarly
14+cos >1>sinf = cosf —sinf > —1

Notice that the radius of the circle can assume any value (not necessarily sinf) as
long as it encloses the singularity at ¢t = 1, but not the one at ¢t = —1.

To proceed, we now use the Schléfli integral for the Legendre polynomialsP(x),
see e.g., [19, p. 110]

oML [ (t —x)
P(r) = 5 jg @ dt, ze€(-1,1)

From this integral, we can derive the following expression for the derivatives of the
Legendre polynomials

dm oML ()™l [ (t—a)
—P(z) = dt ~1,1
Mml@) me—mﬂékﬁ—m”l’ ze(=L1)
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sin (9 T

cos 6

Figure 7: The contour I' in the complex ¢-plane.

We finally get

o X =1 gimu g +lgl+1,.—I—1,ime 0 (t_cose)l_m d
/ (X(w)" ™ du=—i" rm e sin™ %—m t
0 r (2—-1)
ime (L —m)! m
= QWi_mr_l_lelm‘i’% sin™ edcosm ePl(cos 0)
. — |
= 27Ti_mr_l_le‘m¢Mle(cos 0)

{!
and we conclude
im{!

2T
r—l—1e1m¢le(COS 9) — m/o (X<u>>—l—1 ™ du

and the integral representation (A.6) is proved. The limit case, § — 0, follows by
continuity.

Appendix C Evaluation of integral

In this section we explicitly evaluate the entries in the A, matrix, given by

Ann’ - - E Mnn”Tn”n’

nll

where

1 e—2k1;22 + Han,e2kt‘zl — (Hn/ —+ Hn)e_zktd dkx dky
Mnn’ = @ // Bn(_kt)Bn'(kt> 1 — e—2kid kt
R2

where, see (A.8)

m dmep, cos mf3
Ptk = \/a Tl — {smmﬂ}
I, = (—1)"*™
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Evaluation in polar coordinates implies

Moy — Ny [ €2 (SR — (D1 (e
nn' — nn o t 1 — e*thd t

where
5m,m/ 50’,0’

VA m)T—m) U+ m) (I — m)!
The remaining integral can be expressed in the generalized Riemann zeta func-
tion |21, p. 22]

nn’

(e}

C(z,a):Z(n—i—a)_z, a#0,—-1,-2, ...

n=0
This function is meromorphic everywhere in the complex z-plane except for a pole
at z = 1 with residue 1, and reduces to the Riemann zeta function for a =1, i.e.,

((z1) =¢(2),  C(21/2) =¢(2) (2" = 1)
The remaining integral then becomes [6, p. 325]

/ xz_lle — dz =T1'(2)((2,0), Rez>1,Rea>0
0 —e

where I'(2) is the Gamma function. Thus

| e2e NC(L+1,a/d
/ ki : oa Ikt = ol +zj(1l/ :
0 1 —e 2k (2d)+

and
Pnn’

My = 2

where the matrix P, is independent of the distance d, and given by

(1 +1)!
Pnn’ :Nnn’ W

— (“1)" (D" + (DA + 1))
The first entries are

Paoveot = % (C(3,20/d) + C(3.1 — 2/d) + 20(3,1)}

3
Feo1,e02 = 16 {C(4,22/d) — ((4,1 — 22/d)}
Especially, for zo/d = 1/2

P = Nnn,%gu +U+1,1) (1 + (-1)””) ((2’“’“ - 1) - (—1)”’”)

with explicit entries

(g(z S U4, zfd) + (D) + 1,1 — 20/d)

Peo1,e01 = 4¢(3)
Peot,e02 =0
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Figure 8: The geometry of the single body, bounded by S. Here a is the radius
of the smallest circumscribing sphere of the body, and R > a is the radius of a
spherical surface not enclosing the domain of excitation V.

Appendix D Symmetry of the transition matrix

The transition matrix, T}, , is symmetric for a perfectly conducting body. In the
dynamic case (Helmholtz equation) this is well known, provided the material of the
body is reciprocal, see e.g., [30]. The arguments do not apply to the static case,
and we, therefore, give the proof here for the Laplace equation.

The notion in this section is independent of the one in the rest of the paper. Let
S be the bounding surface of a bounded, perfectly conducting body. Exterior to S,
in the volume V,, we assume space is vacuous except for a volume, V,,,, containing
the sources of the problem, i.e., no parallel plates are present in the geometry in
this section, see Figure 8. The unit normal & on S is directed into the volume V.

Let ®&; and ®, be two different solutions to the Laplace equation in the volume
Ve \Vapp with equipotential surface .S, due to two different excitations in V,,, .e.,
V20,(r) =0, 7€ Vi\Vap i1
O(r)=9),, reS -

where @, i = 1,2, are unknown constants.

Consider the integral
0, 0P,
I = b ——Py—— | d
// ( Y ov > v > 5
s
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This integral is identically zero for an uncharged body, since the potential is constant
on S, and the remaining integral

=1,2

Y

Qz = —€p

determines the charge @);, ¢ = 1,2, on the body. Even if the charge on the body, @,
1 = 1,2, is not zero, the integral is zero still, since the integral is proportional to

D,Qr — P21 = ¢,CP; — 0P =0

where C' denotes the capacitance of the body w.r.t. infinity. Due to linearity of the
problem, the capacitance of the body is independent of the excitation,.

Outside the circumscribing sphere of S, but inside the inscribed sphere of the
excitation, i.e., on a spherical surface with radius R, see Figure 8, the potential ®;,
i = 1,2, has an expansion in terms of regular and irregular solutions of the Laplace
equation, see Section 4.1. This expansion reads

i(r) =D (ahon(r) + flun(r)), i=1,2

The sum is uniformly convergent in this region, and, therefore, can be differentiated
term by term. The coefficients a,, are determined by the excitation in V,p,, and are
therefore considered known. The coefficients f,, are unknown and determined by the

transition matrix, ¢.e.,
= E Tona,,, 1=1,2
n/

The transition matrix is independent of the excitation, and determines the solution
in the region outside the circumscribing sphere of the body.

Now, apply the divergence theorem, and rewrite the integral [ as an integral over
the spherical surface Sg of radius R. Since the region is source-free, the integral
then becomes

0_1_// (qna% %%) ds
/ / { (aLon(r) + flun(r )); (ai,a“gg) +f3,8“5}§r))

—Z a2 (1) + f2 (7 ))Z(a;a?—guﬁag—?)} ds

n

Utilize the orthogonality relations in (4.2). We get
0= Z(aifnl —alf?) = Z(aflTnn/ai, —alThwa?) = Z a2 (T — T ar,

since fi = >  Thwal, i = 1,2. This relation must hold for every a’, i = 1,2.
Therefore, T'= T*, and the transition matrix is symmetric under the assumptions
made in this appendix.
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Appendix E The ()-matrices — examples

The @ matrices for a general axially symmetric, perfectly conducting object are
given in (8.1) and (8.2). In this appendix, we specialize to two specific geometries.

E.1 Spheroids

We specialize to a spheroid (half axis a along the z axis, and half axis b in the z-y
plane, see Figure 2), i.e.,
1 cos’f  sin?6
20) @ B

and . .
7(0) =13 cos O sin (E - b_2>

The @' matrix in (8.1) becomes

Q' = 2N, / (

1=ry/2
) PP (@) PP () da

1\ (M 1\ , =
+ 2N, (a_ - §> /0 (? + 7 ) x(1 —2?)P™(2) PP (x) da
where
N . (Sgglémm/ (l — m) (l/ — m)'
T (L +m)! (' +m)!
Similarly, for the @ matrix in (8.2), we have
(+U+1)/2
m oy N / ( ) Pr(2) Py () da
(E.2)

1 L2 g2 )2 ,
m m/
+ 2N, (ﬁ - b_z) /0 (ﬁ + b—2> z(1 —2*)P"(z) Py (z) do

The first matrix entries are obtained by elementary integrals, i.e.,

0
11 = Ls
2
o _ab
1= 3

where the factor Lj is defined in (8.4).
The @' matrix has an interesting property valid for a spheroidal geometry.* It
is an upper triangular matrix in the [ and !’ indices, i.e.,

=0, 1>

4In fact, it is also valid for the more general ellipsoidal geometry, see e.g., [18,31].
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To prove this statement, use the recursion relation [21]
(1= 22) B(e) = (I + m) P (2) — LoD ()

to rewrite the following expression (we assume that [ > ')

V(G + 150 ) @+ (5 - 5 ) s - AR @R

a?

1 (L 55 ) R

a? b2
= PR+ 0 m) (- ) B @

l/

=B"a) ) aw(ll,m)Pi ()

=1'—2
for some coefficients a, (I’,m), since [21]

U =-m+1 U'+m

vP(z) = ; Pl’—i—l( ) + ; (@)
200+ 1 200+ 1

For a spheroidal surface, the integrals in (E.1) for [ =" 4+ 2s, s = 1,2,..., are
integrals over three associated Legendre functions, i.e.,

d Vg2 1—a2\"!
z’+2s U= Z ap(I';m /1 (? + T) Pl o (@) Pl (x) da
ll

l//
1
v 3 bele) 3 ot | PB@) R @) Pnle) do

0<l/// ) l// ll 71
since, for a spheroidal surface, we have
1 22 1 —a?

7~2(S——1)(9) = (? -+ b—Q) Z bl’” -Pl”’ COS 9)
0<I<2(s—1)

for some coefficients by (s).
An integral over a product of three associated Legendre functions is zero unless
the l-indices satisfy the triangular relation [5, Appendix on p. 192], i.e.,

1
/ P (x)P"Pu(x) =0, unless [I' =1"| <1 <U'+1"
-1

As a consequence, the integrals in (E.1) then are

=0, I=0I+2s5=12,...
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and the upper triangular property of )’ is proved.
Due to this triangular property of the ()’ matrix, the first row and column of the
transition matrix can be computed explicitly. We have

Ty =—-=b 1=1,3)5,...
11
The first entry is
R
11
In particular
ab?
T = ——— E.3
h =3t (E:3)

E.2 Cylinder

Let the body be a cylinder (length 2a along the z axis, and diameter 2b in the z-y
plane, see Figure 4), i.e.,

’00897 0<0<0,
a
1 sin 0
O ;o by <0< m—0
_COSQ, T—60<O0<nm
\«a

where zo = costy = a/va? + b € [0, 1], and

( sind

) OSQSGO
a
r'(60) = r3(6) —C;)SQ’ B <0< —0
—sm@7 <8<
' «a

The @' matrix is

m I'NT 0 (1_1,2)“_”)/2 m m 1‘Tl_ll m m
b2t d [ @R o [ DR RPG) do

Zo

bl—l’
Lpl=l=1(1 _ 22
_/ i x)le(:z:)Pl’,”'(:c) dx}

=
o a

(g1 — g2y
—2N,m/{ | @R a
0

(E.4)
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and similarly for the ) matrix

e Zo bl+l’+1
Qll’ =2l Nnn’ /0 (1 )(l+ll+1)/2pl (x)Pl/ (I’) dz

— 72

L +1

0

(E.5)
~ zo bl +1 .
= 2N /0 (1 _$2)(l+l'+1)/2pl (x) P (z) dz
1 2\ 4+ +1
(1 —Z )CL m m
_/ JJH‘Z/"'Q 'Pl (x)‘Pl’ /<I) dz
Zo
In particular, the diagonal elements of )" matrix are
Tt [ @) - [arrepr@ a [ O g,
0 0 o
M ey [
2(l—m)! 2 2 x
The first elements are

(

/(1)1 =1-x

21 11
0 _ .3 _ .3
Qn—a/xo;—ﬁdx—a (5—2—%—21112[‘0)

0 /1 572 — 31522 — 3 dr— 1 15x) — 203 + 9z

\ v 2 2 4

Appendix F T-matrix — layered dielectric sphere

The T-matrix for a layered dielectric body can be obtained by the technique devel-
oped by Peterson and Strom [23|. If the object is a layered sphere, this technique can
be employed, but for a layered sphere a more straightforward and simpler approach
is to make an Ansatz of the potential in the different regions. Consider a spherical
geometry with one layer as depicted in Figure 9. The inner and outer radii are a and
b, respectively. The permittivities, relative the exterior permittivity, are denoted €;
and eg, respectively. The pertinent expansions of the potential are:

rz an U, (1) + Z fatin(r), r>b
Br) = 4 D ntal(r) + Y Buun(r), a<r<b
Z'ann(r)a 0<r<a
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Figure 9: A layered sphere with inner radius a and outer radius b.

The boundary conditions, continuous ® and e - V&, and orthogonality of the
spherical harmonics imply (suppress all indices except [ = 0,1,2,...)

albl + flbilil = Oélbl + Blbilil

ogat + B = yd
lalbl_l — (l + 1)flb_l_2 = €9 (lalbl_l — (l + 1)ﬁlb_l_2)

€9 (lalal_l — (l -+ 1)Bla_l_2) = Ell’)/lal_l

or a matrix system in the unknowns

bZH-l 1 0 -1 a b2l+lal

a2l+1 1 _a2l+1 0 ﬂl 0
el —ey(1+1) 0 I+1 ][]~ | 02
Egla2l+1 —62(l + 1) —€1la2l+1 0 fl 0

The transition matrix, defined as f; = Tja; then is (£ = a/b € [0,1])

T — &M er —e)(I 4+ (1+1)eg) + (€2 — 1) (e2 4 (€1 + €2))
l I(1+ D& (e —e2)(e2 — 1) + (L + (1 + e2)) (€2 + U1 + €2))

In particular, for [ = 1, we have
7~ _p&ila = e)(1+2e) + (2 = D(ez + (@1 + 2))
' 28 (61 —€)(ea — 1) + (24 €2)(e2 + (61 + €2))

The polarizability 7., then is

= AT, = 47rb3§3(61 —e)(1+26) + (62 — 1) (€2 + (€1 + €2))
zz — 1 —
28(e1 —e)(ea — 1)+ (24 €)(e2+ (61 + €2))
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Special cases are:

1. Dielectric sphere of radius a and permittivity e

T, = —a2+1 e—1
1+ 1(1+e€)
The polarizability ~,, then is
e—1

.. = —4nTy = 47d®
7. 1 7TCZ2+€

2. Coated PEC sphere of radius a with a dielectric coating of permittivity e and
thickness b — a

7 g ETA D) +i(e—1)
o 1+ (e—1)+1+1(1+¢)

The polarizability 7., then is

b3§3(1 +2¢)+e—1

.. = —4nTy =4
Y Tl us 26— 1) +2+¢

3. Dielectric shell with permittivity e of thickness b — a and inner radius a

(1 - (e—1)(e+1(1+€)
I(1+DH 1 —€e)(e—1)+(1+1(1+e€)(e+(1+¢)

E — _b21+1l

The polarizability 7., then is

(1—-&%)(e—1)(1+ 2¢)

Vo = =471 = 47Tb32§3(1 — 6)(6 - 1) + (2 + 6)(1 + 26)
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