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Popularvetenskaplig sammanfattning

Lite förenklat handlar det här arbetet om hur en gaslåga samverkar med virvelströmmar.
Eller mer specifikt, hur man kan använda datorer för att räkna ut det. Datorsimuleringar
av det här slaget kan vara användbara om man till exempel vill förbättra brännaren i en
gasturbin, minska risken för detonation vid gasläckor i gruvor, eller studera hur snabbt
vissa exploderande stjärnor brinner. En av de stora fördelarna med simuleringar är att man
har full kontroll över det man studerar och kan göra perfekta ’mätningar’, utan många av de
begränsningar och mätosäkerheter som ofta förekommer i riktiga experiment. Simuleringar
gör det också möjligt att till exempel studera idealiserade och förenklade förhållanden som
inte går att uppnå experimentellt. Många av de simuleringar som utförs, till exempel i denna
avhandling, kan dock tyckas märkliga: varför skulle man vilja studera en gasflamma som
saknar värme, eller turbulenta strömvirvlar som uppstår ur tomma intet? För att svara på
denna fråga, låt oss titta lite på bakgrunden.

Navier-Stokes ekvationer beskriver rörelser i gaser och vätskor och har varit kända se-
dan tidigt -tal. Under samma århundrade upptäcktes även Arrhenius ekvation som
säger hur snabb en kemisk reaktion är. Tillsammans utgör de här ekvationerna, samt någ-
ra ytterligare tekniska detaljer, en modell som i detalj beskriver bland annat förblandade
gasflammor. Betyder det att problemet redan är löst, att vi har en tillräckligt noggrann mo-
dell som bara är att använda? Svaret är både ja och nej. Problemet är att modellen är för
detaljerad. Den går helt enkelt inte att använda i praktiken på grund av den enorma be-
räkningskraft som skulle krävas för att räkna ut något. För att kunna använda simuleringar
i studier av praktiska flammor behöver vi skapa enklare modeller som har en lägre beräk-
ningskostnad. Informationen från en sådan modell behöver inte vara perfekt, alla detaljer
om varenda liten virvel är inte relevanta, men det är viktigt att informationen är tillräck-
lig för ändamålet. För att konstruera en förenklad modell krävs därför information. Man
behöver veta vilka delar av en ekvation som är viktiga, vilka förenklingar som är rimliga i
olika situationer.

Inom ramverket som på engelska kallas ”Large Eddy Simulation” (LES) är tanken att
man behåller allt som är stort i modellen och försummar sådant som är smått. Motiveringen
är att mycket av detaljerna (som är kostsamma att räkna ut) är småskaliga medan majorite-
ten av energin finns i stora virvlar och strömmar. Metoden kan liknas vid ett grovt såll där
bara de största bitarna fastnar och alla små detaljer filtreras bort. Tyvärr är verkligheten inte
alltid så simpel, fenomen som händer på stora och små skalor är inte isolerade från varandra
och de bortsållade små skalorna måste därför ersättas med något slags gissning. En av de
stora utmaningarna när det gäller flammor är att inte bara de små strömvirvlarna, utan även
själva flamfronten, ofta faller genom ’sållet’. Här kan man givetvis invända att LES kanske
inte är rätt väg att gå, men tyvärr finns inte många alternativ idag som inte bygger på något
liknande såll. Det här betyder inte att allt hopp om en realistisk simulering är förlorat, en
hel del är fortfarande möjligt att göra och resultatet beror på hur bra ’gissningar’ man kan
göra. Men hur vet man vad som är en bra gissning?

v



Här kommer anledningen till att man vill studera idealiserade och förenklade fall, som
en flamma utan värme eller en flamma in en oändlig periodisk låda. Om ett system bara
är tillräckligt simpelt så är det möjligt att använda en detaljerad modell direkt, utan något
såll. Den enkelheten ger oss en möjlighet att testa och förbättra våra ’filtrerade’ modeller
(utförda inom ramverket för LES) mot de ’ofiltrerade’ modellerna. Dessutom kan detalje-
rade simuleringar av enkla system ge oss ny information som ökar kunskapen och som kan
ligga till grund för nya modeller.

Arbetet i den här avhandlingen bygger på simuleringar av enkla flammor med detalje-
rade modeller och har i huvudsak två delar. Flammorna som studeras är förblandade vilket
innebär att bränsle och luft har blandats innan de bränns. Förblandade flammor har ofta en
specifik tjocklek och rör sig med en specifik hastighet. Det första delen av arbetet handlar
om hur en flammas inre struktur påverkas av turbulenta strömvirvlar. Om det finns många
små och starka virvlar så kan dessa göra att flamman blir tjockare. Hur tjock flamman blir
beror på ett samspel mellan värmefrigörelsen och virvlarna. Vid väldigt stark turbulens kan
även de kemiska reaktionerna påverkas, något som kan vara av stort intresse om man vill
tillverka brännare med låga utsläpp. En studie gjordes även om hur flammans hastighet kan
påverkas av de turbulenta virvlarna, och ett försök har gjorts att separera olika processer som
påverkar hastigheten.

Den andra delen av avhandlingen knyter an till den första och handlar om hur förenk-
lade modeller fungerar vid olika stark turbulens. En modell som undersökts bygger på att
skatta hur vanligt förekommande olika bortfiltrerade tillstånd är, och sedan slå upp i en
förberäknad tabell vad reaktionshastigheten ska vara. Metoden bygger på antaganden om
hur de bortfiltrerade tillstånden är fördelade och vad som ska finnas i tabellen.

vi



Chapter 

Introduction

Before high-speed digital computers became commonly available there were essentially two
ways that research on fluid dynamics could be done: experimentally or theoretically. Com-
putational fluid dynamics (CFD) now provides a third option, which is based on finding
approximate solutions to the system of partial differential equations (PDEs) governing fluid
flow using numerical methods. While CFD has several merits in terms of cost and flexibility
it also comes with some drawbacks related to turbulence models and boundary conditions.
CFD can therefore be viewed as a tool in fluid dynamics research that can be used alongside
experimental and theoretical methods in order to provide a more complete picture of a flow
situation. The direct method of using CFD is to numerically solve the governing equations
without further modification. As long as the schemes are stable and consistent [] the re-
sult will be an approximate solution to the flow problem defined by the equations together
with their boundary and initial conditions (assuming that the problem is well-posed). This
method is referred to as direct numerical simulation (DNS) and is straight forward to apply
to laminar flow. In most turbulent flows of interest, however, DNS is not practical due
to the large range of length and time scales present and the associated high cost in terms
of computation time and memory. The solution is to manipulate the governing equations
in a way that reduces the number of scales and thereby the computational cost. The two
most common approaches are the Reynolds-averaged Navier-Stokes (RANS) and the large
eddy simulation (LES). These resulting equations however contain unclosed terms that are
related to the scales that were removed, and they need to be modelled. To find good closure
models is one of the main challenges of CFD.

The topic of this thesis is CFD simulation of turbulent premixed deflagration flames
which is a combustion mode where gaseous fuel and oxidizer are mixed prior to combustion.
Many other modes of combustion exist, including non-premixed diffusion flames, auto-
ignition, detonation waves and surface oxidation of solid fuels. The distinguishing features
of a premixed deflagration flame is that the unburned reactant mixture (fuel and oxidizer) is
separated from the burned product mixture by a thin flame, and that the flame propagates
into the reactant mixture with a characteristic speed controlled by a balance of reaction





and diffusion. Premixed flames are further classified as either laminar or turbulent based
on the local flow conditions. In virtually all industrial applications of premixed flames the
flow conditions are turbulent. Laminar premixed flames are mostly found in laboratory
burners where they are used to study fundamental properties of flames such as combustion
chemistry. Turbulent premixed flames on the other hand are found in a diverse range of
topics including gas turbine engines for power generation, spark ignited piston engines,
gas stoves, accidents after gas leaks in factories or mines, various laboratory burners, and
possibly type Ia supernovae [].

. Regime diagram of premixed combustion

Turbulent flows contain motions covering a large spectrum of length and time scales. In
terms of length scales, the largest motions are characterized by an integral length scale ℓ0,
often defined as the integrated longitudinal autocorrelation of velocity, L11. The smallest
motions, where viscosity is important, are characterized by the Kolmogorov length scale,
η = ν3/4ε1/4, where ε is the dissipation rate of turbulent kinetic energy and ν is the
kinematic viscosity. Corresponding integral and Kolmogorov time scales τ0 and τη can
also be constructed. One of the central non-dimensional numbers in turbulent flow is the
Reynolds number,

Re =
ℓ0u

′

ν
(.)

where U ′ is a large scale characteristic velocity. Re is related to the ratio of integral and
Kolmogorov scales. For further details on the scales of turbulence, see for example ref. [].

When a premixed flame interacts with a turbulent flow there are more scales to consider,
and these lead to more non-dimensional numbers that can be used to characterize the
flow/flame interaction. In particular, the laminar flame speed, SL, laminar thermal flame
thickness, δth ∝ min(1/|∇T |), and laminar flame residence time, τF = δth/SL, are
commonly used flame scales. Comparing the flame time scale with the large and small
time scales of turbulence gives the Damköhler and Karlovitz numbers, respectively. These
are defined as

Da =
τ0
τF

=
SLℓ0
δthU ′ (.)

and

Ka =
τF
τη

=
U ′3/2δ

1/2
th

S
3/2
L ℓ

1/2
0

(.)

where the estimates ε = U ′3/ℓ0 and ν = SLδth have been used. (An alternative approach
is to define the Ka using the time scale of the inertial sub-range of turbulence, 1/ε = ℓ0/U

′3

[], which yields the same formula (.) without the need to involve the viscosity).
Dimensionless numbers have been used to classify premixed flames into different regimes

and several regime diagrams can be found in the literature [–]. Such diagrams would
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Figure 1.1: Regime diagram of turbulent premixed combustion. The location of all flames simulated in this work
are indicated with symbols.

be of great value if they could allow the general behaviour of a flame to be predicted from
knowledge of only a few non-dimensional numbers that can be estimated before any exper-
iment or simulation is carried out. Shown in Fig. . is the diagram by Borghi and Peters
[, ]. All the DNS simulations performed for this thesis are marked in the diagram and,
according to the diagram, span from the thin reaction zone regime (TRZ) to the distributed
reaction zone regime (DRZ). It is clear, however, that a single regime diagram with only
the two parameters ℓ0/δth and u′/SL cannot account for all situations since there are more
parameters that affect the flame/turbulence interaction.

In a premixed flame the reactions are confined to a narrow layer which is usually thin-
ner than the thermal flame thickness. The distinction between the TRZ and DRZ regimes
is that, in the TRZ the small turbulent scales are able to disturb the pre-heat layer (essen-
tially the thermal thickness) but not the thinner reaction layer, while in the DRZ regime
the turbulent scales are small enough to disturb both layers. The DRZ regime has been
predicted [] to occur when the reaction layer Karlovitz number, Kaδ = δ2r/η

2, is grater
than 1. If the reaction layer is one tenth of the thermal thickness this criterion can be
written in terms of the regular Karlovitz number as Ka > 100, a well-known prediction
that is often depicted in regime diagrams. However, recent studies [, –] have shown
that the Karlovitz number of the predicted regime boundary is massively under-predicted
for flames in practical fuel/air mixtures and that thin reaction layers can be observed well
above the predicted boundary.

A notable phenomenon that the regime diagram does not consider is the volume dilata-
tion present in flames with non-zero heat release and the effect this has on the turbulence.
Heat release is quantifiable by the non-dimensional density ratio R = ρu/ρb = Tb/Tu. As
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an illustration of this effect, Fig . shows two example flames with different density ratio
R. These flames are based on a single-step chemical reaction, they have been constructed
to have the same laminar flame speed and thermal thickness and they evolve in initially the
same turbulent flow thus having the same location on the regime diagram. In both flames
the Karlovitz number is 150 and u′/SL is . The density ratio is R = 10 for the flame
on the right and R = 1.2 for the one on the left. Indeed a very different behaviour is seen
as a result of this difference.

The above example shows how different flames can be despite them having the same
Karlovitz, Damköhler and Reynolds numbers. In flames with multi-step chemistry there
are even more parameters. Every additional species adds a Lewis number and each reaction
rate adds more reaction parameters. As a result there are many more scales available in a
multi-species flame than in a single-species one. Figure . shows profiles of a few selected
species mass fractions and reaction rates in a one-dimensional premixed methane/air flame,
simulated with the chemical model of Smooke and Giovangigli []. In this flame δth is
about 1 mm, while the intermediate species OH and H2 occupy much wider zones and
the reaction rates ω̇H2O and ω̇CH4 are confined to a more narrow zone. Using alterna-
tive length and time scales it is possible to define, for example, a reaction layer Karlovitz
number [] and species-specific Karlovitz numbers []. The bottom line is that there are
many effects to consider in turbulent premixed combustion and simple two-dimensional
regime diagrams, as useful as they might be, cannot accommodate the complete picture of
flame/flow interaction. Much is yet to be understood about this interaction, especially at
high Karlovitz numbers.

. The need for combustion models

In simulations of reacting flow, such as combustion, in the RANS or LES frameworks there
are additional unclosed terms due to unresolved fluxes and source terms of the reactive
scalars. The averaged or filtered reaction rates are noticeably difficult to model and in
practical LES of premixed flames the flame front is often thinner than the filter or grid size,
making the reactions entirely a sub-filter process. The purpose of a combustion model is to
work around this issue and many different strategies have been proposed in the literature.
Some of them are general but most are specific to a certain combustion regime. Combustion
models can be classified according to ref. [] as PDF-like or flamelet-like, where flamelet-
like models restrict the degrees of freedom to a low dimensional space while PDF-like
models do not make such a restriction. In ref. [] combustion models are classified based
on the concept used to describe flame/flow interaction (surface, statistical or mixing) and
by the type of chemical description (fast, single-step, tabulated or detailed). Reviews of
many of the common modelling approaches can be found in refs. [–].

Many models for premixed flames are based on the ’flamelet’ assumption [–]. It
states that the internal structure of the flame, and in particular the reaction layer, is the
same as in a corresponding laminar flame. This is a reasonable assumption if there exists
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some scale separation between turbulence and the flame. There are however many circum-
stances where the flamelet assumption does not hold. This may be the case when the flame
is in the distributed reaction zone regime that was mentioned earlier. In the DRZ regime
turbulent mixing is able to disrupt the inner flame structure if the relevant turbulent time
scale is shorter than the flame time scale. It is not clear how such a distributed flame should
be modelled in RANS or LES, but it is expected that flamelet type models may not be
suitable due to the constraints they put on the accessible chemical state space. However,
as mentioned before, studies of distributed flames are rare and the transition to distributed
burning seems to happen at much higher Ka than predicted. One of the reasons for the
high value of the criticalKa required for the DRZ regime pertains to the two-way coupling
between turbulent flow and the flame: heat release causes volume dilatation that increases
the length scales of turbulence, effectively lowering the Karlovitz number inside the reac-
tion layer. This implies that the range of applicability of models based on the flamelet
assumption may be extended to rather high Karlovitz numbers.

. Objectives and outline

The objectives of this thesis can be summarized as follows:

• Investigate the structure and transient evolution of premixed flames at Karlovitz num-
bers around and above  while generating an extensive database of such flames
using direct numerical simulation. Particular focus is put on the flame thickness
and different flame thickness metrics are analysed under different flow and flame
conditions.

• Perform an a priori evaluation of a presumed-PDF flamelet model for premixed
flames of varying complexity. This includes one and three dimensions, single and
multi-step chemistry and varying Karlovitz numbers.

• Analyse the sub-filter scalar variance transport equation, find out how the balance
of different terms in this equation changes with increasing Karlovitz number, and
investigate how this affects the applicability of model closures.

The thesis is organized as follows. In chapter  the governing equations of reactive
fluid flow are summarized. Chapter  describes the numerical methods that were used as
well as all the simulations that were performed. In chapters  and  the theory related to
the flame thickness, flame propagation, presumed PDF modelling and sub-filter variance
transport is presented. Some of the key results of the research papers as well as a discussion
of well-stirred reactors at high Karlovitz numbers are also presented. A future outlook is
given in chapter . At the end the research papers are attached.





Figure 1.2: Transient evolution of two flames with the same Karlovitz number. The flame on the left has a
density ratio of R = 1.2 while the one on the right has R = 10.0. The colour shows reaction rate
and vectors show velocity and time increases from top to bottom, t/τ0 = 0, 0.18, 0.41, 1.2 and 12.
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Figure 1.3: Selected species mass fractions and reaction rates in a simulated 1D planar premixed methane/air
flame using the mechanism by Smooke and Giovangigli [15].
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Chapter 

Mathematical description of reactive
flow

Fluid flow is commonly modelled by a system of partial differential equations (PDEs). The
appropriate set of equations to use depends on the problem studied and what assumptions
are made. In this work the flows considered are reacting, single-phase, multi-component
flows at low Mach number. These are described by conservation equations for mass, mo-
mentum, energy and species.

. Mass, momentum and energy conservation

The flow of a single-phase Newtonian fluid with variable density is modelled by the contin-
uous conservation equations for mass, momentum and energy. The mass and momentum
equations, known as the Navier-Stokes equations, can be formulated as

∂ρ

∂t
+

∂uiρ

∂xi
= 0 (.)

∂ρui
∂t

+
∂ρuiuj
∂xj

= − ∂P

∂xi
+

∂

∂xj

[
ρν

(
Sij −

2

3
δij

∂uk
∂xk

)]
(.)

where ρ is the density, u is the velocity, P is the pressure, ν is the kinematic viscosity and
Sij =

(
∂ui
∂xj

+
∂uj

∂xi

)
is the strain rate tensor. Repeated indexes imply summation. For the

energy equation many different forms exist. The variant most relevant for this work is

ρCp
∂T

∂t
+ ρuiCp

∂T

∂xi
=

∂

∂xi

(
ρCpDT

∂T

∂xi

)
+ ET + ω̇T . (.)

where T is the temperature, Cp is the heat capacity at constant pressure, DT is the thermal
diffusivity, ET represents heat transfer due to the diffusion of individual species and ω̇T
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represents heat released from chemical reactions. Additional effects, such as compression,
radiation and dissipation of kinetic energy, are not relevant for this work and have been
excluded in Eq. (.).

. Chemically reacting flow and scalar transport

In order to simulate a flame, a description of the combustion process has to be selected
and coupled with the flow equations (.)-(.). This can be done with various levels of
complexity. The flame can for example be described as an infinitely thin sheet with a pre-
scribed propagation velocity, or as a wave of finite thickness whose propagation is driven by
one or more chemical reactions. Depending on the choice of description of the flame, one
or more scalar transport equations has to be added to the system of PDEs. The transport
equation for a typical scalar ϕ can be written in the general form

∂ρϕ

∂t
+

∂ρuiϕ

∂xi
= Dϕ + ω̇ϕ (.)

where Dϕ is a diffusion term and ω̇ϕ is a source term. A useful distinction can be made
between active and passive scalars: a scalar is passive if it exerts no influence on the velocity
field (one-way coupling) and active if it does influence the velocity field (two-way coupling).
The type and number of scalars for which transport equations has to be solved depends on
the details of the combustion model.

.. Single-step chemical model

In a few of the simulations presented in this thesis the chemistry is described by a single
reaction of the form R → P where R and P denote reactant and product, respectively. In
this case it is conventional to describe the local chemical state by a single scalar c, called a
reaction progress variable, which takes the value 0 for pure reactant and 1 for pure product.
In the single reaction simulations, c is transported by equation (.) with diffusion and
reaction terms given by Fick’s law and by an Arrhenius expression, respectively:

Dc =
∂

∂xi

(
ρDc

∂c

∂xi

)
(.)

ω̇c = ρ
(1− c)n

τR
exp

(
− Ea

RT

)
(.)

In these equations, Dc is the diffusivity, n is the reaction order, Ea is the activation energy,
R is the universal gas constant and τR is a constant time scale. Here, the quantity ρDc is
considered to be constant. The corresponding terms to be used in the temperature equation
(.) are ET = 0 and ω̇T = Cp(Tb − T0)ω̇c. For later reference, the c-equation can now
be written as

∂ρc

∂t
+

∂ρuic

∂xi
=

∂

∂xi

(
ρDc

∂c

∂xi

)
+ ω̇c (.)
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Note that if the Lewis number is unity, i.e. Le = DT /Dc = 1, and there are no
other sources of heat than the chemical reactions, then the transport equations for T and
c are equivalent and one of them can be discarded. This can be useful to save on the
computational cost.

.. Multi-step chemical model

In the other set of DNS simulations in this work a chemical model based on multiple species
and reactions is used. The transported scalars are the mass fractions Yα of each individual
species. The diffusion term for a mass fraction, to be used in Eq. (.), has the form

Dα =
∂ρVα,iYα

∂xi
(.)

where Vα is the velocity at which species α diffuses in the mixture. The diffusion velocity is
modelled using the Curtiss-Hirschfelder approximation [] (note: no implied summation
over α and β):

Vα,iYα = Dα
∂Yα
∂xi

+Dα
Yα

W

∂W

∂xi
− Yα

Nsp∑
β=1

Dβ
∂Yβ
∂xi

− Yα

W

∂W

∂xi

Nsp∑
β=1

YβDβ (.)

In Eq. (.) Dα is the diffusivity of species α and W is the mixture averaged molecular
weight. The first term on the right hand side is analogous to Fick’s law for binary diffusion,
the second term appears due to gradients in the mean molecular weight, and the third and
fourth terms are corrections to ensure the constraint

∑
α Vα,iYα = 0 is fulfilled. If all

diffusivities were equal, terms two and four would cancel and term three would be zero.
The chemical source term of a mass fraction Yα is a sum of contributions from all

reactions that involve this species and has the following form:

ω̇α = ρWα

NR∑
r=1

(γbαr − γfαr)

kfr n∏
β=1

(
ρYβ
Wβ

)γf
βr

− kbr

n∏
β=1

(
ρYβ
Wβ

)γb
βr

 (.)

In Eq. (.) NR is the number of (reversible) reactions, b and f denote backward and
forward reaction and γαr is the stoichiometric coefficient of species α in reaction r. The
forward and backward reaction rates kfr and kbr are given by the Arrhenius law

kr = ArT
nr exp(− Er

RT
) (.)

where Ar, nr and Er are reaction-specific constants and R is the universal gas constant.
The corresponding terms to be used in the temperature equation are

ET =
∂T

∂xi

N∑
α=1

ρCp,αVα,iYα (.)
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and

ω̇T = −
N∑

α=1

hαω̇α (.)

where hα andCp,α are the enthalpy and heat capacity of speciesα, respectively. In addition,
fluid properties ν, Cp and DT in equations (.) and (.) depend on the local mixture
composition and on the temperature.

The number of species contained in CFD simulations, including DNS, is usually a
small set of all the species that occur in a real flame. State-of-the-art detailed reaction
mechanisms do provide a more complete picture but they simply contain too much detail
and using them in CFD would make the computational cost intractable. Also, in DNS the
purpose of a simulation is usually not to mimic the flow in a specific practical device, but
rather to probe a certain physical process. Thus it is usually not needed to use a detailed
chemical model as long as the model used can produce the necessary results for the process
that is studied.

. Filtered equations for large eddy simulation

In large eddy simulation filtered versions of the governing equations are solved. This is
necessary when the full problem contains too many scales to be computationally affordable.
There are different approaches to LES [, ], ranging from the ’pure’ filtering view where
a convolution filter is applied to obtain a set of modified governing equations that are to
be solved with high accuracy, to the numerical view where no ’explicit’ filter is used and
scales too small to resolve are eliminated by a dissipative numerical scheme. For the purpose
of the a priori studies in this thesis, the view is adopted that LES is a solution to a set of
filtered PDEs with some model for each unclosed term. Note however that different DNS
realizations that have the same filtered field at time t = 0, but different sub-filter fields, will
disperse with time and the filtered fields will also be different for time t > 0. This means
that the filtered field is a ’random field’ and a deterministic LES can only match filtered
DNS in a statistical sense (p. in []).

In flows with density variation it is convenient to make use of density weighted filtering,
so-called Favre filtering. A Favre filtered quantity is defined by ϕ̃ = ρϕ/ρ. For example,
the filtered reaction progress variable transport equation reads

∂ρc̃

∂t
+

∂ρũic̃

∂xi
= Dc −

∂

∂xi
(ρuic− ρũic̃) + ω̇c (.)

which is obtained by applying a filter on each term in Eq. (.). It should also be noted
that the Favre filter is not homogeneous or isotropic and does not commute with the spatial
derivatives, i.e.

∂ϕ̃

∂xi
̸= ∂̃ϕ

∂xi
. (.)
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This inequality is critically important in the derivation of the sub-filter variance equation
which is discussed in section .. and in paper .

In Eq. (.) the terms Dc, ∂(ρuic)/∂xi and ω̇c cannot be computed with knowledge
of only the filtered fields, i.e. ρ, ũi and c̃. These terms are therefore unclosed in LES
and they have to be modelled. Similar unclosed terms appear in the filtered momentum
equation, and in all species equations in case of a multi-species chemical model. It is a
major challenge to find accurate and cost efficient models for all unclosed terms in LES. In
paper  a modelling approach for ω̇c is investigated. That approach depends on the sub-
filter variance σ2, and a method for modelling σ2 is investigated in paper . These specific
models will be described in detail in chapter .

. Displacement speed of a scalar

For any convection-diffusion-reaction equation with the form of Eq. (.) a local displace-
ment speed Sd can be defined. For a progress variable c it is given by

Sd,c =
1

|∇c|

(
∂c

∂t
+ ui

∂c

∂xi

)
=

Dc + ω̇c

ρ|∇c|
(.)

The displacement speed is a local quantity that tells the self-propagation speed of the local
scalar iso-surface. The concept is used extensively in paper  and in section .. It is also
possible to define a displacement speed for a filtered quantity. For example, by writing
Eq. (.) in non-conservative form the displacement speed of c̃ is found to be

Sd,c̃ =
1

|∇c̃|

(
∂c̃

∂t
+ ũi

∂c̃

∂xi

)
=

Dc + ω̇c − ∂
∂xi

(ρuic− ρũic̃)

ρ|∇c̃|
(.)

where the last term is due to the sub-filter flux.
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Chapter 

Methods for direct numerical
simulation

Direct numerical simulations (DNS) are used in this work which means that the govern-
ing equations are solved numerically without the use of filtering or averaging. Turbulent
motions are resolved down to the Kolmogorov length scale and species or other scalars
are resolved down to their smallest structures. The numerical methods and case set-ups
are described in the following sections, but first the computational cost and the associated
Reynolds number restriction on this type of simulation is discussed.

The computational cost of a flow simulation (using an explicit time-marching solver)
in terms of CPU time is proportional to the number of computational cells and the number
of time steps, cost ∝ Nsteps × sNcells. Say that the integral length and velocity scales are
L and U , the Kolmogorov length scale is η and the smallest scales of any scalar field is δl.
The size of the computational domain is taken to be proportional to L. Additionally, for
premixed flames there are velocity and length scales SL and δL associated with the flame
propagation. The computational cost can be written as cost ∝ T/∆t× (L/∆x)3 where
the time duration to be simulated, T , is a multiple of L/U or δL/SL, whichever is largest,
giving T = max(L/U, δL/SL). The Kolmogorov scale is considered to be resolved if
∆x ≤ 2η ∝ L × Re−3/4 [] so a suitable grid resolution is ∆x ∝ min(LRe−3/4, δl).
An explicit method is used for time-marching and the time step size ∆t is limited by the
Courant–Friedrichs–Lewy (CFL) condition,∆t ≤ ∆x/U , and by the stability of diffusion,
∆t ≤ (∆x)2/D, giving ∆t ∝ min(∆x/U, (∆x)2/D). These estimates lead to the
following scaling of the simulation cost:

cost ∝
max(LU ,

δL
SL

)

min
(
min(LRe−3/4,δl)

U , (min(LRe−3/4,δl))2

D

) · L3

min(L3Re−9/4, δ3l )

= max

(
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1
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)
·max

(
Re3/4,

L
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,Re1/2,

1

Re

L2

δ2l

)
·max
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Re9/4,
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δ3l

) (.)
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where Da = δLU
SLL

is the Damköhler number. In all cases considered within this work
Re > 1 and in most cases Da < 1 leading to the simpler expression

cost ∝ Da−1 ·max

(
Re3/4,

L

δl
,

L2

Re δ2l

)
·max(Re9/4,

L3

δ3l
) (.)

In Eq. (.) the Damköhler number represents the normalized flame residence time, the
second factor represents the time step (limited by either the CFL condition or diffusion
stability) and the last factor represents the grid resolution (limited by either the Kolmogorov
scale or the flame scales). If the turbulent scales is the limiting factor then Eq. (.) reduces
to the well-known Re3-scaling [], but if flame scales are limiting then other scalings are
possible.

In addition to the CPU time there may also be constraints on computer memory. The
amount of memory needed is proportional to the number of computational cells and is
therefore given by the last factor of Eq. (.) alone. It follows from Eqs. (.) and (.)
that DNS of turbulent premixed flames is limited to low Reynolds numbers and small ratios
L/δl, both can typically be no more than a few hundred. It is often desired to make these
two numbers as large as possible and it is therefore desirable to use high order numerical
methods which offers to maintain accuracy while keeping ∆x and ∆t manageable.

. Numerical methods

The solver used for all DNS in this work is based on the governing equations for conserva-
tion of mass, momentum, energy and chemical species at low Mach number. A detailed
description and validation has previously been published, see Yu et al. []. The solver uses
explicit time stepping and a uniform staggered Cartesian grid with pressure and scalars rep-
resented at cell centres and velocity represented at cell faces. For most spatial derivatives
a th-order central difference scheme is used. The exception is the convective terms for
which a th-order weighted essentially non-oscillatory (WENO) finite difference method
[] is used to avoid numerical over-shooting in regions with large density gradients that
may otherwise lead to spurious oscillations. The variable-coefficient Poisson equation for
pressure difference is solved using a multi-grid method [].

For time discretisation a second-order operator splitting scheme [] is employed by per-
forming integration of the chemical source terms between two half time-step integrations
of the diffusion and convection. The overall time step of the operator splitting scheme is
limited by the CFL condition. Since diffusion under some conditions requires a shorter
time step to be stable (see Eq. (.)) the integration of the diffusion term is further split into
smaller explicit time steps using a combined Runge-Kutta and Adam-Bashforth scheme as
described in ref. []. In cases with multi-step chemistry the time integration of the chem-
ical source term is typically stiff and also needs to be sub-stepped. This is done using the
stiff ODE solver DVODE [].
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For the analysis of LES-related filtered quantities, such as ¯̇ω, explicit spatial filtering
has to be performed by computing convolution products of the form

´
G(r′)f(r− r′)dr′

where G is a filter kernel and f is the function to be filtered. For large filter kernels this
becomes prohibitively expensive to compute in physical space. The standard solution is to
first apply a Fourier transform and then compute the convolution product in wave space as

ˆ
G(r′)f(r − r′)dr′ = Ĝ(k)f̂(k). (.)

where Ĝ and f̂ are the transformed kernel and function, respectively. However, it is re-
quired that the data is periodic when the transform is applied, and the data studied here is
in most cases only periodic in two of the three dimensions. This is overcome by attaching a
mirrored copy of the data in the non-periodic direction. Also, mirroring does not have to
be carried out explicitly in practice since the desired effect can be obtained more easily by
removing all odd terms from the Fourier transform in the non-periodic direction, resulting
in a cosine transform.

.. Turbulence forcing

In order to study turbulent flames it is necessary to generate turbulence. While it would
in principle be possible to include turbulence-generating geometries such as solid objects
or shear layers in the simulations, the excessive computational cost makes such strategies
impractical in DNS. Instead, different methods can be used to generate and maintain tur-
bulence through an artificial source term in the momentum equation. The most common
methods seen in the literature are linear forcing [, ] and low-wavenumber forcing [];
in this work the latter is used.

Low-wavenumber forcing injects energy to the large scales at the same rate, ε = 2νSijSij ,
at which energy is dissipated. This way the amount of turbulent kinetic energy is main-
tained. A new source term f is added on the right hand side of the momentum equa-
tion (.). For wavenumber κ the Fourier transform of the source term is

f̂κ(t) =
⟨ε⟩IRκ≤κf

2kf (t)

ρ

ρu
ûκ(t) (.)

where ⟨ε⟩ is the space-average of the dissipation rate, ûκ is the Fourier transform of the
velocity and kf =

∑
|κ|≤κf

ûκ · ûκ/2 is the kinetic energy contained in the modes with
wavenumbers |κ| ≤ κf . The cut-off wavenumber κf is is the largest wavenumber that will
receive energy from forcing. The function IRκ≤κf

is stochastic; at every time step it is  for
a randomly selected wavenumber in the shell |κ| ≤ κf and  for all others. The source
term in physical space is finally obtained by inverse Fourier transform of Eq. (.). Further
details on the low wavenumber forcing method are given in refs. [, ].
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.. Parallelization

Parallelization of the DNS solver is done within a distributed-memory framework where
processes communicate using the Message Passing Interface (MPI). The computational do-
main is decomposed into rectangular blocks of equal size with six cells overlap, with one
block for each parallel process. High-order spatial derivatives can be computed by keeping
the overlapping cells synchronized.

In simulations employing multi-step chemistry the majority of computational work is
spent on solving the stiff system of ODEs in the chemical step. The time it takes to integrate
the chemical sources varies from block to block depending on how stiff the equations are.
In general, a block with no flame segments inside it will be solved faster than a block with
many flame segments. A simple method is used to balance this: the computational time
spent on solving chemistry is measured for each block every time step. The measured times
from the previous step is used rank the blocks from fastest to slowest, and each slower block
is allowed to send a set of cells to a faster block. The time saved for the cases studied was
found to be about -% and the method was considered a reasonable trade-off between
speed-up and communication complexity.

. DNS database

Within this work a new database of DNS of turbulent premixed flames has been generated.
The database contains two sets of flames. Apart from the chemistry and transport proper-
ties the two sets of flames share the same configuration and the following description of
geometry, initial and boundary conditions is valid for both.

All flames are adiabatic and premixed without stratification, and the geometry is a
rectangular box discretized on a uniform Cartesian grid. Periodic boundary conditions are
used in the transverse directions while inflow and convective outflow conditions are used in
the stream-wise directions. Planar flames are initially released at the centre of the domain
together with pre-computed homogeneous isotropic turbulence. During the simulation the
turbulence level is maintained by forcing as described in section .., and pre-computed
turbulence is also fed into the domain via the inlet. Figure . illustrates the set-up for the
representative case D. Further details on the set-up are given in the attached papers.

The first set of flames (set ) is based on a rather realistic description of premixed
methane/air combustion. It includes  chemical species with temperature-dependent
transport properties, differential diffusion effects and the multi-step reaction scheme by
Smooke and Giovangigli [] which contains of  chemical reactions. The stiff system of
ODEs for the chemistry and the multi-species diffusion (especially the highly diffusive H
and H2 species) makes these cases computationally demanding and limits the amount of
statistics that can be obtained. All cases of set  are summarized in Table .. The Reynolds,
Damköhler and Karlovitz numbers are defined by Eqs. (.), (.) and (.), respectively.
The integral length scale L11 is the integral of the longitudinal auto-correlation function.
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Figure 3.1: Illustration of a typical simulation set-up. The small box to the right shows the pre-generated tur-
bulence used to feed the inlet, and the longer box to the left is the actual computational domain.
Gray contours show vortices using the λ2-method and red and blue contours show the c = 0.2 and
c = 0.95 iso-surfaces.

The second set (set ), on the contrary, is intended to have lower complexity than the
first set. These flames are based on a chemical model with only two species (reactant and
product) with a single reaction step. Transport properties are kept constant so there is
no differential diffusion. The relevant parameters of the cases in set  are summarized in
Table . where the Lewis, Prandtl and Zeldovich numbers are defined as Le = DT /Dc,
Pr = ν/DT and Ze = Ea(Tb − Tu)/(RT 2

b ).
In paper  five transient DNS cases are investigated. These were originally set up by

Carlsson [] to explore the transition to the distributed burning regime. Three of these
cases, namely K, K and K, were in this work extended from a simulation dura-
tion of about 2τ0 to at least 20τ0 and are referred to as cases B, B and B in Table ..
The reported Karlovitz numbers in paper  are lower because the integral length scale was
estimated in a different way. For paper  these cases were complemented by the low Ka case
B. For paper  the cases denoted by A were constructed. These use a cut-off wavenumber
κf of 1 instead of 3 resulting in an almost doubled integral length scale and Reynolds num-
ber. Case Ab has the same Ka as A but the domain size is increased to yield the same
Re as A which allowed the sensitivity to Re to be tested under conditions of constant Ka.
Case B was also used to provide a very high Ka flame, and case D was constructed to
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provide a flame that is free from the complexity of multi-step chemistry. For paper  case
D was also added to provide a single-step chemistry case with higher Ka. The remaining
case Db was constructed as a single-step analogue to Ab.

Table 3.1: Data set 1: DNS of flames with methane-air chemistry.

Case A1 A2 A3 A3b A4 B1 B2 B3 B4
u′/SL 3.7 8.3 18 24 66 2.5 18 67 210
Ka 6.0 22 74 75 540 4.5 103 800 4100
Da 0.38 0.14 0.060 0.11 0.01 0.31 0.031 0.0070 0.0025
Re 32 57 120 390 396 12 63 190 660
L11/δth 1.4 1.1 1.1 2.6 0.98 0.75 0.58 0.46 0.52
δth/∆x 23.5 23.5 23.5 16.8 47.0 23.5 23.5 47.0 93.9
η/∆x 2.5 1.4 0.83 0.63 0.64 2.3 0.67 0.48 0.43

Table 3.2: Data set 2: DNS of flames with single-step chemistry.

Case D1 D1b D2
u′/SL 12.7 19.6 56.5
Ka 40 47 440
Da 0.098 0.18 0.017
Re 80 340 260
L11/δth 1.2 3.4 0.93
δth/∆x 11.7 12.8 46.6
η/∆x 0.62 0.69 0.82
Le 1.0 1.0 1.0
Pr 0.3 0.3 0.3
Ze 7.4 7.4 7.4

Instantaneous snapshots of each case are shown in Fig. . for comparison. Note that
higher Karlovitz numbers lead to more disturbances in the flame front and these distur-
bances are more pronounced near the unburned side (blue colour in the figures) than near
the burned side. At high Karlovitz numbers the flame structure tends to be altered. Con-
ditional averages of species mass fractions and reaction rates deviate from their respective
profiles of a one-dimensional flame. Many of the mass fractions are however seen to ap-
proach the profiles of a one-dimensional flame with unity Lewis number when the Karlovitz
number is increased. This is shown for the mass fractions of the three speciesH2,H2O2 and
CO2 in Fig. . using cases A-. This observation seems to support the use of a turbulent
diffusivity to model small-scale turbulent transport at highKa. However, the mass fraction
of the radical HCO is seen to behave differently and it shows increased activity in the low
temperature region at high Karlovitz numbers, which is contrary to the behaviour of the
unity Lewis number flame. Figure . shows conditional profiles of HCO for cases A-
and elevated concentration is seen for c ≤ 0.5 where c is based on the H2O mass fraction.
Furthermore, at the highest Karlovitz number, Ka = 4100 in case B, local regions with
high HCO mass fraction are seen in the pre-heat zone. This is in the right panel of Fig. .
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where two such regions are marked by A and B.
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(a) Case A (b) Case B (c) Case D

(d) Case A (e) Case B (f) Case D

(g) Case A (h) Case B (i) Case Db

(j) Case A (k) Case B (l) Case Ab

Figure 3.2: Flame geometry in the DNS cases. Coloured slices shows the reaction progress variable c with iso-
surfaces drawn at c = 0.3 and c = 0.7. For cases with multi-step chemistry c is based on H2Omass
fraction.
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Figure 3.3: Conditional averages of three selected species mass fractions. Dashed lines show cases A1, A3 and
A4 which have three different Karlovitz numbers, the blue line shows a one-dimensional flame and
the orange line shows a one-dimensional flame with unity Lewis number.
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Figure 3.4: The left and middle figures show conditional average of HCO mass fraction. Dashed lines show
cases A1, A3 and A4 which have three different Karlovitz numbers, the blue line shows a one-
dimensional flame and the orange line shows a one-dimensional flame with unity Lewis number.
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Chapter 

Structure and propagation of
premixed flames

In this chapter some of the results related to flame structure and propagation speed are
summarized. Papers  and  focuses on the structure and transient evolution of premixed
turbulent flames, and in particular the flame thickness. In paper  the discussion is centred
around the transient evolution from an initially planar flame to a turbulent flame under
moderate and high Karlovitz numbers. The multi-step chemistry flames B to B from data
set  (see Table .) were used. In paper  the discussion of flame thickness is expanded
and precise evolution equations for three different metrics of averaged flame thickness are
analysed. The latter analysis is outlined in the following section .. An analysis from paper
 about alignment of the flame surface normal, which is related to the evolution of thickness,
is shortly summarized in section .. The chapter is then concluded with some results for
the evolution equation for averaged displacement speed in section ..

. Thickness analysis

In paper  the dynamics of flame thickening and thinning are investigated by analysis of
evolution equations for the three conditionally averaged thickness metrics. These equations
were recently derived in ref. []. The analysis is based on the concepts of surface averages
and the iso-surface following derivative. A surface average ⟨·⟩

s
is defined as

⟨ϕ⟩
s
=

1

M

M∑
i=1

‚
S ϕ ds‚
S ds

(.)

where S is a surface, ds is a surface element and M is the number of realizations. Letting S
be an iso-surface defined by c = ĉ gives a definition of conditional average ⟨ϕ⟩

s
|c=ĉ that is

weighted by surface area. More details including the relation to volume weighted averages
⟨·⟩

v
are given in ref. [] and in paper .
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The concept of an iso-surface following derivative is related to the conventional ’flow-
following’ material derivative and is defined as

∂∗ϕ

∂∗t
=

∂ϕ

∂t
+ u∗i

∂ϕ

∂xi
(.)

where u∗i = ui − niSd is the sum of local flow velocity and self-propagation velocity. The
normal direction is ni = ∇c/|∇c| and the self-propagation speed Sd is given by Eq. (.).
For example, the iso-surface following derivative of the thickness marker |∇c| is

∂∗|∇c|
∂∗t

= |∇c|
(
ni

∂Sd

∂xi
− an

)
(.)

where an = ninj∂ui/∂xj is the normal strain rate. Equation (.) describes the local
balance of thickening and thinning forces on a flame front and it is discussed in paper 
and also by refs. [–].

In addition to the local flame thickness it might be of interest to know how the average
thickness evolves. It has been shown [] that the time rate of change of a surface averaged
quantity is related to the iso-surface following derivative by

∂ ⟨ϕ⟩
s

∂t
=

〈
∂∗ϕ

∂∗t

〉
s

+ ⟨ϕK⟩
s
− ⟨ϕ⟩

s
⟨K⟩

s
(.)

where
K = Sd

∂ni

∂xi
+

∂ui
∂xi

− an (.)

is the stretch rate. Substituting Eq. (.) into eq. (.) and rearranging yield an expression
for the time evolution of the surface-averaged flame thickness marker |∇c| as

∂ ⟨|∇c|⟩
s

∂t
=

〈
|∇c|ni

∂Sd

∂xi

〉
s

−
〈
|∇c|∂ui

∂xi

〉
s

+ 2 ⟨|∇c|K⟩
s
− ⟨|∇c|⟩

s
⟨K⟩

s
(.)

In paper  Eq. (.) and similar equations for the evolution of two other averaged
thickness markers, are used to study the dynamics of flame thickness. The three averaged
markers ⟨|∇c|⟩

s
, ⟨|∇c|⟩

v
and exp(⟨ln(|∇c|)⟩

s
) are used to analyse a set of  flames of differ-

ent complexity. The first one is a passive reaction wave (flame without heat release) with a
single reaction. This wave propagates in a forced turbulent flow and has a high Karlovitz
number. Then there are the two single-step chemistry flames D and D from table .
and the two multi-step chemistry flames A and B from table .. Finally there is a one-
dimensional laminar flame with multi-step chemistry.

It was found that the three thickness metrics can give quite different results. It was
shown that the inequality ⟨|∇c|⟩

v
≤ ⟨|∇c|⟩

s
always holds, and the numerical results show

that under some circumstances the metrics ⟨|∇c|⟩
s
and ⟨|∇c|⟩

v
can give opposite results as
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to whether the flame is thinned or broadened (compared to the laminar thickness). This is
most clearly seen for the passive flame and in the pre-heat zone of the other flames. Math-
ematically the only difference between these two metrics is that one is weighted by the
iso-surface area while the other is weighted by volume. This result highlights the impor-
tance of how flame thickness is defined since the chosen definition can significantly affect
the result. Indeed, there have been many possibly contradicting reports of both thinned
[, –] and broadened [–] turbulent premixed flames in the literature, both ex-
periments and simulations, and it is known that locally thin segments exist even if a flame
is broadened on average.
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Figure 4.1: Conditional surface-averaged terms in the evolution equation for |∇c|. Shown in (a-e) are, respec-
tively, the laminar flame, case A1, case A3, case B4 and the passive reaction wave.

In the flames that have non-zero heat release and associated density variations, the terms
in the thickness evolution equations that contain the volume dilatation rate can become
important and change the balance in the equations. A trend was however observed with
the Karlovitz number. Consider the equation for ⟨|∇c|⟩

s
given by Eq. (.), the terms

of which are shown in Fig. .. The last term contains ⟨K⟩
s
, the surface averaged mean

stretch rate, and this term is zero since the flame is in a statistically stationary state. For
the passive reaction wave the second term on the right hand side is also zero because it
contains the velocity divergence. This leaves a balance between the first and third terms,
⟨|∇c|ni∂Sd/∂xi⟩s and 2 ⟨|∇c|K⟩

s
, the former being negative and the latter positive. This

balance was also seen for other passive reaction waves, both laminar and turbulent. Another
limiting case is the one-dimensional flame with heat release. For that case K = 0 so that
the first term in Eq. (.) disappears. Secondly, the velocity divergence is non-zero and
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positive, giving a negative term ⟨|∇c|∂ui/∂xi⟩s < 0. This leaves the remaining term
⟨|∇c|ni∂Sd/∂xi⟩s as a positive term, which is opposite compared with the passive wave
case. Finally, when three-dimensional turbulent flames with heat release are studied, the
observed balance seems to change from that of the one-dimensional case for low Karlovitz
numbers to that of the passive wave case for high Karlovitz numbers as seen in Fig. ..

Concerning Fig. . it can be noted that the sum of right hand side terms does not
entirely vanish for case A. The cause of this is an effect of the relatively large time step
that was used in this simulation. This is not a problem for most analyses since the resulting
error is very small for most statistics, but since Eq. (.) contains some rather sensitive
terms involving gradients of the displacement speed the error turns out to be observable
in this case. This however does not change the general conclusion discussed above which
has been verified for multiple cases. Another observation from the figure is that in cases A
and B the dominating terms decay with increasing c, something which is not seen for the
passive wave. This is related to the two-way coupling between flow and flame in cases with
heat release: the velocity divergence reduces the effective Karlovitz number with increasing
c.

In Fig. . the spatial distribution of the three terms 2|∇c|K, |∇c|ni∂Sd/∂xi and
|∇c|∂ui/∂xi is shown for cases A and A. The figure shows that the velocity divergence
term becomes negligible at high Ka. It can also be seen that the stretch term, 2|∇c|K, has
significant magnitude also in the low Ka case A meaning that the surface-averaged value of
zero previously seen in Fig. . must have resulted from cancellation of positive and negative
contributions. Finally, the last panel of Fig. . shows the thickness marker |∇c|. In case
A a rather even distribution of |∇c| is seen while the distribution in case A is broad but
spotty with appearance of locally compressed flame segments with large values of |∇c|.

. Alignment of the flame surface normal

In the analysis of flame thickness it was found that the presence of heat release and associated
density variation can have a significant effect on the dynamics. In cases with low Ka the
heat release can completely change the balance in the thickness equations and some terms
even change sign. Another manifestation of the effect of heat release can be seen in the
alignment characteristics of the flame surface normal vector, ni.

It is known that the iso-surface normal of a passive scalar aligns preferentially with the
eigenvecor of the strain rate tensor Sij that corresponds to the most compressive direction
[]. It is also known that the iso-surface normal of a progress variable in a low Ka flame
with significant heat release aligns with the extensive eigenvector [, ]. The latter case
is easily confirmed in the limit of a planar laminar flame: if there is no turbulence then the
only source of strain is due to the heat release.

It was shown in ref. [] that, as the Karlovitz number increases, the alignment of the
surface normal changes in the pre-heat zone and becomes aligned with the compressive
direction. In paper  this trend was confirmed and it was shown that, for very high Ka,
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Figure 4.2: Spatial distribution of the three dominating terms in the evolution equation for |∇c| (top three rows)
and |∇c| itself (bottom row). Two cases are shown: case A1 with Ka = 6 (left) and case A4 with
Ka = 540 (right).

alignment with the compressive direction is seen in the entire flame including the reaction
zone. The preferential alignment with the compressive eigenvector is of interest because
it provides a possible mechanism that can explain flame thinning that is observed (at least
locally) in highly turbulent premixed flames. In Fig. . the conditional average of five
different alignment angles are shown for cases B and B. In the legend the symbol N
refers to the surface normal,C,E and 2 refer to the compressive, extensive and intermediate
strain rate eigenvectors, and ω refers to the vorticity vector.
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(a) Case B, Ka = 4 (b) Case B, Ka = 800

Figure 4.3: Conditional average of alignment angles between the flame surface normal, the three strain rate
eigenvectors and the vorticity vector.

. Displacement speed evolution equation

In ref. [] it was shown that Eq. (.) can be used to obtain an evolution equation for the
average displacement speed ⟨Sd⟩s for the case of an isothermal reaction wave with constant
diffusivity. The equation can be extended to flames with density variation and single step
chemistry if the diffusion term is given by Eq. (.). If it is also assumed that the quantity
ρDc is constant (as is the case for the flames in set ) the equation becomes

∂ ⟨Sd⟩s
∂t

=

〈
Sd

∂ui
∂xi

〉
s

−
〈
Sd

∂Sdni

∂xi

〉
s

−
〈

Dc

|∇c|
∂c

∂xi

∂2u∗i
∂xj∂xj

〉
s

− 2

〈
Dc

|∇c|
∂2c

∂xi∂xj

∂u∗i
∂xj

〉
s

− ⟨Sd⟩s ⟨K⟩
s

(.)

where u∗i is the ’effective’ iso-surface velocity that was defined in section .. The derivation
of Eq. (.) is straight-forward starting from the definition of Sd and making use of the
fact that the iso-surface following derivative of a quantity that only depends on c is zero.
The full details are given in [].

In ref. [] Eq. (.) was analysed for both laminar and turbulent flames without den-
sity variation. At the time of this writing the analysis of the displacement speed equation
is still ongoing but some results are shown in Fig. .. This figure shows conditional av-
erages of all terms for three cases. The first case is a laminar one-dimensional flame, and
the second and third are cases D and D. In the plots in the bottom row the iso-surface
velocity u∗i has been decomposed as u∗i = ui − niSd. First, it can be observed that the
sum of all terms,

∑
rhs, is close to zero and since these flames are known to be in a sta-

tistically stationary state this indicates that all terms have been computed with sufficient
accuracy. Terms involving gradients of the displacement speed are particularly sensitive to
the numerical accuracy and it has been seen that even a small inconsistency can disrupt the
balance. Secondly, the velocity divergence term loses significance when turbulence inten-
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sity is increased similarly to the observations made for the thickness equation in section ..
Third, the components of the two terms that were decomposed in the bottom row of the
figure mostly mirror each other. Finally, in the laminar case the iso-surface velocity u∗i is
constant due to the stationary state leading to exact balances between the pairs of terms.

In discussions of the displacement speed it is common to use a decomposition that
separates Sd into three components as was also done in paper . These pertain to reaction,
normal diffusion and tangential diffusion (curvature) and are given by

Sd = D
∂ni

∂xi︸ ︷︷ ︸
SC
d

+
ni

ρ|∇c|
∂ρD|∇c|

∂xi︸ ︷︷ ︸
SN
d

+
ω̇c

|∇c|︸︷︷︸
SR
d

(.)

where the same assumptions of single-step chemistry and constant ρD have been used.
A discussion of the decomposition is given in paper . From Eq. (.) it is possible to
obtain evolution equations analogous to Eq. (.) for each of these components. A related
equation for the local curvature was recently published by Cifuentes et al. []. Further
analysis of how the evolution equations for the different components are affected by heat
release, Karlovitz number etc. is a topic for future study.
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Figure 4.4: Conditionally averaged terms in the displacement speed evolution equation. The top row shows
the form used in Eq. (.) while in the bottom row two terms have been expanded by decomposing
the effective velocity u∗

i = ui − niSd. The cases are, from left to right, a laminar one-dimensional
flame, case D1 and case D2.
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Chapter 

Modelling of turbulent premixed
flames

In this chapter some theory and results related to modelling of turbulent premixed flames
are presented. The chapter begins with a discussion of the well-stirred reactor assumption
in the context of high Karlovitz number flames in section .. Then in section . presumed
PDF modelling and the sub-filter variance equation are discussed.

. Well-stirred reactors at high Ka

A modelling concept that is sometimes discussed for high Ka combustion is the so-called
well-stirred reactor (WSR). When the Kolmogorov time scale is sufficiently smaller com-
pared to any reaction time scale, i.e. at sufficiently high Karlovitz number, then there should
exist a length scale below which all scalars are ’well mixed’. If the LES filter size∆ is smaller
than this length scale then the flame is resolved and the sub-grid distribution can be approx-
imated by a delta-function which leads to the model

ω̇(T, Yi) ≈ ω̇(T̃ , Ỹi) (.)

Equation (.) will be referred to as the well-stirred reactor model in the following. The use
of Eq. (.) at low Ka is known to be problematic due to the non-linear dependence of ω̇
on T and Yi, see Eqs. (.) and (.), and it is not clear how intense the turbulence needs
to be in practice for Eq. (.) to be a good approximation. Referring to Fig. . and the
results of [, –] it is known that thin flame segments with large scalar gradients exist in
turbulent premixed flames at very high Ka, even in the case of a constant density flow, and
this might impede the accuracy of a WSR model. Therefore it is of interest to know how
quickly the error of WSR decreases when the Karlovitz number is increased.

The WSR model represent a class of combustion models where multi-step chemistry
can be used directly without restricting the chemical state space to a low dimension, as it
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is done in flamelet models. On the other hand, this means that pre-tabulation of reaction
rates cannot be used and that transport equations have to be solved for all filtered species
mass fractions implying a higher computational cost compared to pre-tabulated models. It
should be noted that several related models exist in the literature where different measures
are taken to make them applicable in other combustion regimes and for different combus-
tion modes [–]. Most of these variants are based on arguments involving turbulent
and chemical time or length scales. A thorough investigation of such models is outside the
scope of this work and they are not discussed further here.

An effect of the well-stirred assumption is that unburned and burned gases that were
separated on the sub-grid are artificially ”mixed” by the model, often with too large reac-
tion rates as a result. If the filter size goes to zero the WSR model becomes exact, i.e. it is
consistent in the DNS limit, but the error grows rapidly with increasing filter size. When
multi-step chemistry is used a further issue will arise. If Eq. (.) is applied to the filtered
rates of all reactions, the error in each individual reaction rate will be different. These dif-
ferences can be significant and makes it difficult to correct for the error since every reaction
has to be treated differently []. The WSR model can therefore not be easily ’fixed’ by
introducing a global scaling factor for the reaction rates.
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Figure 5.1: Conditionally averaged filtered reaction rates from filtering of DSN data (circles) and the WSR model
(dots). The data is for case A3.

In Fig. . filtered net reaction rates of four selected species (CH4, H2, OH and H2O)
are shown for case A which has a relatively low Ka of 74. Rates are normalized by the
maximum magnitude of the corresponding rate in a one-dimensional flame. Conditioning
is done on the reaction progress variable c which is based on the H2O mass fraction. Three
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filter sizes are used, ∆+ = ∆/δth = 0.35, 1.0 and 2.0, shown by different colours in the
figure. Circles show the filtered rates ω̇ obtained by direct filtering of ω̇ and the dots show
the WSR rates obtained through Eq. (.). When the filter size is increased the magnitude
of the filtered rates (circles) are seen to decrease for all four species. The WSR rates are
generally over-predicted and for three of the species shown the rate even increases with
filter size. For the OH radicals (Fig. ..c) the WSR rate is  times the laminar peak value
when the filter size is twice the laminar flame thickness.

In the following, the effect of Karlovitz number and filter size on the WSR assumption
is investigated statistically. Following the analysis in paper , an integrated error metric and
a weighted correlation coefficient [] are used. These are defined as

E =

∑
i |ω̇i − ω̇

WSR
i |∑

i |ω̇i|
(.)

and

r =

∑
i ω̇i(ω̇i − ⟨ω̇⟩)(ω̇WSR

i − ⟨ω̇WSR⟩)
(
∑

i ω̇i(ω̇i − ⟨ω̇⟩)2)1/2(
∑

i ω̇i(ω̇
WSR
i − ⟨ω̇WSR⟩)2)1/2

(.)

where i runs over a large number of samples (computational cells). Since WSR is equivalent
to perfect mixing on the sub-grid scale it is expected that the error made by this model will
decrease as the flame becomes increasingly stirred by turbulence. In Fig. . the correlation
coefficient r and error E evaluated for the WSR model, Eq (.), are shown for cases A,
A, A, B, D and D as well as a one-dimensional flame (D). In the cases with multi-
step chemistry the net rate of H2O formation is used to evaluate r and E while in the
single-step chemistry cases D and D the rate of c is used.

Figure 5.2: Correlation coefficient and error of the WSR model for different cases.

Considering the multi-step chemistry cases A, A, A and B the results confirm
that the error increases with filter size and decreases with Ka and the correlation does the
opposite just as expected. For the error E there is no significant difference between cases
A, A and the D laminar flame but some improvement with Ka is seen in the correlation
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coefficient for the larger filter sizes. Moving to case A yields a significant reduction in
E and further increase in r for large filters. Finally, case B represents another significant
drop in E while r actually decreases for small filters but levels out around r = 0.8 for
larger filters. It should be kept in mind though that case B is not fully developed into a
statistically stationary state which might have some effect on the metrics.

The situation is a bit different for the cases that use single-step chemistry, D and D.
These have lower error than all multi-step cases, but yet they have the lowest correlation. A
likely explanation for this can be found: In the case of simplified chemistry and transport,
ω̇ only depends on c and there exists a maximum value ω̇(cmax) that occurs for a certain
value cmax. This puts a constraint on how much the rate can be over-predicted. In the case
of complex chemistry and transport the chemical phase space is no longer one-dimensional
and the maximum possible reaction rate does not occur on the manifold accessed in a typical
turbulent flame. Thus, there is no clear constraint on the reaction rate, and the artificial
mixing in the WSR model due to filtering can result in chemical states located far from
the usual manifold where the reaction rates can be extremely large []. This provides an
explanation why the error is larger in flames with complex chemistry compared with the
flame with simplified chemistry, despite the higher correlation in the complex chemistry
flames.

Finally, Fig. . showsE and r computed for  different species mass fractions in cases
A and A to further illustrate the effect on multi-step chemistry. The figure shows that the
difference between species is, for the most part, much larger than the difference between
Karlovitz numbers. The right-most sub-figures also show a scaling factor defined as

´
|ω̇| dx´

|ω̇WSR| dx
(.)

which gives a sense of the error in the total consumption/production of the various species.
It can be noted that the reactant and product species (CH4, O2, H2O andCO2) often have
smaller errors than the radical and intermediate species, both as measured by E and by the
scaling factor.

In summary the WSR model is exact in the limit of zero filter size, has a high correlation
coefficient for small filters (∆+ ≪ 1), has a smaller error with increasing Ka and does not
restrict the degrees of freedom in the chemical phase space. Thus, in a case with a combina-
tion of small filter size and high Karlovitz number, it seems that the WSR model (or at least
a scaled variation of it) could perform well. This can be compared with flamelet models of
the type discussed in papers  and  which tend to give large error for the combination of
small filters and complex chemistry.

As a final remark it is stressed that the analysis presented here is an a priori evaluation
of the WSR model, meaning that the chemical states that are accessed have all been ob-
tained from filtering of DNS data with no feedback from the WSR model. A filtered DNS
case could in principle be converted to an LES and allowed to develop with filtered rates
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Figure 5.3: Correlation coefficient, error and scaling of the net reaction rate from the WSR model for different
species. The top row shows case A1 (low Ka) and the bottom row case A4 (high Ka).

provided by the WSR model. Due to the large errors in WSR rates, the existing chemical
states would start to move away from their correct locations in the chemical state space.
This can be visualized in terms of the chemical state manifolds. In a premixed flame all
the accessed states Yα in the chemical state space lie on a low-dimensional manifold that
connect the unburned and burned state []. In a filtered flame, where the filter is larger
than the smallest flame structures, the filtered states Ỹα form a different manifold between
the burned and unburned states. This manifold of filtered states is different from the unfil-
tered one because of the combination of the smearing property of the filter and the layered
structure of the flame, which together results in overlap of species in the filtered flame that
do not overlap in the unfiltered flame. When the WSR rate of Eq. (.) is used, the fil-
tered chemical states are bound to rapidly and incorrectly move towards the manifold of
an unfiltered flame (the large magnitudes of certain rates observed in Figs. . indicate that
this is indeed what happens). A new equilibrium state would eventually be settled but how
accurate this state will be in terms of both species mass fractions and global properties such
as flame speed cannot be determined by an a priori analysis. The errors in the reaction rates
and the above discussion only tells that the new chemical sates will be different from those
in the filtered DNS.
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. Presumed PDF modelling

The topic of paper  is modelling of the filtered reaction rate term in the c-equation,
Eq. (.), with a presumed PDF approach. The methodology that is discussed is based on
two assumptions: that the local reaction rate is a function of only c, ω̇c = ω̇c(c), and that
the sub-filter distribution of c follows a presumed functional form parametrized by its mean
and variance. The relevant theory and some of the key results are outlined in sections ..
and ... The model approach depends on the sub-filter variance. The transport equation
for sub-filter variance, which is the topic of paper , is discussed in the final section ...

.. Sub-filter PDF

In filtered scalar fields, the smallest scales are not resolved and statistical measures of the
unresolved (or sub-filter) distribution, such as the variance, are therefore useful in the for-
mulation of model closures. Before discussing the reaction rate model in detail, the sub-
filter probability density function (PDF) is introduced. The name filtered density function
(FDF) is sometimes used instead to emphasize the connection to the filter.

The filter operation is, as mentioned before, defined as a convolution product of the
unfiltered variable, for example c(x, t), and a normalized filter kernel G. If G is non-zero
on Ω then the filtered c(x, t) is defined by

c(x, t) =

ˆ
Ω
G(r)c(x− r, t) dr (.)

The sub-filter PDF is a distribution P (c = ς;x, t) that describes how much c = ς has
contributed to the filtered value c(x, t). Formally the PDF can be introduced in a fine-
grained sense as [–]

P (ς;x, t) =

ˆ
Ω
G(r)δ(c(x− r, t)− ς) dr (.)

where δ is the Dirac delta-function. In this work the filter kernel is always a normal distri-
bution,

G(r) =

(
6

π∆2

)− 1
2

exp

(
−6

|r|2

∆2

)
(.)

where ∆ is the filter width. The first moment of the PDF recovers the filtered variable:
ˆ 1

0
ςP (ς;x, t) dς =

ˆ
Ω
G(r)

ˆ 1

0
ςδ(c(x− r, t)− ς) dςdr = c(x, t) (.)

In LES, only the Favre filtered c̃(x, t) is available and, for the purpose of modelling, it
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will be necessary to use a Favre PDF. This is defined as

P̂ (ς;x, t) =

ˆ
Ω

ρ(x− r, t)G(r)

ρ(x, t)
δ(c(x− r, t)− ς) dr (.)

=

ˆ
Ω
Ĝ(r,x, t)δ(c(x− r, t)− ς) dr (.)

where the modified filter kernel Ĝ has been introduced. Again, the first moment recovers
the filtered variable, this time c̃(x, t):
ˆ 1

0
ςP̂ (ς;x, t) dς =

ˆ
Ω

ρ(x− r, t)G(r)

ρ(x, t)

ˆ 1

0
ςδ(c(x−r, t)−ς) dςdr = c̃(x, t) (.)

.. Reaction rate modelling by presumed PDF and flamelet tabulation

In paper  a model for ω̇c within the framework of LES is studied. It is representative for a
class of statistical models for premixed combustion that has been discussed and applied in
many previous studies, from early developments [–] to more recent works [–].

The model is first expressed for the simple case of single-step chemistry where both ω̇c

and T are only dependent on c. The idea of the model is to use an approximate form of
the sub-filter PDF, P (ς;x, t), to compute an approximation for the filtered reaction rate
ω̇c as

ω̇c(x, t) =

ˆ 1

0
ω̇c(ς)P (ς;x, t) dς. (.)

For modelling convenience this expression has to be rewritten in terms of the Favre PDF.
This can be done using the relation ω̇c = ρω̇c/ρ̃ and results in

ω̇c(x, t) = ρ(x, t)

ˆ 1

0

ω̇c(ς)

ρ(ς)
P̂ (ς;x, t) dς. (.)

Finally the Favre PDF is approximated with a β-distribution parametrized by its mean and
variance, which yields

ω̇c(x, t) ≈ ρ(x, t)

ˆ 1

0

ω̇c(ς)

ρ(ς)
Pβ

(
c̃(x, t), σ2(x, t)

)
dς. (.)

Here, σ2 = c̃c−c̃c̃ is the sub-filter variance. The model is complete if an estimate for σ2 can
be provided, and that is the topic of paper  and of section ... In Fig. . a comparison
is made between the actual sub-filter PDF extracted from DNS (and averaged over all data
points with c̃ = 0.5) and the corresponding β-distribution with σ2 taken as the average
from the DNS data. It appears from the figure that the β-distribution does represent the
functional form of the PDF quite well given the appropriate value of σ2. Whether or not
this is good enough to accurately predict ω̇c is, however, a different question.

In paper  the discussion is centred around the following two questions:
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Figure 5.4: Sub-filter PDFs of c for three flames with different Karlovitz numbers. The PDFs have been averaged
over many data samples with the same filtered value c̃ = 0.5.

• How well does the presumed PDF approach work in cases where the flamelet as-
sumption holds?

• How well can a flame with multi-step chemistry be modelled using the presumed
PDF approach and a complementary flamelet assumption that provides the value of
ω̇c/ρ as function of c?

The DNS data set , summarized in table ., contains cases that fulfil all constraints
of Eq. (.). Specifically, case D is used to investigate the first question. For the second
question, more complex flames from data set  are used. For these multi-species flames
a representative reaction progress variable c needs to be constructed and there are many
possible choices. Further, in order to use Eq. (.) an additional model assumption is
needed, namely that the local value of ω̇c/ρ depends only on c. Note that the validity of
this assumption will depend on the choice of c. It is also convenient to select a c that has
a transport equation of the form of Eq. (.), which can be achieved by making c a linear
function of either temperature or a product or reactant species mass fraction. Finally, the
value of ω̇c/ρ as function of c is provided by a one-dimensional steady flame simulation
(a flamelet). The name ’flamelet assumption’ in this work pertains to the assumption that
ω̇c/ρ depends only on c and is provided by a flamelet calculation.

One of the main advantages of a model with the form of Eq. (.) is that the integral
on the right hand side can be pre-computed and tabulated as a function of c and σ2. The
computational cost of using the model is therefore low since chemical reaction rates need
not be evaluated at runtime of a LES. Note also that all flames under consideration here
are adiabatic and have constant pressure and equivalence ratio. However, it is straightfor-
ward to extend Eq. (.) by adding for example unburned temperature, Tu(x, t), as an
additional dependency for ω̇c/ρ, and is accounted for by an extra dimension in the table.
Such complications will however not be considered further in this work.

In cases with multi-step chemistry one has to make a choice of the definition of the
reaction progress variable as mentioned earlier. Different definitions may be more or less
suitable to use in the presumed PDF framework. The effect of different choices of c has
not been studied in detail in this work but Fig. . shows how the sub-filter PDF can differ
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Figure 5.5: Sub-filter PDFs of c using two different definitions of c and for two filter sizes. Left and right shows
case A1 and A4, respectively.

when the definition is changed. Here, c has been based on H2O (as in the paper) and on
CO2 for comparison. The difference is significant and it is possible that the distribution
of some progress variables can be fitted better with a β-distribution than others. Further
investigation of this should be performed.

Selected joint PDFs of the exact reaction rate ω̇c from filtered DNS and modelled ones
computed from Eq. (.) are shown in Fig. .. Three filter sizes (∆+ = 0, 0.35 and 2) and
three cases (D, A and A) are shown. For the single-step chemistry case D the model is
exact when the filter size is zero, but as the filter size is increased the scatter is seen to grow.
In the two multi-step chemistry cases on the other hand the scatter is largest when ∆+ = 0
and decreases when the filter size is increased. This is related to the flamelet assumption
and is further discussed in the paper where also the correlation between modelled and exact
rates is studied. Finally one can observe some differences between the two cases A and A
at small filter sizes. In case A, which has the lower Ka, the scatter seems to be larger and
two branches can be seen. It was found that the upper branch, which is farthest from the
diagonal, corresponds to places near the burned side of the reaction zone and the model
error here correlates with flame curvature. Such an effect is not seen in cases with higher
Ka or in planar unstrained flames.

In paper  a correction factor is proposed for Eq. (.) based on the fact that filtering
the flame does not affect the consumption speed. This provides a constraint that the model
should fulfil. In one dimension this constraint can be written asˆ ∞

−∞
ω̇(x) dx =

ˆ ∞

−∞
ω̇(x) dx (.)

which follows from the definition of the filter and the requirement that the filter kernel G
is normalized. If ω̇ is computed according to the model Eq. (.) the constraint may not
be fulfilled, and can in fact be far from fulfilled for filter sizes larger than the flame thickness
as shown in ref. [] as well as in paper . In principle, the constraint can be imposed on
the modelled ω̇ from Eq. (.) by multiplying it with a correction factor, but that factor
would be both time and case dependent. The method suggested is to compute the factor
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(a) Case D, ∆+ = 0 (b) Case D, ∆+ = 0.35 (c) Case D, ∆+ = 2

(d) Case A, ∆+ = 0 (e) Case A, ∆+ = 0.35 (f) Case A, ∆+ = 2

(g) Case A, ∆+ = 0 (h) Case A, ∆+ = 0.35 (i) Case A, ∆+ = 2

Figure 5.6: Joint PDF of exact filtered reaction rate and modelled filtered reaction rate.

as a function of only filter size for a one-dimensional flame and then use that same factor
for all cases. This will not impose the constraint exactly, but in most of the investigated
cases it was found to significantly improve the model for filter sizes larger than δth. As an
example, Fig. . shows the correction factor computed using single-step chemistry. The
figure also shows the correlation coefficient between modelled and exact ω̇ and a measure
of the model error before and after scaling with the correction factor. The definition of this
error metric is given by Eq. (.). As can be seen from the figure the correction factor is
near 1 for ∆+ < 1 and smaller than 1 otherwise.

.. Sub-filter scalar variance

The sub-filter variance was introduced in the last section where it was used in the para-
metrization of the approximate PDF. Note that the two filtered variables c and c̃ have
different associated variances, here referred to as s2 and σ2, respectively. The variance of a
distribution, here the sub-filter distribution of c, is defined as the second central moment of
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Figure 5.7: Left: Scaling factor computed with single-step chemistry. Right: Correlation coefficient (squares)
and error of the model, with and without correction factor (triangles and circles) for case D1b.

the distribution function. This leads to the following formulas for the two variances []:

s2(x, t) =

ˆ 1

0
(c(x, t)− ς)2 P (ς;x, t) dς = c(x, t)2 − c(x, t)2 (.)

and

σ2(x, t) =

ˆ 1

0
(c̃(x, t)− ς)2 P̂ (ς;x, t) dς = c(x, t)2̃ − c̃(x, t)2 (.)

The sub-filter variance is often referred to as the sub-grid scale (SGS) variance in the context
of LES and this naming convention is used in papers  and .

In the case of conserved scalars (no source terms) there exist algebraic models for the
variance. By assuming local equilibrium between production and dissipation of variance
[] a model of the form

s2 = C∆2|∇c|2 (.)

can be obtained. However, this type of model may not be suitable for reactive scalars if the
reaction is found to have a significant effect on the variance []. An alternative modelling
approach, one that avoids the equilibrium assumption, is to solve an approximate transport
PDE for σ2. Such equations have been discussed extensively in the literature for non-
reactive scalars in the context of LES, see for example refs. [, ] and references therein.
For reactive scalars, such as c, most of the literature has this far been focused on the RANS
context [, , ] and only few studies exist for LES []. In the following, an outline
of the derivation of the σ2-equation for LES is given. This equation and the modelling of
some of its terms is the topic of paper .
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Starting from the unfiltered c-equation, Eq. (.), an equation for c̃2 is obtained by
first multiplying with c and then applying the unweighted filter to all terms. This yields

∂ρc̃2

∂t
+

∂ρũic̃2

∂xi
= 2ω̇cc+

∂

∂xi

(
ρD

∂c2

∂xĩ

)
− 2ρD

∂c

∂xi

∂c

∂xĩ

− ∂

∂xi

(
ρuic

2̃ − ρũic̃2
) (.)

Similarly, staring from the filtered c-equation, Eq. (.), and multiplying by c̃ gives

∂ρc̃2

∂t
+

∂ρũic̃
2

∂xi
= 2ω̇cc̃+ 2c̃

∂

∂xi

(
ρD

∂c

∂xi

)
− 2c̃

∂

∂xi
(ρuic̃− ρũic̃) (.)

Subtracting Equations (.) and (.) gives after simplification

∂ρσ2

∂t︸ ︷︷ ︸
T1

+
∂ρũiσ

2

∂xi︸ ︷︷ ︸
T2

= 2(ω̇cc− ω̇cc̃)︸ ︷︷ ︸
Tchem

−2ρ

(
D

∂c

∂xi

∂c

∂xĩ
− D̃

∂c̃

∂xi

∂c̃

∂xi

)
︸ ︷︷ ︸

Tdiss

+
∂

∂xi

(
ρD

∂c2

∂xĩ
− ρD̃

∂c̃2

∂xi

)
+ 2c̃

∂

∂xi

(
ρD̃

∂c̃

∂xi
− ρD

∂c

∂xĩ

)
︸ ︷︷ ︸

Tdiff

− ∂

∂xi

(
ρuic

2̃ − ρũic̃2
)
+ 2

∂

∂xi

(
ρuic̃c̃− ρũic̃

2
)

︸ ︷︷ ︸
Ttran

−2
∂c̃

∂xi
(ρũic− ρũic̃)︸ ︷︷ ︸
Tprod

(.)

The terms on the right hand side essentially represent, from left to right, reaction, dissipa-
tion, diffusion, sub-filter transport and production. Due to the use of density-weighted
filtering, however, this description of the terms is not entirely accurate. It has for example
been found in paper  that the production term Tdiss can be negative under certain con-
ditions. However, the above designations are still used here for consistency with previous
works [, ].

When deriving Eq. (.) the c-equation (.) was used as starting point. If the progress
variable is instead defined from a species mass fraction in a multi-species simulation, the de-
tailed diffusion term in Eq. (.) should be used in the derivation. It is straight-forward to
modify Eq. (.) to account for the detailed diffusion term, resulting in a more lengthy ex-
pression for Tdiff . For the progress variable based on H2O used for the methane/air flames
in paper  the difference was found to be negligible as seen in Fig. .a where the com-
bined diffusion and dissipation term Tdiff+diss from Eq. (.) is compared with T ∗

diff+diss

which is computed using the detailed diffusion term, both extracted from case B. As
demonstrated by the figure, expression (.) can safely be used without modification also





for multi-step chemistry flames. However, in cases where the mean molecular weight has
large gradients or when the diffusivity of c differs significantly from the mixture average
the detailed diffusion term might be needed. In such cases, detailed diffusion would also
have to be accounted for in an LES model for Tdiff .

As a verification that the numerical accuracy is sufficient, both the left and right hand
sides of Eq. (.) are extracted and compared for one of the high Ka cases, B. Figure .b
shows all the terms and there is a good match between the left hand side T1 + T2 (circles)
and the right hand side (dots).
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Figure 5.8: Sub-filter variance equation for case B3 using c based on H2O mass fraction and using a filter size
of ∆+ = 0.35. Left: Dots shows the combined diffusion and dissipation term computed according
to Eq. (.) while circles shows the corresponding terms resulting when the full diffusion expression
in Eq. (.) is used. The dashed line shows the difference. Right: Balance of all terms in Eq. (.).

In paper  it is discussed how the relative importance of the different terms changes
with both filter size and with Karlovitz number. When Ka increases (for a fixed filter size)
the variance equation tends to change from a balance of Tchem, Tdiss and Tdiff to a balance
of Tdiss, Ttran and Tprod. This is illustrated in Fig. . which shows all the terms on a
two-dimensional cut for cases B, B and B. The most notable effect of the filter size is
that the relative importance of the chemical term, Tchem, increases with increasing ∆. This
trend was verified for Ka from 4 to 4100. It is thus the combination of Ka and ∆ that
determines whether Tchem is important. This is different from the situation in the RANS
framework where there is no filter size and the chemical term will be small in the distributed
reaction zone regime as discussed in ref. [].
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Figure 5.9: Terms in the sub-filter variance equation for cases B1 (top), B2 (middle) and B4 (bottom). The lines
show iso-contours of c.
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Chapter 

Conclusions and future outlook

In this thesis direct numerical simulations of turbulent premixed flames have been studied.
There have been two main goals of this work. The first goal was to deepen the understanding
of turbulent premixed flames, in particular concerning the flame thickness and its evolution
at high Karlovitz numbers. This is done in papers  and  which discuss both developing and
statistically stationary flames, different metrics of flame thickness, how different definitions
can lead to seemingly different conclusions, and how the evolution of thickness is related
to different processes. The second goal of this work was to perform a priori investigations
of models for turbulent premixed flames. This includes a study of a presumed PDF model
for the reaction rate in the LES framework for flames of varying complexity, which was
presented in paper . A study of the sub-filter variance transport equation, which is relevant
for the aforementioned presumed PDF model, was presented in paper  and the modelling
of certain terms in this equation was investigated. Some of the main conclusions of this
thesis are:

• Distributed reaction zones are not observed near the traditionally predicted regime
boundary Kaδ = 1 for flames with significant heat release. The two-way coupling
between flame and flow inhibits the turbulence intensity in the pre-heat layer, leading
to a much lower effective Karlovitz number inside the reaction zone. For flames
without heat release the traditional prediction appears to be more accurate.

• At high Karlovitz numbers, locally thin structures with large gradients are commonly
found, even if the flame is broadened on average. This can have implications for
modelling these flames, for example concerning the usefulness of the ’well-stirred
reactor’ assumption at high Ka. Preferential alignment of the flame surface normal
with the compressive strain rate eigenvector provides a mechanism for the formation
of these structures.

• The transient evolution of a planar flame into a fully developed turbulent flame fol-
lows a trend of fast early thinning driven by compressive stretch, followed by a slower
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re-broadening process driven by diffusion. This trend is seen for all investigated tur-
bulent flames, including a wide range of Karlovitz numbers, single- and multi-step
chemistry and with and without heat release.

• The presumed PDF model with flamelet assumption, applied to model the reaction
rate of premixed flames in LES, shows a strong dependency on filter size. The model
error also relates to the filter size and can, in many cases, be reduced by a simple filter
size dependent correction factor.

• After filtering DNS data it was seen that the unstrained flamelet assumption works
better at very high Karlovitz numbers (> 500) than at moderate Karlovitz numbers
(< 100). The effect seems to be related to inability of strain and curvature to change
the flame structure when the turbulent time scale is very small.

• Based on the above conclusions, it may be possible to apply flamelet based LES
models at Karlovitz number well above the traditionally predicted transition to the
distributed reaction zone regime. This is also supported by the a priori analysis in
paper .

• In the sub-filter variance equation the relative importance of the chemical term de-
creases with Ka as expected, but it also increase with filter size. The chemical term
can therefore not be neglected based only on considerations of the Karlovitz number
without accounting for the filter size.

From here there are many questions that deserve further investigation and can be poten-
tial topics of future work. There has recently been an increasing interest in DNS of highly
turbulent premixed flames in the literature with many published studies. Chemistry-wise
these studies cover a wide range including single-step chemistry at varying Karlovitz and Zel-
dovich numbers, hydrogen, methane and more complex fuels, and varying Lewis numbers.
Concerning the type of turbulence generation most studies have used either homogeneous
isotropic turbulence forcing (as was done in this work) or shear turbulence generated from
a fuel/air jet. A topic that might deserve attention is a systematic study of the interaction be-
tween flames and non-isotropic turbulence which can be generated in a well-controlled way
by use of anisotropic forcing. This topic can be of interest, in particular from a modelling
perspective, since the turbulence experienced by flames in many practical applications is
not isotropic.

The study of the displacement speed evolution equation briefly mentioned in section
. is only just started. Further analysis of this equations, and its decomposition into evo-
lution equations for the reaction, curvature and normal diffusion components, is straight-
forward to perform and can form a basis for further studies. Such investigations might lead
to new insights into flame propagation that can guide the design of models.

On the modelling part, the natural path to extend this work is to perform an a poste-
riori analysis of the presumed PDF model with the studied closure for reaction rate (with
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and without correction factor) and the terms in the variance equation. Some LES of exper-
imental flames have already been published with the modelling strategy [] but to bridge
the gap between practical LES and the a priori analysis performed in this work it is sug-
gested that the same cases be simulated both in DNS and with various model closures in
LES. In order to provide a good test environment the LES should use the exact same case
set-up and numeric schemes as the DNS. Such a study would allow not only instantaneous
values and conditional averages of various modelled terms to be compared, but also global
properties such as mean turbulent flame speed and flame brush thickness. Further, it was
found in paper  that the production term in the variance equation was difficult to model,
so analysis of alternative models or development of a new model for that term will be of
particular relevance.

On the wider topic of combustion research, we are still lacking a complete regime
diagram for premixed flames. If a new regime diagram could be constructed which accounts
for all relevant parameters in a pure premixed flame, including length or time scale ratios,
Lewis number, density ratio, Zeldovich number and possibly Mach number, it might be a
significant addition to the general understanding of flame-turbulence interaction. For such
work DNS will be a suitable tool due to its flexibility when it comes to adjusting parameters
independently of each other.
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Chapter 

Summary of publications

Paper i: Structures of turbulent premixed flames in the high Karlovitz number
regime – DNS analysis

T. Nilsson, H. Carlsson, R. Yu, X. S. Bai
Fuel  (), pp. –

This paper discusses the structure of methane/air flames at moderate and high Karlovitz
numbers, and the focus is on the transient development from an initially planar flame to a
distorted turbulent flame. The thickness of the flames is quantified by different metrics and
a trend of early thinning followed by slow re-broadening is seen for all flames. It was seen
that local regions with large gradients exist even at very high Karlovitz numbers. The evo-
lution equation for the local gradient magnitude is studied and the balance of terms is seen
to be affected by the Karlovitz number. Finally, the alignment between the flame surface
normal vector and the eigenvectors of the strain rate tensor is studied and the alignment
was found to change when the Karlovitz number is increased.

The candidate performed the analysis and wrote the manuscript with advice from the co-authors.
Simulations were performed by H.C.

Paper ii: A priori analysis of sub-grid variance of a reactive scalar using DNS data
of high Ka flames

T. Nilsson, I. Langella, N. A. K. Doan, N. Swaminathan, R. Yu, X. S. Bai
Accepted for publication in Combust. Theory Model. ()

A transport equation for sub-filter variance in the LES framework was analysed using DNS
data. It was found that the relative importance of many of the terms in the equation are
dependent on LES filter size. In particular, the chemical term gains importance with in-
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creasing filter size, a conclusion that is supported both by the DNS data and an order-of-
magnitude analysis of the terms. Some model closures were also evaluated for the chemical,
turbulent production and dissipation terms. Two models were tested for the dissipation
term; a simple linear relaxation model, developed for non-reactive scalars and an alterna-
tive model that accounts for the reactive nature of the progress variable. The former model
was found to under-predict the dissipation term by an order of magnitude. Additionally,
the production term was found to be difficult to model and its importance increases with
increasing Karlovitz number.

The candidate performed the simulations and most of the analysis. The candidate wrote the
manuscript with input from the co-authors. I.L. contributed significantly to the order-of-magnitude
analysis.

Paper iii: Filtered reaction ratemodelling inmoderate and highKarlovitz number
flames: an a priori analysis

T. Nilsson, R.Yu, N. A. K. Doan, I. Langella, N. Swaminathan, X. S. Bai
Submitted to Flow Turbulence Combust. ()

A presumed PDF approach with flamelet assumption was investigated for modelling the fil-
tered reaction rate of the progress variable in LES of premixed flames. The model uses a one-
dimensional flamelet to represent the reaction rate as function of the local progress variable,
and a beta-distribution is used to model the sub-filter PDF. A set of flames of varying com-
plexity was used for the analysis, including one-dimensional laminar and three-dimensional
turbulent flames, single-step and multi-step chemistry, and a range of Karlovitz numbers. It
was found the in flames with single-step chemistry the model error increases monotonously
with increasing filter size, while in multi-step chemistry flames non-monotonic behaviour
was found. A correction factor was proposed to make the model consistent with the lami-
nar flame speed in the limit of a one-dimensional planar flame, and this was seen to reduce
the model error in most cases.

The candidate performed the simulations and the analysis. The manuscript was written by
the candidate with input from the other co-authors.

Paper iv: On thinning/broadening in turbulent premixed reaction waves

R.Yu, T. Nilsson, X. S. Bai, A. N. Lipatnikov
Submitted to Combust. Flame ()

DNS simulations were used to analyse flame thickness and its transient evolution. Three
different metrics of surface-averaged flame thickness are defined. Equations that describe
the time evolution of these averages have recently been published. In this paper, these equa-





tions are used to quantitatively analyse the contributing effects of stretch, self-propagation
and volume dilatation on the evolution of the thickness metrics. It was found that, in some
cases, it is possible to obtain opposite trend regarding if the flame is thinned or broadened
depending on which metric is used. Findings also show that transient flames, developing
from initially planar to fully developed turbulent, undergo an early stage of rapid thinning
related to flow stretch, followed by a later stage of slow re-broadening driven by diffusion
related processes. Further, it was also found that the volume dilatation can have a signif-
icant effect on the balance in the thickness equations for with heat release, but this effect
was also seen to diminish as the Karlovitz number was increased.

The candidate performed the simulations of all flames with variable density (cases D, E, F,
G) and R.Y. performed the simulation of the constant density reaction wave (case C). The can-
didate contributed to the analysis as well as to the writing of the manuscript. R.Y. and A.N.L.
performed most of the theoretical derivations related to surface averages.
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Abstract

Lean premixed turbulent methane-air flames have been investigated using direct numerical
simulations (DNS) for different Karlovitz numbers (Ka), ranging from 65 to 3350. The flames
are imposed to a high intensity small-scale turbulent environment, corresponding to high Ka
conditions, and the effect on the flame structure is investigated during the transition from
initial laminar flame to highly distorted turbulent flame. The focus is on the internal struc-
ture of different sub-layers of these flames. The preheat layer, fuel consumption layer and
oxidation layer are characterized by the distribution of formaldehyde, the fuel consumption
rate and the CO consumption rate, respectively. Different measures that quantify sub-layer
thickness for turbulent flames have been defined and analyzed. The flame brush is broad-
ened with time while the local thickness (excluding large scale wrinkling) of all three layers
initially show thinning due to the interaction of the flame with the turbulent flow field. As
time passes, the local thickness of the preheat layer and fuel consumption layer are restored
while the oxidation layer remains thinned due to suppression of CO consuming reactions. As
Ka increases there is an increasing probability of finding thinned, large gradient regions in
each of these sub-layers. The contribution to the evolution of flame thickness from normal
strain rate, chemical reaction and normal and tangential diffusion is analyzed in terms of a
gradient transport equation. The relative size of the terms changes as Ka increase and, in
particular, the term due to chemical reactions loses its relative significance. The observed
thinning of the local flame structure is attributed to the preferential alignment of the flame
normal with the compressive strain rate eigenvectors. Such alignment provides a mechanism
for the flame thinning, consistent with the behavior of non-reacting scalars. A preferred
angle of about 20 degrees is observed between the flame normal and the compressive strain
rate eigenvector.

Keywords: Direct numerical simulation, Turbulent premixed flames, Flame-turbulence
interaction, High Karlovitz number
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1. Introduction

The structure of a premixed flame is affected by its interaction with turbulence. Based
on the Karlovitz number (Ka), which is the ratio of the characteristic time scale of chemical
reactions to the smallest time scale of turbulence (the Kolmogorov time scale), turbulent
premixed flames can be classified into different regimes [1–3]. In the laminar and corrugated
flamelet regimes (Ka ≤ 1) the intensity of turbulence is low and the Kolmogorov length scale
is larger than the thickness of a laminar flame; the inner structure of such a flame is similar
to that of a laminar flame. This feature has been widely used in the development of models
for simulation of turbulent premixed flames in the laminar flamelet regime [3, 4].

Premixed flames under the conditions of high intensity and small length scale turbulence,
typically at high Ka, are commonly used in engineering combustion devices, e.g., in gas
turbines and internal combustion engines. The structures of flames under these conditions
are however less well understood. The thin reaction zones regime, where turbulence micro-
scales are small enough to penetrate and perturb the preheat layer of the flame but not the
reaction layer, is considered to occur for 1 < Ka . 100. At Ka well above 100 it is expected
that turbulence micro-scales can penetrate also the reaction zone leading to distributed or
broken reaction zones.

The small time and length scales in high Ka flames poses a great challenge to both exper-
iments and numerical simulations due to the fine spatial and temporal resolution required.
Planar laser induced fluorescence (PLIF) experiments of various species using fine resolution
(< 50 µm), e.g. OH, and 2D temperature measurements [4–9], indicated that the struc-
tures of turbulent premixed hydrocarbon flames in the thin-reaction zone regime (Ka ∼ 10)
are rather similar to those of laminar flames. At Ka ≥ 100 the structure of the flames
can become highly distorted [10, 11] but the results are not always consistent. CH/HCO
PLIF measurements indicated that the reaction zones in high Ka flames became significantly
distorted and broadened [11] while other studies show that a layered flame structure still
remains at Ka > 100 [12, 13], indicating that the regime boundary between the thin and dis-
tributed reaction zone regimes is not as low as Ka = 100 when based on upstream turbulence
conditions. Thinning of the local flame structure has also been observed [14].

Due to the limitation of the spatial and temporal resolution (especially in measurements
of turbulence using particle image velocimetry, PIV) and due to the 2D nature of most
of todays experiments, direct numerical simulation (DNS) can play an important role in
the further investigation of high Ka flames. DNS, however, is limited to small Reynolds
numbers, i.e. only a narrow range of length scales in the vicinity of the flame thickness may
be resolved. Thus, DNS studies of high Ka flames are restricted to use small integral length
scales, typically a few times the laminar flame thickness. In experiments on the other hand
the integral scale is usually related to the geometry and is considerably larger than the flame
thickness. This means that for a DNS simulation to match the small scale turbulence-flame
interaction (i.e. the Karlovitz number) of an experiment or application, the large scales have
to be excluded. Consequently, when comparing with experiments, DNS should not be viewed
as a simulation of an entire flame but rather as a zoom-in on a small segment of a larger
flame. In this view, the turbulence forcing term usually applied in DNS should be seen as a
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model for the cascading of turbulent energy from larger scales.
Several authors have recently reported DNS of high Ka premixed flames [12, 15–32] and

interesting phenomena have been observed. Typical ratios of integral length scale to thermal
flame thickness of these studies range from 0.5 to 4, generally smaller for higher Ka, and
turbulent Reynolds numbers range from around 50 to 400. Aspden et al. [24] showed that
at high Ka conditions (Ka ∼ 400) the reaction zone is highly distorted and local phenomena
such as differential diffusion becomes less important in a statistical sense. Carlsson et al.
[15, 16] reported that the highly energetic small scale turbulence can transport the radicals
(e.g. H) from the reaction zone to the low temperature unburned fuel/air region within the
time scale of the radical recombination reactions. Such transport can give rise to a highly
broadened zone with chemical reactions, e.g., radical recombination reactions, active even at
temperatures as low as 500 K. Recent studies by Lapointe et al. [19, 20] of turbulent flame
speed show that the turbulent flame speed at high Karlovitz numbers is determined by the
turbulent to laminar area ratio just as it is for corrugated flamelets.

It has been shown for example by Ashurst et al. [33] that the normal of a passive scalar
surface (a zero heat release flame) aligns preferentially with the most compressive principal
strain rate (the eigenvector of the symmetric strain rate tensor that corresponds to the most
negative eigenvalue). In the presence of strong heat release the flame normal aligns with
the most extensive principal strain rate since the largest source of extensive strain is the
thermal expansion. It is expected that, as u′/SL increases, the thermal expansion becomes
less dominating and the flame front will instead align with the compressive principal strain
rate. Indeed, Chakraborty and Swaminathan [34] reported that at Ka ∼ 10 the flame sur-
face normal starts to show preferential alignment with the most compressive principal strain
rate eigenvector in the preheat layer. The preferential alignment with the compressive strain
rate increases the scalar gradient (thinning of the flame) until balanced by the thickening
processes. Thinning and thickening processes compete and it has been suggested that the
balance of these processes varies with the combustion regime defined by the Damköhler and
Karlovitz numbers [12, 18]. A balance equation can be derived for the scalar gradient mag-
nitude [35] and applied to reactive scalars in a flame the equation can be used to investigate
the thickening/thinning process. A few analyses of the involved terms have been reported
[36, 28, 30].

In recent studies [15, 16] the responses of different intermediate species layers to high
Ka were investigated and an attempt for global quantification by means of a species specific
Karlovitz number was presented. However, systematic investigations of the successive vari-
ation of the structures of turbulent premixed flames under various Ka is needed to reconcile
the different experimental and numerical results and hypotheses and to develop a better
understanding of the structures of turbulent premixed flames.

In this work, DNS of turbulent premixed methane/air flames is carried out for Ka ranging
from 65 to 3350. This regime is selected because of the trend in engineering applications
towards high intensity and lean mixtures which results in high Karlovitz numbers. The
focus of this work is on the not-so-well explored high Ka regime; typical Ka may not be
higher than a few hundred in most current gas turbines but this may change in the future
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due to the use of ultra lean mixtures and alternative fuels like hydrogen or ammonia. Also,
since a transition to distributed combustion is expected somewhere above Ka=100, we have
considered a case well above Ka=100.

The focus of the analysis is on the interaction between the sub-layers of a flame and
small-scale homogeneous isotropic turbulence, a process that is difficult to investigate ex-
perimentally. It is a study of the transient process of sub-layer structures of an initially
laminar flame that is exposed to a high Ka turbulent environment. The sub-layers are the
preheat layer, the inner layer and the oxidation layer. The flame thickness and gradient are
important parameters for premixed flame modeling. To analyze the thickness of different
sub-layers a quantitative measure is needed and it is non-trivial to define such a measure.
Two different approaches to define sub-layer thickness are presented and employed. The
variation of the thickness is then explained by means of a gradient transport equation and
the preferential alignment of the flame normal with principal strain rate eigenvectors.

2. Analysis methods

2.1. Thickness measures for sub-layers

To identify the sub-layers of the flame, three layer markers are defined. The preheat
layer is represented using the CH2O mass fraction YCH2O [8, 19], the inner layer using the
fuel consumption rate ω̇CH4 [3, 37], and the oxidation layer using the CO consumption rate
ω̇CO,c [37]. In this work the CO consumption rate is defined from the CO consuming reactions
only; reactions that produce CO are left out when computing ω̇CO,c. For reversible reactions
the forward and backward directions are considered as separate reactions. To quantify the
widths of the sub-layers a ”mean brush thickness” denoted by δB and a ”conditional mean
thickness” denoted by δV are defined. Both thickness measures are to be applied to all three
layers.

Let φ be a layer marker, c a reaction progress variable and 〈·〉 the volume-weighted spatial
average of an instantaneous three-dimensional field. The conditional mean 〈φ | c〉 for a
simulated case is estimated by sorting data points into bins of suitable sizes. A reference value
φ∗ is defined as the maximum of the conditional mean, φ∗ = max〈φ | c〉. A corresponding
reference value of the progress variable, c∗, is defined at the location of φ∗ in c-space such
that 〈φ | c = c∗〉 = φ∗. These reference values are used in the following thickness definitions.

The mean brush thickness of a layer, δB, is defined by averaging the layer marker in the
cross-stream directions and measuring the width of the resulting profile at 1/10 of the peak
value:

δB =

∫
H(〈φ | x〉 − 0.1φ∗)dx (1)

In Eq. (1) H(x) is a Heaviside function defined by H(x ≥ 0) = 1 and H(x < 0) = 0 and
x is the stream-wise coordinate. The measure δB tells how broad region the wrinkled brush
occupies. The threshold value, chosen as 0.1φ∗, is defined as a fraction of φ∗ rather than in
terms of laminar flame properties because of observed differences in the magnitude of layer
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markers when the Karlovitz number is varied. No qualitative difference was observed in the
results if the factor 0.1 was changed to 0.5.

A volume-based conditional mean layer thickness, δV , is defined by comparing the volume
of the layer with the area Ac=c∗ of the representative iso-surface defined by c = c∗:

δV =

∫
V
H(φ(x)− 0.1φ∗)dV

Ac=c∗
(2)

An iso-surface of the layer marker is not used in the definition of δV because the layer markers
do not vary monotonically from unburned to burned mixtures; all markers have their peak
value at intermediate c which would lead to a ”double” iso-surface. Instead, the iso-surface
defined by c = c∗ is used.

The conditional mean thickness, δV , measures the local layer broadening/thinning while
excluding the wrinkling of the layer while the mean brush thickness, δB, represents the
ensemble averaged mean thickness of the layer, including both the wrinkling and broaden-
ing/thinning of the layer.

2.2. Gradient transport equation

To analyze the local dynamics of flame thickness the gradient |∇Yk|, where k is either
a reactant or product species, is studied. A transport equation for |∇Yk| can be obtained
[28, 36] and the relative importance of the contributing terms will be quantified. The starting
point is the transport equation for the species mass fraction Yk,

DYk
Dt

= Dk +
ω̇k

ρ
(3)

Here, D/Dt is the material derivative, D is the diffusion rate and ω̇k is the reaction rate.
The diffusion term, modeled using the Curtiss-Hirschfelder approximation and expressed in
terms of mass fractions and using implicit summation over repeated i, is

Dk =
1

ρ

∂

∂xi

(
ρDk

∂Yk
∂xi

)
︸ ︷︷ ︸

F1

+
1

ρ

∂

∂xi

(
ρDk

Yk

W

∂W

∂xi

)
︸ ︷︷ ︸

F2

− 1

ρ

∂

∂xi

(
ρYk

Nsp∑
m=1

Dm
∂Ym
∂xi

)
︸ ︷︷ ︸

C1

− 1

ρ

∂

∂xi

(
ρYk

W

∂W

∂xi

Nsp∑
m=1

YmDm

)
︸ ︷︷ ︸

C2

(4)

In Eq. (4) Dk is the diffusivity of species k and W is the mixture averaged molecular weight.
The F1 term is analogous to Fick’s law for binary diffusion, the F2 term appears due to
gradients in the mean molecular weight and the C1 and C2 terms are minor corrections
in the model and included to fulfill the constraint

∑
k Yk = 1. Note that F2 = C2 if all

diffusivities are equal.
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Defining the iso-surface normal as n = −∇Yk/|∇Yk| the leading term F1 of Eq. (4) can
be separated into two contributions due to curvature and diffusion in the normal direction:

F1 =
1

ρ

∂

∂xi

(
ρDk

∂Yk
∂xi

)
= −Dk|∇Yk|

∂ni

∂xi
− 1

ρ

∂

∂xn
(ρDk|∇Yk|) (5)

The normal derivative is defined as ∂ψ/∂xn = ni∂ψ/∂xi for any scalar field ψ.
By applying the gradient to Eq. (3) a balance equation for |∇Yk| can be derived. This

equation can be written

D∗|∇Yk|
D∗t

= −|∇Yk|
∂Sd

∂xn
− |∇Yk|aN (6)

In Eq. (6) the iso-surface following derivative D∗ψ/D∗t = ∂ψ/∂t + (ui + Sdni)∂ψ/∂xi has
been introduced and it describes the rate of change in a point that moves with the combined
velocity of the flow and the self-propagation of the iso-surface. The term aN = niSijnj is
the normal strain rate, Sij = (∂ui/∂xj + ∂uj/∂xi)/2 is the symmetric strain rate tensor
and Sd = (DYk/Dt)/|∇Yk| is the local displacement speed due to self-propagation of the
iso-surface. Combining equations (3)-(6) the balance equation for |∇Yk| can be expanded as

(
D∗|∇Yk|
D∗t

)
= |∇Yk|

∂

∂xn

(
Dk

∂ni

∂xi

)
︸ ︷︷ ︸

Acurv

+ |∇Yk|
∂

∂xn

(
1

ρ|∇Yk|
∂

∂xn
(ρDk|∇Yk|)

)
︸ ︷︷ ︸

Anorm

−|∇Yk|
∂

∂xn

(
ω̇k

ρ|∇Yk|

)
︸ ︷︷ ︸

AR

−|∇Yk|
∂

∂xn

(
F2 − C1 − C2

|∇Yk|

)
︸ ︷︷ ︸

Acorr

−|∇Yk|aN︸ ︷︷ ︸
AN

(7)

According to Eq. (7) the gradient magnitude, and thus the distance between iso-surfaces,
is governed by the five terms on the RHS: the flow normal strain rate term AN , the curvature
term Acurv, the normal diffusion term Anorm, the chemical reaction term AR and finally the
Acorr term that is due to gradients in W and the species conservation correction in the
diffusion model. The time evolution of |∇Yk| and the relative importance of the terms will
be investigated in section 4.3.

2.3. Alignment with principal strain rate eigenvectors

Further insight into the behavior of the normal strain rate aN can be obtained by studying
alignment of the flame normal with principal strain rate eigenvectors. The symmetrical
strain rate tensor Sij has three real eigenvalues. The smallest, largest and intermediate
eigenvalues are referred to as λ−, λ+ and λ2. In incompressible flow the corresponding
eigenvectors can be referred to as the compressive, extensive and intermediate eigenvector,
respectively. It is a well-known behavior that the gradient of non-reactive scalars aligns with
the most compressive eigenvector [33]. For flames in weak to moderate turbulence (Ka ≤
1) the flame itself generates considerable thermal expansion and the gradients align instead
with the extensive eigenvector [34, 18, 38]. It is expected that for intensive turbulence, e.g.
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high Ka, the expansion due to combustion will be overwhelmed by turbulence and the non-
reactive result may be recovered. This has been reported for example by Chakraborty and
Swaminathan [34] where alignment with the compressible eigenvector at the unburned side
of the flame for Ka ∼ 10 was observed. In section 4.4 it is shown that, at higher Ka, the
alignment with the compressive eigenvector persists throughout the flame structure, from
c = 0 to c = 1.

3. Numerical method and problem setup

The governing equations for conservation of mass, momentum, energy and chemical
species at low Mach number are solved using a DNS solver, see Yu et al. [39] for a de-
tailed description of the implementation and validation. A 5th order weighted essentially
non-oscillating (WENO) finite difference scheme is used for convective terms in the species
and temperature equations and a 6th order central difference scheme is used for all other
terms. A second order operator splitting scheme [40] is employed by performing integration
of the chemical source terms between two half time-step integrations of the diffusion term.
The diffusion term integration is further divided into smaller explicit time steps to ensure
stability. Chemical source terms are integrated using the stiff DVODE solver [41]. The vari-
able coefficient Poisson equation for pressure difference is solved using a multigrid method
[42].

The current DNS is on the transient development stage of the flame from its initial lam-
inar state to a highly perturbed flame, within the period of around 2 integral time scales of
turbulence. The computational setup is a 10Ö5Ö5 mm box in an inlet-outlet configuration
with a statistically planar lean premixed flame propagating toward the inlet. Initial con-
ditions are set by superimposing a steady one-dimensional laminar flame, computed with
the same kinetics and transport properties as in the DNS, on a pre-calculated statistically
stationary turbulence field.

At the inlet a constant mean velocity and temperature of 2 m/s and 298 K are used. The
flame position remains within the center region of the domain during the time simulated.
Periodic boundary conditions are applied in the cross-stream directions. The domain is
discretized on a uniform grid of 1024Ö512Ö512 cells. Low wave number turbulence forcing
[43, 44] is used in the unburned mixture to maintain the turbulence intensity and length
scales. To avoid forcing of the flame the forced region ends one laminar flame thickness
upstream of the leading edge of flame; the forcing term was not applied to the flame zone
and downstream to avoid direct interference of forcing with the flame structure. The same
forcing was also used to generate statistically stationary homogeneous isotropic turbulence
in a periodic cubic box of the size 5Ö5Ö5 mm, starting from an initial artificially synthesized
turbulence [45]. This solution was used to set the initial condition and to feed stationary
turbulence through the inlet in the flame simulations.

Three DNS cases with different turbulence intensity u′ and inlet/initial conditions have
been simulated. The fuel is methane, the equivalence ratio of the mixture is φ = 0.6 and
the pressure is 1 bar. The methane/air chemistry is described with the skeletal mechanism
of Smooke and Giovangigli [46], which contains 16 species and 35 reactions. The transport
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Table 1: Time and length scales and dimensionless numbers for the computed cases. ` is given in mm, τ in
ms, η in µm and ν in m2/s.

Case Ka Da Re Ret u′/SL ` τ η ν
K65 65 0.051 11 76 15 0.68 0.38 110 1.6 · 10−5

K550 550 0.016 75 510 68 0.99 0.12 39 1.6 · 10−5

K3350 3350 0.0062 429 2900 260 1.47 0.047 16 1.6 · 10−5

properties, i.e., species diffusion coefficients, thermal conductivity, and viscosity, are mixture
averaged based on the detailed properties for individual species obtained from the CHEMKIN
thermodynamic database.

Table 1 shows the initial Karlovitz (Ka), Damköhler (Da) and Reynolds (Re) numbers,
turbulent intensity (u′/SL), integral length scale (`), integral time scale (τ) and Kolmogorov
length scale (η) of the unburned mixtures for the DNS cases. The Karlovitz, Damköhler, and
two different Reynolds numbers are defined as Ka = (u′/SL)3/2(δL/`)

1/2, Da = `SL/(δLu
′),

Re = `u′/(δLSL) and Ret = u′`/ν, where u′ is the root mean square velocity fluctuation,
δL = (Tmax−Tmin)/|∇T |max = 0.9 mm is the laminar thermal flame thickness and SL = 0.12
m/s is the laminar flame speed calculated with the Smooke-Giovangigli mechanism. The
integral length scale is defined as ` = u′3/ε where ε = 2νSijSij is the dissipation rate and
ν is the kinematic viscosity. The integral time scale is computed as τ = `/u′ and the
Kolmogorov length scale as η = `/Re3/4. All turbulence quantities in Table 1 are evaluated
in the homogeneous turbulence field in the cube used to set the initial condition.

The Ka numbers indicate that this series of flames ranges from the thin reaction zones
regime to what has historically been predicted to be the distributed or broken reaction zones
regime. It should be noted that the integral length scale chosen is on the same order as the
flame thickness; this is not seen as a major restriction since the focus is on the interaction of
flames with turbulence that is smaller than the flame thickness, thus a direct modification of
the inner reaction zone structures. Inclusion of large scales would require a larger domain,
which would not only require more computational time but also introduce more complex
events such as flame/flame interaction due to large scale folding of the flame. Such large
scale interaction is not the focus of this study and for these reasons it was decided to keep
the same domain size across all cases. The ratio of integral scale to thermal flame thickness
and the turbulent Reynolds numbers are of the same order as have been used in other DNS
studies of this type of flames [12, 15–29].

4. Results and discussion

4.1. Overview of the flame structure

Instantaneous snapshots of the K65 and K3350 cases after about 2 integral times are
presented in Fig. 1. Three subfigures are dedicated to each of these two cases. The subfigures
show mass fractions and net formation rates of CH2O, CH4 and CO on two separate slices
through the domain. Iso-lines of a reaction progress variable c are drawn at c = 0.3 and
c = 0.9. The progress variable is defined as c = (T − Tu)/(Tb − Tu) where Tu = 298 K
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Figure 1: Overview of the K65 (left) and K3350 (right) cases. Mass fraction and net formation rate [1/s]
after two integral times are shown for the species CH2O, CH4 and CO. Each picture shows the domain with
inlet on the left. Iso-lines are drawn at c = 0.3 (solid) and c = 0.9 (dashed).
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and Tb = 1667 K are the unburned and burned gas temperatures, respectively. In the K65
case both reaction rates and mass fraction distributions maintain a layered structure without
major distortions. In the K3350 case it can be seen that the reaction rates are still confined to
relatively narrow zones while the mass fractions of CH2O and CO are broader and extend into
the unburned and burned zones. The distribution of these two stable intermediate species
mass fractions appears much broader than their corresponding consumption rates, which is
reasonable because the reaction rates of stable species vanish below a limiting temperature
where the diffusion of these species can still take place.

In Figs. 2 and 3 iso-lines of the instantaneous reaction rates for CH2O, CH4 and CO are
shown in a 2D plane at five different times for the K65 and K3350 cases, respectively. The
grayscale indicates the enstrophy E = ω2 (logarithmic scale). Regions with temperature
between 400 K and 1600 K are shaded with green to indicate the thermal thickness. For
both cases, the enstrophy field in the unburned mixture remains similar at all times shown
in the figures, while the enstrophy fields in the burned mixture evolve rapidly with time.
The magnitude of enstrophy in the burned gas decreases with time, owing mainly to the
dilatation effect. The evolution of the flame structures can also be seen in Figs. 2 and 3. At
t = 0.1τ , the three layers are only slightly disturbed from its initial laminar flame state; at
t = 1.7τ , large scale wrinkling of the layers can be seen in the K65 case, while both large
scale wrinkling and small scale distortion of the layers can be seen in the K3350 case.

Flow scales are smaller in the K3350 case and the flame brush appears to be more
broadened compared with the K65 case, especially from the axial line-of-sight viewpoint.
The flame brush in this context is the range on the x-axis where the flame can be found.
As seen in the figure, a broadened flame brush does not necessarily mean a broadened local
flame structure. In fact, one can see local broadening as well as local thinning of the layers.
It should be pointed out that any statements about sub-layer thickness based on 2D data
such as Figs. 2 and 3 can be misleading since the plot only shows a slice cut through a
three-dimensional flame and the mean angle between the flame front and the plotted slice
changes with increased wrinkling.

Regions with large gradients may be observed in the K3350 case (Fig. 3) in the form
of iso-line clusters, which means local flame thinning. This is related to the mixing process
of passive scalars in turbulent flows where large gradient regions are formed at converging-
diverging saddle-points [47]. The statistical abundance of large gradient regions can be
seen in Fig. 4. This figure shows the joint probability density function (JPDF) of the
reaction progress variable c and its normalized gradient magnitude |∇c|/|∇c|L,max where
|∇c|L,max is the peak magnitude of the gradient in the corresponding unstretched laminar
flame. Shown in the figure is also the conditional mean and the corresponding laminar
profile. The JPDF shows a large span of gradient magnitudes, both larger and smaller than
the laminar reference, which shows that both thinned and broadened regions are present.
In the K3350 case a larger skew towards large gradients is seen, especially for c between 0.1
and 0.5, and the gradient magnitude can locally be more than 10 times the laminar peak
value. The co-existence of both thinning and broadening of the reaction zone structures
in high Ka flames poses a challenge to turbulent combustion models for LES and RANS
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Figure 2: Case K65. Instantaneous reaction rates (lines) of CH2O, CH4 and CO and natural logarithm of
enstrophy (gray-scale) at five different times, t = 0.1τ , 0.4τ , 0.9τ , 1.3τ and 1.7τ . Regions with temperature
between 400 K and 1600 K are shaded green. The rates are in units of s−1 of mass fraction. The unit of
enstrophy is s−2.

11





Figure 3: Case K3350. Instantaneous reaction rates (lines) of CH2O, CH4 and CO and natural logarithm of
enstrophy (gray-scale) at five different times, t = 0.1τ , 0.4τ , 0.9τ , 1.3τ and 1.7τ . Regions with temperature
between 400 K and 1600 K are shaded green. The rates are in units of s−1 of mass fraction. The unit of
enstrophy is s−2.
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(a) (b)

Figure 4: Joint probability density function of c and its gradient magnitude. (a) Case K65 and (b) case
K3350. A logarithmic color scale is used; the numbers indicate the exponent. Dashed lines show the
corresponding values of a laminar flame and solid lines the conditional mean of the turbulent flame cases.

simulations. The large span of high and low gradients in the reaction zone, which is not only
due to the enhancement/suppression of the reactions but to a large extent due to distortion
by turbulence, implies that models based on stretched flamelets or thickening of the reaction
zone may require revision for high Ka flames.

In section 4.3 the gradient and its dynamics are analyzed further.

4.2. Sub-layer thickness

Figure 5 shows the joint PDFs of c with the three sub-layer markers computed at the final
time. These markers are CH2O mass fraction (YCH2O), CH4 consumption rate (ω̇CH4) and
CO consumption rate (ω̇CO,c). Note that ω̇CO,c contains CO consuming reactions only. The
corresponding profiles of a one-dimensional unstretched laminar flame are included in the
figure as reference. Data is normalized by the maximum laminar values. In laminar flames
YCH2O reaches significant values already around c = 0.1 and can therefore be considered a
preheat zone marker. In both the K65 and K3350 cases the JPDF of YCH2O and c follows a
narrow manifold for c < 0.5, as both CH2O and c are transported by turbulence at a similar
rate. Furthermore, in the K65 case ω̇CH4 and ω̇CO,c both closely follow the laminar flame
manifold and the flame structure can therefore be considered similar to that of a laminar
flame. In the K3350 case the scattering around the conditional means increases significantly
for both ω̇CH4 and ω̇CO,c for c > 0.5. In the K3350 case the positioning of the peak value of
all layer markers have shifted toward higher c and ω̇CO,c decreases to half the laminar value,
indicating that CO oxidation is slowed down in high Ka flames.

The temporal evolution of the mean brush thickness is shown in Fig. 6. The mean brush
thickness increases with time for all cases and layer markers, and it increases with the Ka
number as well. A statistically stationary state, where the brush thickness on average does
not change, is not reached during the simulated time of two integral time scales, consistent
with previous DNS e.g. Ref. [48]. One explanation may be that, due to thermal expansion
and the associated enlargement of vortices, the integral time scale inside the flame is longer
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(a) (b)

(c) (d)

(e) (f)

Figure 5: Joint PDF of progress variable c and YCH2O (a-b), ω̇CH4
(c-d), and ω̇CO,c (e-f). Case K65 is shown

in (a,c,e) and case K3350 in (b,d,f). A logarithmic color scale is used; the numbers indicate the exponent.
The dashed lines show laminar profiles. The data is normalized by the maximum of the laminar profiles.
Mean values conditioned on c from DNS simulations are shown as solid lines.
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Figure 6: Mean brush thickness δB as function of time.
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Figure 7: Profiles of the layer markers in c-space. Evaluated at four different times indicated in the legend
in units of t/τ .

than that ahead of the flame, so longer time is required for the flame to reflect the disturbance
due to turbulence.

From Figs. 2 and 3 it is clear that the broadening of the profiles and the decrease of the
peaks of the profiles are due to the large-scale wrinkling of the flame, as well as the small-
scale turbulent distortion of the layers. For the lower Ka number case, K65, the broadening
of the layers, in particular the fuel consumption layer (ω̇CH4) and the CO oxidation layer
(ω̇CO,c), is mainly due to the large scale wrinkling, while the small-scale turbulent distortion
effect is less significant.

To discriminate the broadening in c-space from the broadening of c itself, the mean profiles
of layer markers conditioned on c are shown in Fig. 7 for different times. For the lower Ka
flame, case K65, the mean profiles are nearly the same at all times (the ω̇CO,c profile shows
a minor decrease in the peak values with time). This indicates that the broadening of the
mean profiles shown in Fig. 6 is essentially due to broadening of c, while the internal flame
structures are similar to the laminar flame. The high Ka flame, K3350, shows however a
significant modification of the internal flame structures. The ω̇CO,c profile shows a substantial
decrease of the peak, due to the suppression of the CO oxidation reactions (cf. also Fig.5).
The ω̇CH4 and YCH2O profiles show a shift towards large c.

In contrary to δB, the conditional mean layer thickness, measured by δV (Fig. 8) and
which excludes the large scale wrinkling effects, becomes thinner with increasing Ka for all
layers. For the lower Ka number flame, K65, the thickness of the preheat zone decreases
slightly in the earlier transient stage, while the layer becomes thicker at later time. The fuel
consumption and the CO consumption layer become thinner with time. For the higher Ka
flames, e.g., K3350, the preheat zone and the fuel consumption zone first experience a rapid
thinning with time and after 0.4τ the layers become thicker with time. The CO oxidation
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Figure 8: Time evolution of the mean conditional layer thickness δV of (a) the CH4 consumption layer, (b)
the CH2O layer and (c) the CO consumption layer.

layer stays thinned and does not recover its thickness during the time studied. The thinning
of the CO oxidation layer is a result of the suppressed oxidation rate of CO, which also results
in a higher leakage of CO in the postflame zone, and a broader CO layer in the domain, cf.
Fig. 3.

It should be pointed out that in practical flames there will often be regions in the flame
undergoing flame-flame interaction. Such regions will reduce both the mean gradient and
the wrinkled area. To study the thickness of a freely propagating flame segment, regions
undergoing flame interaction could be filtered out. In practice, however, flame interaction is
important [49, 50]. In the present case flame interaction is rare due to the small length scale
and no attempt has thus been made to filter out any regions and still the flame structure
appears to be thinned for the time simulated. The situation may be different if a larger
integral scale, as is seen in many practical flames, was used allowing for increased flame-
flame interaction.

In the literature most studies have reported thickening of lean methane flames at high
Karlovitz numbers, but there are reports of thinning as well. In the experimental studies
by Dinkelacker et al. [14] and by Goey and Peters [6], thinned lean natural gas flames were
observed on swirl burners. In these studies the thickness was quantified by temperature gra-
dients obtained from both 2D and double-sheet 3D measurements. There have been many
observations of thickened flames. Lapointe and Savard [19] reported, for freely propagating
n-heptane flames, broadening of the flame brush (similar measure to δB) and broadening of
the preheat layer (visually from temperature iso-lines). Broadening of the reaction zone is
also reported, quantified by the percentage of fuel consumed more than half a laminar flame
thickness away from the isotherm of maximum consumption rate. No considerable broaden-
ing was found in temperature space; the broadening observed was attributed to decreasing
temperature gradients. Thevenin [22] used a gradient-based thickness for a spherically ex-
panding methane flame and observed thinning to dominate but largely thickened regions
also occur. Sankaran, Hawkes and Chen [12, 28] observed thickening of a methane-air slot
Bunsen flame using a gradient-based thickness as well as distance from an iso-surface of c.

16





 0.0

 0.2

 0.4

 0.6

 0.8

 1.0

 1.2

 1.4

0.0 0.2 0.4 0.6 0.8 1.0

|∇
Y

C
H

4 
| /

 |∇
Y

C
H

4 
| L

,m
ax

cf

Laminar
0.1
0.4
0.6
1.1
1.7

(a)

 0.0

 0.5

 1.0

 1.5

 2.0

 2.5

0.0 0.2 0.4 0.6 0.8 1.0

|∇
Y

C
H

4 
| /

 |∇
Y

C
H

4 
| L

,m
ax

cf

Laminar
0.1
0.2
0.5
1.5
2.1

(b)

Figure 9: Fuel gradient |∇YCH4| as function of cf at different times. (a) Case K65. (b) case K3350.

The thickening saturates at high Ka. Local thinning was observed in regions of large positive
tangential strain rate. Wabel et al. reported that the CH layer of a methane jet flame was
not broadened even at very high turbulent intensities [13], while Zhou et al. reported sub-
stantial broadening of the CH layers at high Ka flames [10, 11]. Clearly there are differences
in the observed behaviour of the flame thickness. This may be attributed to the differences
in flame geometry, such as flat, jet or swirl flames with varying amounts of history effects and
mean curvatures, to the use of different fuels that result in different reaction zone structures,
or to the different integral length scales affecting the extent of flame-flame interactions. To
understand the dynamic development of the flame structures the fuel-consumption layer is
further analyzed in the following section.

4.3. Transient development of the gradient

The temporal evolution of flame thickness in terms of the gradient of the fuel mass
fraction is described by Eq. (7) which was formulated in section 2.2. Figure 9 shows the
conditional mean of the gradient |∇YCH4| conditioned on the normalized fuel mass fraction
(cf = 1 − YCH4/YCH4,u, which represents the progress of the fuel consumption reactions).
Initially, the gradient increases (thinning of the flame) and later starts to decrease (thickening
of the layer) in the same way as the mean conditional layer thickness discussed in section
4.2.

A breakdown of the terms contributing to D∗|∇YCH4|/D∗t as defined in Eq. (7) is shown
in Fig. 10. These are the flow normal strain rate term AN , the normal diffusion term
Anorm, the curvature term Acurv, the reaction term AR and the correction term Acorr. The
plot shows the budget at two different times. In the K65 case the laminar structure with a
balance of reaction and normal diffusion dominates while curvature and flow strain only have
significance outside the reaction zone. In the K3350 the dominating terms are the flow strain,
the normal diffusion and the curvature. The reaction term loses its relative significance at
high Ka since its magnitude does not increase with turbulent intensity as the other terms
do.

For both Karlovitz numbers the AN term always has a thinning effect (gradient creation)
while the diffusion and reaction terms are responsible for any thickening effect (gradient
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Figure 10: Balance of terms in the gradient equation. (a) shows case K65 at t = 0.1τ (solid) and t = 1.7τ
(dashed). (b) shows case K3350 at t = 0.2τ (solid) and t = 2.1τ (dashed).

destruction). In a laminar flame the AN term is always negative and created by the acceler-
ation due to thermal expansion; e.g. in one dimension aN = ∇·u. Under high Ka condition,
however, the AN term is mostly generated by turbulence and, as seen in Fig. 10, is positive.
The role of AN is thus reversed from thickening to thinning in these high Ka cases. The
thinning effect of AN is attributed to the preferential alignment of iso-scalar surface normals
with the compressive strain rate eigenvector which is discussed in section 4.4. Since prefer-
ential alignment is an always occurring phenomenon it is unlikely that the conclusions here
are dependent on the particular cases or the transient stage of the flame considered here.

Figure 11 shows the joint PDF of normal strain rate aN and tangential strain rate aT =
∇ · u − aN conditioned on 0.7 < c < 0.9. The dilatation rate ∇ · u is the sum of aN and
aT . It can be seen in Fig. 11 that, for the K3350 case, the magnitude of dilatation rate is
rather small compared with aN and aT and that the incompressible relation aN = −aT is a
good approximation. It is also seen that negative aN and positive aT is the more common
configuration.

4.4. Alignment with principal strain rate eigenvectors

It has been seen in Fig. 10 that large negative normal strain rates, aN , exist in these high
Ka flames and that it can cause thinning of the local flame structure. Figure 12 shows the
PDF of the cosine of the alignment angle between the flame normal, n = −∇c/|∇c|, and the
three eigenvectors corresponding to the (i) smallest, (ii) largest and (iii) intermediate real
eigenvalues of the symmetrical strain rate tensor Sij = (∂ui/∂xj + ∂uj/∂xi)/2 (note that in
incompressible flow they can be referred to as the compressive, extensive and intermediate
eigenvectors, respectively). The cosine is used rather than the angle itself since the cosine
has a flat distribution for randomly oriented vectors. In incompressible flows [33] the normal
to an iso-surface of a passive scalar aligns with the compressive strain rate eigenvector. Such
alignment causes negative aN and increases the scalar gradient. The data in Fig. 12 is
conditioned on 0.7 < c < 0.9 (where the heat release is significant) and sampled at the final
time. At all Karlovitz numbers investigated the flame normal aligns preferentially with the
most compressive eigenvector (i.e. the angle is small), whereas the extensive and intermediate
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(a) (b)

Figure 11: Joint PDF of normal strain rate and tangential strain rate. (a) shows case K65 and (b) shows case
K3350. The data is conditioned on 0.7 < c < 0.9. A logarithmic color scale is used; the numbers indicate
the exponent.
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Figure 12: PDF of cosine of the alignment angle θ of the flame normal with principal strain rate eigenvectors
conditioned on c corresponding to the heat release region. 1 means aligned and 0 means not aligned.

eigenvectors are mostly tangential of the flame (with the angle close to 90 degrees). Thus,
the result resembles that of passive scalars.

Chakraborty and Swaminathan [34] reported that, for Ka ∼ 10, the alignment with the
compressive eigenvector is strongest in the preheat layer and decreases toward the burned
side. Fig. 13 shows that for Ka & 65 the observed alignment is not confined to any particular
layer but persists throughout all layers of the flame, almost independent of c. This indicates
that the effect due to thermal expansion is small when compared with the flow induced strain
rate. From Figures 12 and 13 it appears that the alignment with the most compressive
strain rate eigenvector is the likely mechanism behind large negative flow strain rates aN
that creates locally thinned regions.

In Fig. 14 the time evolution of the alignment with compressive and extensive strain
rate eigenvectors is shown for the K65 case conditioned on 0.7 < c < 0.9. The figure shows
that preferential alignment develops quickly; in the beginning there is no alignment since
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Figure 13: Mean alignment of the flame normal with compressive, extensive and intermediate principal strain
rate eigenvectors as function of c.
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Figure 14: PDF of cosine of the alignment of the flame normal with compressive and extensive strain rate
eigenvectors for Ka = 65 after 0.1, 0.6, 1.1 and 1.7 integral times.

the imposed turbulence is random but already after half an integral time the the alignment
with the compressive strain rate eigenvector can be seen. The time scale to establish the
alignment is thus of the order of the integral time scale.

5. Conclusions

Direct numerical simulations have been performed to study the transient evolution of
statistically planar premixed lean methane/air flames exposed to high intensity small-scale
turbulence under atmospheric conditions. Karlovitz numbers ranging from 65 to 3350 are
considered. Turbulence forcing is employed on the unburned reactant side to maintain in-
tensity and length scales. Different measures have been proposed to quantify the thickness
of the preheat layer, the fuel consumption layer and the CO oxidation layer. The dynamics
of flame thickness has then been analyzed by comparing contributing terms in the scalar
gradient transport equation. Alignment of the flame normal with principal eigenvectors of
the strain rate tensor has also been investigated to provide an explanation of the observed
compressive normal strain rate responsible for flame-thinning.
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It is seen that, as the high Karlovitz (and Reynolds) number turbulence is encountered,
the flow induced strain rate overwhelms the thermal expansion, the flame normal then aligns
preferentially with the compressible strain rate eigenvector and regions with locally very large
gradients start to appear. With time the thickness starts to recover, but not equally for all
layers.

The main conclusions are summarized as follows:

1. The proposed measure of mean conditional layer thickness show initial thinning of all
three investigated sub-layers (representative of the preheat zone, the fuel consumption
zone, and the CO oxidation zone) as the Karlovitz number is increased. The preheat
layer (CH2O) and the fuel consumption layer both show some recovery of thickness
with time while the CO oxidation layer remains considerably thinned. The mean
flame brush, however, is broadened.

2. The fuel mass fraction gradient, representing the local thickness, is governed by a bal-
ance of normal strain rate, reaction and diffusion. At all simulated Karlovitz numbers,
65 to 3350, the normal strain rate is compressive (rather than extensive as it is in the
corresponding laminar flame). At Ka 65 the budget of the gradient transport equation
shows mainly a balance between the reaction (compressive) and normal diffusion (ex-
tensive) terms characteristic of laminar flames and that persists during the simulated
time. At Ka 3350 the reaction term has lost its relative significance and the gradient
equation budget is dominated by normal strain rate (compressive) and diffusion (ex-
tensive). The magnitude of these terms decreases with time as turbulence adapts to
the thermal expansion.

3. Preferential alignment between the flame normal and the most compressive principal
strain rate eigenvector is observed. The extent of the alignment is essentially the same
from Karlovitz number 65 up to 3350. The observed alignment is opposite to what has
been reported for the flamelet combustion regime but consistent with the behavior of
passive scalars. The alignment was also seen to develop quickly and it persists for all
layers in the flame.

An explanation for preferential alignment with compressive flow structures and the re-
sulting shift toward compressive normal strain rates is provided by the mechanism for passive
scalars. The observation of decreasing thickness of various sub-layers show that the compres-
sive mechanism dominates over any thickening mechanism in this series of flames. However,
even though the compressed structures dominate, broadened low-gradient regions also appear
locally.
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Abstract

Direct numerical simulations (DNS) of low and high Karlovitz number (Ka) flames are anal-
ysed to investigate the behaviour of the reactive scalar sub-grid scale (SGS) variance in
premixed combustion under a wide range of combustion conditions (regimes). An order of
magnitude analysis is performed to assess the importance of various terms in the variance
evolution equation and the analysis is validated using the DNS results. This analysis sheds
light on the relative behaviour among turbulent transport and production, scalar dissipation
and chemical processes involved in the evolution of the SGS variance at different Ka. The
common expectation is that the variance equation shifts from a reaction-dissipation balance
at low Ka to a production-dissipation balance at high Ka with diminishing reaction con-
tribution. However, in large eddy simulation (LES), a high Ka alone does not make the
reaction term negligible, as the relative importance of the reaction term has a concurrent
increase with filter size. The filter size can be relatively large compared with the Kolmogorov
length scale in practical LES of high Ka flames, and as a consequence a reaction-production-
dissipation balance may prevail in the variance equation even in a high Ka configuration, and
this possibility is quantified using the DNS analysis in this work. This has implications from
modelling perspectives, and therefore two commonly used closures in LES for the SGS scalar
dissipation rate are investigated a priori to estimate the importance of the above balance
in LES modelling. The results are explained to highlight the interplay among turbulence,
chemistry and dissipation processes as a function of Ka.

Keywords: Scalar variance, Scalar dissipation rate, Turbulent premixed flame, Direct
numerical simulation, High Karlovitz number

1. Introduction

Fuel lean premixed combustion has potential to improve thermal efficiency and reduce
NOx emissions [1, 2] but it is highly susceptible to combustion instability, blowout and
flashback [3]. To enable its use, a better understanding of its physics is required. The presence
of intense turbulence with lean flames in practical applications such as gas turbines typically
yields high Karlovitz numbers, Ka, which is defined as the ratio between the chemical time
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scale and the smallest turbulence time scale. This situation of strong turbulence and lower
reactivity yields complex physics with reaction zones broadening [4, 5] and local extinction
[6, 5]. Thus, it is imperative to gain better understanding of high Ka flames and their
modelling for the design of future lean-burn combustors.

Given the difficulty of performing measurements under high Ka conditions, direct nu-
merical simulation (DNS) provides the necessary physical insights and an opportunity for
a priori analysis of sub-grid scale (SGS) models for large eddy simulation (LES). Several
recent DNS studies of high Ka flames have highlighted how the structure of the flame is
broadened and disturbed [7–10], but it has also been shown that, probably due to thermal
expansion effects [11], the transition to the broken reaction zone regime happens at a much
higher Karlovitz number than the traditionally predicted value of 100 [12–17]. There have
also been published studies that have investigated the effect of flame stretch and mean shear
[18, 19], differential diffusion and non-unity Lewis number [20, 7, 16] and Soret and Dufour
effects [20] on the flame. It is known that small scale turbulence can enter and disturb the
reaction zone if the Ka is large enough, and that differential diffusion can affect the flame
structure at high Ka.

In LES, large scale turbulent eddies are resolved down to a cut-off scale while the effect
of sub-grid scales requires modelling. For turbulent premixed combustion, this modelling
becomes more important as most of the chemical reactions occur at the sub-grid scale. LES
models that are based on a reaction progress variable, c, [21–25], and are of interest in our a
priori analysis, describe the flame using a resolved reaction progress variable, c̃, and its SGS
variance, σ2

c = c̃2 − c̃2. For example, Lapointe et al. [26] showed in an a priori analysis that
tabulated chemistry with presumed probability density function (PDF) parameterized by c̃
and σ2

c was able to provide a reasonable prediction of the reaction rate for high Ka flames.
That study included flames up to Ka = 740.

Indeed, the sub-grid variance of the reaction progress variable has been shown to be
strongly influenced by reaction, diffusion, dissipation, convection and their interactions at the
SGS level [2] and the intense turbulence/flame interaction could greatly affect the evolution
of σ2

c in high Ka flames. It is not fully understood how the relative importance of the various
terms appearing in the transport of SGS variance changes in different regimes, an important
question for the c̃-based models. Thus, the objective of this work is to investigate the
behaviour of the SGS variance equation and its modelling in high Karlovitz number flames.
For this purpose, DNS data of lean premixed methane-air flames with complex chemistry
having Ka ranging from 4 up to 4100 is analysed. First, the importance of the various terms
in the SGS variance equation is assessed and their behaviours with Ka is studied. Second,
the existing models for the closure of the reaction, production and dissipation terms in the
SGS variance equation are analysed and compared.

In section 2 the DNS data and numerical procedures are presented. In Section 3 the
transport equation of SGS variance of the reaction progress variable and related models
are introduced, and the behaviour of various terms involved in the equation at different
Ka are assessed using an order-of-magnitude analysis. Section 4.1 presents DNS analysis of
the terms in the SGS variance equation, and Section 4.2 presents a priori evaluation of the
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related models.

2. Numerical Simulations and Data Processing

Four DNS cases of statistically planar premixed flames of methane-air mixture at fuel-
lean (φ = 0.6), atmospheric pressure, and different turbulence intensity (Karlovitz numbers)
are studied. Three out of the four cases (K100, K800 and K4100) are the same as those
presented in [27], but with an increased simulation time. Thus, the quantitative results
presented in [27] are relevant also for the current data set. The fourth case, K4, is new
but uses the exact same configuration as the other cases except for the smaller turbulence
intensity.

The simulation configuration involves an initially flat flame propagating in a rectangular
channel of dimensions 10Ö5Ö5 mm. Figure 1 illustrates the set-up for the highest Ka number
case: the flame region is highlighted by an ensemble of translucent iso-surfaces of H2O mass
fraction and vortical structures are identified by an iso-surface of λ2 which is the intermediate
eigenvalue of the strain rate tensor, Sij [28].

Figure 1: Illustration of case K4100. Translucent iso-surfaces of H2O shows the flame brush and the iso-
surface of λ2 = −4× 1011 s−1 shows vortical structures.

Periodic boundary conditions are imposed in the cross-stream directions and a zero-
gradient boundary condition is imposed on the outlet boundary. For the inlet boundary,
constant values of temperature (T = 298 K) and species are imposed while a turbulence
boundary condition is used for the velocity components as described below.

To keep the flame near the centre of the domain the mean velocity uin(t) perpendicular
to the inlet is adjusted such that the domain average fuel mass fraction is 50 % of the inlet
value. On average this yields uin = XLd(〈YF 〉/YF,in)/dt where 〈YF 〉 is the domain average
fuel mass fraction, YF,in is the fuel mass fraction at the inlet boundary and XL is the domain
length (distance from inlet to outlet). A lower limit of zero needs to be adopted for uin
to avoid numerical instabilities that can otherwise result from negative mean inlet velocity.
The reason this is needed is that, in the early time of the simulation, the pre-heat zone
is being broadened. This causes thermal expansion in the pre-heat zone which pushes the
flame toward the outlet. The fluctuating velocity is given by extracting a section from a pre-
generated turbulence field and the location where this section is extracted is moved through
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the pre-generated field at the speed uin during the simulation. A homogeneous isotropic
turbulence field for this purpose is generated as follows: A flow field with desired turbulence
intensity and length scale is synthesized in a fully periodic cubic box by sampling sine waves
of suitable wave numbers and amplitudes. The flow in this box is then simulated until a
statistically stationary state is reached, quantified by convergence of the energy spectrum
and the energy dissipation rate. Durring this simulation the turbulence intensity and length
scale is maintained by low wavenumber forcing. The computed field is then stored and later
used for the inlet boundary as well as the initial condition. The low-wavenumber forcing
strategy used to pre-generate turbulence, which is also enabled during reactive simulations
to maintain the turbulence intensity, works by injecting energy to low wavenumber modes
through the addition of a source term in the momentum equation. Further details on this
forcing method are provided in [29, 30].

All reactive flow simulations were initiated by a flat flame profile centred in the domain.
This profile was obtained from a one-dimensional laminar freely propagating flame computed
using the same thermochemical parameters and the same numerical solver that were used
for the turbulent flames. Initial condition for the velocity field is set to the pre-generated
turbulence field.

The governing equations for conservation of mass, momentum, energy and chemical
species at low Mach number are discretized on a uniform cartesian grid and solved us-
ing a DNS solver, see Yu et al. [31] for a detailed description of the implementation and
validation. The use of a low Mach number formulation is acceptable since the velocities
are small compared to the sound speed everywhere in the domain. A 5th order weighted
essentially non-oscillating (WENO) method is used for convective terms in the species and
temperature equations while a 6th order central difference scheme is used for all other terms.
The WENO method is used to improve the numerical stability in regions of strong gradi-
ents, such as across a flame. For time discretization a second order operator splitting scheme
[32] is employed by performing integration of the chemical source terms between two half
time-step integrations of the diffusion term. The integration of the diffusion term is further
divided into smaller explicit steps to ensure stability and the overall time step is set to ensure
a CFL number less than 0.1. Chemical source terms are integrated using the stiff DVODE
solver [33]. The variable coefficient Poisson equation for pressure difference is solved using a
multigrid method [34]. The skeletal chemical kinetic mechanism of Smooke and Giovangigli
[35], which involves 16 species and 35 reactions, is used to model the combustion chemistry.
Species diffusion coefficients, thermal conductivity and viscosity are mixture averaged based
on the detailed properties for individual species obtained from the CHEMKIN thermody-
namic database.

Important parameters for the different cases are summarized in Table 1. These include
the turbulent intensity u′/SL, Karlovitz number Ka = (u′3/S3

L ·δth/`0)1/2, Damköhler number
Da = `0SL/(δthu

′), the turbulence Reynolds number Re0 = u′`0/νu and the flame Reynolds
number Re = Ka2Da2. Here, u′ is the root mean square velocity fluctuation, `0 is the integral
length scale, SL = 0.121 m/s is the laminar flame speed, δth = (Tb−Tu)/|∇T |max = 0.917 mm
is the laminar thermal flame thickness where b and u denote burned and unburned states,
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Table 1: Properties of the DNS data set: Integral length scale `0, Kolmogorov length scale η, velocity
fluctuation u′, turbulence intensity u′/SL, Karlovitz number Ka, Damköhler number Da, Reynolds number
Re0, flame Reynolds number Re, ratio of flame thickness to Kolmogorov length scale, grid spacing h and
number of grid cells N .

Case K4 K100 K800 K4100
`0 (mm) 0.70 0.52 0.43 0.48
η (µm) 90 26 9.4 4.2
u′ (m/s) 0.30 2.2 8.1 25
u′/SL 2.5 18 67 210
Ka 4.5 100 800 4100
Da 0.30 0.032 0.0069 0.0025
Re0 12 63 190 660
Re 1.9 11 31 110
δth/η 10 35 98 220
h (µm) 39.1 39.1 19.5 9.77
N 256× 1282 256× 1282 512× 2562 1024× 5122

respectively, and η = (ν3/ε)1/4 is the Kolmogorov length scale of the unburned mixture.
The laminar flame properties were evaluated in the same one-dimensional steady flame that
was used for the initial condition. The quantities shown in Table 1 are evaluated using time
averaged turbulence properties from the pre-generated turbulence fields used for boundary
and initial conditions. The number of mesh cells N used to discretize the domain is also
reported in Table 1 for each of the cases; these were chosen such that h . δth/20 and
h . 2.1η [36] to ensure that both the flame and the turbulence are adequately resolved. The
regime diagram for premixed flames [37] is shown in Fig. 2 illustrating that the cases span
the regions traditionally considered to be the thin reaction zone and broken reaction zone
regimes.

For the following analysis filtered quantities need to be computed from the DNS data. A
LES filtered quantity, ψ, is obtained by convolution with a Gaussian filter kernel as:

ψ(x, t) =

∫∫∫
V

ψ(r, t)G∆(x− r) dr (1)

where ψ is the quantity to be filtered, V is the computational domain andG∆(r) is a Gaussian
filter kernel with filter width ∆. Filter width is conventionally defined by ∆2 = s2/12
where s2 is the variance of the Gaussian function [36]. For computation reasons, and to
minimize truncation errors, the convolution product is performed using a Fourier transform

as ψ̂(k) = ψ̂(k)Ĝ(k) where ̂ denotes Fourier transform and k is the wave vector. To be
able to use Fourier transform the domain first needs to be made fully periodic. This is
accomplished by mirroring the domain in the non-periodic x-direction, which makes the
data periodic. Density weighted (Favre) filtered quantities will also be needed and these are

computed as ψ̃ = ρψ/ρ.
A reaction progress variable based on H2O mass fraction, c = YH2O/YH2O,b, is used
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Figure 2: Regime diagram for premixed flames showing the condition of the present DNS simulations.

to describe the flame, where b denotes burned mixture. Instantaneous fields of c and its
reaction rate ω̇ are shown for the four cases in Fig. 3, taken near the end of each simulation.
As Ka increases, the flame and in particular its pre-heat zone become more perturbed and
broadened as observed in the figure. Consistent with previous studies [12–17] it takes a
Karlovitz number much above 100, or a reaction layer Ka much above 1, before the reaction
layer is disturbed by turbulence. At Ka = 800 the flame is folded at smaller scales, and curved
regions with radius of curvature comparable to the flame thickness become common. At a
Ka of 4100 the internal structure is seen to be perturbed and the geometry of the reaction
layer is complex. Extensive flame folding can potentially lead to formation of islands, and
small scale mixing and straining create both broadened and thinned flame segments where
reaction rates can locally be much higher than the peak value of its laminar counterpart.
Large scale flame folding can also happen at low Karovitz numbers but is restricted in these
simulations due to domain size. All this complexity is a manifestation of the interaction
between reaction, convection and diffusion as described by the transport equations, thus, a
successful LES simulation depends on this balance being mimicked well.

The transport equation for SGS variance of c, which is needed in the reaction progress
variable based models of interest here, is also the result of interaction among reaction, con-
vection and diffusion, and it is imperative to investigate this equation and its various terms
in detail. This analysis is conducted in the next section.

3. Modelling of SGS variance

The transport equation for the SGS variance, σ2
c = c̃2 − c̃2, can be derived from the

equation for c. This is done by first obtaining equations for c̃2 and c̃2 and then subtracting
them [38]. Following this method the transport equation for σ2

c in the LES framework is
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Figure 3: Progress variable c (top) and its reaction rate ω̇c [kg/m3/s] (bottom). Cases from left to right:
K4, K100, K800 and K4100. Lines show iso-contours corresponding to c = 0.1 and c = 0.98.
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obtained as

∂ρσ2
c

∂t︸ ︷︷ ︸
T1

+∇ · ρũσ2
c︸ ︷︷ ︸

T2

= 2(ω̇c− ω̇c̃)︸ ︷︷ ︸
Tchem

−2
(
ρD∇c · ∇c− ρD̃∇c̃ · ∇c̃

)
︸ ︷︷ ︸

Tdiss

+∇ ·
(
ρD∇c2 − ρD∇c̃2

)
+ 2c̃∇ ·

(
ρD∇c̃− ρD∇c

)︸ ︷︷ ︸
Tdiff

−∇ ·
(
ρuc2 − ρũc̃2

)
+ 2∇ ·

(
ρũcc̃− ρũc̃2

)︸ ︷︷ ︸
Ttran

−2∇c̃ · (ρũc− ρũc̃)︸ ︷︷ ︸
Tprod

(2)

where u is velocity vector, ω̇ is the chemical source term of c and D is the diffusion coefficient
of c. The two terms on the left hand side (LHS) are unsteady and advective terms, while
the terms on the right hand side (RHS) represent SGS chemical processes, dissipation of σ2

c ,
diffusion, and SGS transport and production of σ2

c through interaction of the SGS scalar
flux and the gradient of c̃. The dissipation term will be expressed here for convenience as
Tdiss = −2ρε̃c, where ε̃c is the SGS scalar dissipation rate (SDR).

The terms on the RHS of Eq. (2) need model closure in LES frameworks. The focus
here is on the importance of the SDR and how this quantity balances out the chemical,
production and transport terms at high Karlovitz numbers. Exact forms of all terms will be
computed directly from DNS, while Tdiss, Tchem and Tprod will also be compared with existing
model closures in order to assess how these capture the related physics at different Karlovitz
numbers and filter sizes.

The production term Tprod is often closed using a gradient hypothesis, ρũc − ρũc̃ ≈
−νSGS∇c̃/Sc, where νSGS is the SGS viscosity and Sc ≈ 0.7 is the SGS Schmidt number.
The SGS viscosity is modelled using the Smagorinsky model,

νSGS = C2
s∆2(SijSij)

1/2 (3)

where Cs = 0.17 is a model constant [39, 36]. The reaction term will be compared with that
obtained using a tabulated chemistry model [25]

ω̇c− ω̇c̃ ≈ ρ

∫ 1

0

ω̇Lζ

ρ
P̃ (ζ; c̃, σ2

c ) dζ − ρc̃
∫ 1

0

ω̇L
ρ
P̃ (ζ; c̃, σ2

c ) dζ (4)

Here, ω̇L is the reaction rate of c in a one-dimensional unstrained laminar flame, ζ is the
sample space variable for c and the PDF P̃ is presumed using a β-distribution as in [25].

The modelling of the SGS scalar dissipation rate, ε̃c, is particularly challenging as the
dissipation rate is related to reaction and is influenced by turbulence in premixed combustion.
A first straightforward approach to close this term is to use a linear relaxation model:

ε̃c =
νSGS

ScA∆2
σ2
c (5)

where A = 0.5 is a model constant [40] and ∆ is the LES filter width. This model is derived
by assuming local equilibrium corresponding to a balance between dissipation and turbulent
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production of the SGS variance and thus it does not account for the effect of chemical
reaction. This may result in an underestimation of ε̃c as was observed in [25]. However,
at large Karlovitz numbers Tprod becomes large and thus a linear relaxation model may be
justified. This is investigated using an order of magnitude analysis (OMA) discussed in the
next section. An alternative model for ε̃c which takes into account both turbulent production
and chemical reaction in the balance was proposed in [41] and successfully used in the past
LES works (see for example [42–44]). This model is written as

ε̃c =

[
1− exp

(
−0.75

∆

δth

)][
(2Kc − τC4)

SL
δth

+ C ′3
εk
k

]
σ2
c

βc
(6)

where k is the SGS turbulent kinetic energy with a dissipation rate εk, and it is computed
directly from DNS in this work, and Kc = 0.79τ , where τ = (Tb − Tu)/Tu is the heat release
parameter. Laminar flame speed, SL, thermal thickness, δth, and the heat release parameter,
τ , are obtained from unstretched laminar flame calculations. The model constants in Eq. (6)
are derived from DNS studies [41] and are non-tuneable, with the possible exception of βc.
The sub-grid SDR must also be proportional to a sub-grid flow dissipation time scale and
this is given by the term involving C ′3 ≈ 1.2

√
K∆/(1+

√
K∆) in Eq. (6), where the parameter

K∆ =
√
εk δth/S

3/2
L . The factor C4 also depends on K∆ as C4 = 1.1/(1 + K∆)0.4 and βc is

a model parameter with the value 2.4. The term in the first bracket of Eq. (6) ensures
that ε̃c disappears in the limit of small filters while the first and second term in the second
bracket represent chemical and turbulent processes, respectively. The presented models for
the reaction and SDR terms are evaluated in section 4.

3.1. Order of Magnitude Analysis

Order-of-magnitude analysis of the variance equation was performed in the RANS context
in [45, 46], and in the LES context in [25]. These analyses found that, at large Da, the reaction
and dissipation terms are the leading terms, while in the low Da limit turbulence production
and dissipation are leading. The analysis in [45] and [46] was performed using flame scales
and turbulence integral scales. However, in the LES context, gradients of filtered quantities
should be considered to scale with the filter size ∆, as was done in [25], and the relative
magnitude of several of the terms are found to depend on ∆.

In the OMA presented in [25] the various terms in Eq. (2) were scaled by ρuSL/δth to
enlighten the dependence on Da∆, the Damköhler number at the filter scale. For the scope
of this work the OMA is re-written in terms of the Karlovitz number in order to highlight
the dependence on this parameter. Following the arguments in [25] the terms in Eq. (2) are
scaled as follows: The density, spatial derivatives of filtered quantities, the time derivative
and the molecular diffusivity are scaled by ρu, ∆, ∆/Uref and SLδth, respectively, where Uref

is a reference velocity associated to the large scales. The chemical reaction rate is scaled
with ρuSL/δth and the velocity in the turbulent transport and production terms is scaled
with u′∆. Here u′∆ =

√
2k∆/3 is a velocity associated to the filter scale and k∆ is the sub-grid

turbulent kinetic energy.
To bring Ka into the analysis, Ka has to be expressed in terms of the quantities used

for the scaling. To derive a suitable expression it is assumed that the Reynolds number is
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sufficiently large for the inertial range to exist, and that the filter width ∆ is within this
range. In this case the Kolmogorov time scale scales as τk ∼ τ0Re−1/2 and the chemical time
scale scales as τc ∼ δth/SL. The time scale associated to the filter scale, τ∆ = ∆/u′∆, can
be related to the integral scales by τ∆ ∼ τ0(∆/`0)2/3 [36] where τ0 and `0 are the time and
length scales associated to the integral scale. The integral time scale can then be related to
the filter scales by τ0 ∼ (∆/u′∆)(`0/∆)2/3. Now the Karlovitz number can be expressed as

Ka =
τc
τk
∼ δthRe1/2

SLτ0

∼ δth
SL

Re1/2u
′
∆

∆

(
∆

`0

)2/3

(7)

By using η ∼ Re−3/4`0 where η is the Kolmogorv length scale [36] one finally obtains

Ka ∼ δthu
′
∆

SL∆

(
∆

η

)2/3

=
δthu

′
∆

SL∆
∆

2/3
k (8)

where a normalized filter size has been defined as ∆k = ∆/η. In order to expose the

dependence on Ka in Eq. (2) it is convenient to bring out the factor ρuSL/(δth∆
2/3
k ) from all

the terms, rather than ρuSL/δth as was done in [25]. Using the previously described scalings
and Eq. (8) one obtains the following order of magnitudes (after dropping the leading factor

ρuSL/(δth∆
2/3
k )):

T1 ∼ T2 ∼ O
(
Uref

u′∆
Ka

)
Tdiff ∼ O

(
Ka

Re∆

)
Tdiss ∼ O

(
∆

2/3
k

)
Tchem ∼ O

(
∆

2/3
k

)
(9)

Ttran ∼ O (Ka) Tprod ∼ O (Ka)

where Re∆ = u′∆∆/(δthSL) is the Reynolds number at the filter scale. In Eq. (9) the sub-grid
scalar dissipation rate in Tdiss is scaled using the chemical time scale, 1/ε̃c ∼ δth/SL. In case
the turbulent time scale τ∆ is used instead, which may be appropriate at very high Ka, Tdiss

would instead scale as

Tdiss ∼ O

(
ρuSL

δth∆
2/3
k

·Ka

)
(10)

Due to the use of the filter size ∆k in the scaling the terms in the above OMA should
only be evaluated in relation to one another. For example, if ∆k is increased and everything
else is fixed, Eq. (9) predicts that the relative importance of Tdiss and Tchem compared with
the other terms increases, while the absolute magnitude of Tdiss and Tchem is unaffected. The
following comments are made with this in mind.

The appearance of Re∆ in the scaling for Tdiff implies that, for a fixed Ka, this term is
negligible with respect to the turbulent transport term Ttran as one would expect. Unsteady
and advective terms are instead never negligible even at small Ka unless the characteristic
velocity of the flow is very small. Furthermore, the following points can be made using Eq.
(9): (i) the reaction term, Tchem, does not increase with Ka like many other terms do, and
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it becomes negligible only when Ka is large and ∆k is small. This means that, for a fixed
Ka, Tchem can be neglected only if the LES resolution is high enough. As will be seen in the
next section, at Ka=800 a filter size much smaller than the flame thickness is required for
this to happen. (ii) The turbulent production and transport terms become large at high Ka
as one would expect. This implies that the dissipation term mainly balances the reaction
term at low Ka, while at intermediate and high Ka regimes the dissipation must balance the
production, transport and chemical reaction terms, whose relative importance depends on
∆k and Ka.

It is worth to note that all of the terms in Eq (2) must necessarily disappear as ∆→ 0,
indicating that the scaling above may only be valid at sufficiently large ∆k where the filter
operation has a significant effect.

After predicting the behaviour of the various terms by means of the above order of
magnitude analysis, it would be interesting to observe the behaviour of the various terms in
Eq. (2) while varying Ka and ∆ when the length scale (η or `0 for example) is fixed, and
in particular to observe the behaviour of term Tdiss from DNS and how it compares to its
modelling when different assumptions are made. This is the topic of the next section.

4. Results and Discussion

DNS data is used in the first half of this section to compare the behaviour and relative
importance of the various terms in Eq. (2) at different Karlovitz numbers and filter sizes in
the light of the observations made in OMA. In the second part of this section the models
described in Section 3 are evaluated.

When various quantities ψ are presented as conditional averages on c̃ the following defi-
nition is used:

〈ψ | c̃ = c∗〉 =

∫ t2
t1

∫∫∫
V
ψ(x, t) · Ic,δ dx dt∫ t2

t1

∫∫∫
V
Ic,δ dx dt

(11)

In Eq. (11), t1 and t2 are the times at which the sampling starts and ends, V is the compu-
tational domain and Ic,δ = H(c̃ − c∗ + δ) −H(c̃ − c∗ − δ) is a rectangular window function
where H is the Heaviside function. The parameter δ, representing half the bin size, has a
finite value of δ = 1/80 resulting in a coarse-grained average.

When different filter sizes are used the largest meaningful filter is limited by the cross-
stream domain size. Since the domain size is fixed at 5.5 times δth for all simulations
presented here, the largest filter corresponds to a fixed value of ∆+ = ∆/δth ≈ 5 for all
cases. However, the largest meaningful filter size in terms of ∆k, which is normalized by the
Kolmogorov scale, is case dependent and ranges from about 50 for case K4 to about 1200
for case K4100. I tis sometimes convenient to use ∆+ but the two filter sizes are simply
related by ∆+ = ∆k · η/δth (cf. Table 1 for the values of η/δth). For a fixed Ka, an increase
of ∆+ corresponds to an increase of ∆k. An increase in Ka for a fixed ∆+ also results in an
increase of ∆k. For example, the filter size of ∆+ = 3.5 corresponds roughly to a ∆k of 35,
130, 300 and 700 for cases K4, K100, K800 and K4100, respectively.
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Figure 4: Time evolution of Tchem, Tprod and Tdiss conditioned on c = 0.3 and c = 0.7 for ∆+ = 1.0. The

terms are normalized by ρuSL/δth/∆
2/3
k .
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Each of the simulations was performed over at least 20 integral time scales τ0, and t1
and t2 were set to include only the last 10 integral time scales of each simulation to remove
the initial transient stage from the statistical analysis. This was decided based on the time
evolution of the terms Tchem, Tprod and Tdiss, which is shown in Fig. 4 for ∆+ = 1.0 and
conditioned on c = 0.3 and c = 0.7. The integral time scale is estimated as τ0 = `0/u

′.
As a verification of the numerical accuracy of the post-processing, all terms of Eq. (2) were
computed independently to calculate the imbalance (difference between left and right hand
side of the equation). This maximum imbalance occurs for the K4100 case and is not larger
than 5% of the peak value of Tdiss.

4.1. DNS analysis of the variance equation

Figure 5: Relative importance of all terms in the variance equation as function of the filter size ∆k for the
four cases.

The exact form of the RHS terms of Eq. (2) computed from the four DNS flames is
shown in Figure 6 as conditional averages. Three filter sizes are shown for each Ka, which
are ∆+ = 0.35, 1.0 and 3.5. Note that the unsteady and advective terms, T1 and T2, which
are in closed form in Eq. (2), are excluded for clarity. To provide a direct measure of the
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Figure 6: Conditional averages of the terms in variance equation. Four cases (top to bottom: K4, K100,
K800, K4100) and three filter sizes (left to right: ∆+ = 0.35, 1.0 and 3.5) are shown. All terms are normalized

by ρuSL/δth/∆
2/3
k .
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relative importance of the different terms in Eq. (2), in addition to the conditional averages,
Fig. 5 shows the integrated magnitude of each term normalized by the total magnitude of
all terms as function of filter size ∆k. This measure will be referred to as I and for a term
Tk it is defined by

Ik =

∫ t2
t1

∫∫∫
V
|Tk| dx dt∑

i

∫ t2
t1

∫∫∫
V
|Ti| dx dt

(12)

In Eq (12) the sum is taken over all the terms Tdiff , Tchem, Tdiss, Tprod, Ttran and T1+2 where
T1+2 = T1 + T2 is the sum of the transient and advective terms. Figure 5 and 6 are comple-
mentary; Fig. 5 shows which of the unclosed terms makes the largest contributions to the
budget, and are therefore most important to model, under different conditions while Fig. 6
shows how the terms vary with c.

The molecular diffusion term, Tdiff , is found to be important for small filter sizes but loses
its importance as the filter size is increased. In the parameter range accessed by the present
data Tdiff is one of the terms that shows the largest variations. For example, for small filters
in cases K4 and K100 it is the dominating term while for large filters in cases K800 and
K4100 it is the smallest term and contributes less than 5% of the budget (as measured by
the relative importance I defined above). The decrease with filter size is explained by the
appearance of Re∆ in the scaling as seen in the order of magnitude analysis. In Fig. 6 it is
seen that the diffusion term Tdiff acts as a source term for c̃ < 0.5 and as a sink term for
c̃ > 0.5.

The chemical term, Tchem, is seen to increase in importance with increasing filter size for
all cases. This is consistent with the ∆k-scaling predicted by the OMA in Eq. (9). When
discerning the trend with changing Ka at a fixed filter size the comparison is limited to values
of ∆k that are available for several of the plots in fig. 5. Comparison at fixed ∆k shows that
the chemical term Tchem loses importance with increasing Ka but remains important up
to Ka = 800 for the filter sizes investigated. This suggests that, for any given Ka, there
exists a filter size above which Tchem will be important when modelling the sub-grid variance
equation.

For the dissipation term, Tdiss, the situation is similar to that of Tchem. The relative
importance increases with increasing ∆k but with the exception of case K4 in which the
importance is constant. The dissipation term gains importance going from case K4 to case
K100 but apart from that there is no clear trend with increasing Ka. Furthermore, it is
seen in both Figs. 6 and 5 that Tdiss remains one of the most important terms at almost
all investigated Ka and filter sizes; it is notable that its relative importance does not drop
lower than ∼ 20% for any investigated combination of Ka and ∆k while all other terms do at
least at some point drop below 10%. This observation gives some support to the alternative
scaling presented in Eq. (10) where it was predicted that Tdiss scales with Ka if the chemical
time scale is long. If Tdiss did not scale with Ka then it would lose importance to other terms
that do have this scaling.

It may be expected that Tdiss should be everywhere negative, as it is for constant density
flow. This is not the case when density weighted Favre filtering is used, however, and
this is seen in Fig. 6 for small filter sizes in mainly the K4 case where the appearance of
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positive values of the dissipation term is evident. This can be understood by inspecting

Tdiss which is of the form ∇̃c∇c − ∇c̃∇c̃. If the filter operator were to commute with
the gradient in the second term in this expression, as an unweighted filter does, then the
positiveness of the expression follows from Cauchy-Schwarz inequality. However, since the
density-weighted filter operation, which does not commute with the gradient, is used here
there is no mathematical guarantee of the positiveness of this term. Thus, positive values of
Tdiss does occur in some cases and are mainly seen in laminar or weakly turbulent flames for
small filters.

The remaining terms Tprod, Ttran and T1+2 were all predicted to scale as Ka in the OMA
with no particular dependence on ∆k. The relative importance of these terms, however,
does drop for large filter sizes due to the concurrent increase of the dissipation and reaction
terms as seen in Fig. 5. At low Ka (cases K4 and K100) the three terms are of comparable
importance but at high Ka (K800 and K4100) the production term Tprod stands out as
the largest and it can reach an importance I above 25% for case K4100. This shows that
modelling of the production term is especially relevant at high Ka.

From Fig. 6 it is also seen that the profiles of turbulent transport (Ttran) and turbulent
production (Tprod) have opposite sign at small Ka compared with that at high Ka. In fact,
the production term acts as a sink term at Ka = 4, although the sum of Tprod and Ttran

remains positive. The changing sign of the production term does make it more challenging
to model.

From the modelling perspective it is important to know which of the unclosed terms
dominates for different flames and filter sizes. Referring to the order-of-magnitude analysis
(Eqs. (9-10)) as well as Fig. 5, the following can be concluded: In the limit of large ∆k, for
a fixed Ka, there will be a balance of dissipation and chemical reaction (as well as transient
and advective terms T1 and T2). In the limit of large Ka, for a fixed ∆k, there will be a
balance of dissipation and production. It should be kept in mind, however, that the latter
limit may not be practically realizable since the resolution requirement, e.g. in terms of the
80% resolved kinetic energy criterion [36], to maintain ∆k constant with increasing Ka would
imply refining the grid and thus increase the computational cost. In most practical LES the
filter size is larger than the flame thickness, ∆+ > 1, and Tchem will be non-negligible except
in the case of both very high Ka and high resolution (small ∆k). For most LES the filter
size also fulfils ∆k � 1 so that, at high Ka, all terms except molecular diffusion (Tdiff) will
have significant contributions.

Some further insight can be found for the dissipation term Tdiss in Fig. 6. This term, which
is the main sink in Eq. (2), must balance the contributions coming from turbulent production
and chemical reaction, which are the main source terms. According to the observed relative
magnitude between Tchem and Tprod, the dissipation term increases in magnitude with the
filter size and becomes rather independent of Ka for low and intermediate values of Ka. This
is because at these Ka the SGS scalar dissipation rate ε̃c, appearing in Tdiss, is more likely to
scale with the inverse of a chemical time scale, as discussed in section 3.1. At very high Ka,
in combination with small ∆+, the turbulent time scale τ∆ becomes a more relevant scale
for ε̃c and eventually Tdiss is balanced entirely by the production term Tprod. This suggests
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that a linear relaxation model for Tdiss would be appropriate in the limit of very high Ka.

4.2. Modelling of the variance equation

As discussed in the previous subsection, the relative magnitudes of the production, dis-
sipation and chemical reaction terms (Tprod, Tdiss and Tchem) in the SGS variance equation,
Eq. (2), depend on Ka and at high Ka they can all be significant. This has to be captured
in LES modelling and it is thus of interest to explore how common LES closures for these
three terms perform at different Ka and filter sizes.

4.2.1. Modelling of the dissipation term

The dissipation term, Tdiss, is seen to always be of significant magnitude. A comparison of
two common LES closures, defined in Eqs. (5) and (6), for Tdiss in the context of c̃-modelling
is presented next. In Fig. 7 the dissipation term Tdiss (square symbols) obtained from DNS
is compared with those computed using the linear relaxation model, Eq. (5) (dash-dotted
lines), and that proposed by Dunstan et al. [41], Eq. (6) (short-dashed lines). The terms
are shown as conditional averages for the four different cases and two filter sizes, ∆+ = 1.0
and 3.5. In the figure the filter size is also given in terms of ∆k based on η in the upstream
turbulence in the unburned mixture for each case. First, one can notice that the dissipation
term is severely under-predicted by the linear relaxation model for all Karlovitz numbers
and both filter sizes; this may be explained by the fact that this model was not intended
for reactive scalars and an adjustment of the model constant A can therefore be motivated.
Comparison of the short-dashed lines and squares in Fig. 7 indicates that the model given by
Eq. (6) does capture the right order of magnitude for the larger filter size, although under-
prediction occurs for small filters and to some extent also for larger Ka. This shows that
scaling of the model constants, βc and A, is relevant for practical LES. The models depend
on ∆ and Ka and they have to be chosen carefully in a LES. Their value can be found using,
when possible, a dynamic approach as was done for βc in [25], or choosing the constant from
a DNS database. How to optimally scale these constants is not the focus here and will be
the topic of a future study.

The ability of the dissipation term closures to reproduce the right profile in the c̃-
coordinate is instead explored next. In order to compare the shape of the profiles the
modelled dissipation terms are scaled to match the peak magnitude of Tdiss from the DNS.
The scaled terms are denoted T ∗diss and are shown as solid and long-dashed lines in Fig. 7.
From the plots it is seen that both models predict the shape well, except at the combination
of low Ka and small filter where both models fail and the combination of large filter and very
high Ka where Eq. (5) tends to predicts a peak position shifted towards higher c̃. Overall
the functional form of Eq. (5) seems to be more prone to error and predictions from the
scaled Eq. (6) remain more accurate as this model accounts for chemical processes.

For the scaled plots of Eq. (6) in Fig. 7 it can be inferred that the model constant, βc,
depends on ∆+ and Ka. Figure 8 shows how the model constants βc and A vary with Ka,
∆+ and ∆k. It is seen that βc increases with increasing ∆+ and ∆k; this trend is true for
the full range of ∆+ and Ka accessible by the current data. Also, for filter sizes ∆+ > 1 the
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Figure 7: Conditional variations of Tdiss (squares) compared with the models of Eq. (5) and (6) (dashed
lines). The solid lines show scaled versions of the models, normalised to match the DNS peak value. The
filter size is (a)∆+ = 1.0 and (b) ∆+ = 3.5. Corresponding values of ∆k are given in the figure. The terms

are normalized by ρuSL/δth/∆
2/3
k .
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Figure 8: Values of the model constants βc (solid lines) and A (dashed lines) after scaling to match the peak
value to the DNS result. The figure shows the dependence of these model constants on ∆+, ∆k and Ka.
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value of βc decreases with increasing Ka. This trend of βc is consistent with the physical
definition of this parameter. Indeed, βc can be defined as [47, 48]:

βc
ρ̄ε̃2c
σ2
c

= − 2D(∇c · ∇ω̇c)︸ ︷︷ ︸
T4

+ 2ρD2(∇∇c : ∇∇c)︸ ︷︷ ︸
D2

(13)

Thus, βc is strongly influenced by the curvature of the flame (through D2) and ∇c and ∇ω̇c.
As Ka increases, the curvature of the flame increases due to the intense turbulence which
leads to an increase in D2, while the flame thickness induces a decrease in T4 (as ∇c and ∇ω̇c
decreases). This then leads to a decrease in βc. The corresponding trends for the parameter
A in Eq. (5) are not as regular, in particular the K4 case shows a deviating behaviour, but
it can be seen that A does decrease with ∆+ and ∆k for Ka ≥ 100. As a function of Ka, A
is decreasing for large filters and remains constant or slowly increasing for small filters. For
the most part, A shows an opposite trend to βc variations.

4.2.2. Modelling of the chemical reaction term

For practical values of ∆+ the magnitude of the dissipation term, Tdiss, is strongly in-
fluenced by the reaction term at low Ka and by a combination of reaction and turbulent
production at higher Ka as discussed in Section 4.1. Modelling the dissipation term ac-
curately is not sufficient if the reaction term is not modelled with similar accuracy, as the
balance between dissipation, turbulent production and chemical reaction would be affected
by an incorrect estimation of Tchem. In Fig. 9 a comparison between the reaction term Tchem

from DNS (squares) and that obtained using the tabulation approach of Eq. (4) (dashed line)
is shown. This closure seems to predict the term Tchem well at high Ka but a discrepancy can
be observed for Ka 4 and 100 for the larger filter size. The maximum error is observed to be
about 25% near the peak at Ka = 4 and 100 for ∆+ = 3.5. Past studies ([49, 50]) showed that
higher errors due to the beta-PDF can be expected for low Ka. However, the error is again
lower for larger Ka (800 and 4100), suggesting that this evaluation is not straightforward.
Additional studies will be needed to shed light on this non-trivial behaviour.

4.2.3. Modelling of the turbulent production term

Finally, the modelling of the turbulent production term Tprod is assessed using a gradient
hypothesis. In Fig. 9 conditional averages are shown for Tprod obtained from DNS (circles)
as well as the gradient hypothesis model (dot-dashed lines). In case K4 this hypothesis does
not work and the model ends up predicting the wrong sign due to negative correlation. In
case K100 the model seems to work well. For even higher Ka considerable under-prediction
is observed.

However, at the higher Ka, 800 and 4100, the model prediction does improve when the
filter size is decreased and the best match is observed for the combination ∆+ ≤ 1 and
Ka≥ 100. While it is not certain why the prediction is poor with a large filter size, some
reasons that may play a role include: over-estimation of the turbulent Schmidt number that
leads to too small production, and the use of filter sizes comparable to the integral scale. It
is possible that dynamic approaches for νSGS and Sc may improve the prediction of Tprod, a
topic that deserves further study.
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Figure 9: Conditional variations of Tchem (squares) and Tprod (circles) compared with corresponding models
(dashed lines). The filter size is (a) ∆+ = 1.0 and (b) ∆+ = 3.5. Corresponding values of ∆k are given in

the figure. The terms are normalized by ρuSL/δth/∆
2/3
k .
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5. Conclusions

Direct numerical simulations of premixed methane-air flames for low and high Ka have
been performed to investigate the behaviour of different terms in the transport equation
for progress variable SGS variance in different combustion regimes. This equation is of
particular relevance for progress variable based models in LES frameworks. The relative
scaling of these terms was also analysed by an order-of-magnitude analysis. Moreover, the
accuracy of two common LES closures of the scalar dissipation term as well as closures for
the chemical reaction and turbulent production terms, were assessed at both low and high
Ka for different normalized filter sizes ∆k. The main results are summarized in the following.

� The relative importance of the chemical term decreases with Ka and increases with
∆k. Both the DNS data and the order-of-magnitude analysis supports this result. The
importance of the chemical term must be considered in relation with LES resolution
and under a combination of both high Ka and large ∆k this term can be important.
It is observed that, at a Ka of 800, the chemical term is one of the largest terms for
filter sizes of the order of the laminar flame thickness or larger. At Ka as high as 4100,
the chemical term is still seen to gain significance with ∆ for all filter sizes accessible
with the current data. It is implied that the chemical term is non-negligible for most
practical combinations of Ka and ∆. It was also seen that a simple tabulation approach
can model the chemical term well at all investigated filter sizes and Karlovitz numbers.

� Molecular diffusion in the variance equation is an important term only for small filters
and low Ka. The term was observed to contribute as much as 40% of the budget in
a case with small filter and low Ka, while it made a negligible contribution in a case
with large filter and high Ka.

� The turbulent transport and production terms gains higher relative importance when
Ka increases. This conclusion is supported by the DNS data and the OMA. It was
also found, however, that the production term changes sign and becomes a sink term
at small Ka. Modelling of the production term by a gradient transport approximation
with the sub-grid viscosity estimated by a constant coefficient Smagorinsky model was
found to be insufficient in most cases. Further studies, including dynamic modelling
approaches, will be needed for this term.

� The dissipation term is the main sink term in the variance equation, except in some
cases with small filters where molecular diffusion can also be an important sink. Since
the dissipation term on average has to balance the sources due to turbulent production
and chemical reaction, the dissipation term ends up being always one of the leading
terms. At high Ka, when the Kolmogorov time scale is short compared with the
chemical time scale, the relative importance of the dissipation term also changes from
a scaling with filter size at low Ka to a scaling with Ka at high Ka. The modelling of
the dissipation term is therefore crucial and needs to account for both turbulent and
chemical processes. Two different closures were compared for the dissipation term,
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including the model proposed in [41] which is developed for reactive scalars, and a
linear relaxation model which is commonly used for passive scalars. It was found that,
while both models require their constants to be selected with care, the linear relaxation
model is less likely to predict the right functional form of the conditionally averaged
dissipation term. The adjusted model constant in the model from [41] also appears to
follow a more consistent trend with Ka and ∆ compared with the model constant of
the linear relaxation model.

To conclusively confirm the trends observed in this paper, and in particular the behaviour
of models, further work is needed including studies of a wider range filter sizes ∆+, length
scales `0 and flame parameters SL, δth and τ . Dynamic approaches exist for the model con-
stants βc and Cs which may improve the prediction of the dissipation and production terms
and reduce the need for calibration, and future work should also consider such approaches.
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Abstract

Direct numerical simulations (DNS) of statistically planar flames at moderate and high
Karlovitz number (Ka) have been used to perform an a priori evaluation of a presumed-PDF
model approach for filtered reaction rate in the framework of large eddy simulation (LES) for
different LES filter sizes. The model is statistical and uses a presumed shape, based here on a
beta-distribution, for the sub-grid probability density function (PDF) of a reaction progress
variable. Flamelet tabulation is used for the unfiltered reaction rate. It is known that
presumed PDF with flamelet tabulation may lead to over-prediction of the modelled reaction
rate. This is assessed in a methodical way using DNS of varying complexity, including single-
step chemistry and complex methane/air chemistry at equivalence ratio 0.6. It is shown that
the error is strongly related to the filter size. A correction function is proposed in this work
which can reduce the error on the reaction rate modelling at low turbulence intensities by
up to 50 %, and which is obtained by imposing that the consumption speed based on the
modelled reaction rate matches the exact one in the flamelet limit. A second analysis is also
conducted to assess the accuracy of the flamelet assumption itself. This analysis is conducted
for a wide range of Ka, from 6 to 4100. It is found that at high Ka this assumption is weaker
as expected, however results improve with larger filter sizes due to the reduction of the
scatter produced by the fluctuations of the exact reaction rate.

Keywords: Turbulent premixed flame, Direct numerical simulation, Combustion model,
High Karlovitz number, Probability density function

1. Introduction

Flow simulations of practical combustion devices are often based on the LES paradigm,
as this methodology has the potential to be accurate and to capture unsteady phenomena at
affordable computational effort. Since the LES equations are filtered in space, they contain
unclosed terms, and further modelling is therefore required in respect to the Navier-Stokes
equations from which they are derived. In flows with combustion one of the key terms to
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model is the filtered chemical reaction rate and this is the purpose of a combustion model.
Combustion models for LES of premixed flames can be roughly classified by their main
concepts [1] as either geometrical (such as level-set models [2, 3] and thickened flame models
[4]), mixing-based (such as eddy dissipation concept [5], partially stirred reactors [6] and the
linear eddy model [7]) or statistical (such as transported probability density function (PDF)
models [8] and presumed-PDF models [9–11]). Some of these models are combined with
a simplified description of the chemistry, realized through tabulation, such as the flamelet
generated manifolds (FGM) method [12] and the flame prolongation of ILDM (FPI) method
[13].

A central parameter for classifying regimes of premixed combustion is the Karlovitz num-
ber, Ka, which is defined as the ratio of a chemical time scale to the smallest turbulence
(Kolmogorov) time scale. Most combustion models mentioned previously have been devel-
oped and validated for regimes where the chemical time scale is shorter than the turbulent
one, which corresponds to a low Karlovitz number. Future combustion devices are however
expected to involve more intense turbulence and/or leaner mixtures to improve their efficien-
cies and reduce emissions, and such conditions leads to combustion devices that operate at
higher Karlovitz numbers. When the turbulent length scales are smaller than the reaction
layer thickness it is expected that small vortices may enter the reaction zone, thereby dis-
rupting the flame structure. Modelling of the high Karlovitz number flames can therefore be
challenging and there is a need to explore which types of models, both detailed and simple,
can be applied at the high-Ka regime.

It has been observed in a recent study [14] that the unfiltered chemical source term has
large local fluctuations and thus is difficult to model with tabulation methods, while the
filtered source term is more readily modelled as long as the filter is large enough (∆ ≥ δth).
This implies that a tabulated chemistry approach based on flamelets can still be useful in
the high Karlovitz number regimes of combustion. Moreover, it is suggested in [15] that
tabulation can be improved by including effects of strain on the flamelet, an effect that is
well understood for the RANS framework but not as well established for the LES framework
[16, 17]. In [14] it was also noted that unstrained flamelet modelling can work for low and
high Karlovitz number (Kaδ < 0.1 or Kaδ > 100) while at intermediate Ka the strain,
curvature and differential diffusion effects can be important.

Thus, this work proposes to assess a presumed-PDF model within the framework of
LES for various Karlovitz numbers. It is representative of a class of statistical models for
premixed combustion that has been discussed and applied in many previous studies, from
early developments [9–11] to more recent works [12, 16, 18–22]. The specific model discussed
here assumes that the sub-grid PDF is a beta-distribution and that a single reaction progress
variable is enough to describe the flame locally. The goal is to perform an a priori evaluation
of a model for the reaction rate, in particular its dependence on the filter size and the
Karlovitz number. For this purpose, a set of DNS premixed flames with increasing complexity
are used: a one-dimensional laminar with complex chemistry, a turbulent flame with single-
step chemistry and 5 different turbulent flames with complex chemistry at different Karlovitz
numbers.
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First, the use of a presumed beta-PDF for the sub-grid distribution of the reaction
progress variable and the accuracy of the resulting modelled reaction rate is investigated.
The analysis is performed for two cases where the flamelet assumption can be eliminated.
Based on the analysis of a filtered one-dimensional flame a correction factor is defined to
impose a consistent consumption speed. Second, the flamelet assumption is assessed for high
Ka conditions. Unfiltered flames with multi-step chemistry are used to quantify the error
from the flamelet assumption. Finally, filtering is used to show how the combination of the
two assumptions, presumed PDF and flamelet, depends on filter size and Ka and highlights
the effect of the suggested correction factor.

2. Methodology

2.1. Filtering of the DNS data

In order to perform an a priori analysis of LES models on DNS data a filter operation
has to be defined. In this work filtering is defined as a convolution with a Gaussian filter
kernel. A filtered quantity is denoted by an over-bar, such as ψ, and it is computed as

ψ(x, t) =

∫∫∫
V

ψ(r, t)G(x− r; ∆) dr, (1)

where V is the computational domain and G(x; ∆) is a Gaussian filter kernel with filter
width ∆. Conventionally the filter width is defined as ∆2 = s2/12 where s2 is the variance of
the Gaussian distribution [23]. Favre filtered (density weighted) quantities are also needed.

These are denoted by a tilde and are defined as ψ̃ = ρψ/ρ.

The convolution product in Eq. (1) is computed in wave space as ψ̂(k) = ψ̂(k)Ĝ(k) by
the use of a Fourier transform. Here, ̂ denotes a Fourier transform coefficient and k is the
wave number vector. This is done for efficiency reasons but also to avoid the need to truncate
the filter kernel in space. As the transform cannot be applied to data that is not periodic in
all spatial dimensions and thus a mirrored copy of the data is attached in the non-periodic
direction.

Note that the filter operation defined by Eq. (1) is used only to compute localized filtered
values representative of what would come out of a LES. This should not be confused with
ensemble averaging (represented by time averaging in the case of statistically stationary
systems) which is used to obtain statistics.

2.2. Presumed-PDF model for the reaction rate

In combustion, the progress of reaction from reactants to products can be described by
a reaction progress variable, c. In the case on single-step chemistry c is solved for directly,
but in the case of multi-step chemistry many possibilities exist for the definition of c. Here,
c is defined as the normalized mass fraction of H2O since this is one of the few species that
can be found throughout the entire flame structure including preheat and post flame zones.
c can thus be expressed as

c(x, t) =
YH2O(x, t)− YH2O,u

YH2O,b − YH2O,u

. (2)
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Subscripts u and b denote the unburnt and burnt states, respectively. The Favre filtered
progress variable is then defined as c̃ = cρ/ρ where the filter operation is given by Eq. (1).
The transport equation for the filtered progress variable, c̃, follows directly from the transport
equation for ỸH2O and is given by

∂ρc̃

∂t
+∇ · (ρũc̃) = D −∇ · (ρuc− ρũc̃) + ω̇. (3)

In Eq. (3), u is the velocity vector, ρ is the density, ω̇ is the chemical reaction rate and D
is the diffusion term (the details of which depends on the transport model, see section 3).
The three terms on the right hand side represent molecular diffusion, sub-grid transport and
chemical reaction, respectively. All three require further modelling and the focus here is on
the reaction term.

The sub-grid PDF of the reaction progress variable is defined as [24]

P (ς;x, t) =

∫∫∫
V

δ(c(r, t)− ς)G(x− r) dr, (4)

where G is the filter function, δ is the Dirac delta-function and the volume V includes the
support of G which here taken to be the computational domain.

The presumed-PDF model to be evaluated is now formulated as

ω̇(x, t) ≈
∫ 1

0

ω̇(ς)P (ς;x, t) dς ≈ ρ(x, t)

∫ 1

0

ω̇(ς)

ρ(ς)
Pβ(ς; c̃(x, t), σ2(x, t)) dς, (5)

where σ2 = c̃c− c̃c̃ is the Favre sub-grid variance of c, and Pβ is the presumed Favre-filtered
sub-grid PDF. This model is based on the following two assumptions:

(i) The functional form of the Favre-filtered sub-grid PDF is presumed to be a beta-
distribution, parametrized by c̃ and σ2. This is expressed as

P (ς;x, t)
ρ(ς)

ρ(x, t)
≈ Pβ(ς; c̃(x, t), σ2(x, t)).

and corresponds to the second step in equation (5).

(ii) The unfiltered reaction rate is assumed to be a function of only c, that is, ω̇(Yi, T ) ≈
ω̇(c). This corresponds to the first step in equation (5). The function ω̇(c) is given by
a separate calculation of a steady one-dimensional flame.

In Eq. (5), the last integral is a 1D integral in composition space which makes it possible
to pre-compute and tabulate the integral as a function of c̃ and σ2. It is this possibility
to tabulate that makes this model computationally efficient. For the present study a table
is constructed based on 300 linearly distributed points in both c̃ and σ2. The resulting
two-dimensional table is illustrated in Fig. 1. In the set of flames considered in the present
study, pressure, equivalence ratio and unburnt temperature, are constant. To be able to
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Figure 1: Modelled reaction rate, ω̇/ρ, as a function of c̃ and σ2. Normalization is done using the peak
values of the one-dimensional unfiltered flame.

model flames where these parameters are not constant, additional dimensions have to be
added to the table and corresponding sets of additional one-dimensional flames would have
to be computed.

It should also be noted that there exists a method where the PDF is obtained by filtering
of one-dimensional flames instead of using a beta-distribution [25]. This was recently inves-
tigated in [14] but since no significant improvement was reported over the beta-distribution
for three-dimensional flames this method will not be pursued here.

To compute ω̇, an additional model for the unknown sub-grid variance σ2 needs to be
supplied. In LES this can be done either by an algebraic expression or by solving a transport
equation for σ2 [26, 27]. In this work the focus is on the two assumptions (i) and (ii)
mentioned above and the modelling of σ2 is thus not considered. Assessing the modelling of
σ2 for high Ka flames will be the topic of a separate study. Instead, the exact value of σ2 is
extracted from DNS and used directly in Eq. (5).

2.3. Error and correlation

To quantify the model error, two different metrics will be used. The first one is the
integrated error, denoted by E. It is defined as

E =

〈
|ω̇e − ω̇|
|ω̇e|

〉
, (6)

where the symbol ω̇e is introduced to denote the exact filtered reaction rate, obtained
through a direct filtering of the fully resolved data, and 〈·〉 denotes time and space average
(not to be confused with the filtering). The index i runs over data points (computational
cells) sampled uniformly in space and over time in a statistically stationary flame. The
choice of this error metric is motivated by the fact that in finite volume methods, commonly
used to discretise the Navier-Stokes equations, it is not omega itself but its integral over a
cell volume that is used. Typical cell sizes are of the same order as ∆, and since ∆ can be
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larger than δth the integrated error E becomes a relevant quantity in the LES, at least in
the context of finite volume methods.

The second metric is the weighted Pearson correlation coefficient [28], r, which is based
on weighted covariances and is defined as

r =

〈
w(ω̇e − 〈ω̇e〉w)(ω̇ − 〈ω̇〉w)

〉〈
w(ω̇e − 〈ω̇e〉w)2

〉1/2 〈
w(ω̇ − 〈ω̇〉w)2

〉1/2 . (7)

Here, 〈·〉w denotes weighted averages and w is the weight. The weight is set equal to
the reaction rate itself, w = ω̇, and this choice is made to prevent the large non-reacting
zones outside the flame from affecting r. This way, data points with large reaction rate will
contribute more to r than points with low rate. Note that a high correlation can exist even
if E is large.

2.4. Scaled model

It is commonly known (and will be seen in section 4.2.1) that for a one-dimensional flame,
Eq (5) tends to over-predicts the filtered rate. This happens when the filter is large enough
that σ2 > 0 and comes from the fact that the presumed shape PDF is not able to exactly
produce the right sub-grid distribution. As a result, the correct laminar flame speed is not
guaranteed for σ2 > 0. However, for a one-dimensional laminar flame the model can be
improved by introducing a correction factor f defined as

f(∆) =

∫∞
−∞ ω̇e(Yi, T ; ∆) dx∫∞
−∞ ω̇(c̃, σ2; ∆) dx

(8)

where ω̇e is the exact rate evaluated for the one-dimensional flame and ω̇ is the modelled
rate as in Eq. 5. The scaled model is then obtained as f · ω̇(c̃, σ2).

Under the flamelet assumption a three-dimensional flame is assumed to locally have the
same structure as a one-dimensional flame. It is therefore motivated to compute the factor f
a priori (using a one-dimensional flame) and store it for use when modelling three-dimensional
flames. Also, since the f only depends on ∆, it can be pre-multiplied in the table and its
use will thus add no extra computational cost to an LES.

The factor f is defined as in Eq. (8) to ensure that the following condition is respected:∫ ∞
−∞

ω̇e(x) dx =

∫ ∞
−∞

fω̇(x) dx (9)

Physically the correction corresponds to enforcing the correct consumption speed for a one-
dimensional flame. Indeed, the inability of a presumed beta-distribution to produce the
correct flame speed is a known problem [29]. Moreover, f increases with the filter size, ∆,
which is an important characteristics as will be shown in section 4.2. It should also be noted
that, while the correction factor can reduce the error E, it does not affect the correlation r.
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3. Numerics and DNS data

The current study uses a DNS dataset of turbulent, statistically planar, premixed flames.
The computational domain is a rectangular box in an inlet-outlet configuration, discretised
on a uniform grid. A planar premixed flame is in the centre of the domain at time t = 0
and it propagates towards the inlet at t > 0. Periodic boundary conditions are imposed
in the cross-stream directions and a convective outflow boundary condition is used at the
outlet. On the inlet boundary, a constant value for temperature (T = 298 K) and species
is imposed while a turbulent time-varying boundary condition is used for the velocity. An
instantaneous picture of the c = 0.8 iso-surface is shown in Fig. 2 for each simulation at a
random time instant within the statistically stationary state. The wrinkled and distorted
shape of the flames can be seen and the variation of ω̇ along the flame surface is shown by
the colour scale. For higher Ka the variations are generally larger, but not for case D which
has no variations since ω̇ in this case only depends on c.

Five of the cases, referred to as A1, A2, A3, B anc C, are lean methane-air flames at atmo-
spheric pressure and temperature. These simulations use multi-step chemistry and include
differential diffusion. The methane/air chemistry is modelled with the skeletal mechanism
of Smooke and Giovangigli [30], which contains 16 species and 35 reactions. The equivalence
ratio is 0.6. Transport properties, i.e. species diffusion coefficients, thermal conductivity,
and viscosity, are mixture averaged based on the detailed properties for individual species
obtained from the CHEMKIN thermodynamic database. Diffusion velocities of individual
species are modelled using the Curtiss-Hirschfelder approximation. Note that case B has
been analysed in a previous work [31].

The sixth case, referred to as case D, uses a single global reaction with an Arrhenius rate
expressed as ω̇ = (1− c)1.6/τ0 × exp(−EaTb/T ) where τ0 = 5× 10−10 s−1 and Ea = 9, unity
Lewis number and a Prandtl number of 0.3. These parameters were chosen to get a laminar
flame speed and thickness comparable to the methane-air flames. Important parameters for
all six cases are summarised in Table 1.

3.1. Numerical methods and turbulence generation

During the simulation, to keep the flame near the centre of the domain, the mean inlet
velocity uin is adjusted to match the propagation speed of the flame front. A fluctuating
velocity component u′(y, z) is also added at the inlet boundary plane. This component is ob-
tained by extracting a plane from a pre-generated turbulent velocity field. The pre-generated
turbulence is also used to set the initial conditions. For this purpose, a homogeneous isotropic
turbulence field is generated as follows: a flow field with desired turbulence intensity and
length scale is synthesized in a fully periodic cubic box by sampling sine waves of suitable
wave numbers and amplitudes. The flow in this box is then simulated until a statistically
stationary state is reached, quantified by convergence of the energy spectrum, the energy
dissipation rate and the integral length scale. During this simulation the turbulence intensity
and length scale is maintained by low-wavenumber forcing.

The low-wavenumber forcing strategy works by injecting energy to low wavenumber
modes through the addition of a source term in the momentum equation. In wave space
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Table 1: Parameters for the simulated cases. Ly is the cross-stream domain height, L11 the upstream integral
length scale, h the grid spacing, δth the laminar thermal flame thickness, η the upstream Kolmogorov length
scale, u′ the upstream velocity fluctuation and SL the laminar flame speed. The number of grid points is
Nx ×Ny ×Nz. In the case of methane/air chemistry at equivalence ratio 0.6 the laminar flame speed and
thickness are δth = 0.92 mm and SL = 0.12 m/s.

Case A1 A2 A3 B C D
Nx 256 256 512 1024 512 192
Ny, Nz 128 128 256 512 256 64
Ly [mm] 5.0 5.0 5.0 5.0 14 2.9
Ly/δth 5.5 5.5 5.5 5.5 15.3 5.5
L11/δth 1.3 1.0 1.0 0.48 2.4 1.2
δth/h 23.5 23.5 47.0 93.9 16.8 11.6
η/h 2.5 0.83 0.64 0.48 0.63 0.62
δth/η 9.5 28 74 220 27 19
u′/SL 3.7 18 66 210 24 13
Ka 6.0 74 540 4100 75 40
Da 0.38 0.060 0.015 0.0025 0.11 0.098
Ret 32 120 390 660 390 80
Chemistry Multi-step Global

for wavenumber κ the source term is

f̂κ(t) =
ρ〈ε〉IRκ≤κf
2ρukf (t)

ûκ(t) (10)

where ρ is the local density, ρu is the density of the unburned mixture, 〈ε〉 = 〈2νSijSij〉 is the
space averaged dissipation rate of turbulent kinetic energy, ν is the viscosity, Sij is the strain
rate tensor, ûκ is the Fourier transform of the velocity u and kf =

∑
|κ|≤κf ûκ · ûκ/2 is the

kinetic energy contained in the set of modes with |κ| ≤ κf . The largest forced wavenumber,
κf , is 3 for case B and 1 for all other cases. The function IRκ≤κf is stochastic and for every

time step it is set to 1 for a randomly selected wavenumber in the shell |κ| ≤ κf and to 0
for all others. When used in a reacting flow simulation the density ratio ρ/ρu appearing in
Eq.(10) is introduced to ensure a weaker forcing in the flame and post-flame regions. Further
details on this forcing method are given in [32, 33].

The DNS solver is based on the governing equations for conservation of mass, momentum,
energy and chemical species at low Mach number discretized on a uniform Cartesian grid,
see Yu et al. [34] for a detailed description and validation. A 5th order weighted essentially
non-oscillatory (WENO) finite difference method is used for convective terms and a 6th
order central difference scheme is used for all other terms. For time discretisation a second-
order operator splitting scheme [35] is employed by performing integration of the chemical
source terms between two half time-step integrations of the diffusion term. The integration
of the diffusion term is further divided into smaller explicit steps to ensure stability and the
overall time step is set to ensure that the CFL number remains smaller than 0.1. In cases
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Figure 2: Iso-surfaces of c = 0.8 for the different cases. The surfaces are coloured by the reaction rate of c.
The laminar flame thickness δth is indicated in each figure. In the figures the inlet is on the left.

with complex chemistry the chemical source terms are integrated using the stiff DVODE
solver [36]. The variable coefficient Poisson equation for pressure difference is solved using a
multigrid method [37].

3.2. Summary of cases

Dimensionless parameters given in Table 1 are defined as follows: Karlovitz number
Ka = (u′/SL)1.5(δth/L11)

0.5, Damköhler number Da = L11SL/(δthu
′) and turbulent Reynolds

number Ret = u′L11/νu where u′ is the root mean square velocity fluctuation, L11 is the
integral length scale, SL is the laminar flame speed, δth = (Tb − Tu)/|∇T |max is the laminar
flame thermal thickness and νu is the viscosity. The Kolmogorov length scale is computed as
(ν3/ε)1/4 where ε is the dissipation rate of turbulent kinetic energy. All turbulence quantities
used in Table 1 are evaluated in the homogeneous non-reactive turbulence field that was used
to set the initial and boundary conditions.

For cases A1, A2 and A3 the intention is to investigate the dependency on Ka while
maintaining the domain size constant. The only parameter that was changed between these
cases is therefore the turbulence intensity u′ resulting in Karlovitz numbers 6, 74 and 540.
However, although the aim was to also keep the integral length scale constant in those
cases, it was found by autocorrelation, L11, to decrease with u′ and as result the cases have
somewhat different length scales as seen in Table 1. To provide a case with very high Ka,
case B with Ka = 4100 from [31] is used. This case has the same set-up as cases A1-3 except
for the forcing radius κf which is 3 instead of 1. To investigate if the integral length scale
is an important parameter, case C is introduced. This case has the same Karlovitz number
as A2 (Ka = 74) but a larger domain size giving a 2.4 times larger integral length scale.
Case C is used to verify that trends observed for cases A1-3 and B are due the turbulence
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intensity and not due to the turbulent length scale. Finally, case D is introduced to provide
a suitable test case for assumption (i). Therefore, case D was chosen to have a single-step
reaction scheme and unity Lewis number, a set-up which ensures that assumption (ii) is
always verified.

4. Results

The results section is organized as follows: in section 4.1 the parametrization of ω̇ as a
function of c̃ and σ2 is investigated. In section 4.2 assumption (i) is evaluated, first for a
steady one-dimensional flame and then for the simplified-chemistry case D. In section 4.3
assumption (ii) is evaluated using unfiltered data from cases A1, A2, A3, B and C and finally,
the combined effect of both assumptions is discussed in section 4.4.

4.1. Filtering and parametrization of the reaction rate

Figure 3: Instantaneous picture of the reaction rates ω̇ computed directly from DNS data for all cases. The
unit of reaction rate is kg/m3/s.
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Before investigating the model, the effect of the filter operation on the reaction rate is
illustrated. Instantaneous pictures of the unfiltered reaction rate ω̇ from the DNS data is
shown in Figure 3 for all cases. As observed from the figure a local flamelet structure is not
preserved everywhere for case B because of the appearance of holes and irregularities in the
reaction layer. Some perturbations can also be seen for case A3 but in the other cases the
reaction rate is not significantly perturbed.

The model given by Eq. (5) gives the reaction rate as a function of the mean and variance
of the reaction progress variable, ω̇ = ω̇(c̃, σ2). It is therefore appropriate to study how well
the reaction rate is parametrized by c̃ and σ2. Fig. 4 shows scatter plots of ω̇ as a function
of c̃ and σ2 where colours indicate the magnitude of the filtered reaction rate, and Fig. 5
shows the standard deviation of the doubly conditioned reaction rate 〈ω̇|c, σ2〉. The standard
deviation is normalized for clarity by the peak of the single conditional average, max〈ω̇|c〉.
The precise quantity shown in the figure is thus〈

[ω̇ − 〈ω̇ | c̃, σ2〉]2 | c̃, σ2
〉1/2

max〈ω̇ | c〉
(11)

Low values indicate that ω̇ is parametrized well by c̃ and σ2. The figures show the two
representative cases A2 and B for the two normalized filter sizes ∆+ = ∆/δth = 1 and 3.5.

Both figures indicate that the parametrization works well for case A2 and for case B
with filter size ∆+ = 3.5 since the normalized standard deviation is below 0.1 for the most
part. For case B with ∆+ = 1, however, vastly different values of ω̇ are sometimes found
for the same values of c̃ and σ2, and standard deviation as high as 0.15 are common for this
condition in Fig 5. For both cases the standard deviation is lower when the larger filter size
is used indicating that correlation between model and DNS can be expected for large filters.
Low standard deviation is necessary for the model to be accurate because the model provides
only one value for each given combination of c and σ2. For the high Karlovitz number, case
B, the scatter is larger and thus the local and instantaneous value of the modelled reaction
rate may be inaccurate.

At large filter sizes the local variations of the reaction rate are smoothed out as shown in
Fig. 5. This suggests that a flamelet model with presumed PDF may perform satisfactorily
at high Karlovitz numbers even if assumption (ii) does not strictly hold, as long as the filter
size is sufficiently large. However, larger filter sizes introduce errors that also need to be
investigated which will be done next.

4.2. Evaluation of assumption (i)

Assumption (i), which states that the sub-grid PDF is a beta-distribution, and its effect
on ω̇ are evaluated in this section. Two conditions are chosen for this purpose: a filtered
steady one-dimensional flame with multi-step chemistry, and the filtered three-dimensional
case D which uses single-step chemistry. Under these conditions, assumption (ii) is verified
exactly because the reaction rate is only a function of c, thus providing clean test cases for
assumption (i). The two conditions are complementary since case D contains turbulence
effects while the one-dimensional flame contains multi-step chemistry effects.
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Figure 4: Scatter plot of c̃ and its sub-grid variance σ2 for cases A2 and B. The colour scale shows the value
of filtered reaction rate ω̇ (kg/m3/s).
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Figure 5: Standard deviation of the doubly conditioned reaction rate 〈ω̇|c, σ2〉 for cases A2 and B at two
different filter sizes. The standard deviation is normalized by max〈ω̇|c〉.
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4.2.1. One-dimensional steady flame

In this section equation (5) is evaluated for a laminar one-dimensional (1D) flame. For this
case assumption (ii) holds exactly since c is a monotonic function of the spatial coordinate.
The only source of error in the modelled filtered reaction rate is due to assumption (i), i.e.
differences between the sub-grid PDF from DNS and the presumed beta-distribution.

(a) Unscaled (b) Scaled

Figure 6: Filtered reaction rate in a one-dimensional flame (lines). Symbols show the corresponding results
obtained from the presumed-PDF model. In (a) the model is unscaled and in (b) it is scaled following
Eq. (8).

Figure 6a shows the exact filtered reaction rate ω̇e (lines) and the corresponding presumed-
PDF model (symbols) for normalized filter sizes ∆+ ranging from 0.35 to 8. From the figure
it is seen that the model captures the shape of the profiles at the different filter sizes but
for filters with ∆+ > 1 the magnitude is over-predicted. The level of over-prediction can be
reduced by using the correction factor f introduced by Eq. (8) which is shown as a function
of ∆+ in Fig. 7a. The result after applying the correction factor f is shown in Fig. 6b where
over-predication has been mitigated. Although the match is good (the maximum error is
below 9% of ω̇max and much less for the two largest filter sizes), the shape of the modelled
rate profile for ∆+ = 1 (blue curve) does not entirely match the correct shape even after
the correction factor has been applied, this is due to the restriction from a presumed shape
PDF.

In Fig. 7b the integrated error E and weighted correlation coefficient r (defined in Eqs. (6)
and (7), respectively) are shown as functions of ∆+. The error E is shown both with and
without the correction factor applied to the modelled reaction rate (denoted by scaled and
unscaled, respectively). Using the correction factor does not reduce the error to zero because
it does not affect the shape of the reaction rate profile, but only its magnitude. The error in
the unscaled model increases monotonically with ∆ while the correlation r has a minimum
at ∆+ = 1.5. There is also a corresponding maximum in the error of the scaled model for
this filter size so this represents the least favourable filter size for the model according to
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(a) (b)

Figure 7: (a) Correction factor computed from Eq. (8) using the 1D flame. (b) Error E and correlation r
for a one-dimensional laminar flame. Filters range from 0.1 to 10 times the thermal flame thickness. Circles
shows the unscaled model from Eq. (5) and triangles shows the scaled model.

the metrics used. The source of the seen error has to do with the use of a presumed PDF
as this is the only approximation that is employed. In principle the error cannot be entirely
mitigated unless the actual sub-grid PDF is extracted and used in place of the beta-PDF.

The actual sub-grid PDFs of c computed for the filtered one-dimensional flame are pre-
sented in Fig. 8 for the point with c̃ = 0.5 and 0.7 at filter levels ∆+ = 0.35, 1.0 and 3.5,
and compared with beta-PDFs obtained for the same c and σ2. These values were selected
as a representative locations where the filtered reaction rate is significant for all filter levels.
The dashed lines show the beta-distributions and the solid lines show the corresponding
distribution that results from applying the density weighted filter to the actual flame. For
the one-dimensional case the sub-grid PDF in x-space is equal to the Favre filter and can be
transformed to c-space via P (x)dx = P (c(x))dc since c is a monotonic function of x.

Table 2: Kullback–Leibler divergence D(P ||Pβ) for all cases at c̃ = 0.5 and c̃ = 0.7.

Case 1D A1 A2 A3 B C D
c̃ = 0.5,∆+ = 0.35 0.0095 0.0089 0.042 0.12 0.081 0.034 0.034
c̃ = 0.5,∆+ = 1.0 0.030 0.024 0.036 0.072 0.050 0.040 0.051
c̃ = 0.5,∆+ = 2.5 0.35 0.28 0.18 0.087 0.062 0.20 0.12
c̃ = 0.5,∆+ = 3.5 0.65 0.41 0.25 0.12 0.080 0.28 0.16
c̃ = 0.7,∆+ = 0.35 0.0074 0.0019 0.0029 0.024 0.059 0.0030 0.0031
c̃ = 0.7,∆+ = 1.0 0.096 0.096 0.087 0.035 0.041 0.091 0.034
c̃ = 0.7,∆+ = 2.5 0.68 0.55 0.38 0.17 0.11 0.40 0.22
c̃ = 0.7,∆+ = 3.5 1.1 0.72 0.46 0.24 0.16 0.48 0.33

To quantify the match between the modelled PDF and the beta-distribution, the Kull-
back–Leibler (KL) divergence D(P ||Pβ) is computed and listed in Table 2 for all cases. The

15





(a) c̃ = 0.5 (b) c̃ = 0.7

Figure 8: Sub-grid probability density of the reaction progress variable for different filter levels for the one-
dimensional laminar flame. Solid lines show P (c) and dashed lines show the model beta-distribution Pβ(c).
(a) and (b) show P (c | c̃ = 0.5) and P (c | c̃ = 0.7), respectively.

KL divergence is defined as

D(P ||Pβ) =

∫ 1

0

P (ς) ln

(
P (ς)

Pβ(ς)

)
dς (12)

where P is the PDF extracted from simulations and Pβ is the presumed beta-distribution.
In the table, the KL divergence is listed for c̃ = 0.5 and c̃ = 0.7. For the one-dimensional
laminar flame (1D) the divergence increases with filter size indicating a worse match of the
beta-PDF for larger filters.

Overall, the beta-PDF reproduces reasonably well the trends of the filtered PDF, at least
for filter sizes ∆+ ≤ 1. However, discrepancies between the two PDFs in the high reactivity
range of c values might cause large errors in reaction rate estimations, as shown in Fig. 7b.
In particular, at filter size ∆+ = 1 there is non-negligible error in the PDF which explains
the discrepancy in the reaction rate profile in Fig. 6.

As was mentioned previously, the physical motivation for introducing the correction factor
f is to make the model consistent by preserving the integrated reaction rate and thereby the
consumption speed (c.f. section 2.4). This leads to a decrease in E for the one-dimensional
flame and the reduction is substantial for large ∆. This is relevant for finite volume methods
as explained earlier and thus f may effectively reduce the over-prediction that can occur
for ∆+ > 1. It is anticipated that the same sort of over-prediction will be prevalent also
in three-dimensional wrinkled or turbulent flames. Applying the correction factor for such
flames may also lead to error reduction and this will be explored in the next section.

4.2.2. Turbulent flame with simplified chemical kinetics

After having studied the one-dimensional flame the next step is to investigate the three-
dimensional turbulent flame of case D. This case uses a simplified chemical model based on a
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single global reaction and unity Lewis number, and it has a Karlovitz number of 40. Simple
linear relations exist between local species mass fractions and the temperature because of
the absence of intermediate species and differential diffusion. Therefore, only one scalar
transport equation needs to be solved, and this scalar is equivalent to a progress variable c.
Thus, ω̇ can be expressed as a function of only c, meaning that assumption (ii) holds making
case D suitable to study the accuracy of assumption (i) in three-dimensional filtered flames.

A one-dimensional laminar flame based on the simplified chemistry is first analysed in
order to obtain the correction factor f . Analogous to Fig. 7 the factor f , error E and
correlation coefficient r are shown in Fig. 9 for this laminar flame. The trends for all these
quantities are qualitatively similar to those of the previously discussed complex chemistry
laminar flame with, but there are some quantitative differences owing to the somewhat
different flame structure.

(a) (b)

Figure 9: (a) Correction factor f and (b) error E and correlation coefficient r for a one-dimensional laminar
flame with single-step chemistry. Error E is shown both for the unscaled model (circles) and the scaled
model (triangles).

For the tree-dimensional case D the error and correlation are shown in Fig. 10a. When
filter size is increased the error increases monotonously (both with and without correction
factor) and the correlation r decreases. This means that the approximation of the PDF
by a beta-distribution becomes worse as the filter size increases, in contrast to the one-
dimensional case (Fig. 9) where the correlation is high also for large filters and the correction
factor can effectively reduce the integrated error (c.f. the Kullback-Leibler divergence shown
in Table 2). But still, for case D, the scale factor is found to reduce the error by up to 50%.
A comparison of sub-grid PDFs from model and DNS is also shown in Fig 10 for three filter
sizes and conditioned on for c̃ = 0.5. A reasonably good match is seen, although not quite
as good as in the one-dimensional case. However, a good match of the average PDF does
not guarantee a low error in the local ω̇.
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(a) (b)

Figure 10: (a) Error E and correlation coefficient r for case D. Error E is shown both for the unscaled model
(circles) and the scaled model (triangles). (b) Comparison of PDFs from the model (dashed lines) and DNS
(solid lines) for c̃ = 0.5 in case D.

4.3. Evaluation of assumption (ii)

The previously observed behaviour that the error due to assumption (i) grows with ∆+

for a three-dimensional flame must occur also when multi-step chemistry is used, and likely
also at higher Re and Ka numbers. However, at these conditions, errors due to assumption
(ii) may be present and thus an assessment on this assumption is needed. Assumption (ii)
states that the unfiltered reaction rate is a function of only the progress variable, ω̇ = ω̇(c).
To provide a clean test case, conditions have to be chosen such that assumption (i) is satisfied
exactly. Assumption (i) states that the sub-grid PDF is a beta-distribution, and the condition
where this assumption is satisfied is ∆+ = 0. At this condition the sub-grid PDF (both
modelled and exact) will collapse to a delta function. The progress-variable used in the case
of methane/air flames is based on the mass fraciton of H2O.

The unfiltered raw data, ω̇, shows large differences between model and DNS in most
cases. This is illustrated in Fig. 11 which shows the joint PDF of the exact and modelled
reaction rate. Under these conditions of zero variance the model is just the reaction rate
from the one-dimensional laminar flame at a given c. For the cases with lower Ka, cases A1,
A2 and C, two branches can be seen in the figures. These are marked by ”A” and ”B” in
Fig. 11a and they correspond to relatively low (0.6-0.8) and high (0.9) c-values, respectively.
The two branches results from a shift of the reaction rate profile in the c-coordinate as will
be discussed later. No such clear branches can be identified in cases A3 and B. In case B,
which has the highest Ka, a particularly large spread is seen. Case D has no spread at all.
In this case the model rate is equal to the exact rate and assumption (ii) is fulfilled exactly
as discussed before, and the case is included here only for completeness.

Quantitative measures of the accuracy of assumption (ii) are provided by the error E and
the correlation coefficient r. These are listed in Table 3 for cases A1-3, B and C. Karlovitz
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(a) Case A1 (b) Case A2 (c) Case A3

(d) Case B (e) Case C (f) Case D

Figure 11: The colour scale shows the joint PDF of the exact (DNS) and modelled reaction rate for unfiltered
data from all cases. To make the scatter more visible the colour scale is logarithmic, numbers indicate the
exponent of 10.

Table 3: Error and correlation coefficient of the presumed-PDF model when applied to unfiltered data.

A1 A2 A3 B C
E 0.64 0.56 0.31 0.46 0.59
r 0.79 0.75 0.89 0.71 0.76

Ka 6 74 540 4100 75
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numbers are also listed for reference. The two cases that have the same Ka, cases A2 and
C, have nearly the same values of both E and r which confirms that the 2.4 times difference
in integral length scale does not affect E and r.

As a function of Ka the error has a minimum for case A3 (Ka = 540). Similarly, the
correlation coefficient has a maximum for the same case. The trend of decreasing error with
increasing Ka that is seen for cases A1-3 and the particularly low error in case A3 is in
agreement with the findings of [14] where the effects of strain and curvature were seen to be
less important for Ka > 100. Cases A1 and A2 fall in the regime where strain and curvature
may have an effect. For these cases, modelling based on unstrained flamelets may not be
suitable. Flamelet modelling of low Ka flames is however a well-known subject and only a
short discussion will be given here; the focus is rather on the high Ka flames.

In Fig. 12 (a-c) the joint PDF of c and ω̇− ω̇e is shown for cases A1, A3 and B. The line
shows the conditional average 〈(ω̇ − ω̇e)|c〉. In the low Ka case A1 the difference between ω̇
and ω̇e is largest in the range 0.9 < c < 1, while in the high Ka case B large difference is
found in a wider range of c. Figure 12 (d-i) shows scatter plots of c and the exact rate ω̇e,
coloured by the local curvature and tangential strain rate. Curvature is defined as 0.5∇ · n
where the normal vector n = ∇c/|∇c| points toward the product side, so positive curvature
means that the centre of curvature is on the reactant side. The lines in these figures show
the model predicted rate. At Ka = 6 (case A1) there is a clear connection between curvature
and reaction rate; for points with positive curvature the rate profile is shifted to the left and
for points with negative curvature the profile is shifted to the right. At Ka = 540 (case A3) a
distinction between points of opposite curvature can still be seen. It is known that curvature
and strain does affect flame structure in the flamelet regime, as seen for case A1. A possible
explanation for the high correlation r that is observed in case A3 can be the short turbulent
time scale: the local curvature/strain changes rapidly and the flame structure does not have
time to respond the same way as in the flamelet regime. At Ka = 4100 (case B) there
is no relation between curvature/strain and reaction rate indicating that the time scale of
changes in curvature/strain is so short that the flame has no time to respond to the rapidly
changing curvature/strain. Similar observations were made in [38] where it was shown that
the response of a flame to strain is reduced at low Da. The model error E seen in case B is
larger than that of case A3 and cannot be explained by any correlation with local curvature
and strain. It could be due to the larger level of turbulence which induces faster random
perturbations on the flame structure.

To conclude, it seems that the model error E due to assumption (ii) as a function of
Ka behaves as follows: For a one-dimensional (planar) flame E is relatively small. When
the flame becomes wrinkled (case A1 and A2) E increases due to the growing curvature
effects. When high Karlovitz numbers are reached (case A3) E drops to a smaller value due
to weaker influence of curvature on the reaction zone. Finally, at very high Karlovitz number
(case B) E increases again which might be an effect of convection driven mixing.

4.4. Combined effect of both assumptions

The model is now evaluated for cases A1-3, B and C with non-zero filter size. When these
flames are filtered, neither assumption (i) nor (ii) holds exactly and both can contribute to
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(a) Case A1 (b) Case A3 (c) Case B

(d) Case A1 (e) Case A3 (f) Case B

(g) Case A1 (h) Case A3 (i) Case B

Figure 12: (a-c): Joint PDF of c and the difference between modelled and exact reaction rate ω̇ − ω̇e. The
colour scale is logarithmic and the numbers give the exponent of 10. The black line shows the conditional
average 〈(ω̇− ω̇e)|c〉. (d-i): Scatter plots of c and exact reaction rate. The colour scale shows mean curvature
normalized by 1/δth in (d-f) and tangential strain rate normalized by SL/δth. The black line shows the
modelled reaction rate.
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errors. Under these conditions it is not possible to discern how much of the error can be
attributed to either assumption. The conclusions from previous sections can however provide
an indication.

A direct comparison of modelled sub-grid PDFs and PDFs extracted from DNS are shown
in Fig. 13 for cases A1, A2, A3 and B using three filter sizes and three values of c̃. Case C
is not shown here since its PDFs are very similar to that of case A2. In Table 2 the match
between the PDFs and beta-distribution is quantified by the Kullback-Leibler divergence.
The match is generally better for higher Ka and smaller filter size. As seen in the figure the
error can sometimes be significant near the reaction region when the filter size is ≥ 1.

The mean error E and the correlation coefficient r are shown in Fig. 14 as functions of
filter size for all three-dimensional cases. For most cases (A3 is the exception, as was discussed
in the previous section) the correlation coefficient starts around 0.8 for the unfiltered flame,
decreases to a minimum near ∆+ = 1 and then increases for larger filters.

The error E for the scaled model generally decreases with filter size while the error of
the unscaled model tends to have a minimum for some filter size ∆+ > 1, consistently with
the observations from the one-dimensional flame in section 4.2.1. The relatively large error
and low correlation in the unfiltered flames is due only to assumption (ii), i.e. ω̇ is not well
described by the one-dimensional flame as discussed in the previous section. When the ∆+

increases the effects responsible for the deviations from assumption (ii) are averaged over.
The result of this is that the filtered field contains fewer deviations so that a larger filter
helps improving the model predictions at high Ka. Furthermore, the sub-grid PDF is likely
to be predicted with similar accuracy here as it was in the simplified-chemistry case D for
which the correlation was always high (c.f. Fig. 10). Overall the non-monotonic error and
correlation curves in Fig. 14 are consistent with a balance between the errors from the two
assumptions that were previously discussed individually. Most of the error seen in these
complex chemistry cases is however probably due to assumption (ii) which is related to the
presence of intermediate species, curvature and strain. It is also noted that the correction
factor f is effective in reducing the error also when the two assumptions are combined.

Cases A2 and C again have nearly identical values of E and r. Since these two cases only
differ by their integral length scale it can be concluded that E and r do not have a major
dependence on this parameter.

5. Conclusions

DNS data of premixed flames, both with single-step reaction and complex methane/air
chemistry, at high Karlovitz numbers have been used for a priori evaluation of a presumed-
PDF combustion model with flamelet tabulation. Filtered reaction rates of a reaction
progress variable were computed from the model and compared with the corresponding
rates obtained by direct filtering of DNS data. The main conclusions are summarized in the
following:

� For flames with complex transport and chemistry the presumed-PDF model works
better for large filter sizes than for small ones. For such flames most of the error stems
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(a) A1, c̃ = 0.5 (b) A1, c̃ = 0.7 (c) A1, c̃ = 0.9

(d) A2, c̃ = 0.5 (e) A2, c̃ = 0.7 (f) A2, c̃ = 0.9

(g) A3, c̃ = 0.5 (h) A3, c̃ = 0.7 (i) A3, c̃ = 0.9

(j) B, c̃ = 0.5 (k) B, c̃ = 0.7 (l) B, c̃ = 0.9

Figure 13: Sub-grid probability density of c at selected values of the filtered progress variable c̃. Different
cases and filter sizes are shown as indicated in the figure. Symbols show the PDF from DNS and lines show
the model beta-distribution.
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(a) Case A1 (b) Case A2

(c) Case A3 (d) Case B

(e) Case C (f) Case D

Figure 14: Error E and correlation coefficient r of the presumed-PDF model applied to a the filtered reaction
rate of turbulent flames. Error E is shown both for the unscaled (circles) and scaled (triangles) versions of
the model. Figures (a-e) shows cases A1, A2, A3, B, C and D, respectively.
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from assumption (ii), i.e. the representation of the local rates by a flamelet through
ω̇ = ω̇(c), and is therefore tied to the complex chemistry. The error at small filter sizes,
however, is found to have a minimum for the case with Ka = 540 and larger error is seen
for both larger (4100) and smaller (6 and 74) Ka. At low Ka this is believed to be due
to the strong correlation observed between curvature/strain and shift in the reaction
rate profile in the reaction progress variable coordinate. This correlation disappears
for very high Ka.

� At high Karlovitz numbers a large filter has a smoothing effect which helps reduce the
error from the flamelet assumption. This is an interesting behaviour for example for
LES of gas turbines, where filter sizes can be relatively large compared to the flame
thickness.

� The match between sub-grid probability distribution and the beta-distribution varies
from acceptable to rather poor depending on Karlovitz number, filter size and location
in the flame. The corresponding error in the filtered rate does increase with filter size
which can be problematic for practical LES where the filter size cannot be too small
if the computation should be kept affordable. This was established by studying a
flame with simplified chemistry where the flamelet assumption holds. For flames with
complex chemistry and transport this error seems to be small compared with the one
from the flamelet assumption.

� A filter size dependent scaling factor for the model was defined using a filtered one-
dimensional flame. The factor ensures that the flame speed is unaffected by filtering
for the one-dimensional flame. This factor results in a substantial reduction of the
model error for filter sizes larger than the thermal flame thickness, which is relevant
for practical LES. The same factor can be used in three-dimensional flames which
makes it inexpensive to use in LES since the factor can be pre-computed and stored.

This work has been concerned only with the flamelet assumption and the presumed PDF.
When used in practical LES, the result will also be influenced by the choice of model for the
sub-grid variance. Future follow-up studies should therefore contain both a priori analysis
of models for the sub-grid variance and a posteriori analysis where a complete LES model is
compared with a similar DNS.
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Abstract

In the combustion literature, contradictory results on the influence of turbulence on the local
thickness of a premixed flame can be found and the present paper aims at contributing to
reconcile this issue. First, different measures of local flame thickness in a turbulent flow,
e.g. area-weighted and unweighted surface-averaged values of (i) |∇c| the absolute value
of 3D gradient of the combustion progress variable c or (ii) 1/|∇c|, are studied and ana-
lytical relationships/inequalities between them are obtained. Second, the evolution of the
different flame thickness measures is explored by numerically evaluating them, as well as var-
ious terms in relevant evolution equations derived analytically. To do so, various measures
and terms are extracted from DNS data obtained from (i) a highly turbulent, constant-
density, dynamically passive, single-reaction wave, (ii) moderately and highly turbulent,
single-step-chemistry flames, and (iii) moderately and highly turbulent, complex-chemistry
lean methane-air flames. In all those cases, all studied flame thickness measures are reduced
during an early stage of premixed turbulent flame development, followed by local flame
re-broadening at later stages. Analysis of various terms in the aforementioned evolution
equations shows that the initial local flame thinning is controlled by turbulent strain rates.
The subsequent local flame re-broadening is controlled by (i) curvature contribution to the
stretch rate, which counter-balances the strain rate, (ii) spatial non-uniformities of the nor-
mal diffusion contribution to the local displacement-velocity vector Sdn, and (iii) dilatation,
which plays an important role in moderately turbulent flames, but a minor role in highly
turbulent flames. Moreover, the present study shows that differently defined measures of a
local flame thickness can be substantially different. This difference should also be borne in
mind when comparing data that indicate local flame thinning with data that indicate local
flame broadening.

Keywords: Turbulent reacting flow, turbulent combustion, flame thickness, DNS,
conditioned statistics
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1. Introduction

When a premixed flame propagates in a turbulent flow, the turbulence not only wrinkles
the flame surface, consequently increasing its area and burning rate, but can also substan-
tially affect the inner structure of the instantaneous flame as well as the local heat release
rate within it. One of the most discussed manifestations of the latter (structure) effects
consists of variations in the local flame thickness under the influence of turbulent eddies.
While such thickness variations have been attracting significant attention, this fundamental
issue is still intricate and the available data are controversial. Indeed, on the one hand there
are experimental [1, 2] and Direct Numerical Simulation (DNS) data [3] that indicate local
thinning of flames in turbulent flows. On the other hand, there are experimental [4–6] and
DNS data [7–12] that show the opposite trend. Moreover, in certain experimental stud-
ies of methane-air flames [13, 14], both local thinning and local broadening of flames was
documented at lower and larger, respectively, equivalence ratios.

As discussed in detail by Driscoll [15], there are several possible explanations for the
aforementioned opposite trends. For instance, they were argued [13, 16] to stem from the
opposite effects of a positive strain rate on the thicknesses of lean methane-air (thinning)
or lean propane-air (broadening) laminar flames. Accordingly, both local thinning and local
broadening of a flame in a turbulent flow were considered [13] to be controlled by the local
stretch rate, rather than by penetration of turbulent eddies into the flame. However, such
a clear and plausible explanation is not supported by recent DNS data that indicate local
broadening of lean methane-air flames [11, 12].

Thus, the discussed issue is not resolved and the behaviour of local flame thickness in
a turbulent flow still requires further research. The present work aims at addressing this
request both analytically, see Section 2 where different measures of the local flame thickness
and relevant evolution equations are dicussed, and numerically, i.e. by analyzing DNS data,
see Sections 3 and 4 where the DNSs are described and the computed results are analyzed.
Conclusions are summarized in Section 5.

2. Analysis

2.1. Different measures of local flame thickness

To explore the behaviour of a local flame thickness in a turbulent flow, this thickness
should be defined. In the literature, different measures of the thickness can be found, but,
most often, it is evaluated using the absolute value of the gradient of the temperature,
density, or mass fraction of a major species. In the present paper, the thickness is quantified
using the spatial gradient of the combustion progress variable c, which is equal to zero and
unity in reactants and products, respectively. Accordingly, the local flame thickness is equal
to 1/|∇c|. Even in this simplest case, there are different definitions of the mean local flame
thickness, i.e. 1/|∇c| conditionally averaged over a certain flame zone c1 < c(t,x) < c2 or
along a certain flame surface c(t,x) = ĉ.
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For any local flame or flow characteristic φ(t,x), its surface-averaged value measured at
time instant t can be either area-weighted [17], i.e.

〈φ〉
s
|ĉ,t ≡ φ|∇c|δ(c− ĉ) / |∇c|δ(c− ĉ), (1)

or unweighted, i.e.
〈φ〉

v
|ĉ,t ≡ φδ(c− ĉ) / δ(c− ĉ). (2)

Here, δ(c − ĉ) is the Dirac delta function, overline designates both ensemble and spatial
averages taken consecutively, i.e.

φ ≡ lim
M→∞

1

M

M∑
i=1

1

V

y
φ(i)(t,x) dx, (3)

M is the number of realizations in the ensemble, φ(i) pertains to the i-th realization, and
V is the considered volume, i.e. the volume of the computational domain in numerical
simulations or the volume of the burner in an experiment. By using a smaller volume
bounded by two mean iso-scalar surfaces, the above definitions can be extended to study
surface-averaged quantities conditioned to a particular zone of the mean flame brush, with
quantities conditioned to different zones being different. However, the present analysis is
restricted to bulk quantities conditioned to the entire surface of c(t,x) = ĉ, i.e. conditionally
averaged over the entire flame-brush volume. Indeed, in Eqs. (1) and (2), integration over
the volume is equivalent to integration over the surface due to the appearance of a Dirac
delta function in the numerator and denominator of both equations.

Using an equality of
t

φ|∇c|δ(c− ĉ) dx =
s
S|ĉ,t

φ ds [18–20], the area-weighted surface-

average can be re-expressed as follows

〈φ〉
s
|ĉ,t =

s
S|ĉ,t

φ ds
∧/

A|ĉ,t
∧

, (4)

where S|ĉ,t denotes the iso-surface of c(x, t) = ĉ, whose total area is A|ĉ,t ≡
s
S|ĉ,t

ds, and

the long-hat operator over any expression ψ represents the ensemble average, i.e. ψ
∧
≡

limM→∞
1
M

∑M
i=1 ψ(i) and, consequently, ψ = 1

V

t
ψ dx
∧

, see Eq. (3).

Similarly, area-weighted and unweighted quantities conditioned to a certain flame zone
can be introduced as

〈φ〉
S
|ĉ,ε,t ≡

φ|∇c|1ĉ,ε
|∇c|1ĉ,ε

= lim
M→∞

∑M
i=1

t
V
φ(i)|∇c(i)|1ĉ,ε dx∑M

i=1

t
V
|∇c(i)| 1ĉ,ε dx

;

〈φ〉
V
|ĉ,ε,t ≡

φ1ĉ,ε

1ĉ,ε
= lim

M→∞

∑M
i=1

t
V
φ(i) · 1ĉ,ε dx∑M

i=1

t
V

1ĉ,ε dx
,

(5)

respectively. Here, the sifting function 1ĉ,ε ≡ H(c − ĉ) − H(c − ĉ − ε) allows us to select c
within an interval of [ĉ, ĉ+ ε], ε is a positive number, and H(c) is Heaviside function. Then,
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the quantities 〈φ〉
s
|ĉ,t and 〈φ〉

v
|ĉ,t may be interpreted to be “fine-grained” values of φ, whereas

〈φ〉
S
|ĉ,ε,t and 〈φ〉

V
|ĉ,ε,t are its “coarse-grained” values. Even if one would expect that

〈φ〉
s
|ĉ,t = lim

ε→0
〈φ〉

S
|ĉ,ε,t ; 〈φ〉

v
|ĉ,t = lim

ε→0
〈φ〉

V
|ĉ,ε,t, (6)

the fine-grained and coarse-grained values of φ can be different for a finite ε. Therefore, the
relationship between 〈φ〉

s
|ĉ,t and 〈φ〉

S
|ĉ,ε,t or between 〈φ〉

v
|ĉ,t and 〈φ〉

V
|ĉ,ε,t should be studied.

This issue was addressed in recent papers [21, 22], where a good match of fine-grained and
coarse-grained values of various φ was demonstrated by analyzing DNS data and using a
sufficiently small ε ≤ 0.02.

It is worth remembering that both area-weighted and unweighted, fine-grained and coarse-
grained values of various quantities φ appear to be used in the literature, while methods
applied to obtain a conditioned value of φ are seldom discussed in detail. We may note
that unweighted coarse-grained surface-averaged quantities appear to be addressed in ex-
perimental papers aiming at evaluation of local flame thickness [1, 2, 5, 13, 14, 23, 24] by
measuring |∇c|, local flame curvature [14, 24–26], local strain rate [27], etc. Area-weighted
surface-averaged quantities φ were reported in some DNS papers, e.g. see Ref. [28]. In the
following, symbol 〈φ〉?,ĉ is used when discussing a surface-averaged quantity whose definition
has not been specified properly or is of minor importance for the discussed subject.

In addition to the aforementioned sources of ambiguities (i.e. different definitions of
surface-averaged quantities), there is also another ambiguity. The point is that the be-
havior of the local flame thickness is often discussed either by comparing 〈|∇c|〉?,ĉ with the
counterpart value |∇cL|(ĉ) obtained from the unperturbed laminar flame (i.e. fully-developed,
planar, 1D laminar premixed flame) or by comparing 〈1/|∇c|〉?,ĉ with 1/|∇cL|(ĉ). However,
1/〈|∇c|〉?,ĉ does not equal to 〈1/|∇c|〉?,ĉ and the difference in these two quantities should be
studied.

While some of the quantities defined above can be related using simple equations, other
quantities can be significantly different. Indeed, on the one hand, a comparison of Eqs. (1)
and (2) results directly in

〈φ〉
s
= 〈φ|∇c|〉

v
/ 〈|∇c|〉

v
and 〈φ〉

v
= 〈φ/|∇c|〉

s
〈|∇c|〉

v
, (7)

and similar relationships can be derived for coarse-grained surface-averaged quantities. On
the other hand, the difference between area-weighted and unweighted surface averages is

〈φ〉
s
− 〈φ〉

v
= Rφ,|∇c||v ·

√
〈φ′2〉

v

√
〈|∇c|′2〉

v

/
〈|∇c|〉

v
, (8)

where Rφ,|∇c||v ≡ 〈φ′|∇c|′〉v
/√
〈φ′2〉

v
〈|∇c|′2〉

v
designates the correlation between φ and |∇c|, the

prime symbol represents fluctuations in the unweighted framework, i.e., φ′ ≡ φ − 〈φ〉
v
, and√

〈φ′2〉
v

is the standard deviation of φ within the same framework. Equation (8) shows that

the difference in area-weighted and unweighted values can vanish either in an unlikely case of
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zero correlation between φ and |∇c| or in the trivial case of zero fluctuations, i.e.,
√
〈φ′2〉

v
= 0.

Such a trivial case could be relevant in a weakly turbulent environment associated with
negligible perturbations of the local flame structure. However, in a flame strongly perturbed
by turbulence, fluctuations in |∇c| along an iso-scalar surface can be significant, thus making
〈φ〉

s
and 〈φ〉

v
substantially different.

For instance, if φ = |∇c|, then, 〈|∇c|〉
s
− 〈|∇c|〉

v
= 〈|∇c|′2〉

v
/ 〈|∇c|〉

v
≥ 0, because R|∇c|,|∇c| =

1. On the contrary, if φ = 1/|∇c|, the difference 〈1/|∇c|〉
s
− 〈1/|∇c|〉

v
≤ 0 due to negative

correlation of R|∇c|,1/|∇c| ≤ 0 by virtue of Cauchy-Schwartz inequality.If we introduce other
measures of the local flame thickness, e.g. 1/ exp

(
〈ln(|∇c|)〉

s

)
and 1/ exp

(
〈ln(|∇c|)〉

v

)
, which

characterize the area-weighted and unweighted, respectively, geometrical means of |∇c| as
discussed in section 1 in supplemental material, then the following inequalities hold

1

〈|∇c|〉
s

≤ 1

exp
(
〈ln(|∇c|)〉

s

) ≤ 1

〈|∇c|〉
v

=

〈
1

|∇c|

〉
s

≤ 1

exp
(
〈ln(|∇c|)〉

v

) ≤ 〈 1

|∇c|

〉
v

, (9)

see Eqs. (7), (8) and section 1 in supplemental material.

Therefore, if the local wave thickness is characterized with a surface-averaged value of
|∇c| or 1/|∇c|, then, results of evaluation of the area-weighted 〈|∇c|〉

s
or 〈1/|∇c|〉

s
, respectively,

are associated with a smaller thickness when compared to results found for the unweighted
〈|∇c|〉

v
or 〈1/|∇c|〉

v
, respectively. This difference should be borne in mind when qualitatively

comparing published data on the thickness. Such a difference is unlikely to be the major
cause of opposite trends reported for the influence of turbulence on the local flame thickness,
but it can contribute to the inconsistency of some reported data.

Another commonly disregarded effect, i.e. transient development of premixed turbulent
flames that were studied in most experiments [29, 30] and in some DNSs, e.g. see Ref. [3],
appears to be of much more importance, as will be shown in Section 4.1. To explore this
effect more profoundly, various terms in recently derived [22] evolution equations for differ-
ently defined bulk surface-averaged measures of the local flame thickness will be analyzed in
Section 4.2. For completeness, those evolution equations and derivation of them are briefly
summarized in the next subsection.

2.2. Derivation of evolution equations

After defining several statistical measures of the local flame thickness in a turbulent flow,
let us derive evolution equations for them starting from the following well-known transport
equation for a reaction progress variable

∂c

∂t
+ u · ∇c = D + W. (10)

Here, t, u, D, and W are the time, flow velocity vector, diffusion term (e.g. ρ−1∇ · ρD∇c,
where D is the molecular diffusivity of c) and the rate of product formation, respectively. By
defining the unit normal vector n ≡∇c/|∇c|, the local displacement speed Sd ≡ (D+W)/|∇c|,
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and the “total flame speed” [31] u∗ ≡ u−nSd respectively, the “convective derivative based
on the total flame speed” [31] can be defined as

d∗

d∗t
φ ≡ ∂

∂t
φ+ u∗ · ∇φ, (11)

Eq. (10) can be rewritten in the following “kinematic” form

∂c

∂t
+ u · ∇c = Sd|∇c|, or

d∗

d∗t
c = 0. (12)

Within the adopted analytical framework, the following transport equation for |∇c|

1

|∇c|
d∗

d∗t
|∇c| = −an + n · ∇Sd = at −∇·u+∇·(Sdn)− Sd∇ · n = K −∇·u+∇·(Sdn)

(13)

is well known, see for example Eq. (38) in the seminal paper by Candel and Poinsot [31],
where notation is different, e.g. the unit normal vector points to the opposite direction.
Here, an ≡ nn : ∇u is the normal strain rate, at = ∇·u − an is the tangential stain rate,
and K = at − Sd∇·n is the stretch rate.

The stretch rate is well known [31, 32] to control the rate of change in the area ds of
an infinitesimal element of an iso-scalar surface. For instance, using the following transport
theorem

d

dt

x

S(t)

G · n ds =
x

S(t)

[
∂

∂t
G+ (u∗ ·∇)G− (G ·∇)u∗ +G∇ · u∗] · n ds (14)

withG = n, Candel and Poinsot [31] have shown that, for any iso-scalar surface, d
dt

s
S(t)

ds =
s
S(t)

(−nn : ∇u∗ +∇ · u∗) ds =
s
S(t)
K ds. Substitution of G = nφ into Eq. (14) written

for an iso-scalar surface of c(x, t) = ĉ results in

d

dt

x

S|ĉ,t

φ ds =
x

S|ĉ,t

[
∂

∂t
φ+ u∗ ·∇φ

]
ds+

x

S|ĉ,t

[−nn :∇u∗ +∇ · u∗]φ ds

=
x

S|ĉ,t

d∗

d∗t
φ ds+

x

S|ĉ,t

φK ds.

(15)

Finally, combining this equation written for φ = 1 with the definition of area-weighted,
surface-averaged stretch rate, given by Eq. (4) with φ = K, and taking ensemble average,
we arrive at

〈K〉
s
|ĉ,t =

1

A
∧
|ĉ,t

∂

∂t
A
∧
|ĉ,t. (16)

6





Equations (4) and (16) allow us to easily derive an evolution equation for the area-
weighted surface-averaged value 〈φ〉

s
of the quantity φ. Indeed, let us rewrite Eq. (4) as

follows
A
∧
〈φ〉

s
=

s
S
φ ds
∧

. (17)

Henceforth, subscript ĉ, t is skipped for brevity. Differentiation of this equality with respect
to time followed by multiplication with 1/A

∧
yields

∂

∂t
〈φ〉

s
+ 〈φ〉

s

1

A
∧
∂

∂t
A
∧

=
1

A
∧

s
S
d∗φ
d∗t

ds
∧

+
1

A
∧

s
S
φK ds
∧

(18)

using Eq. (15). Here, the symbol of partial derivative is used instead of d/dt in Eq. (15),

because 〈φ〉
s
|ĉ,t and A

∧
|ĉ,t depend not only on time, but also on ĉ. Finally, using Eqs. (4)

and (16), we arrive at the following general evolution equation for the bulk area-weighted
surface-averaged value of the quantity φ:

∂

∂t
〈φ〉

s
=

〈
d∗

d∗t
φ

〉
s

+ 〈φK〉
s
− 〈φ〉

s
〈K〉

s
. (19)

The derived evolution Eq. (19) holds (i) for an arbitrary quantity φ, (ii) for any iso-surface
of c(x, t) = ĉ with ĉ ∈ (0, 1), and (iii) for any time instant t.

If φ = |∇c|, Eqs. (13) and (19) read

∂

∂t
〈|∇c|〉

s
= 2 〈|∇c|K〉

s
+ 〈|∇c|∇·(Sdn)〉

s
− 〈|∇c|∇·u〉

s
− 〈|∇c|〉

s
〈K〉

s
. (20)

If φ = 1/|∇c|, Eqs. (13) and (19) give ∂
∂t
〈1/|∇c|〉

s
= −〈1/|∇c|∇·(Sdn)〉

s
+ 〈1/|∇c|∇·u〉

s
−

〈1/|∇c|〉
s
〈K〉

s
, which can be rewritten in another form

∂

∂t
ln 〈|∇c|〉

v
= 〈K〉

s
+ 〈∇·(Sdn)〉

v
− 〈∇·u〉

v
= 〈K〉

s
− 〈∇·u∗〉

v
, (21)

by substituting 1/|∇c|, ∇·(Sdn)/|∇c|, and ∇·u/|∇c| into Eq. (7).

If φ = ln|∇c|, Eqs. (13) and (19) read

∂

∂t
〈ln|∇c|〉

s
= 〈K〉

s
+ 〈∇·(Sdn)〉

s
− 〈∇·u〉

s
+ 〈ln|∇c|K〉

s
− 〈ln|∇c|〉

s
〈K〉

s
. (22)

Equations (20), (21), and (22) hold at all iso-surfaces of c(x, t) = ĉ ∈ (0, 1), for all time
instants, and also for a general premixed flame. In Section 4.1, behavior of each term in
these equations is explored by analyzing DNS data with the focus of the analysis being placed
on (i) transient effects during flame development, (ii) physical mechanisms that control the
transient effects, and (iii) differences between differently defined measures of the local flame
thickness.
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2.3. Statistically stationary relationships

By definition, when a reaction wave evolves into a statistically stationary state (denoted
by t∞ in the following), the time derivative of any statistical quantity becomes zero. More-
over, Eq. (16) shows that the fully-developed bulk conditioned stretch rate vanishes, i.e.
〈K〉

s
|ĉ,t∞ = 0. Consequently, Eqs. (20), (21) and (22) at t∞ reduces to three relations for all

ĉ ∈ (0, 1), respectively, as

2 〈|∇c|K〉
s
|ĉ,t∞ + 〈|∇c|∇·(Sdn)〉

s
|ĉ,t∞ = 〈|∇c|∇·u〉

s
|ĉ,t∞

〈∇·(Sdn)〉
s
|ĉ,t∞ − 〈∇·u〉s |ĉ,t∞ = −〈ln|∇c|K〉

s
|ĉ,t∞ ,

〈∇·(Sdn)〉
v
|ĉ,t∞ = 〈∇·u〉

v
|ĉ,t∞ .

〈
1

|∇c|
∇·(Sdn)

〉
s

|ĉ,t∞ = 0� |
〈

1

|∇c|
K
〉

s

|ĉ,t∞ .
(23)

3. Computational setup

In the rest of the paper, behaviour of various measures of the local flame thickness
will be discussed by analyzing five representative cases selected from three different 3D
DNS databases obtained from statistically 1D planar turbulent flames. The first database
(a single representative highly turbulent case C) addresses the simplest relevant problem,
i.e. propagation of a dynamically passive single-reaction wave in constant-density turbulent
flow. As will be discussed later, these simplifications allow us to significantly extend the
statistical sampling as well as to facilitate investigations on a number of issues. The second
database (one moderately turbulent case F and one highly turbulent case G) was obtained in
simulations of complex-chemistry methane-air flames. The third, intermediate database (one
moderately turbulent case D and one highly turbulent case E) deals with singe-step chemistry,
but variable-density flames. A comparison of results extracted from the three significantly
different databases will offer an opportunity to explore effects of density variations and
combustion chemistry on trends revealed in the simulations.

Since the first and second DNS sets were discussed in detail in Refs. [33–38] and [39, 40],
respectively, and the third DNS set was performed by simplifying the chemical mechanism
invoked in the second DNS set, we will restrict ourselves to a very brief summary of the
simulations and refer the interested reader to the cited papers for further numerical infor-
mation.

3.1. Governing equations for reacting flows at low Mach numbers

At low Mach numbers, the pressure can be decomposed into a spatially uniform ther-
modynamic pressure P (t) and a hydrodynamic pressure p(x, t) [41]. In unconfined flows
addressed in the rest of the present paper, P (t) is constant. If Soret/Dufort effects and
radiation heat transfer are not considered, then, a reacting flow containing Nsp species is
governed by the following transport equations which describe, respectively, the conservation
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of total mass, species mass, energy, and momentum:

∂ρ

∂t
+∇ · (ρu) = 0, (24)

∂ρYk
∂t

+∇ · (ρuYk) = −∇ · (ρYkV k) + ω̇k, for k ∈ [1, ..., Nsp − 1], (25)

ρCp

(
∂T

∂t
+ u ·∇T

)
= ET +∇ · (λ∇T )−

Nsp∑
k=1

hkω̇k, (26)

∂ρu

∂t
+∇ · (ρuu) = −∇p+∇ · τ + f (27)

and the equation of state reads P = ρRT
∑Nsp

k=1 Yk/Wk. Here, T is the temperature, R is
the universal gas constant, λ is the molecular heat conductivity of the mixture, Yk, Wk, and
ω̇k are, respectively, mass fraction, molecular weight, and rate of production or consumption
of the k-th species. The diffusion velocity is modeled using the Curtiss-Hirschfelder approx-
imation V k = −(Dk/Xk)∇Xk +

∑Nsp

m=1Dm(Ym/Xm)∇Xm, where Xk ≡ Yk(
∑Nsp

m=1Wm)/Wk

is the mole fraction of the k-th species, Dk is its molecular diffusivity, the transport term
ET = ρ∇T ·

∑Nsp

k=1Cp,kYkV k, Cp,k is the specific heat capacity of the k-th species under

constant-pressure, Cp =
∑Nsp

k=1 YkCp,k is the specific heat capacity of the mixture, hk =

h298
k +

´ T
298
Cp,kdT is the enthalpy of the k-th species, and h298

k is its enthalpy of formation.
In the momentum Eq. (27), f is an external forcing term, which will be described later, and
the viscous stress tensor is modeled as follows τ = µ(∇u+ (∇u)T − 2

3
I(∇ ·u)), where I is

the identity matrix.

3.1.1. Methane-air flame

A lean (the equivalence ratio is equal to 0.6) premixed methane-air flame considered in
this work burns at atmospheric pressure (P = 1 bar). The flame chemistry is modeled using
a mechanism by Smooke and Giovangigli [42], which contains 35 reactions and Nsp = 16
species. All the mixture and species characteristics, i.e. Wk, Cp,k, Cp, Dk, λ, and ν, are
evaluated using the NASA polynomials.

For a complex chemistry flame, various reaction progress variables can be defined, e.g.
c = (Yk − Yk;u)/(Yk;b − Yk;u) using mass fractions of different major species. Here, subscript
u and b designate unburned mixture and equilibrium combustion products, respectively.
In the present work, a progress variable cp based on a product (H2O) mass fraction, will
be used. Accordingly, in Eq. (10), D = −∇ · (ρYH2OV H2O)/ρ/(YH2O;b − YH2O;u) and W =
ω̇H2O/ρ/(YH2O;b − YH2O;u).

3.1.2. Single-reaction exothermic flames

In the case of the single-step chemistry, there are two species (Nsp = 2), fuel and product,
whose mass fractions are designated with Y1 and Y2 = 1− Y1, receptively. In this case, the
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thermodynamic and transport proprieties are assumed to be constant for both the fuel and
product. In particular, W1 = W2 =0.029 kg/mole, ρD1 = ρD2 = µ/Pr/Le, Cp,1 = Cp,2 =
Cp = 7R/(2W1), µ = 1.82 × 10−5 m2/s, the Lewis number Le = λ/(ρCpD1) = 1, and the
Prandtl number Pr = Cpµ/(ρλ) = 0.3. The single reaction of Y1 → Y2 is considered to be
irreversible and to have Arrhenius rate ω̇1 = −ρY 1.6

1 /τR · exp [−ZeΘ2Tu/(Θ− 1)/T ] and a
prescribed heat release h298

2 −h298
1 = (Θ−1)TuCp. Here, Tu=300 K is the temperature on the

fresh fuel side, τR = 5× 10−10 s is the reaction time scale, the density ratio Θ = ρu/ρb = 5.6
(as in the lean methane-air flame), and Ze = 9(Θ − 1)/Θ is the Zeldovich number. The
combustion progress variable is defined as follows c = Y2 = 1− Y1.

3.1.3. Constant-density, single-reaction wave

When considering a dynamically passive, single-reaction wave propagating in an equidif-
fusive, constant-density mixture, the governing Eqs. (24), (25) and (26) are reduced to

∇·u = 0, (28)

and
∂c

∂t
+ u · ∇c = D∇2c+ ω̇, (29)

where c is the reaction progress variable and the diffusivity D = const. The reaction rate
is modeled as ω̇ = (1 − c)/(1 + θ)/τR · exp [−Ze(1 + θ)2/θ/(1 + θc)] where τR is a constant
reaction time scale, θ = 6 and Ze = 6. Note that Eq. (29) is a simplified form of Eq. (10)
with D = D∇2c and W = ω̇. The momentum Eq. (27) reads

∂u

∂t
+ (u · ∇)u = −ρ−1∇p+ ν∇2u + ρ−1fu, (30)

where the density ρ, dynamic viscosity µ, and kinematic viscosity ν = µ/ρ are uniform
within the entire reaction wave, i.e. the reaction does not affect them. The vector-function
fu = f/ρ is a low-wavenumber forcing function, which was used in the present simulations
following Lamorgese et al. [43].

To emphasize that this constant-density reaction wave differs significantly from a flame,
we will often use terms “reaction wave”, “reaction progress variable”, etc. in the rest of the
paper. Nevertheless, for brevity, we will also use the term “flame” when referring to results
obtained in all studied cases.

3.2. Boundary/initial conditions and turbulence forcing

All DNSs under consideration address propagation of statistically one-dimensional, pla-
nar reaction wave or premixed flames in the x-direction in a rectangular domain of di-
mensions Λx × Λ × Λ represented using a uniform grid of Nx × N × N cubic cells. The
transverse boundary (y = 0, y = Λ, z = 0, or z = Λ) conditions are periodic. In
the simulations of the constant-density reaction wave, an additional periodic condition
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Table 1: Five representative DNS cases

Case Reactions ρb/ρu
Λx

Λ
Nx

u0
SL

L11

δF

δF
∆x

η
∆x

Da Ka Ret
C 1 1 8 2048 60 1.2 24 1.07 0.02 390 89
D 1 5.6 3 192 13 1.2 12 0.62 0.098 70 80
E 1 5.6 3 768 56 0.9 47 0.82 0.016 640 260
F 35 5.6 2 256 18 1.1 23 0.83 0.060 130 120
G 35 5.6 2 1024 210 0.5 94 0.43 0.0025 7660 660

is set at the inlet (x = 0) and outlet (x = Λx) boundaries. In other words, when a
constant-density reaction wave reaches the left boundary (x = 0) of the computational
domain, the identical reaction wave enters the domain through its right boundary (x = Λx).
Such a method discussed in detail elsewhere [34–36] allows us to improve sampling statis-
tics by simulating many cycles of wave propagation through the computational domain,
but the method may only be used in the case of ρ =const and ν =const. Accordingly,
in the simulations of flames, inlet and convective outlet boundary conditions are set at
x = 0 and x = Λx, respectively. The axial-velocity averaged over the inlet boundary, i.e.
UIn(t) = 1

Λ2

s Λ,Λ

0,0
u(0, y, z, t)dydz, is adjusted during each simulation to keep the flame close

to the domain center, i.e. 1
Λ2

t Λx,Λ,Λ

0,0,0
cf (x, y, z, t)dxdydz ≈ Λx/2.

In all cases, the initial (t = 0) turbulence fields are generated as follows. A fluctuating
velocity field is first synthesized from prescribed Fourier waves [44] with an initial rms velocity
u0, an integral scale `0 = Λ/4, and Reynolds number Re0 = u0`0ρu/µu. Subsequently, a non-
decaying incompressible turbulent field is simulated by integrating Eqs. (28) and (30) using
a forcing function fu. Turbulence fields characterized by the same rms velocity u′ ≈ u0, but
different longitudinal integral length scales L11 are generated [36] by appropriately adjusting
fu following Lamorgese et al. [43]. At t > 3.5τ 0

t , where τ 0
t = `0/u

′, the generated turbulence
is homogeneous (see Fig. 2 in Ref. [33]), isotropic (see Fig. 1 in Ref. [35]), and statistically
stationary (see Fig. 2 in Ref. [36]), with volume-averaged values of u′ or the dissipation
rate of the turbulent energy being very close to u′0 or weakly oscillating around 1.6u′0

3/`0,
respectively, see Fig. 1 in Ref. [34]. A ratio of L11/Λ is always less than 0.20 [36]. To
simulate variable-density flames, the initial turbulence field is also continuously fed into the
computation domain through the inlet boundary to supply the upstream fluctuating velocity
during the computations.

At t > 0, the flow simulation is performed solving Eqs. (28) and (30) in the case of
a constant-density reaction wave. When simulating flow in flames, Eqs. (24) and (27) are
solved with f = ρfu/ρu. This forcing term f inhibits artificial energy injection on the burned
side of a flame due to a lower density of combustion products.

3.3. DNS cases

Major characteristics of the five cases analyzed in the following are summarized in Table
1, where Da = τt/τF and Ka = τF/τη are the Damköhler and Karlovitz numbers, respec-
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tively, the thickness δF is calculated as follows δF = D/SL in the constant-density case C or
δF = (TL,b − TL,u)/|∇TL|max in the flames D-G, τF = δF/SL is the laminar flame time scale,
τt = L11/u

′ and τη = (ν/ε)1/2 are integral and Kolmogorov time scales of the turbulence, re-
spectively, the dissipation rate ε = 2νSijSij, the Kolmogorov length scale η = (ν3/ε)1/4, and
the turbulent Reynolds number Ret = u′L11/ν are evaluated in the constant-density turbu-
lent flow of fresh reactants, and ∆x is the grid cell size. Case C addresses a constant-density
single reaction wave, cases D and E deal with single-step-chemistry premixed turbulent
flames, and cases G and F are complex-chemistry cases. Flames D and E propagate into
moderately intense turbulence, whereas three other cases are highly turbulent cases.

It should be noted that an “effective” Karlovitz number experienced by local heat-release
zones in a premixed turbulent flame can be significantly lower than Ka evaluated in the
upstream turbulent flow and reported in Table 1. This difference results from (i) dilation, (ii)
an increase in the mixture viscosity due to heat release, and (iii) inhibition of the turbulence
forcing term toward the burned product side. Accordingly, in spite of a very large value
of Ka = 7660 in case G (a lower Karlovitz number Ka′ = (u′/SL)3/2(δF/L11)1/2=4100 is
reported in an earlier paper [40]), this flame is associated with transition from thin reaction
zone to distributed reaction regimes of premixed turbulent combustion.

3.4. Solution methods

The governing equations are numerically integrated using an in-house DNS solver [45].
Temporal integration of the transport equations is based on a 2nd order symmetrical Strang
splitting method [46], i.e. a full time step of chemistry integration is placed between two
half-time-step integrations of a sum of the diffusion and convection terms. The diffusion
term calculation is further split into multiple sub-steps of explicit integration starting with
a Runge-Kutta scheme and followed by an Adam-Bashforth scheme. In the case of complex-
chemistry flames, the thermodynamic and transport coefficients are evaluated at each full
time step and are interpolated to each sub time-step for the diffusion calculations. The size
of the full and sub time-steps are given by the CFL condition and the diffusive stability limit,
respectively. The stiff chemistry integration is performed with a high order ODE solver [47].

A 6th order central difference scheme is used for all terms containing spatial derivatives
with the exception of the convection terms in Eq. (25), (26), or (29) ,which are discretized
using a 5th order WENO scheme [48] to avoid numerical overshooting. In flames, the resulted
variable-coefficient Poisson equation for pressure fluctuations is solved adopting an efficient
multi-grid method [49]. When exploring constant-density reaction waves, the pressure equa-
tion reduces to a fully-periodic constant-coefficient Poisson equation, which is solved using
FFTW [50]. The reacting-flow solver was successfully applied to studies of complex-chemistry
flames [39, 40, 51–54], single-step-chemistry flames [55], and constant-density reaction waves
[33–38, 56].
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3.5. Sampling statistics from the constant-density reaction wave

The simplifications of constant density offers an opportunity to sample various statistics
with a high accuracy, as described below. Both fully-developed and transient reaction waves
were simulated starting from the pre-computed laminar-wave profile of cL(ξ) with dcL/dξ >
0. In order to study a fully-developed turbulent reaction wave, a planar wave cs(x, 0) = cL(ξ)

was initially (t = 0) released at x0 = Λx/2 such that
´ 0

−∞ cL(ξ)dξ =
´∞

0
[1 − cL(ξ)]dξ and

ξ = x− x0. Subsequently, evolution of this field cs(x, t) was simulated by solving Eq. (29).
Computations of the fully-developed statistics with sampling every 100 time steps ∆t were
started after t > 5τ 0

t and were performed over a time interval longer than 50τ 0
t .

In order to study the transient phase of constant-density wave evolution, several copies
of the same pre-computed laminar wave profile cL(ξ) were simultaneously embedded into
the turbulent flow in M equidistantly separated planar zones centered around xm/Λx =
(m − 0.5)/M, i.e., ctm(x, t∗) = cL(ξm), where coordinates ξm = x − xm were set using´ 0

−∞ cL(ξm)dξm =
´∞

0
[1 − cL(ξm)]dξm and m was an integer number (1≤ m ≤ M =15).

Subsequently, evolutions of M transient fields ctm(x, t) were simulated by solving M inde-
pendent Eq. (29), with these fields affecting neither each other nor the turbulent flow in
the studied case of ρ=const and ν=const. Accordingly, all M transient fields ctm(x, t) were
independent from each other and a distance between iso-surfaces of two different transient
fields did not affect computed results. The transient simulations were run over 2τ 0

t before
being reset. Subsequently, at t = t∗+ 2jτ 0

t with 1 ≤ j ≤ J , the flow was again populated by
M new profiles of cL(ξm) and the transient simulations were repeated. Therefore, the total
duration of the simulations was t∗ + 2Jτ 0

t .

The time-dependent statistics was restricted to a time interval of 2τ 0
t and was computed

by averaging the DNS data over the entire ensemble (m = 1, ...,M) ofM different ctm(x, t)-
fields and over J time intervals of t∗ + 2(j − 1)τ 0

t ≤ t ≤ t∗ + 2jτ 0
t , where j = 1, ...J .

Accordingly, the total number of realizations was equal to M = M× J . For comparison,
the fully-developed statistics sampled from a single cs(x, t)-field is associated with M =
2Jτ 0

t /(100∆t) realizations. Such a method, i.e. simulations of M independent transient
fields, significantly increased the sampling counts for calculating transient statistics and
was already applied to studying self-propagation of an infinitely thin front in homogeneous
isotropic turbulence [33, 34]. In supplementary material, the top image in Fig. 14 shows
simultaneous snapshots of a few non-interfering ct-waves and the cs-wave, which evolve in
the same background turbulence, see the second image in Fig. 14.

Statistics were computed on the fly while running the constant-density simulations.

3.6. Sampling statistics from exothermic flames

Unlike the constant-density reaction wave, the reactions and flow are coupled in a flame.
Accordingly, a standard setup was used to obtain statistics. Each flame simulation was
initialized by embedding a single pre-computed laminar flame with profiles of Yk;L(ξ), ρL(ξ),
and TL(ξ) into the forced turbulence field. The profiles were centered at x0 = Λx/2.
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Subsequently, a single realization of each flame was simulated and statistics were com-
puted by post-processing data snapshots that were stored every 500∆t. When discussing
results obtained from flames D, E, and F, the term “fully-developed” will refer to statistics
averaged over t > 5τt. In cases D and E, such statistics were computed during a time interval
of 40τt. In case F, the fully-developed statistics were sampled during a time interval of 15τt.
Due to (i) high computational costs of the DNS of the highly turbulent complex-chemistry
case G and (ii) a large ratio of t/τt required for that flame to become fully developed,1 the
fully-developed stage of flame development was not reached in this case. Nevertheless, due to
a very high Karlovitz number and complex chemistry, case G appears to be of great interest.
Accordingly, when discussing results obtained from fully-developed flames, data averaged
from 12τt to 22τt in case G will also be reported for qualitative comparison in certain figures
in Sections 4.2.2 and 4.2.3. The bottom image in Fig. 14 in supplementary material shows
a snapshot of flame G.

3.7. Computation of surface-averaged qantities

Due to the lack of Dirac-delta functions, Eq. (4) provides a direct method for numerically
calculating the surface-averaged values of various φ, including |∇c| or 1/|∇c|. In a practical
CFD code, which deals with a discrete grid, the fields of c(i)(t,x) are often represented using
an iso-surface extraction algorithm such as the marching cube method. Accordingly, the
implicit surface S(i) of c(i)(t,x) = ĉ can be extracted as a collection of triangulated surface
elements. Subsequently, the area-weighted integration in Eq. (4) can be approximated by
summing the product of each triangular area with the value of φ interpolated to the triangle
center.

At the same time, Eqs. (5) and (6) suggest an alternative numerical approach to calculate
the fine-grained area-weighted surface averages. The spatial integration (

t
φ(i)|∇c(i)| 1ĉ,ε dx)

in Eq. (5) can be approximated by summing the product of each grid cell volume with the
value (φ|∇c|1|ĉ,ε) at the cell center. This approach is simple and is adopted in the present work
for numerically extracting fine-grained area-weighted surface averages. A recent analysis
[21, 22] of DNS data obtained from the reaction wave C shows that, even in such a highly
turbulent case, the two aforementioned approaches yield very close values of 〈φ〉

s
for various

relevant quantities φ provided that ε in Eqs. (5) and (6) is sufficiently small, e.g. ε ≤ 0.02,
and the realization number is sufficiently large, e.g. M > 100.

Similarly, the fine-grained unweighted surface-averaged values of various φ are evaluated
using Eqs. (5) and (6). In case C, the total number of realizations was set M > 1000 (or
M > 400) when computing the fully-developed averages (or transient averages at 0 ≤ t ≤
2τ 0
t , respectively). Other numerical details are discussed elsewhere [21, 22].

1Figure 3a in Ref. [12] clearly shows that an increase in Ka results in increasing time required for a
complex-chemistry premixed turbulent flame to become fully developed.
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4. Result and Discussion

4.1. Thinning/broadening of flames

To explore behavior of the local flame thickness, three different quantities, i.e., 1/ 〈|∇c|〉
s
,

1/ 〈|∇c|〉
v

and 1/ exp(〈ln|∇c|〉
s
), are considered in the present section. They are different mea-

sures of the thickness and are directly relevant to the separation distance between neighboring
iso-surfaces. In the rest of this section, each of these three quantities will be called a thick-
ness for brevity and will be normalized with the corresponding laminar value, which is the
same and is equal to 1/ 〈|∇cL|〉s for each of them. Accordingly, the same symbol δc will be
used to designate any of the normalized thicknesses when discussing trends common for all
of them.

Figures 1a and 1b show the temporal evolution of the normalized thicknesses conditioned
to either c(x, t) = 0.3 associated with the mixing zone or c(x, t) = 0.88 associated with the
reaction zone, respectively, in the constant-density case C. These data were averaged over
many realizations of the studied process.

Plotted in Fig. 2 are similar results conditioned to c(x, t) = 0.2 and 0.8, respectively, and
simulated in the variable-density cases D-G. Due to high computational costs, each of the
figure panels show results obtained from a single realization.

Finally, Fig. 1c reports dependencies of the three thicknesses on ĉ in the developing
constant-density reaction wave C and Fig. 3 shows such dependencies obtained from the
fully-developed flames (at t∞) in cases C, D, E, and F. In the variable-density cases D-F,
the fully-developed thicknesses were evaluated by averaging their time-dependent values at
t > 5τt. As indicated in Figs. 2a-c and 2e-g, the thicknesses do show the fully-developed
behavior in these three cases at t > 5τt. When discussing fully-developed flames, the highly
turbulent case G is excluded from the consideration, because a too long time is required to
reach a statistically stationary state at so high Ka, see Figs. 2d and 2h.

The following trends observed in Figs. 1-3 are worth noting. First, in line with Eq. (9),
the inequalities 1

/
〈|∇c|〉

s
≤ 1
/

exp(〈ln|∇c|〉
s
) ≤ 1

/
〈|∇c|〉

v
, hold for each iso-surface c(x, t) = ĉ ∈

(0, 1), in each case, and at various t. Second, the major features of the transient evolutions
of all thicknesses are similar in different (constant density and single-step-chemistry, variable
density and single-step chemistry, variable density and complex chemistry) cases. At early
instants, the thicknesses are decreased, but the trend is opposite at a later stage of the
reaction-wave or flame development. In the high Ka cases C (constant density and single-
step chemistry), E (variable density and single-step chemistry), and G (variable density and
complex chemistry), the normalized thickness |∇cL|/ 〈|∇c|〉s can be as low as 0.2 in the mixing
zone.

Nevertheless, third, there are minor differences between the cases. In particular, in
the constant-density case C, the temporal evolutions of the thicknesses show only minor
differences between the mixing and reaction zones, see Figs. 1a and 1b. Accordingly, at
various instants, each normalized thickness depends weakly on ĉ ∈ (0, 1), see Figs. 1c and
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3a. In the variable-density cases D-G, the transient behavior of the thicknesses depends on ĉ,
cf. the top and bottom rows in Fig. 2. In particular, the local minima of the δc(t)-curves are
much more pronounced for the preheat zone (ĉ = 0.2) when compared to the reaction zone
(ĉ = 0.8). This difference between case C and cases D-G could be attributed to reduction
of the influence of turbulence on iso-scalar surfaces at larger ĉ due to dissipation of the
smallest-scale turbulent eddies, caused by combustion-induced dilatation and an increase in
the local viscosity of the mixture with ĉ [15].

Fourth, while certain influence of thermal expansion on the evolution of δc(t) is observed,
comparison of Figs. 2a,b,e and f and Figs. 2c and g does not indicate any notable influence
of combustion chemistry on the evolution of δc(t).

Fifth, an increase in Ka results in increasing duration of an early “thinning” stage char-
acterized by δc(t) < 1, cf. Figs. 2d and h with Figs. 2c and g. This effect appears to be
a manifestation of an increase in the duration of flame-development stage by Ka (if the
duration is measured in terms of integral time scales). It is worth remembering, however,
that the integral time scale is very small at high Ka due to large values of u′.

Sixth, as far as fully-developed thicknesses δc(t∞) are concerned, the difference between
〈|∇cL|〉s/ 〈|∇c|〉s, 〈|∇cL|〉s/ 〈|∇c|〉v, and 〈|∇cL|〉s/ exp(〈ln|∇c|〉

s
) is significantly larger in the constant-

density case C when compared to variable-density cases D-F provided that ĉ > 0.5 in cases D
and E (single-step chemistry) or 0.5 < ĉ ≤ 0.8 in case F (complex chemistry), see Fig. 3. This
effect is also associated with the aforementioned dissipation of the smallest-scale turbulent
eddies within local flames.

Seventh, the difference between 〈|∇cL|〉s/ 〈|∇c|〉s, 〈|∇cL|〉s/ 〈|∇c|〉v, and 〈|∇cL|〉s/ exp(〈ln|∇c|〉
s
)

depends weakly on 0 < ĉ < 1 in the constant-density case C, see Fig. 3a. In cases D and
E (variable density and single-step chemistry), the difference depends weakly on ĉ at large
ĉ > 0.6, but the difference increases with decreasing ĉ at lower ĉ, see Figs. 3b and 3c. The
latter trend is also observed in the complex-chemistry case F, see Fig. 3d, but, in this case,
the difference is strongly increased at large ĉ. This effect is associated with the appearance
of relatively thick recombination zones within complex-chemistry premixed flames [57]. Such
thick recombination zones seem to be more prone to local broadening by small-scale turbulent
eddies that are still too large to broaden the thin reaction zones.

Eighth, differently defined thicknesses can indicate opposite trends regarding thinning or
broadening of the flames. For instance, Fig. 3a shows that, at various ĉ in the fully-developed
reaction wave C, 〈|∇cL|〉s/ 〈|∇c|〉s |t∞ is less than unity implying a local thinning effect, whereas
〈|∇cL|〉s/ 〈|∇c|〉v |t∞ is larger than unity implying a local broadening effect. The same trend is
seen in the variable-density case E at 0.2 < ĉ < 0.6, see Fig. 3c. It is also worth noting that,
by applying other diagnostic tools to the same DNS data, it was recently demonstrated [21]
that the use of 〈1/|∇c|〉

v
for characterizing the local thickness of the fully-developed reaction

wave C yielded even more significant local broadening, in line with Eq. (9).

Finally, while the “geometrical mean” thickness 1/ exp(〈ln|∇c|〉
s
)|t∞ was rarely reported

in the literature, it is closest to the laminar reference value at almost all ĉ in all four fully-
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developed cases C-F.

4.2. Evolution equations for thinning/broadening of reaction wave

In this section, the behavior of various terms in Eqs. (20), (21), and (22), which describe
the evolution of Ψ = 〈|∇c|〉

s
|ĉ,t, Ψ = ln 〈|∇c|〉

v
|ĉ,t, and Ψ = 〈ln|∇c|〉

s
|ĉ,t, respectively, will be

discussed by analyzing the DNS data. More specifically, the transient behavior of the terms
will be addressed in Sect. 4.2.1. Then, dependencies of various terms on ĉ in the fully-
developed wave C, fully-developed flames D-F, and moderately developed flame G will be
considered in Sect. 4.2.2. Finally, terms that contain the displacement speed Sd will be
decomposed into three subterms, which describe the contributions due to curvature, normal
diffusion, and reaction [58, 59], and each sub-term will be considered in Sect. 4.2.3.

Before presenting these results, it is worth stressing that, for all three evolution equations,
the residual magnitudes are much less than the magnitudes of the lhs term or the sum of
the rhs terms for almost all iso-surfaces of ĉ ∈ (0, 1) and at almost all studied instants,
as discussed in detail in a recent paper [22], where the DNS data obtained in case C are
analyzed.

4.2.1. Evolution of various terms in constant-density single-reaction wave

Since (i) the δc(t)-curves obtained from the constant-density reaction wave C and flames
D-G look qualitatively similar, cf. Figs. 1a and 1b with Fig. 2, and (ii) computing sta-
tistically solid values of the discussed terms is highly expensive when simulating developing
flames, the contents of this subsection will mainly be restricted to case C. In this case, reliable
statistics were obtained by averaging numerical data over many realizations (M > 400).

Shown in the left and middle panels in Figs. 4, 5, and 6 are the transient behaviors
of various terms in Eqs. (20), (21), and (22), respectively, which describe the evolution of
Ψ = 〈|∇c|〉

s
|ĉ,t, Ψ = ln 〈|∇c|〉

v
|ĉ,t, and Ψ = 〈ln|∇c|〉

s
|ĉ,t, respectively. Results conditioned to

ĉ = 0.3 and ĉ = 0.88 associated with the mixing and reaction zones, respectively, are plotted
in the left and middle panels, respectively. For any Ψ, the time derivative ∂

∂t
Ψ (red dots in

the aforementioned figures) was evaluated by (i) taking a sequence of transient Ψ calculated
at 20 sampling instants, i.e. ti = (i2/200)τ 0

t with i = (1, .., 20), and (ii) applying a discrete
approximation of time derivative to this sequence. Moreover, dependencies of the terms on
ĉ, extracted at a single representative instant t = 0.74τt, are reported in the right panels.
Furthermore, the transient behaviors of various terms in Eq. (20) obtained from flames F
and G are shown in Fig. 15 of supplemental material for qualitative comparison. Since these
results are limited to a single realization, they should be interpreted with care.

Red points in the left and middle panels in Figs. 4, 5, and 6 show that the evolutions of
the time derivatives ∂

∂t
Ψ is consistent with the evolutions of Ψ = 〈|∇c|〉

s
|ĉ,t, Ψ = ln 〈|∇c|〉

v
|ĉ,t,

and Ψ = 〈ln|∇c|〉
s
|ĉ,t, respectively, reported in Figs. 1a and 1b. All three time derivatives start

at zero at t = 0 and rise rapidly to a peak value of the positive magnitude, thus, indicating
the local thinning of the reaction wave (its local thickness is inversely proportional to |∇c|).
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Subsequently, the time derivatives decrease, change their sign, reach a local minimum, and,
finally, relax back to zero in the fully-developed wave.

To explain such a behavior of ∂
∂t

Ψ, let us begin with exploring the evolutions of various
terms on the rhs of Eq. (21), because, in the considered constant-density case C, there are
only two terms on the rhs. Figures 5a and 5b show that, at the early stage, i.e. t/τt < 0.2
if ĉ = 0.88 or t/τt < 1.0 if ĉ = 0.30, term 〈∇·(Sdn)〉

v
(squares) is close to zero, because the

surface is weakly wrinkled. On the contrary, the stretch-rate term 〈K〉
s

(pentagrams) rapidly

grows and results in increasing Ψ = ln 〈|∇c|〉
v
|ĉ,t. Accordingly, ∂

∂t
ln 〈|∇c|〉

v
≈ 〈K〉

s
during this

stage and the observed thinning of the wave is consistent with Batchelor’s classical theory
of turbulent stretching of material lines [60].

At larger t/τt, the stretch-rate term 〈K〉
s

decreases from its peak value to zero, whereas
term 〈∇·(Sdn)〉

v
begins to play an important role when the surface is sufficiently perturbed

by turbulent eddies. The latter term decreases from zero at a low t/τt to a minimum value
and, then, relaxes back to zero. Thus, each of the two terms reaches a single extreme value
(maximum for 〈K〉

s
and minimum for 〈∇·(Sdn)〉

v
) during its evolution. Accordingly, at a

sufficiently large t/τt, the derivative ∂
∂t

ln 〈|∇c|〉
v
|ĉ,t begins to decrease with time and becomes

negative at a larger t/τt, thus, indicating the local reaction-wave broadening. An instant
associated with the change in sign of the derivative from plus to minus depends on ĉ, because
term 〈∇·(Sdn)〉

v
depends on ĉ, see squares in Fig. 5c.

Let us consider the behaviors of various terms on the rhs of Eq. (20), which describes
the evolution of Ψ = 〈|∇c|〉

s
|ĉ,t. Figure 4a and 4b show that, at 0 < t/τt < 0.2, term

〈|∇c|∇·(Sdn)〉
s
≈ 0 (squares), and the early thinning of the reaction wave is controlled by

the difference between a larger positive term 2 〈|∇c|K〉
s

(pentagrams) and a smaller negative

term −〈|∇c|〉
s
〈K〉

s
(triangles). During this stage, the lhs term ∂

∂t
〈|∇c|〉

s
looks like a mirror

of the small negative term −〈|∇c|〉
s
〈K〉

s
in Figs. 4a and 4b. This observation implies that

∂
∂t

ln 〈|∇c|〉
s
≈ 〈K〉

s
during the discussed early stage.

At larger t/τt, the negative term−〈|∇c|〉
s
〈K〉

s
has a low magnitude, but term 〈|∇c|∇·(Sdn)〉

s

begins to play an important role by reducing ∂
∂t
〈|∇c|〉

s
. For the corresponding wave thickness,

the fully-developed data plotted in red circles in Fig. 3a indicate the local broadening of
the wave, thus, implying that term 〈|∇c|∇·(Sdn)〉

s
makes the derivative ∂

∂t
〈|∇c|〉

s
negative at

sufficiently large t/τt, but this effect is not observed in Figs. 4a and 4b, probably, because
such an evolution stage was not reached in the present transient simulations. It is also worth
noting that, contrary to Eq. (21), all terms on the rhs of Eq. (20) depend on ĉ, see Fig. 4c.

Figures 6a and 6b show that, at 0 < t/τt < 0.2, the time derivative ∂
∂t
〈ln|∇c|〉

s
(dots) is

also close to the surface-averaged stretch rate 〈K〉
s
(pentagrams), but, due to a small positive

difference 〈ln|∇c|K〉
s
− 〈ln|∇c|〉

s
〈K〉

s
(triangles) on the rhs of Eq. (22), the difference between

∂
∂t
〈ln|∇c|〉

s
and 〈K〉

s
is larger than the difference between ∂

∂t
ln 〈|∇c|〉

v
and 〈K〉

s
in Fig. 5. At

larger t/τt, the positive difference 〈ln|∇c|K〉
s
− 〈ln|∇c|〉

s
〈K〉

s
is much larger than the stretch

rate 〈K〉
s
. All terms on the rhs of Eq. (22) depend weakly on ĉ during the wave development,

see Fig. 6c.
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The major trend observed in Figs. 15a and c in supplemental material, where results
obtained from flames F and G are reported, are consistent with the already discussed be-
haviors of terms −〈|∇c|〉

s
〈K〉

s
, 〈|∇c|∇·(Sdn)〉

s
, and 2 〈|∇c|K〉

s
in the constant-density wave C.

The initial thinning of the flames is controlled by the positive stretch-rate term 2 〈|∇c|K〉
s

(pentagrams). Subsequently, the negative term 〈|∇c|∇·(Sdn)〉
s

(squares) in the highly turbu-
lent case G and also the negative term −〈|∇c|〉

s
〈K〉

s
(triangles) in moderately turbulent case

F overwhelm the stretch-rate term and result in decreasing the time derivative ∂
∂t
〈|∇c|〉

s
, i.e.

the local flame broadening. The dilatation term −〈|∇c|∇·u〉
s

(circles) is negative during the
flame development and works to locally broaden the flame. However, this term, as well as
term −〈|∇c|〉

s
〈K〉

s
, plays a minor role in the highly turbulent case G. Thus, in both highly

turbulent constant-density reaction wave C and highly turbulent complex-chemistry flame
G, the evolution of 〈|∇c|〉

s
is mainly controlled by the two terms; 2 〈|∇c|K〉

s
and 〈|∇c|∇·(Sdn)〉

s
.

In both cases, these two dominating terms depend on ĉ, see Figs. 4c and 15f in supplemental
material.

All in all, the discussed results show that the local thicknesses of the reaction wave
and flames are decreased due turbulent stretching during an earlier development stage, but
effects caused by the wave or flame propagation, i.e. terms 〈|∇c|∇·(Sdn)〉

s
, 〈∇·(Sdn)〉

v
, and

〈∇·(Sdn)〉
s

in Eqs. (20), (21) and (22), respectively, begin to play a more important role
when the local wave or flame surface is sufficiently complicated at a later stage. Accordingly,
the latter effects result in increasing the local thicknesses.

4.2.2. Fully-developed relations

The ĉ-dependencies of all fully-developed (t∞) terms in Eqs. (20), (21), and (22) are
reported in Fig. 7 for Ψ = 〈|∇c|〉

s
, Fig. 8 for Ψ = ln 〈|∇c|〉

v
, and Fig. 9 for Ψ = 〈ln|∇c|〉

s
,

respectively. In addition to data obtained in cases C-F, results computed by simulating the
1D reference laminar CH4-air flame L (associated with case F and G) are also presented in
these figures. As fas as the high-Ka flame G is concerned, results discussed in the following
were averaged from 12τt to 22τt, whereas the fully-developed stage of the flame development
was not reached in case G in the present DNS study.

As discussed in Sect. 2.3, for a fully-developed wave at t∞, the surface-averaged Eqs.
(20), (21), and (22) reduce to three relations in Eq. (23). Accordingly, for each equation,
the sum of the rhs terms vanishes, see solid lines with pluses. Moreover, in line with the
contents of Sect. 2.3, terms 〈|∇c|〉

s
〈K〉

s
(triangles in Fig. 7), 〈K〉

s
(pentagrams in Figs. 8 and

9), and 〈ln|∇c|〉
s
〈K〉

s
(left-pointing triangles in Fig. 9) also vanish. Furthermore, in line with

second relation in Eq. (23), terms 〈∇·(Sdn)〉
v
|t∞,ĉ and 〈∇·u〉

v
|t∞,ĉ on the rhs of Eq. (21)

counterbalance one another almost completely, see the squares and circles in Fig. 8.

It is of interest to note that differences between the ĉ-dependencies of various fully-
developed terms, obtained in different cases (constant-density single-reaction wave C, single-
step-chemistry flames D and E, laminar complex-chemistry flame L, and turbulent complex-
chemistry flames F and G), manifest themselves differently for different equations. In par-
ticular, first, the fully-developed terms on the rhs of Eq. (21) show a similar behavior in
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laminar and turbulent or in single-step and complex chemistry flames. In all these cases,
there are two dominating terms 〈∇·(Sdn)〉

v
|t∞,ĉ and 〈∇·u〉

v
|t∞,ĉ, which counterbalance one

another, as already noted above. On the contrary, in the fully-developed constant-density
single-reaction wave C, these terms vanish, as well as other terms on the rhs of Eq. (21).

Second, various terms on the rhs of Eq. (20) show similar behavior in the three very
different highly-turbulent cases C (constant-density single-reaction wave), E (single-step-
chemistry flame), and G (complex-chemistry flame), see Fig. 7. In each of these three
cases, there are two dominating terms, 2 〈|∇c|K〉

s
(pentagrams) and 〈|∇c|∇·(Sdn)〉

s
(squares),

which counterbalance one another. In two other turbulent cases D and F characterized
by significantly lower Ka, these two terms are of significant importance, but the dilatation
term 〈|∇c|∇·u〉

s
plays a substantial role also. In the laminar case L, the stretch term 2 〈|∇c|K〉

s

vanishes and term 〈|∇c|∇·(Sdn)〉
s

is counterbalanced by the dilatation term. Thus, as far as
the fully-developed terms on the rhs of Eq. (20) are concerned, (i) thermal expansion effects
manifest themselves in appearance of the negative dilatation term 〈|∇c|∇·u〉

s
, which (ii) plays

the dominating role in the laminar flame, but (iii) is of minor importance at high Ka. Figure
7 does not indicate a significant effect associated with complex chemistry.

Third, various fully-developed terms on the rhs of Eq. (22) show similar behavior in
turbulent single-step (D and E) and complex-chemistry (F and G) flames, cf. Figs. 9b and
9c with Figs. 9e and 9f, respectively, but the behavior of these terms in constant-density
single-reaction wave C or the complex-chemistry laminar flame L are very different. Again,
(i) role played by the dilatation is reduced with increasing Ka, cf. Figs. 9b and 9c or Figs.
9d, 9e, and 9f, and (ii) no significant effect associated with complex chemistry is observed,
cf. Figs. 9b and 9e or Figs. 9c and 9f.

4.2.3. Decomposition of the displacement speed

In the combustion literature, DNS data are often analyzed by decomposing the dis-
placement speed Sd into three contributions due to curvature Scd, normal diffusion Snd , and
reaction SWd [58, 59], i.e. Sd = Scd + Snd + SWd , where SWd ≡ W/|∇c|, Scd ≡ D∇·n and
Snd = Dn · ∇(n · ∇c)/|∇c| in cases C-E or Snd ≡ Sd − SWd − Scd in complex-chemistry flames
F and G. Accordingly, the stretch rate term 〈K〉

s
on the rhs of Eq. (21) can be presented as

a sum of the four terms 〈Kt〉s, 〈S
c
d∇·n〉s, 〈S

n
d∇·n〉s, and

〈
SWd ∇·n

〉
s

Shown in Fig. 10 are evolutions of the bulk surface-averaged stretch rate 〈K〉
s
and various

contributions to it in the constant-density single-reaction wave C. At an early stage of the
wave development, the evolution of 〈K〉

s
(pentagrams) is controlled by the tangential strain

rate 〈Kt〉s (right-pointing triangles), in line with Batchelor’s classical theory [60]. At low
t/τt, term 〈Kt〉s rapidly grows with time, reaches a peak value at t/τt ≈ 0.4 and, then,
decreases. The curvature term 〈Scd∇·n〉s (circles), which is small at low t/τt, monotonously
grows with time, and counterbalance the strain term 〈Kt〉s in the fully-developed wave, all
other terms are negligible at various t/τt. Thus, the evolution of the surface-averaged stretch
rate 〈K〉

s
is controlled by the surface-averaged tangential strain rate 〈Kt〉s and the surface-

averaged curvature term 〈Scd∇·n〉s. Note that the latter term is never negative, because
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〈Scd∇·n〉s = D 〈(∇·n)2〉
s
≥ 0. Therefore, the curvature contribution −〈Scd∇·n〉s to the stretch

rate 〈K〉
s

works to reduce the rate.

Similarly, the term 〈∇·(Sdn)〉
v
, which counteracts the stretch-rate term 〈K〉

s
on the rhs

of Eq. (21), can be decomposed as 〈∇·(Sdn)〉
v

=
〈
∇·(SWd n)

〉
v

+ 〈∇·(Sndn)〉
v

+ 〈∇·(Scdn)〉
v
.

The evolution of this term and the three contributions to it are shown in Figs. 11a and 11b
in case C. As expected, 〈∇·(Sdn)〉

v
is controlled by the normal-diffusion term 〈∇·(Sndn)〉

v
in

the mixing zone (ĉ = 0.30, squares and triangles in Fig. 11a), because the reaction rate
vanishes there, see pluses in Fig. 11c. Even in the reaction zone (ĉ = 0.88, Fig. 11b), the
magnitude of the normal-diffusion contribution 〈∇·(Sndn)〉

v
is significantly larger than the

magnitude of the reaction contribution
〈
∇·(SWd n)

〉
v

during the wave development, but the
two contributions counterbalance one another in the fully-developed wave.

Indeed, since 〈∇·(Sdn)〉
v
|t∞,ĉ = 〈∇·u〉

v
|t∞,ĉ in the fully-developed reaction wave, see Eq.

(21) and the second term vanishes if the density is constant, the normal-diffusion and reaction
contributions fully counterbalance one another in the fully-developed wave C, see triangles
and pluses in Fig. 12a. Even in variable-density cases D-G and L, the two fully-developed
terms counterbalance one another almost completely, while small differences due to dilatation
are observed in Figs. 12b-12h.

While Figs. 10-12 indicate that the curvature term 〈∇·(Scdn)〉
v

(circles) has a negligible
magnitude, this result does not mean that the curvature term plays a minor role in flame-
turbulence interaction. Indeed, while the local flame curvature averaged over the entire
flame brush is well known to be close to zero (and this is the cause of a low magnitude of
〈∇·(Scdn)〉

v
), the local flame curvature evaluated at the leading (trailing) edge of the flame

brush is positive (negative) for simple topological reasons and such highly curved reaction
zones can play an important role in the flame propagation. This issue is beyond the scope
of the present paper and is discussed in detail elsewhere [30, 61].

Finally, as far as the curvature contribution 〈Scd∇·n〉s to the fully-developed surface-
averaged stretch rate 〈K〉

s
is concerned, Fig. 13 indicates that it is of substantial importance

at various ĉ. As expected, 〈Kt〉s (right-pointing triangles) and 〈Sd∇·n〉s (squares) counterbal-
ance one another in order for 〈K〉

s
(pentagrams) to vanish in the fully-developed flames. Note

that a comparison of Figs. 13b and 13c with Figs. 13d and 13e, respectively, does not indi-
cate a notable effect of complex chemistry on the behavior of the considered surface-averaged
terms.

4.3. Discussion

The reported numerical results appear to shed a light on the inconsistencies between
published experimental and DNS data on the local flame thicknesses δc in turbulent flows.
As already noted in Sect. 1, on the one hand, certain experimental data and simulations of
strained complex-chemistry laminar premixed flames imply that the influence of turbulence
on δc is controlled by turbulent strain rates, with positive strain rates reducing (increasing)
the thickness of a lean methane-air (propane-air, respectively) flame [13, 15, 16]. On the
other hand, recent DNS data showed local broadening of lean methane-air flames [11, 12].
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The present results offer the following explanation of this apparent inconsistency. On
the one hand, premixed turbulent flames investigated in the vast majority of laboratory
experiments are developing flames, as discussed in detail elsewhere [29, 30]. Accordingly,
results plotted in Figs. 1 and 2 do show that the normalized δc(t) is less than unity during
an earlier stage of flame development in all studied cases, including complex-chemistry lean
methane-air flames. Moreover, Figs. 4-6 indicate that this local flame thinning is controlled
by turbulent stretch rates. Furthermore, Fig. 10 shows that the surface-averaged stretch rate
is mainly controlled by turbulent strain rates during the discussed stage of flame development.

Thus, all these figures considered together imply that, during an earlier stage of premixed
turbulent flame development, local flame thickness is mainly controlled by turbulent strain
rates. For single-step-chemistry flames and lean methane-air flames F and G studied in the
present work, the thickness is statistically reduced under the influence of the strain rates,
but results from simulations of lean propane-air strained laminar flames [13] imply that
the local thickness of lean propane-air flames is statistically increased under the influence of
turbulent strain rates during an early stage of the flame development. Therefore, the present
DNS study supports (does not contradict to) the aforementioned explanation [13, 15, 16] of
the experimental data on the local thinning (broadening, respectively) of lean methane-air
(propane-air, respectively) premixed turbulent flames.

We may also note that DNS data obtained by Thevenin [3] from three premixed methane-
air turbulent flames and reported at t/τ 0

t = 1.66 for one flame and at t/τ 0
t = 1.0 for two

other flames indicate thinning of local preheat zones, with the effect being more pronounced
at smaller t/τ 0

t , see Fig. 5 in the cited paper. These trends are also consistent with the
present results and the above interpretation of them.

On the other hand, in the DNS studies [11, 12], long flame evolution time was allowed
and the fully-developed state (which was likely to depend on the width of the computational
domain) was obtained. In line with those DNSs, Figs. 2 and 3 of the present work indi-
cate local flame broadening during a late stage of development of lean methane-air flames.
Figures 4-6 imply that such a local flame broadening is controlled by self-propagation of
wrinkled iso-scalar surfaces and also by dilatation (if turbulence is insufficiently strong to
overwhelm the dilatation, cf. the top and bottom panels in Fig. 15 in supplemental mate-
rials), whereas the surface-averaged stretch rate plays a minor role during the late stage of
flame development, e.g., because strain-rate and curvature contributions to 〈K〉

s
counterbal-

ance one another almost completely in the constant-density reaction wave C, see Fig. 10.
In the fully-developed flames, terms that involve ∇·(Sdn) can work in opposite directions
depending on the chosen measure of the local flame thickness. In particular, squares in
Fig. 7 show that such terms work to reduce 〈|∇c|〉

s
in turbulent flows (the effect is opposite

in the laminar flame L), whereas squares in Fig. 8 indicate the opposite trend for 〈|∇c|〉
v
.

In the latter case, the local flame broadening is controlled by dilataion, see circles, which
significantly affects 1/ 〈|∇c|〉

v
= 〈1/|∇c|〉

s
even in highly turbulent flames.
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Figure 1: Evolutions of three normalized local thicknesses δc(t) specified in legends conditioned to the mixing
zone (a, ĉ = 0.3) and the reaction zone (b, ĉ = 0.88), as well as dependencies of the three thicknesses on ĉ
at t = 0.32τ0t = 0.74τt (c). Case C.
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Figure 2: Evolutions of three normalized local thicknesses δc(t) specified in legends conditioned to the preheat
zone (ĉ = 0.2, top row) and the reaction zone (ĉ = 0.8, bottom row), computed in cases D (a and e), E (b
and f), F (c and g), and G (d and h). In cases F and G, the combustion progress variable characterize the
normalized mass fraction of H2O.
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Figure 3: Dependencies of three normalized, fully-developed local thicknesses δc(t∞) specified in legends on
ĉ in cases C (a), D (b), E (c), and F (d).
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Figure 4: Evolutions of all terms in Eq. (20), specified in legends and conditioned to the mixing zone (a,
ĉ = 0.3) and the reaction zone (b, ĉ = 0.88), as well as dependencies of these terms on ĉ at t = 0.74τt (c).
Case C. All terms are normalized by SL/δF .
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Figure 5: Evolutions of all terms in Eq. (21), specified in legends and conditioned to the mixing zone (a,
ĉ = 0.3) and the reaction zone (b, ĉ = 0.88), as well as dependencies of these terms on ĉ at t = 0.74τt (c).
Case C. All terms are normalized by SL/δF .
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Figure 6: Evolutions of all terms in Eq. (22), specified in legends and conditioned to the mixing zone (a,
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Case C. All terms are normalized by SL/δF .
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Figure 10: Evolutions of 〈K〉
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and various contributions to it, specified in legends and conditioned to the
mixing zone (a, ĉ = 0.3) and the reaction zone (b, ĉ = 0.88), as well as dependencies of these terms on ĉ at
t = 0.74τt (c). Case C. All terms are normalized by SL/δF .
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Figure 11: Evolutions of 〈∇·(Sdn)〉
v

and various contributions to it, specified in legends and conditioned to
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at t = 0.74τt (c). Case C. All terms are normalized by SL/δF .
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ĉ, obtained in cases C (a), D (b), E (c), L(d), F(e), and G (f). All terms are normalized by SL/δF .
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5. Conclusions

Different measures of local flame thickness in a turbulent flow, e.g. area-weighted and
unweighted bulk surface-averaged values of |∇c| or 1/|∇c|, were studied and analytical rela-
tionship between them, given by Eq. (9), was obtained. Behaviour of different thicknesses
and different terms in relevant evolution equations, i.e. Eqs. (20), (21), and (22), were
numerically explored by analyzing DNS data obtained from (i) highly turbulent, constant-
density, dynamically passive, single-reaction wave C, (ii) moderately and highly turbulent,
single-step-chemistry flames D and E, respectively, and (iii) moderately and highly turbulent,
complex-chemistry lean methane-air flames F and G, respectively.

In all these cases, all studied surface-averaged local flame thicknesses are reduced dur-
ing an earlier stage of premixed turbulent flame development, followed by local flame re-
broadening at later stages. The magnitude of the initial reduction effect is larger in the
constant-density reaction wave C when compared with flames D-G. In the flames, the mag-
nitude of the effect is larger at higher Karlovitz number.

Governing physical mechanisms of such an evolution of the thicknesses were explored
by analyzing DNS data obtained from the constant-density reaction wave C. The obtained
results show that the initial local wave thinning is controlled by a rapid increase in a positive
surface-averaged stretch rate 〈K〉

s
. In turn, the increase in 〈K〉

s
(t) is controlled by an increase

in a positive surface-averaged strain rate 〈Kt〉s. At a later wave-development stage, 〈K〉
s
(t)

begins to decrease with time, because the positive strain rate is counterbalanced by negative
surface-averaged stretch rate 〈Sd∇·n〉s due to the local wave curvature. In turn, this neg-
ative curvature term is controlled by a sub-term 〈Scd∇·n〉s that involves curvature-induced
displacement speed Scd. Simultaneously, self-propagation of wrinkled iso-surfaces, i.e. nega-
tive terms that involve ∇·(Sdn) in the aforementioned evolution equations, begins to play
a more important role by statistically reducing |∇c|, thus, locally broadening the reaction
wave. This effect is mainly controlled by the normal-diffusion contribution Snd to Sd, but the
reaction contribution also plays a role by partly counterbalancing Snd in the reaction zone.

Analysis of DNS data obtained from single-step and complex-chemistry flames indicated
trends that were qualitatively similar to the trends in the constant density waves discussed
above. Any important effect associated with complex chemistry has not been revealed. Due
to density variations, dilatation terms in the studied evolution equations play an impor-
tant role in moderately turbulent flames, but this role is typically reduced with increasing
Karlovitz number. However, at a late stage of flame development, such a reduction effect is
not observed for the dilatation term in the evolution equation for the unweighted surface-
averaged 〈|∇c|〉

v
. For this measure of the local flame thickness (note that 1/ 〈|∇c|〉

v
= 〈1/|∇c|〉

s
),

the dilatation term plays an important role (increases the thickness) in the single-step-
chemistry flame E even at a large Ka of 640.

The present study suggests the following explanation of an apparent inconsistency be-
tween experimental data that showed local thinning of lean methane-air flames [13, 15, 16]
and DNS results that indicated the opposite trend [11, 12]. The point is that rig-dependent
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experimental data are typically obtained from developing flames, where local flame thin-
ning under the influence of turbulent strain rates can dominate, as demonstrated in the
present work. On the contrary, the aforementioned DNS statistics [11, 12] were sampled
from well-developed flames where the strain effect was likely to be overwhelmed by local
flame broadening due to (i) self-propagation of wrinkled iso-surfaces and (ii) dilatation.

Finally, the present study shows that differently defined measures of a local flame thick-
ness can be substantially different. This difference should be borne in mind when comparing
data from different (experimental or DNS) papers and, in particular, when comparing data
that indicate local flame thinning with data that indicate local flame broadening.
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Nomenclature

A Area

Cp Heat capacity at con-
stant pressure

D,D Diffusion coefficient

Da Damköhler number

D Diffusion term

H Heaviside function

I Identity matrix

J Number of time inter-
vals

Ka Karlovitz number

K Stretch rate

L11 Longitude integral scale

Le Lewis number

M Realization number

M Number of transient
waves

N Cell numbers in y or z

Nx Cell numbers in x

Pe Péclet number

Pr Prandtl number

Ra,b Correlation of a and b

Re Reynolds number

Re0 Initial Reynolds number

R Universal gas constant

SL Laminar wave speed

Sd Displacement speed

Sij Velocity strain tensor

T Temperature

V Volume

V Diffusion velocity

W Species molecular
weight

W, ω̇ Reaction rate

Y Species mass fraction

Ze Zeldovich number

an Normal strain rate

at Tangential strain rate

ĉ Reference value of c

c Reaction progress vari-
able

c∗ c value at maximum
W(c)

cs Fully-developed c-field

ct Developing c-field

cL c-profile in the laminar
wave

cp Reaction progress based
on H2O

dx Infinitesimal small vol-
ume

ds Infinitesimal small area

f Forcing function

h Specific enthalpy

h298 Specific enthalpy of for-
mation

`0 Initial integral scale

n Unit normal vector

p, P Pressure

t Time

t∗ Starting sampling time

t∞ Statistically stationary

u Flow velocity

u∗ Total flame speed

u′ rms velocity

u0 Initial rms velocity

x Space

∆t Computational time
step

∆x Grid spacing

δ Dirac delta function

δF Laminar wave thickness

ε Small positive number

ε Dissipation rate

φ, ψ Arbitrary quantity

Λ Domain length in y or z

Λx Domain length in x

λ Thermal conductivity

ρ Density

τ Viscous stress tensor

τF Laminar wave time scale

τR Reaction time scale

τη Kolmogorov time scale

τt Integral time scale

τ0
t Initial integral time

scale

Θ Density ratio

θ Reaction parameter

µ Dynamic viscosity

ν Kinematic viscosity

1ĉ,ε Sifting selection func-
tion

d∗

d∗t Convective derivative
based on total flame
speed

(·)′ Fluctuation

(·)u, (·)b Quantity on un-
burned/burned state

〈·〉
S

Coarse-grained area-
weighted average

〈·〉
V

Coarse-grained un-
weighted average

(·)
∧

Ensemble average

(·) Ensemble and spatial
average

〈·〉
s

Fine-grained area-
weighted average

〈·〉
v

Fine-grained un-
weighted average
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Supplementary Material

1. Additional inequalities

If numerical integration over a continuous surface in Eq. (4) is associated with summation
over a discrete set of surface elements with the same small area ds, then,

〈φ〉
s
=

∑M
j=1 φ(j) ds∑M
j=1 ds

=
1

M

M∑
j=1

φ(j), (31)

where M =
∑M

i=1A(i)/ ds is the total count of the surface elements for all M realizations
over the entire surface. Accordingly,

exp
(
〈ln|∇c|〉

s

)
= exp

(
1

M

M∑
j=1

ln|∇c|(j)

)
=

(
M∏
j=1

|∇c|(j)

)1/M

, (32)

i.e. exp
(
〈ln|∇c|〉

s

)
is the geometrical mean of |∇c|, whereas

〈|∇c|〉
s
=

1

M

M∑
j=1

|∇c|(j), (33)

is the arithmetic mean of |∇c|.
Moreover, Jensen’s inequality can be applied to obtain certain relationship between dif-

ferent measures of the conditioned local flame thickness. According to this inequality, if
values of a concave function Ψ(q) are measured M times, then∑M

j=1 w(j)Ψ
(
q(j)

)∑M
j=1w(j)

≤ Ψ

(∑M
j=1w(j)q(j)∑M
j=1w(j)

)
(34)

holds for positive weights w. Consequently,

1

〈|∇c|〉
s

≤ 1

exp
(
〈ln(|∇c|)〉

s

) ≤ 〈 1

|∇c|

〉
s

. (35)

The left (or right) inequality results from substitution of Ψ(q) = ln(q), w = 1, and q = |∇c|
(or q = 1/|∇c|, respectively) into Eq. (34), followed by taking exponents of both terms in
the obtained inequality.

Similarly, by associating numerical integration in Eq. (2) with summation over a discrete
set of equal volumes dx and substituting Ψ(q) = ln(q), w = 1, and q = |∇c| or q = 1/|∇c|
into Jensen’s inequality, we arrive at

1

〈|∇c|〉
v

≤ 1

exp
(
〈ln(|∇c|)〉

v

) ≤ 〈 1

|∇c|

〉
v

. (36)





2. Additional figures

Figure 14: (a) Three simultaneously-embedded, non-interfering, constant-density developing (t = 0.9τ0t )
reaction waves ct(i)(x, t) with i = 1, 6, and 11 (color iso-surfaces and fields) and the fully-developed reaction

wave cs(x, t) (gray iso-surface and field). Both the peak-reaction-rate iso-surface (ĉ = 0.88) and 2D image
of the c-field on the xz (the transient waves) or xy (the fully-developed wave) boundary surface are shown
for each wave. (b) 3D turbulence field visualized using Lambda2-vortex method (i.e. iso-contours of the
intermediate eigenvalue of the strain rate tensor in case C. (c) 3D turbulence field (gray Lambda2 vortexes),
the iso-surface of YH2O(x, t) = 0.055, and 2D image of the YH2O(x, t)-field in case G.
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Figure 15: Evolutions (a, b, d, e) of all terms on the rhs of Eq. (20), specified in legends, and the sum of
them, as well as dependencies of these terms on ĉ at t = τt (c and f). Terms conditioned to the preheat zone
(ĉ = 0.2) or the reaction zone (ĉ = 0.8) are reported in panels a and d or b and e, respectively. (a-c) flame
F, (d-f) flame G. All terms are normalized by SL/δF .
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