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Popular Summary

A superconductor is a special material that, when cooled below some critical
temperature, behaves differently than a conventional conductor. One says that
the material passes from a normal (ordinary) state to a superconducting state. The
particular behavior of a superconductor yields astonishing electrical and magnetic
properties, which have attracted the interest of physicists and mathematicians
for decades, and deserved many Nobel prizes in Science. Moreover, research in
superconductivity area has important applications in cutting-edge domains such as
medicine (NMR and MRI), transportation (maglev trains) and quantum computers.
However, the high cost of implementation due to the very low critical temperatures
of the so far known superconductors is still limiting their usage. Therefore, an
ultimate goal of scientists is to discover new superconductors with higher critical
temperature (for instance room-temperature superconductors). If such a goal is
reached, this would be one of the biggest technological revolution of the era.

An amazing electrical property of a superconductor is the total loss of its
electrical resistance, once dropping below its critical temperature. In this case,
an applied electric current can circulate almost forever in the superconductor
without any loss of energy (loss in the form of heat). Another striking magnetic
property of a superconductor is the expulsion of exterior magnetic fields; a cooled
superconductor creates a shield forbidding an applied magnetic field to penetrate
through it (Figure 1). However, if the applied magnetic field is sufficiently strong
then it will be able to break this defence-shield and invade the material, forcing
the invaded region to transition into a normal state again. This passage to the
normal state can be partial (in certain parts of the material) or global (in the whole
material), according to the type of the superconductor (Type I vs Type II) and
to the intensity H of the applied field. For instance, if we submit an extreme
Type II superconductor to a constant magnetic field while continuously increasing
its intensity, we then observe different superconductivity states (Figure 2):
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Figure 2: Schematic representation of the different

Figure 1: Cooled below its critical temperature, superconductivity states of a generic extreme Type II
a superconductor expels a weak exterior magnetic superconductor submitted to a constant magnetic
field. The arrows represent the magnetic field lines. field. The three surfaces represent a 2-dimensional
(©Geek3/CC BY 3.0) cross-section of a long smooth wire subjected to

increasing intensity values, H, of the magnetic field.
The superconductor is below its critical temperature
T.. The grey regions carry superconductivity.

* The bulk (interior) superconductivity state: The whole material is uniformly
superconducting.

* The surface (boundary) superconductivity state: Superconductivity disappears
from the interior, but is still uniformly distributed along the boundary.

* 'The normal state: Superconductivity is destroyed in the whole material.

In the description above, we assume that the superconducting sample is a two-
dimensional cross-section of a long smooth wire. The aforementioned behavior of
the superconductor, in presence of a constant magnetic field, has been intensively
explored in the literature. In addition, many publications have addressed the
superconductor performance when submitted to a smooth but not necessarily
uniform magnetic field. The contribution of this thesis lies in considering a new
situation where the applied magnetic field exhibits discontinuity jumps along certain
curves of the sample—the magnetic edge (Figure 4). In our study, we continuously
increase the intensity of the magnetic field and record the superconductivity
distribution and strength along the sample. Compared to the constant field case,
new superconductivity states appear in the sample, where bulk superconductivity
exclusively exists near the magnetic edge as opposed to the whole interior (Figures 4a
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Figure 3: Possible states of a superconducting sample submitted to a discontinuous magnetic field. The dashed
curves represent the magnetic edge.

@ ® © @ ©

Figure 4: When an extreme Type II superconductor is subjected to our discontinuous magnetic field, new
superconductivity states are observed at certain levels of the intensity of the magnetic field. The dark regions are
superconducting while the white regions are in a normal state.

and 4b). Also, surface superconductivity can be localized along some parts of the
boundary (Figures 4c and 4d). When the field’s intensity is increased to higher
levels, superconductivity completely disappears and the whole sample switches to
the normal state (Figure 4¢). This uniquely happens at a specific critical value of the
intensity; we show that this normal state persists as long as the intensity is above
this critical value. Right before permanently transitioning to the normal state, we
prove that superconductivity nucleates near the intersection of the magnetic edge
and the boundary (Figure 4d).

Our theoretical study is modelled by the Ginzburg—Landau theory which is
greatly recognized in both physics (quantum mechanics) and mathematics (partial
differential equations). As a mathematician, I mainly focus on exploring this theory
in the particular case of the discontinuous magnetic field. I am also interested in
the potential real-world applications of our findings, especially in light of the recent
experiments that made it possible to create such kind of discontinuous fields.
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Introduction

The fascination of superconductivity is
associated with the words perfect,
infinite and zero.

Brian Maple

1 Superconductivity

Superconductors radically differ from normal materials by the way the electrons
or electric currents move through the material. This peculiar way creates unique
electrical and magnetic properties of superconductors, distinguishing them from
other traditional conductors, making superconductivity one of the biggest discoveries
in the 20th century.

The history of superconductivity began in 1911 during experiments conducted
by the Dutch physicist H. K. Onnes, three years after he had succeeded to liquefy
helium gas. While using the liquid helium to cool the mercury metal to an extremely
low temperature, he observed an unexpected behaviour of mercury: it was known
that when metals are cooled, their electrical resistance continuously falls until it
vanishes at 0 K. That year, Onnes’ experiments put an end to this previously held
knowledge when, cooled at 4 K, the electrical resistance of the mercury metal
suddenly fell to zero. So, mercury became a perfect conductor and once an electric
current was applied, this current remained almost forever (estimated decay time of
10° years).

It was later discovered that a large category of materials exhibit this electrical
behaviour, namely, they admit characteristic critical temperatures under which they
pass from the normal state to a superconducting state where the electrical resistance

XxXi
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Figure 1: Schematic representation of a superconductor in its mixed state. The magnetic flux penetrates the
sample through the vortices. The sample is in a normal state in the vortex core, and superconducting elsewhere.

vanishes. Consequently, any electric current circulating through the material is
essentially permanent, and is referred to as supercurrent’. These electrical properties
are the first hallmark of superconductivity.

The second hallmark is the striking magnetic behaviour of superconductors.
Unlike the standard performance of materials, superconducting ones repel weak
external magnetic fields (Meissner effect). But if the magnetic field is sufficiently
strong, it penetrates the material switching it from the superconductivity state to the
normal state. In 1957 and through a famous work [Abrs7], A. Abrikosov introduced
Type II superconductors which have a more surprising response to applied magnetic
fields. Whereas Type I superconductors, the known superconductors before
Abrikosov discovery, directly switch between a purely superconducting state and
a normal state when the intensity of the applied magnetic field reaches a certain
value—the critical field H ., Type Il superconductors undergo several phase-transitions
while increasing the field’s intensity. We present three main phase-transitions
identified by two values of the field’s intensity—the critical fields' H; and H;: when
the fields intensity is below H( , the material is in a perfect superconductivity state
and Meissner effect is observed. Between HC1 and H, o mixed state occurs where
the applied field partially penetrates the material through vortices (see Figure 1).
A. Abrikosov [Abrs7] predicted that these vortices form triangular lattices. In
1967, Essman and Trauble [ET67] provided the first image of vortex lattice®. The

"We stick to the notation of the critical fields in the literature. A second critical, He,, marking
a particular phase-transition, will be introduced later in this introduction, when we become more
specific in our presentation (see Section 4).

*For vortex lattice images, visit https://bit.1ly/2G6P2VS
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Figure 2: Schematic phase-diagrams illustrating the magnetic response of Type I (left) and Type II (right)
superconductors to a constant applied magnetic field, according to the intensity H of the field and the
temperature T of the superconductor. 7, and 7} are the critical temperatures and H, Hg, and Hg, are the
critical fields determining the different phase-transitions. The samples are assumed to be 2D cross-sections of
generic superconducting materials. The grey regions of the superconductor carry superconductivity, while the
white regions are in a normal state.

interior of each vortex is in a normal state. While increasing the intensity, the
vortex density grows and superconductivity is finally destroyed at H, ([SSo7]).
Above this intensity, the material stays in the normal state. This is illustrated in
Figure 2. The above discussion on the phase-transitions is quite informal, and is
done for generic superconductors submitted to constant magnetic fields. A more
careful description of the magnetic behaviour of a Type II superconductor will be
provided later in this introduction. One may also refer to the physics literature for
more details about this phenomenon (e.g. [LGso,S]G63,S]ST69,dG96, Ting6]).

Although Type II superconductors were considered as exotic at the time of
their discovery, Abrikosov stated in his Nobel lecture (in 2003) that virtually all
new superconducting compounds, discovered since early 1960s up to the time of
his lecture, are Type II superconductors.

The electrical and magnetic behaviour of supvotexerconductors induces astonishing
properties such as the extremely high current carrying density, the ultra high
sensitivity to magnetic fields, the magnetic levitation and the close to speed of
light signal transmission, which have widely opened the gate for a huge number
of important applications in cutting-edge fields such as medicine (MRI, MEG,
MCG, NMR...), transportation (Maglev train), and quantum computers.

xxiii
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However, the expensive cost of implementation and the low critical temperatures
of superconductors are still limiting their usage, and physicists are continuously
developing new record-high-temperature superconductors, with the ultimate goal of
coming up with a room-temperature superconductor (to the best of our knowledge,
the latest discovery’ at the time of writing this thesis was the pressurized hydrogen
sulfide [Carrs] that reached a superconducting state at —70°C, with the caveat of
smelling like rotten eggs!). If such ultimate goal is attained, many believe it will be
one of the most staggering discovery in the recent history of mankind.

2 Ginzburg-Landau theory

Several physicists had tried to model the superconductivity phenomenon, like the
brothers London [LL3s], Ginzburg and Landau[GL6s] then Bardeen, Cooper and
Schrieffer[BCSs7]. Our problem is modeled by the Ginzburg—Landau (GL) theory.
Aside from being of great recognition in physics with hundreds of works, GL theory
has become a large PDE research field with a big amount of contributions in the
last decades. It is a macroscopic theory based on the consideration of a complex-
valued function y~—the order parameter—in determining the superconducting
state of a material. In 1950, V. Ginzburg and L. Landau introduced this theory
as a phenomenological model of superconductivity. Later, it was described as a
limit of the Bardeen—Cooper—Schrieffer (BCS) microscopic theory, introduced
in 1957, which relates the superconducting state to the existence of Cooper pairs
of superconducting electrons. In 1957, Abrikosov used GL theory to explain
certain experiments on superconducting alloys, and consequently to present Type-
IT superconductors.

In addition to their importance in modelling superconductivity phenomenons,
Ginzburg-Landau techniques have also been successfully used in the analysis of
the models of Bose—Einstein condensates [Afto6], and Gross—Pitaevskii model
for superfluidity [TT9o, Sero1]. It is not surprising that works related to this
model have been awarded many Nobel prizes* (Landau 1962, Ginzburg 2003 and
Abrikosov 2003).

Performing some reductions and normalisation [Tin96, SSo7], the 2D GL

’In 2019, the U.S. Navy has filed for a patent, claiming building a room-temperature
superconductor (https://bit.1ly/2UHjM7P).

*Other Nobel laureates in superconductivity: Bardeen, Cooper, Schrieffer, Esaki, Giaever, Kapista,
Wilson, Penzia, Bednorz, Miiller [Vidg3].
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model can describe the state of a superconductor, below its critical temperature,
through the following Gibbs energy:

2 Kz
%K,H(y,A)=f0(|(v_l-KHA)¢| Ry Sl da

+K2H2f |curlA—BO|2dx. (1)
Q

We call this energy the Ginzburg—Landau functional, and explain the different
notations in what follows. Q is an open set of R, that we assume to be bounded,
smooth and simply connected (unless stated otherwise). Physically, one can view
Q as the cross section of a long cylinder, or a limit domain of a thin film in R

The first variable y € H 1(Q; C) is called the order parameter; it reveals the
local state of the material. The modulus || represents the density of the Cooper
pairs in the sample (|| < 1). The sample is in a normal state where ¥ = 0, and
in a superconducting state elsewhere. Both states can coexist in the sample (mixed
state). When |y/| = 1, we say that the sample is in a perfect superconducting state.

The second variable A € H'(Q; R?) is the vector potential of the induced
magnetic field curl A = 9, 4, - 9, 4.

B, is (the profile of) the applied magnetic field which is a measurable function
from Q to [-1,1]. The parameter H represents the intensity of this field. Finally,
the parameter « is the so-called GL parameter. It is a physical characteristic of the
superconductor that depends on its temperature and the nature of the material, and
determines its type: if k < 1/+2 (respectively x > 1/2) then the superconductor
is of Type I (respectively Type II). In some typical situations (depending on the
strength of the applied field), the inverse of « is proportional to the size of vortex
cores. We are interested in the London limit x — +o0, where the vortices become
point-like [SSo7]. This limit corresponds to extreme Type II superconductors and
has been frequently addressed in early works.

The supercurrent, j, is a real vector field given by j = Im(¥(V — ix HA)¢). One
can notice that there is no supercurrent (j = 0) circulating in the sample when it is
in a normal state (¥ = 0), while such a current is generated in the superconducting
state.

The ground-state of the superconductor describes its state at the equilibrium.
We denote the ground-state energy by

E, (x, H) = inf{&, 4, (v,A) : (¢,A) € H'(Q;C) x H'(Q;R)}.

XXV
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The only physically meaningful quantities are those that are gauge invariant, such
as the density ||, the field curl A, the energy E,  and the supercurrent j. 'This
means that these quantities do not change under the transformation (¥,A) —
(el‘DKH;k,A + V), for any ¢ € H*(Q;R). This gauge invariance allows us to
restrict the minimization of the GL functional to the space H'(Q; C) x HdliV(Q)
where
H; (Q)={Ae H'(Q;R?) : divA=0in Q, A-» = 00ndQ}

and »is a unit normal vector of dQ). Consequently, the ground-state energy can be
expressed as follows:

E, (x, H) = inf{&, (¥,A) : (y,A) € H(Q;C) x Hy (Q)}. ()

By this restriction, one can make a profit out of the important regularity properties
of the space H; (Q) (see [FH1o, Appendix D] and [Paper I, Appendix BJ).

Establishing the existence of a minimizer of &, j is standard (see e.g. [FHIo,
Theorem 10.2.1]), thus the infimum in (2) is actually a minimum. Critical points
(v,A) € HY(Q;C) x HdliV(Q) of &,y are weak solutions of the following Euler—
Lagrange equation, called in our context the GL equations:

(V- ixHA) 'y = (¥ > - D)y in Q,
~V*(curlA - By) = LIm(UV - ixHA)Y) in Q,
v (V—-ixHA)y =0 on 0Q,
curlA = B, on 0 Q).

Here,
(V- ixHA)Y = Ay — ixH(divA)y - 2ixHA - Vy — &> H*|A|y,

and V* = (0, —0, ) is the Hodge gradient.

For more details on the GL model, one may refer for instance to [S]ST69, TT9o,
Ting6] in the physics literature and to [CHO92, DGP92, BBH94, SSo7, FHio] in
the mathematics literature.

3 Thesis objectives

Many mathematical contributions were devoted to the study of the GL model in
the context of superconductivity (see e.g. [LP99, PKo2, BNFo7, SSo7, FHio, CR14,
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CGr7]). In these works, the domains were assumed to be (piecewise) smooth,
submitted to constant or smooth non-constant applied magnetic fields.

However, various recent physical works considered discontinuous magnetic
fields, after the possibility of creating such fields by the present fabrication techniques
[FLBP94,STH" 94, GGD"97]. Models with piecewise-constant magnetic fields are
analysed in nanophysics [PM93, RPoo] such as in quantum transport, and more
recently in the study of the transport properties in graphene [GDMH 08, ORK " 08].
The importance of these fields mainly lies in their ability to induce edge currents
circulating along the interface of transition between the different values of the
magnetic field (see for instance [PM93, RPoo, HS08, DHS14, HS15, HPRS16]).
We call this interface the magnetic edge, and sometimes the magnetic barrier or the
discontinuity edge.

Despite of that importance, the piecewise-constant magnetic field has been
only considered for linear problems in the mathematics literature, and to our
knowledge there was no mathematical analysis of this discontinuous case in the
context of the non-linear GL functional in superconductivity. So, we wanted to fill
this gap; we examined the existence of edge currents by studying the presence
of superconductivity near the magnetic edge, in a superconductor submitted
to a piecewise-constant magnetic field. More generally, we aimed at studying the
superconducting state of our sample in various intensity-regimes’ and, consequently,
comparing our findings with existing results in smooth magnetic fields cases.

4 Well-known scenarios

Before presenting our main results, we opt to gather in one section well-known facts
about the behaviour of a superconductor in the case of smooth applied magnetic
fields (B, € €(Q)). We are particularly interested in the constant magnetic field
case, for a later comparison between this case and our piecewise-constant field case.
However, we present some results obtained in the non-constant smooth magnetic
field case as well, for the sake of completeness.

Here, we assume that the sample Q is a 2D smooth, bounded and simply
connected domain, and that the GL parameter « is large.

The case of a constant applied magnetic field. The sample’s behaviour in this
case was described above, but the description will be more specific in what follows

*By intensity-regime, we mean an interval of the applied magnetic field’s intensities.
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Figure 3: Schematic phase-diagram showing the distribution of superconductivity in the sample Q submitted to
a constant magnetic field, according to the intensity, H, of this field. {Hc,(x)}; are the critical fields. The grey
(resp. white) regions of the sample are in a superconducting (resp. normal) state.

(see e.g. [SSo7, FH1o]). When the magnetic field B, is constant (we take B, =
1), three values of the field’s intensity—the critical fields H, (), H (x) and
H¢, (x)— dependent on «, identify the following phase-transitions: When # >
Hg, (x), the sample is in a normal state. Between H (x) and HC3(7C), the surface
superconductivity state occurs, where superconductivity is (exclusively) localised near
the boundary. The regime / < H, () corresponds to the bulk superconductivity
state, where superconductivity appears in the interior of the sample. In the constant
magnetic field case, the distribution of bulk/surface superconductivity is uniform (to
leading order). The first critical field H; () indicates the transition from the state
with vortices® to the pure superconducting state. We do not focus on this field in our
study, and we refer the reader to [SSo7] for more information. The aforementioned
phase-transitions are illustrated in Figure 3. The identification of critical fields is
not easy. In particular, the field H (x) is just loosely defined [FKi1]. As « tends
to +o, the fields H (x) and H, (x) are given as follows (see e.g. [FH10]):

He (x) =« and He (x) ~ 0;'x,

SA vortex is described as a quantized amount of vorticity of the superconducting current localised
near a point.
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where © = 0.59is a universal constant, called the de Gennes constant.

The case of a non-vanishing applied magnetic field. We discuss the case when
the field B, is non-zero everywhere in Q (see e.g. [LP99, HMo1, HMo4, Rayoo,
FHio, Attisa, Attisb]). One distinguishes between two cases:

* The case when min__g | By(x)| > ©ymin, ;g | By(x)|. Here, the scenario is
qualitatively similar to that in the constant field case, in the sense that when
the intensity H of the field decreases from oo, the sample passes from the
normal state to a superconducting state and the onset of superconductivity
starts at the boundary. Under certain assumptions on the minima of | By| )q
one gets [Rayo9]

K
Sy minern 1Bo)]

HC3(7C) ~

In addition, the following definition of #, () was proposed in [FH1o]:

K

He ) = i S B

* The case when min__g |By(x)| < ©ymin,,q | By(x)|. There is no surface
superconductivity state. More precisely, if we decrease the field’s intensity
from oo, the onset of superconductivity starts in the interior, in the vicinity of
the minima of | B,|. Consequently, under certain assumptions on the minima
of | B Q> the definitions of the second and the third critical fields match,
and we get the following asymptotics (see e.g. [HM96, FH1o, RVNIs]):

K

Hc (k) = HCS(K) ~ W'

The case of a vanishing applied magnetic field. Now, we consider the case when
the field B, is zero along a smooth curve I.

In what follows, 1, and ¢ are two spectral quantities such that 2, is a real
number and Zlﬂ is a real-valued function of x (see [PKoz2]).

e When T ndQ = @, we have [DR13, Att16]

2
K

H ~ 5
&) = i VB

and the definition of H, (x) is not distinguished from that of H, (x).
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e When I'ndQ # @, the intersection is assumed to be finite and transversal.
One gets ([PKoz2, Att16, Miq16])

2
K

He,(x) ~ — ) . 7(x) :
min ()'O minyerno |VB0(x) |’ min,ernyQ 1 |VBO(x) |)
If Agmin,crng |[VBy(x)| < min,rnyo le(x)|VBO(x)|, then the surface

superconductivity phenomenon is absent, and H(, (x) coincides with H (x).

While if 2gmin,rnq [VBy(x)| > min crnyo le(x)|VBo(x) |, then surface

superconductivity is observed, and a definition of H, (x) is naturally given
as follows [HKi5, KN17]:

2
K

- 20 mingcrqq |VB0(x)| .

HCZ(K)

Remark. We refer the reader to [ABo3, Bonos, BNDo6, BNFo7] for critical fields
in the case of domains with corners submitted to constant fields. In this case, the
behaviour of the sample in the bulk and the surface superconductivity regimes
is similar to that in the case of smooth domains submitted to constant magnetic
fields. This behaviour becomes particular at the threshold of the breakdown of
superconductivity, where superconductivity is confined to the corners. The scenario
occurring at this stage is presented later in this introduction.

s Main results

We are still considering a bounded, simply connected and smooth domain Q of R?.
In what follows, we roughly present the case that we treat in this thesis: we divide
Q into two sets ; and Q, separated by disjoint simple smooth curves, denoted by
I We apply on Q a step magnetic field By = 1o + alg , where 2 € [-1,1)\{0}
is a given constant. Thus, the jump discontinuities of B, occur at I, referred to as
the magnetic edge (see Figure 4). In the case when the magnetic edge intersects the
boundary, this intersection is assumed to be finite, and also transversal to avoid the
presence of cusps which may create technical challenges during the study. For the
formal presentation of the case, see [Paper I, Assumption 1.1]. Furthermore, we
assume that the GL parameter « is large and the intensity of the magnetic field has
the same order of «.



INTRODUCTION

Figure 4: Schematic representation of the set Q subjected to the step magnetic field B, The dashed curves
represent the magnetic edge I

The thesis is composed of three reproduced publications: [Paper I], [Paper 11]
and [Paper III]. In [Paper I], we considered low intensity-regimes and showed that
the whole interior of the sample is superconducting. Then, we increased the field’s
intensity to a certain level, HCZ(K), and proved that superconductivity becomes
negligible in the bulk away from the magnetic edge. In [Paper II], we asserted
that the bulk keeps superconducting (solely) near the magnetic edge for certain
piecewise-constant magnetic fields, when the intensity of the field is near H (x);
the different values of the magnetic field interact to #7ap superconductivity there.
Such a behaviour is notable, especially when opposed to the uniform distribution of
bulk superconductivity in the case of a constant applied magnetic field. Moreover,
we examined the state of the sample near the boundary. In certain intensity-regimes,
we presented situations where only parts of the boundary are superconducting.
Again, this marks a deviation from what occurs in the constant field case, where
surface superconductivity is evenly distributed along the boundary. Increasing the
field’s intensity to higher levels in [Paper III], we investigated the transition of
the sample from the superconducting state to the normal state—the breakdown of
superconductivity. We considered the interesting case where the magnetic edge
intersects the boundary finitely and transversely (additional geometric assumptions
were also imposed), and we proved that the aforementioned transition happens at
a unique value, Hcg(x), of the field’s intensity, which we estimated. Our results
showed the localisation of superconductivity near the intersection between the
magnetic edge and the boundary, before its breakdown. This behaviour was
reminiscent of the case of domains with corners submitted to constant magnetic
fields, where superconductivity eventually lives in the vicinity of the corners before
disappearing. Hence, a comparison between our discontinuous case and the corner
case was done.

Altogether, the three papers showed a behaviour of the sample that, according
to the values and the intensity of the discontinuous magnetic field, may resemble
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to or differ from that in the case of smooth/corner domains submitted to uniform
magnetic fields. This highlights the particularity of the case that we treated. Below,
we briefly present the main results of these papers and compare them to some
findings in the literature.

5.1 [Paper ]

This paper focuses on the bulk superconductivity. Our results involve an auxiliary
function ¢ : [0, +o0) — [-1/2, 0], which is continuous, non-decreasing, negative
in [0,1) and vanishing in [1, +o0). This function was introduced by Sandier
and Serfaty in [SSo3], and has always played a critical role in the study of bulk
superconductivity (see e.g. [ASo7, FKir, FKi3, Attisb, HKis]).

We established global asymptotic estimates (as x — +) of the ground-state
energy E, (v, H):

Byule ) = ¢ [ A2 18y(x) ) + (%,

and the corresponding order parameter:

[ itz =2 fﬂg(%’wo(xn) dx + o(1).

These global estimates were deduced from the following local estimates, which
describe the strength of superconductivity in any sufficiently regular subdomain D

of Q:
[ 191t =<2 [ fZ1B) dx+ot1). o)

Recalling the definition of By in our case, and the properties of the function g, the
previous result implies the following (Figure s):

o If H < (1/|a|)x, then superconductivity exists in the bulk of Q, but is not
uniformly distributed between Q and Q,.

e If H > (1/|a])x, then superconductivity is negligible in the whole bulk
except near the magnetic edge I. In this intensity-regime, the analysis
in [Paper I] did not provide information about what happens near I'and
dQ), but we suggested that superconductivity might exists there.
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H<k

1< H<1/|alx H > 1/|a|x

Figure 5: The superconductivity state of the sample Q submitted to the magnetic field By = 1o + alq ),
according to the field’s intensity H. The white regions are in a normal state, while the grey region may carry
superconductivity.

See [Paper I, Discussion of Theorem 1.3] for more details.
The result in (3) was sharpened by establishing some (Agmon) estimates showing

that superconductivity in Q \ I'is exponentially small relatively to superconductivity
at0Q U I, when H > (1/]a|)x.

Earlier results. The findings of [Paper I] are parallel to earlier results obtained in
certain cases of smooth applied magnetic fields (e.g. [SSo3,SSo7]).

Sandier and Serfaty [SSo3] considered the unit magnetic field (B, = 1), and
proved that

E K,H)=g(H/K)|Q|7C2+0(K2), as x — +oo,

g.st(

where g is the auxiliary function alluded to above. In addition, they showed a
uniform distribution of superconductivity in the bulk of the sample.

Several works have treated the case of a smooth magnetic field (B, € €*(Q))
(e.g. [Attrsa, Attrsb, HKis]). In [Attisb], the magnetic field is assumed to vanish
along a smooth curve I Under certain conditions on B, Attar established the
following global estimates of the ground-state energy:

E, (x, H) = x* ng(%Bo(x)l) dx + o(x%), as x — +0o,
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and proved that superconductivity is localised near I'with a length scale x / H.

5.2 [Paper II]

This contribution aimed at investigating the existence of superconductivity near the
magnetic edge, as well as near the boundary. We considered the intensity-regime
H > (1/|a|)x, where the whole bulk away from T'is in a normal state. For negative
values of @, we proved the localisation of bulk superconductivity along I, when the
intensity is still near (1/|4|)x. Such cases imply the existence of an edge current
flowing along the magnetic edge.

Our findings are consistent with the existing works about the electron motion
near the magnetic edge [Iwa8s, RPoo, DHS14, HS15, HPRS16]. In the literature, the
case 2 € [—1,0) is called the apping magnetic steps [HPRS16], where supercurrents
flow along the magnetic edge in the form of snake orbits. Such snake orbits do not
seem detectable in the case 2 € (0, 1), which is called the non-trapping magnetic
steps. However as mentioned earlier, the study in the aforementioned references
was generally a spectral analysis of relevant linear model operators and, until the
present contribution, no estimates for the non-linear GL energy were provided.

Two functions, ¢, : [|a|_1, +00) — (—00,0] and E: [1, +o0) — (—o0,0],
are main ingredients in our results.

Esurf’
the surface superconductivity for smooth magnetic fields (see e.g. [Pano2, AHo7,
HEPSi11, FKP13, CR14, CR162, CG17, HK17]). This is a non-decreasing and continuous

function that satisfies

referred to as the surface energy, was used in several works that study

E ¢<0in [1,0;"), and E ;= 0in [©;", +o). (4)

sur;

e, referred to as the edge energy, is introduced in [Paper II]. It is a non-
decreasing continuous function, satisfying:

e, <0in[|2|™ B;"), and e, = 0in [B]", +o), (s)

where 3, is a spectral value in (0, |z|], which satisfies:
B,=aftorae(0,1), B,=0Oyfora=-1, |a|®,< B, < |a| fora € (-1,0).
We established the following global estimates of the ground-state energy and
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the corresponding order parameter y: For b = H /[«

Byl H) = b7 (|Tle,(6) + 109, 0 00| E,yy(b) +

g.S[ (

100,000 [a] ™2 Eyu(blal) ) + o(x),
and
[ 191t = 207 2(1Tle,(0) + 100, 0 00 Ep0)+
100,000 |a] " Ey(blal) Jx + o(x7),

as « tends to +0. The terms involving ¢, correspond to the contribution of the

magnetic edge, while these involving E  indicate the contribution of the surface.

In fact, we have established more precise estimates, measuring the strength of
superconductivity in any patch of the sample: we defined the following distributions
in 2'(R?),

CZ(R%) 3 ¢ = Tp)

where
TUp) = <2674, (0) [ pdsi+ Fuelh) [ pds
r 20,000
+lal HE(blal) [ pd
0Q,n0Q
and

CX(RY 390 TNe) = [ Iyl'pda
o
(note that ¥ depends on «), then we proved that

kTl — T in D' (R?), as k — +0o,

K

in the sense that
VeeCT(RY), lim xT/(p) = T"(p).

Consequently, using the properties in (4) and (5), we discussed the distribution
of superconductivity according to the value of the magnetic field (i.e. the value of
) and to the intensity H of this field (see [Paper II, Section 1.5]). We present some
illustrative plots of this discussion in Figure 6.
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Figure 6: Superconductivity distribution in the set Q subjected to the magnetic field By = 1o + alq ),
according to the values of 2 and b, where & = H [«x. The white regions are in a normal state, while the grey
regions carry superconductivity.

Earlier results. In the case of a constant field (B, = 1) and for b € (1,0;"),
where b = H [, superconductivity is shown to be confined to the boundary and

the ground-state energy is estimated as follows (see e.g. [CR16a, CR16b, CDR17]):

Ego(i, H) = [0Q|xb72 E(b) + O(1).

Moreover, it is proved that this surface superconductivity is uniformly distributed
along the boundary [Pano2, AHo7, HFPS11, CR14], and is nor affected (to leading
order) by the presence of a finite number of corners (see [CG17]).

In [Paper II, Section 1.5], we compared the behaviour of the sample to that
in the constant field case, and showed how the two behaviours are dramatically
distinct: With increasing intensities, the constant field case exhibits first a uniform
distribution of bulk superconductivity, then this superconductivity disappears
uniformly from the bulk to spread evenly along the boundary. On the contrary,
our case presents some situations where superconductivity is not evenly distributed
in the bulk and/or along the boundary.

In the case of a smooth field B, € €**(Q), [HK17] established the following,
Let (¢, A), ; be a minimizer of the functional in (1). In a sufhiciently narrow
neighbourhood of dQ), one can assign to each point x a unique point p(x) €
0Q such that dist (x, p(x)) = dist(x,dQ). Let Q(&) be the set of points of
this neighbourhood satisfying 1 < 17|B0(p (x))| < 0, If Q(b) # @ then a
gb

convergence (in the sense of distributions) of x|, #l* to T was established, as x
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tends to +o0. Here

(@) 3 p = Tp) = ~207 |Bo() | Eue( 01 By ) p s
Q(b)nIQ
This convergence interestingly describes the local behaviour of the sample at the
boundary.
Since our step magnetic field is constant in each of Q; and Q,, we were allowed
to use the results from [HK17] in our study of surface superconductivity. Our
essential contribution was to develop a detailed spectral study of new effective

operators, while examining superconductivity near the magnetic edge (see [Paper
I1, Sections 2&3]).

5.3 [Paper III]

We studied superconductivity when the field’s intensity is near the threshold H (x),
where the transition from the superconducting state to the normal state occurs.
This phase transition was extensively examined for smooth applied magnetic fields
(see e.g. [S]JG63,LPoo, HMo1, HPo3, Bonos, BNDo6, FHo6, FHo7, BNFo7, Rayog,
FHog, FP11, DR13, Att16]).

In the smooth magnetic field case, researchers were investigating the occurrence
of a sharp transition, that is whether switching between superconducting and
normal states occurs at a unique value of the field’s intensity. Such a transition
depends on the geometry of the sample and the properties of the magnetic field.
It has been established for certain smooth domains submitted to generic smooth
fields. However, this result does not hold in certain situations, like in the 2D
annuli where the famous Little—Parks effect occurs [LP62, Erdg7, FPS1s], or in discs
submitted to certain non-uniform magnetic fields [FPS1s].

In [Paper III], we aimed at checking whether the transition is sharp in our
settings. We assumed that the magnetic edge I' cuts transversely the boundary at
a finite number of points, p ) and we denoted by « ;€ (0, ) the angle formed
between I'and 0 Q at p » measured towards Q, (see Figure 7). Next, we introduced
a ground-state, x(a,a), corresponding to the Neumann realization of a new
Schrodinger operator, %, ,, with a step magnetic field, defined on R (see [Paper
II1, Section 3]). Here 2 € [-1,1)\{0}, and « is a real parameter which is an
angle in (0, 7). Then under the assumption” that playa) < |a|©, for any a,

7we provided some examples of pairs («;, ) satistying this condition. The need for such an
assumption is explained in [Paper III, Section 1.4].
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Pj
Figure 7: Schematic representation of the set Q in the case where the magnetic edge I cuts the boundary.

we established the aforementioned sharp transition, and we provided asymptotic
estimates of the field H, (x):

K 1
HCS(K = W + @(K‘z), as ¥ — +o0. (6)
ula,a)
je{l,..,n} J
Before its breakdown, superconductivity was shown to be localised near certain
intersection points between the magnetic edge and the boundary, called the

energetically favourable points.

Earlier results. A complete asymptotics expansion of the third critical field has
been established in the literature, for 2D bounded and simply connected domains
with piecewise-smooth boundary, submitted to uniform magnetic fields (e.g. [LP99,
HMoz1, HPo3, Bonos, FHo6, BNDo6, FHo7, BNFo7]). In this discussion, we will
be satisfied by presenting asymptotics to the leading order of the third critical field,
in the case of the constant field B > 0.

o Case of smooth domains subjected to B (the SDUF case):

HE (i) = BIZ% +o(k),  ask — +oo )

o Case of corner domains subjected to B (the CDUF case):

Hg;r(x) = + o(x), as x — +coo (8)

.
BA
where H, (‘}:lf(x) and Hg;r(x) are the third critical fields in the SDUF and CDUF
cases respectively, and A is a spectral value assumed to satisfy A < ©,,.
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Comparing the asymptotics in (7) and (8), we see how the presence of corners

in a domain can prolong the lifespan of superconductivity to the whole interval
between Hg:‘f(x) and Hg’r(x)

In our step magnetic field case (the SDSF case), the intersection points of
the magnetic edge and the boundary play the role of the corners in the CDUF
case, in the sense that the presence of such an intersection makes our third
critical field, H, (x), strictly larger than the field Hg“if(x) which corresponds
to the constant field B = |4| (though the two fields are of same leading order).
Moreover, the eventual nucleation of superconductivity near these intersection
points is comparable with that occurring near the corners in the CDUF case
(see [BNFo7, HK18] and [Paper I1I, Section 1] for more details).

At this stage, it is worth contrasting this similarity between the SDSF and
CDUF cases to the disparity between the two cases observed for lower-level field’s
intensities (revisit Section 3 or [Paper II, Section 1]). Figure 8 illustrates such a

e N
/<>

Hc

2

I
r

Ko K Ko K

Figure 8: Phase diagrams: the SDSF case to the left and the CDUF case to the right. Only the grey regions carry
superconductivity.

comparison between the two cases. The schematic phase-diagrams consider the
SDSF case, with the step magnetic field By = 1 +al, ,and the CDUF case, with
the uniform magnetic field B = |4|. In each case, the graph shows the distribution
of superconductivity in the sample according to the intensity, H, of the applied
magnetic field. Considering large x, we draw critical lines in the (x, H)-plane that
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represent the following:

K in
He, (o) = 200 HE' () =

H:P(x) = HC3(7C) in (6),
and Hg;r(ic) asin (8).

In the SDSF case, the plots between H (x) and H'Cm(lc) illustrate different
instances of the sample’s behaviour, occurring according to the values of A and 4.

6 Open questions

Some uncovered points in this thesis deserve a further examination:

* The edge current: in the intensity-regime (HCZ(KZ), HCS(K)), the confinement
of bulk superconductivity to the magnetic edge indicates the existence of
supercurrents circulating along this edge. A rigorous computation of this
edge current is interesting.

* The magnetic wall case: this thesis treats the case of the magnetic field
By = 1o +alg , where 4 is a fixed constant in [-1,1)\{0}. It will be
potentially interesting to study the case 2 = 0, referred to as the magnetic
wall in physics (see e.g. [HPRS16, RPoo]).

* 'The sample’s behaviour in the limiting intensity-regime ' ~ H (x): the
study in this regime may involve a special linear model (the Abrikosov model).
In this case, one may expect the concentration of bulk superconductivity
near the magnetic edge.

* Other discontinuous fields: considering more general discontinuous fields
may enlarge the scope of the potential applications of such a study.
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The influence of magnetic steps on bulk
superconductivity

Wafaa Assaad; Ayman Kachmar'

Abstract

We study the distribution of bulk superconductivity in the presence
of an applied magnetic field, supposed to be a step function, modeled by
the Ginzburg-Landau theory. Our results are valid for the minimizers of
the two-dimensional Ginzburg-Landau functional with a large Ginzburg—
Landau parameter and where the intensity of the applied magnetic field is
comparable with the Ginzburg-Landau parameter.

1 Introduction and Main results

1.1  Motivation

The Ginzburg—Landau functional models the response of a (Type II) superconducting
sample to an applied magnetic field. We focus on samples that occupy a long
cylindrical domain and subjected to a magnetic field with direction parallel to
the axis of the cylinder. This situation has been analyzed in many papers, see for
instance the two monographs [FHro, SSo7]. However, in the literature, the focus
was on uniform applied magnetic fields. The case of non-uniform smooth magnetic
fields has received attention in the papers [HKis, Attisb, Attrsa, LPoo, PKo2, LP99].

In the present paper, we consider the situation when the applied magnetic field
is a step function. Such fields might occur in many situations (e.g. [HPRS16, HS15,
DHSi14, HS08, RPoo, PM93]). In particular

"Lund University, Department of Mathematics, Lund, Sweden
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PaPER I: INFLUENCE OF MAGNETIC STEPS ON BULK SUPERCONDUCTIVITY

* if a sample is separated into two parts, one can apply on one part a uniform
magnetic field from above, and on the other part, a uniform magnetic field
from below.

* ifasample is not homogeneous, one can have a variable magnetic permeability.
This may lead to a magnetic step function (e.g. [CDGYs]).

1.2 The functional

Let Q c R?bean open, bounded and simply connected setand B, : Q — [~1,1]
be a measurable function. The Ginzburg—Landau (GL) functional in Q is

2 x>
8lpoA) = [ (|7 = iwB)f - Iyl + Sy 1Y) ds

Q
21 [ [l A= Bl dv. ()
Q

Here, x > 0 is the GL parameter, a characteristic of the superconducting material,
H > 0is the intensity of the applied magnetic field, ¥ € H'(Q,C) and A =
(4,,4,) € H'(Q,R?). In physics, the domain Q is the cross section of the
sample, the function B, is the applied magnetic field, the function ¥ is the order
parameter and the vector field A is the magnetic potential. The configuration
(¥, A) is interpreted as follows, |¥|* measures the density of the superconducting
electron pairs and curl A = 9, 4, — d, 4, measures the induced magnetic field in
the sample.

In this paper, we work under the following assumption on the domain Q and
the function B, (Figures 1 and 2):

Assumption 1.1.
1. Q, c QandQ, c Q are two disjoint open sets.
2. Q, and Q, have a finite number of connected components.
3. 0Q and 0Q), are piecewise smooth with (possibly) a finite number of corners.

4. T =0Q,00Q, is the union of a finite number of disjoint simple smooth curves
{T}} pesws we will refer to T as the magnetic barrier.

5. Q=(Q,uQ,uI) andoQ is smooth.
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Figure 2: Schematic representation of the set Q subjected to a step magnetic field By, with the magnetic edge I

6. T 0 0Q is either empty or finite.
7. Forany k € K, if T}, intersects 0 Q) then the intersection is at two distinct points.
This intersection is transversal, i.e. Tyo x Tt # 0 at the intersection point,
where T and Tt are respectively unit tangent vectors of 0 and T,
8 By=1g +alq, wherea € [-1,1)\{0} is a given constant.
We introduce the ground-state energy
E, (x, H) = inf{&, 4(y,A) : (¥,A) € H'(Q;C) x Hy (Q)} (1.2)
where

Hl

Q) ={Ae HY(Q,R%) : divA=0in Q, A- g =00ndQ}.

The functional &, j is invariant under the gauge transformations (y,A) +
(e‘pKH;k,A + Vo). This gauge invariance yields (e.g. [FH1o0])

E, (x, H) = inf{&, ,(v,A) : (¢,A) € H'(Q;C) x H'(Q;R)}.
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Critical points (y,A) € H 1Q,C)x H Gﬁv(Q) of &, ;; are weak solutions of the
following GL equations:

(V—Z'KHA) =x (|1/|2—1) in Q,
~V*(curlA - By)) = L Im(|(V - ixHA)y) in Q, 3)
v- (V- ixHA) = 0 on 0Q), 3
curl A = B, on Q).

Here V* = (d,, —0,,) is the Hodge gradient.

1.3 Energy and order parameter asymptotics

The statement of our main results involves a continuous function g : [0, +o0) —
[-1/2,0] constructed in [FK13,SSo03]. The function g is increasing and satisfies
¢g(0) = =1/2, g(b) = 0forall b > 1,and —1/2 < g(b) < Oforall b € (0,1).

Theorem 1.2 (Global asymptotics). Lez 7 € (3/2,2) and 0 < ¢; < ¢, be constants.
Under Assumption 1.1, there exist constants C > 0 and x > 0 such that if
H
kK2xy and ¢ < ~ <o (1.4)

then

I. the ground-state energy in (1.2) satisfies
—on < B ) - 2 [ g(ZlBw)l)dr < e wy)
g5t Qg | By(x x < Cxl”, LS

2. for every critical point (¥, A) of (1.1),
4 H -2+7
f V4 a’x+2f g(—|b’0(x)|) dx < Cx™ " (1.6)
Q o \k

3. for every minimizer (¥, A) of (1.1),

Um dx+2f ( )dx

Kszf | curl A - By|*dx < Cx”.
o

—2+7

< R (1.7)

and

4
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Theorem 1.3 (Local asymptotics). Suppose that the assumptions of Theorem 1.2 are
satisfied. Let D ¢ Q be an open set such that D and Q\ D have piecewise-smooth
boundaries (with possibly a finite number of corners). There exist x, > 0 and a function
err: (kg +o0) — R such that Kliqlw err(x) = 0, and if (1.4) holds and (y,A) is a
minimizer of (1.1) then

‘fD|¢|4dx+2];)g(%[|50(x)|)dx

Remark 1.4. The conditions imposed on the set D in Theorem 1.3 particularly aim
at excluding the presence of cusps in the boundary of D and that of Q\ D. This

< err(x).

will prove technically useful later (see Theorem s.3).

1.4 Discussion of Theorem 1.3

The result in Theorem 1.3 displays the strength of superconductivity in the bulk
of Q. We will use the following notation. Let @ ¢ R* be an open set, (f,) bea
family of functions in L¥(w), 2 € C and dx be the Lebesgue measure in R*. By
writing

fidx — adx  inw, as k — +00,

we mean that, for every ball B such that BcC w,
ffxdx—>0z|B|, as x — +co,
B

Now, we return back to the result in Theorem 1.3. Suppose that H = bx and
b € (0, +0) is a constant. We observe that:

1. If0 < b <1, then
|¥|*dx — —2¢(b)dx in Q, and |y|*dx — -2¢(b|a]) dx in Q,.

Hence the bulk of Q carries superconductivity everywhere, but when 0 <
|a| < 1,0 < —g(b) < —g(b|al) and the strength of superconductivity in
Q, is smaller than that in Q,.

2. If1 < b <1/|al, then

l¥|*dx —0inQ, and |y|*dx — -2g(b|al)dx in Q,,
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Figure 3: Schematic representation of Q in the
regime H/x = bwherel < b < 1/|a|. The
white region is in a normal state, the dark region may
carry superconductivity (the whole interior of Q, is
superconducting).

Figure 4: Schematic representation of Q in the
regime H/x = b where b > 1/|a|. The white
region is in a normal state, the dark region may carry
superconductivity.

with ¢g(&|a|) < 0. In this regime, superconductivity becomes negligible in
the bulk of Q, but persists in the bulk of Q, (see Figure 3). Theorem 1.5
below will sharpen this point by establishing that || is exponentially small in
the bulk of Q; (when & > 1). However, in light of the analysis in the book of
Fournais—Helffer [FH1o], the boundary of Q, may carry superconductivity.

This point deserves a detailed analysis.

3. If b > 1/|a|, then superconductivity is negligible in the bulk of Q; and Q,

(see Figure 4). However, one might find an interesting behavior near the

critical value & ~ 1/|a|. In the spirit of the analysis in [FK11], one expects

to find superconductivity in the bulk of Q,, but with a weak strength.

This superconductivity can be evenly distributed and decays as & gradually

increases past the value 1/]4|.

4. (Breakdown of superconductivity [GP99]) If & > 1/|a|, one expects that

¥ = 0and superconductivity is lost in the sample. To this end, the spectral
analysis in [HPRS16] must be useful. In the spirit of the book [FH1o],
this regime is related to the analysis of the third critical field(s) where the

transition to the purely normal state occurs.

The interesting case @ = —1 is reminiscent of the situation of a smooth and

sign-changing magnetic field analyzed in the paper by Helffer—Kachmar [HKis].

Note that Theorem 1.3 yields that superconductivity is evenly distributed in Q,

and Q, aslongas 0 < & < 1 (see Figure 5). In the critical regime 4 ~ 1, one might
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Figure 5: Schematic representation of the set Q in the regime H /x = bwhere 2 = —1 and b > 1. The white
region is in a normal state, the dark region may carry superconductivity.

find that superconductivity is distributed along the curve I'that separates Q, and
Q,, in the same spirit of the paper [HKis].

1.5 Exponential decay in regions with larger magnetic intensity

Our last result establishes a regime for the strength of the magnetic field where the
order parameter is exponentially small in the bulk of ;. The relevance of this
theorem is that, together with Theorem 1.3, display a regime of the intensity of
the applied magnetic field such that || is exponentially small in the bulk of Q,
while it is of order O(1) in Q,.

Theorem 1.5 (Exponential decay of the order parameter). Let A, ¢, ¢, > 0 be constants
such that 0 < ¢ < NA and 1 + X < . There exist constants C, xy > O such that, if

k=%, (1+Nx<H<ox, JA is a solution of (1.3),
0 2 x,H

then

fﬂlﬂ{dist(x,aﬂl)zJ’;H}(|¢|2+KIH(V—iKHA)¢/|2)

exp (22\/7CH dist(x,&Ql))dx <C lv|*dx.
an{dist(x,ﬁﬂl)gﬁ}

The proof of Theorem 1.5 does not follow the same pattern for similar situations
in [FKog, BNFo7], as there is a specific difficulty when dealing with the critical
points of (1.1). The technical reason behind this is as follows. A necessary ingredient
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in the proof given in [FKog, BNFo7] is the following estimate of the magnetic
energy
I curl A = Byl 12 = o(x7h) (k= +oo).

For critical points, we have the following estimate from [FH1o, Lemma 10.3.2]

lcurl A = Bl 120y < Cx ¥l 2oy ¥ 1l o)

To control the Z>- and L*- norms of ¢; we use Theorem 1.3. But this will give
that [|¢ sq) = o(1) only for A > ||, the necessary condition to get that
g(HK_l) = g(Hx_1|a|) = 0. This condition does not cover all the values
of H in Theorem 1.5. As a substitute, we may choose to control the magnetic
energy by the estimate in Theorem 1.2 that is valid for minimizing configurations
only. Consequently, the proof in [FKog, BNFo7] applies in our case but for the
minimizing configurations.

The exponential decay for critical configurations is obtained by a local argument.
Instead of searching for an energy estimate of || curl A — By||,, we use the Hélder
estimate |A — F|lqo. = O(x7"). Here curl F = B,. When working locally in a
region Q ,of diameter < 1, we may apply a gauge transformation and get that
1A = Fll 1, = O(x'¢) = o(x™"). This estimate is sufficient for our needs, as
shown later in Section 7.

1.6 Notation

* The letter C denotes a positive constant whose value may change from line
to line. Unless otherwise stated, the constant C may depend on the function
By and the domain Q, but is independent of x, A and the minimizers (¥, A)
of the functional in (1.1).

* Given £ > 0and x = (x;,%,) € R% we denote by

7 4 ¢ ¢
QUx) = (=5 + 31,5+ 31) X (=5 + 32,5 + )
the square of side length £ centered at x.

* Let a(x) and &(x) be two positive functions, we write:

— a(x) < b(x),ifa(x)/b(x) — 0as x — +oo,
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— a(x) = b(x), if there exist constants x, C; and C, such that for all
k = xy Cia(x) < b(x) < Cya(x).

* The quantity o(1) indicates a function of x such that |o(1)| < 1. Any
expression o(1) is independent of the critical points (¥, A) of (1.1). Similarly,
0(1) indicates a function of x, bounded by a constant independent of the
critical points of (1.1).

* Letz € N, p € N. We use the following Sobolev spaces:
wrP(Q) :={f € L*(Q) | D*f € L?(Q), forall || < n},

H™(Q) := W™(Q).

1.7 On the proofs and the organization of the paper

The results in this paper can be viewed as generalizations of those in [SSo3] already
proved for the case B, = 1. Theorem 1.5 is reminiscent of the exponential bounds
in [BNFo7]. However, the proofs in this paper are simpler than those in [SSo3]
and contain new ingredients that we summarize below:

* We took advantage of all the available information regarding the limiting
function ¢g(-) proved in [FKi13] and [Attisa] ;

* We did not use the a priori elliptic estimates, e.g. the L*-bound [(V -
ixHA) Y| < Cx. Such an estimate is not known to hold in our case of a
non-smooth magnetic field B;,. However, we used the simple energy bound
[(V = ix HA) ||, < Cx together with the regularity of the curl-div system
(see Theorem 4.2). This method is already used for the three dimensional
problem in [Kaco6] ;

* To prove Theorem 1.5, we did not establish weak decay estimates as done

in [BNFo7].

The rest of the paper is divided into six sections and two appendices. Section 2
collects the needed properties of the limiting energy ¢(-). Section 3 establishes an
upper bound of the ground-state energy. Section 4 proves the necessary estimates on
the critical points of the functional in (1.1). These estimates are used in Section § to
establish certain local estimates of the order parameter. In Section 6, we complete
the proof of Theorem 1.2 and Theorem 1.3. Section 7 is devoted to the proof
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of Theorem 1.5. Finally, the appendices collect standard results that are used
throughout the paper.
2 The limiting energies

Let R > 0and Qp = (—R/2,R/2) x (-R /2, R [2). We define the following GL
energy with the constant magnetic field on H'(Q ) by

GZ,QR(u)=fQ (b1(V - ichul ~ |af + lul) dx. )

Here b > 0, o € {-1, +1} and A, is the canonical magnetic potential

A, = %(—xz, xp) Vx = (xq, x,) € R?, (2.2)

which satisfies curl A, = 1.
We introduce the two ground-state energies

mo(b R, ) = eérll(fQ ) Giu)
u R

m(b,R, o) = hl(nf GbQR()

(2.3)

Notice that G;'L (#) = G; 1 (%). As an immediate consequence, we observe
b b,Qr b,Qr
that

mfG“ ()=ZitI€17f/G1;1QR(u) where 7 € {H}(Qr), H'(Qr)}, (2.4)

uelV

and the values of m,(b, R, o) and m (b, R, ) are independent of o € {-1,1}.
In the rest of the paper, we will denote these two values by (b, R) and
m(b, R) respectively, hence

my(b, R, o) = my(b,R) and m(b,R,0) =m(b,R) (o€ {-1,1}). (2.5)
We cite the following result from [Attisa] (also see [FK13, SSo03]).

Theorem 2.1.

1. Forallb > 1 and R > 0, we have my(b, R) = 0.

I0
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2. Forall b € [0, +0), there exists a constant g(b) < O such that

¢(b) = lim 0 R)

R—+o R2 R+ R2

O R) ¢0) = 3.

3. The function [0, +0) 3 b > g(b) is continuous, non-decreasing, vanishes on

[1, +c0) and g(-) < 00n [0, 1).
4. There exist constants C and R such that, for all R > Ry and b € [0,1],

my(b, R)

o C
g(b)sTSg(b)+§ and g(b)—ﬁﬁ

m(b, R)
R2

3 Energy Upper Bound
The aim of this section is to prove:

Proposition 3.1. Under the assumption of Theorem 1.2, there exist positive constants
C and xy such that if (1.4) holds, then the ground-state energy B, (x, H) in (1.2)
satisfies

H
Eg.st(Ka H) < KZ fQ g(; |BO(.9C) |)dx + CK’3/2.
Before writing the proof of Proposition 3.1, we introduce some notation. If

D c Q is an open set, we introduce the local energy of the configuration (y,A) €
HY(Q;C) x HdliV(Q) in the domain D c Q as follows

1
€(y> A D) = fD(I(V— HA)Y | =y "+ 36yl dx, G
E(v,A; D) = (v, A; D) + (KH)Zf | curl(A - F)|* dx. (3.2)
Q
In Lemma A.1, we constructed a vector field F satisfying
Fe HdliV(Q) and curlF=B;, inQ. (3.3)

Proof of Proposition 3.1.
Step 1 (Introducing a lattice of squares). We introduce the small parameter

¢ =x12 (3.4)

II
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Consider the lattice L, := £Z x {Z. Let
I ={zel,: Q) c Q}forje{l,2}, and S, =5 0T, ()

where Q 4(z) denotes the square of center z and side-length 7. By Assumption 1.1,
the number
N = Card g,

satisfies

Q|2 -0 < N<|QIf? (£—0,). (3.6)

Step 2 (Defining a trial state). For all z € I, let ¢, € C*(Q z)) be the
function introduced in Lemma A.2 and

H B,
b, = ?|Bo(z)| , R, =86xH|Byz)|, o, = IBZEZY (.7)
The function @, satisfies
F(x) = Vo, (x) + By(2)Ay(x = 2), (x € QA2)). (3.8)

We define the function v € Hy (Q) as follows,

v(x) = ! HIp: ”bz,Rz,q(R;;(x -2)) ifx e Quz),
0 ifx e Q\Qp

where

Q.= (U 2Aa), (3.9)
z€S,
and ny R € HOI(QR) is a minimizer of the functional in (2.1) (with (6, R, 7) =
(b,, R,, 7;)). In the sequel, we will omit the reference to (4,, R, 7;) in the notation
uy, g, and write simply

Uy = Up R

o7,

Step 3 (Energy of the trial state). We compute the energy of the configuration
(v, F). We have the obvious identities (see (3.1)—(3.3))

8. F0) = [ (I(V = iwHBol = o + 352 of) d
e (3.10)
= > (v, F Quz)).
Z€S,

12



3. ENERGY UPPER BOUND

Using (3.8), we write
Bo(0,F; Q(2)) = B¢ %0, 7| By(2)|Ag(x — 2); Q (2))-

R
By doing the change of variable y = Tf(x - z), we get

By(e™ %0, 7,| By(2) | Ag(x — 2); Q (2)) =
K

— . 2 2 1 4
TN g, (T i =l + 5 el dy.
By using (2.4), we get

%0 Q(2) = Bofe %0, 5] Byfe) Aol - 2); Q=) = ol R,).

Since £ = x Y*and H > ok R, =1 (see (3.7)). We use Theorem (2.1) to write
my(b,, R,) < g(b,)R>+ CR,.
Consequently,
22 (H
Ey(0,F; Q (2)) < £ g(;|BO(z)|) + Ctr. (3.11)

We insert (3.11) into (3.10) to get
H
. = 2,2 R
E(v,F;Q) Zegjf(f K g( , |Bo(z)|) + Cf;c)

< fQ g(%’wo(xn) dx + C¢xN,

4
where N = Card .%,. Now, using (3.6) and the fact that —=1/2 < ¢(-) < 0, we get
x
e
(x, H) < 8(v,F;Q), £ =

E(s,F; Q) < ;czf 2181 dx + 21Q\Q e+ €
o\ 2

To complete the proof of Proposition 3.1, we use E,

x /% and Assumption 1.1 which yields
|Q\Q/| = O(¢) as? — 0,. (3.12)
O

13
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4 A Priori Estimates

In the derivation of a lower bound of the energy in (1.1), various error terms arise.
These terms are controlled by the estimates that we present in this section.

Proposition 4.1. If (y,A) € H'(Q,C) x H'(Q, R?) is a weak solution to (1.3),
then

¥l < 1.

A detailed proof of Proposition 4.1 can be found in [FHro, Proposition 10.3.1].
It only needs the assumption that B, € L*(Q).

Proposition 4.1 is used in the next theorem to give a priori estimates on the
solutions of the GL equations (1.3).

Theorem 4.2. Let0 < ¢ < ¢, and a2 € (0, 1) be constants. Suppose that the conditions
in Assumption 1.1 hold. There exist two constants xy > 0 and C > 0 such that, if (1.4)
holds and (y,A) € HY(Q) x Hdliv(Q) is a solution of (1.3), then

. (V- ixHA) Y| 12y < Cr;

2. [lcurl(A = F)| ;2(q) < C/x;

3. A—Fe H(Q) and |A - Fll 2y < C/x;
4 A—F e C"(Q) and |A - F| congm, < C/x.

Proof. 'The inequalities in items (1) and (2) of Theorem 4.2 follow from [FHio,
Lemma 10.3.2].

Now we prove item (3) of this theorem. Let 2 = A — F € Hy (Q). By (1.3),
we know that 2 € H'(Q) and curl 2 € H (Q). Using Lemma B.1 and the second
equation in (1.3), we get a2 € HZ(Q) and,

C .= .
1A = El2q) < ClV(curl(A = B) | 12q) < —HlI¥(V = ixHAYY || 120
Using the bound H > ¢, Proposition 4.1 and the estimate in item (1) of

Theorem 4.2, we get the estimate in item (3) above.

Finally, the conclusion in item (4) in Theorem 4.2 is a consequence of the
conclusion in item (3) and the Sobolev embedding of H*(Q) in C**(Q). O

14



5. ORDER PARAMETER UPPER BOUND

Remark 4.3. In Theorem 4.2, the constant Cin item (4) depends on «. Later in this
paper, a fixed value of « is chosen. For this reason, we simply denote this constant

by C instead of C(«).

Remark 4.4. In Theorem 4.2, Assumption 1.1 on the set I'is used in the derivation
of items (3) and (4). In fact, Assumption 1.1 ensures that the domains Q; and Q,
satisfy the cone condition, which in turn allows us to use the Sobolev embedding
theorems (see e.g. the proof of Lemma B.1).

s Order Parameter Upper Bound

The aim of this section is to establish an upper bound for the Z*-norm of the order
parameter, ¥, corresponding to a critical point, (¢,A), of the functional in (r.1).
As a consequence, we will be able to complete the proof of Theorems 1.2 and 1.3 in
the next section.

Recall that Q /(x,;) denotes the square of center x, and side length 7. In the
statements of Lemma 5.1, Proposition 5.2 and Theorem 5.3, we will use the functional
&, in (3.1).

Lemmas.t. Leta € (0,1) and 0 < ¢ < ¢, be constants. There exist positive constants

C and xy such that, if
* (1.4) holds;
*0<9<1,0<l<1,x€Q;
* Qo) © Q, for some j € {1,2};
s (¥,A) € H(Q, C) x Hy, (Q) is a critical point of (1.1) ;
s heCY(Q), |h|.<1;

then the following inequality holds

Eo(hy A Qxg) = (1 - 3)%0(5_1"(1{}717% %0|Bo(xo)|Ao(x = %); Q /%))
_ C(a\—leachZK_Z + 352762),

for a certain function n € H*(Q A(x,)).

Is
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Proof. Let ¢, (x) = (A(xo) - F(xo)) - x. Using Theorem 4.2, we get for all x €
Q %)
AG) = Vg (5) ~ F@)] < (A = B g - 3
(5.1)
Copa,
K

IN

Define y = ¢

. + ¢, where ¢, is the function introduced in Lemma A.2 and
0 0 0
satisfying

F(x) = Vo, (x) + o, | By(xp) [Ag(x — %), o = By x € Quxp).

Let
u= e_iKHUJ;#. (5.2)

Using the gauge invariance, the Cauchy-Schwarz inequality and (5.1), we write
(V= ixHAYby|* 2 (1= 3)|(V - ixH (| By(x) |Ag(x — o)) )|
- COTVHD YR (5.3)

Recalling the definition of # and using the estimates |||, < 1 and || /], < 1, we
complete the proof. O

Proposition s.2. Let y € (0,1). Under the assumptions in Lemma s.1, it holds
Ey(h o As Qxy) = t’zng(g |Bo(x)l) = C(£2* 1 + £+ £3%7), (5.4)
and consequently,
4 5 (H 2a+1 -1 3 -1 -2
| Il s -2 A 1B)) + (2 4 57 4 224y 6). Gs)
Q %o
Proof. Let

H By(xy)
b =—=|By(xp)|, R =0OH|By(xp)|, 0, = o2,

Kl 0( 0)| | 0( O)| 0 |BO(.X'0)|
and define the rescaled function v(x) = u((f/R)x + xo) forall x € Q; =
(=R /2, R/2)* where the function # is defined in (5.2). The change of variable
y = R/ C(x — x,) yields

Ey(t 7, | Bo(0) [Ag(x = x)s Qulxo)) = %GZ‘OQR(U)'

16



5. ORDER PARAMETER UPPER BOUND

Since v € H'(Q}), then by (2.3), (2.5) and Theorem 2.1,
1
%O(u, Jx0|BO(x0) |Ao(x — x); Qf(xo)) Zm(b, R)
1
b

I\

v

(¢(6)R* - CR).

Inserting this into the estimate in Lemma 5.1 and taking 0 = ¢ gives the proof
of (5.4). )
Now, we prove (5.5). Let £ = (1 + )7, and assume that is sufhiciently small

so that Q /(x) € Q , for some j € {1,2}. Consider a smooth function f'satisfying

f=1inQux), f =0in Qf;(xo)c, 0<f<1, and|Vf|<Cy e

(5.6)
Using the first equation of (1.3), we multiply both sides by #*¥and we integrate
by parts over Q ,(x,) to get

f (|(V—z’7cHA)f;k|2—|Vf|2|¢|2)dxz;czf (lv 1> = v ") f2dx.
Qg(xo)

Q (f(xo)

Consequently,

Sl ¥ As Q Ax) :KzfQ fz(—1+%f2)|¢|‘*dx+f VPl a

A% Q)
(5.7)
By (5.6), we have f = 1in Q /(x,) and =1 + 1/2f% < =1/2in Q Axo), thus

fo(xo)fz(—1+%f2)|¢|4dxs—%f v | d.

Q %)

We use the previous inequality, (5.7) and the estimate | supp |V£|| < Cy£* to

obtain
2

G ¥4 Qx) < - o 1A (59)

We plug the lower bound in (5.4) into (5.8) for » = f'to complete the proof. [

Theorem 5.3. Let 7 € (3/2,2) and 0 < ¢; < ¢, be constants. Let D c Q be an
open set such that D and Q\ D have piecewise-smooth boundaries (with possibly a

17
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[finite number of corners). There exist ky > 0 and C > 0 such that if (1.4) holds and
(v,A) € H'(Q,C) x Hiiv(Q) is a critical point of (1.1), then

f|¢|4dxs—2fg(£[|BO(x)|)dx+C7c_2+T.
D D ‘K

Proof. Let ¢ € (0,1), 2 € (0,1) and y € (0,1) be defined as follows

a= 1 y =x 277 and £ = «'77. (5.9)

In particular, we observe that ¢is a function of x such that £ < 1 as x — +o.
Consider the lattice L, = £Z x ¢Z as in Proposition 3.1. Let

Iy (D) ={z€L;: Qfz) cDnQy}
IJHD)={z€L,: QJz) c DnQ,} (5.10)
JIAD) = I} (D) u F}(D),
N, = Card(.9)(D)), N, = Card(F(D)), N = N; + N, = Card(I«D)),
and

D, = ( U W)

z€F/D)

Under the assumption on D, it holds
|D|zf’_2—@(f_l)st |D|f_2, (s.11)

and

|D\D,| = O(¢) (£ —0,). (5.12)

We write

[wrax= [ yrrass [ iprax,
D D, D\D,
_ f |¢|4dx+f yltdx.
(D) 7 Qdz) D\ D,

2€ /(D

18



6. PROOF OF THE MAIN RESULTS: ENERGY AND L*NORM ...

Using the previous equality together with Proposition 5.2, (5.11), (5.12), || < 1
and the fact that B is a step function, we get

fDde

2 [ D)) dx + ON(E + 257+ 54y )+ CE

Dy

—zf g(%go(xn) dx+ C(E V4 7% 4 £ 4 97267,
D

IN

IN

In the last inequality, we used the fact that g(-) < 0and D, c D. With the
aforementioned choice of 2, yand 7, the proof is completed. O

6 Proof of the main results: Energy and Z*-norm asymptotics

This section is devoted to the proof of Theorem 1.2 and Theorem 1.3.

Proof of Theorem 1.2. First, the upper bound in (1.6) follows from Theorem 5.3 by
taking the particular case D = Q.

Next, we establish the lower bound in (1.7) in the case where (y,A) is a
minimizer of (1.1). To this end, we perform an integration by parts and use the
boundary condition in (1.3) to obtain

(4,A, Q) = ~3x f v |4 dx. 6.

Hence,
Byl ) 2 8y 4,0) = =3 [ Jy'd (6.2

We use the upper bound of the ground-state energy in (3.1), and 7 € (3/2,2) to
get the desired result.

For the global estimates of the ground-state energy in (1.5), the upper bound is
given in (3.1), while the lower bound can be deduced from (6.2) and Theorem 5.3
by taking D = Q.

It remains to establish the estimate of the magnetic energy: by (3.2), (6.1),
Proposition 3.1 and Theorem 5.3, we have

Kszf | curl A - By|*dx < B, «(x, H) = (¢, A, Q) < Cx".
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Proof of Theorem 1.3. The upper bound is given in Theorem s.3. Next, we write

J s = [ pttas= [ gt

The assumption on the domain D allows us to apply the same argument in
Theorem 5.3 to get a similar upper bound of the order parameter on the set Q\ D
instead of D. This, together with the lower bound over Q in Theorem 1.2, establish
the lower bound in Theorem 1.3.

O

7 Exponential decay and proof of Theorem 1.5

The inequality in Lemma 7.1 is well-known in the spectral theory of magnetic
Schrodinger operators (e.g. [FH1o, Lemma 1.4.1]).

Lemma 7.1. Suppose that D ¢ Q is an open set, a € C*(D; R?) and curla = 1.
Forall B € R and ¢ € C(D), it holds

IV = B2 apy > |BI 161y

Lemma 7.1 is used to establish Lemma 7.2 below that will be a key ingredient
in the proof of Theorem 1.5. Formally, one can view Lemma 7.2 as a slight
generalization of Lemma 7.1 by taking x / = B and A = a. However, the
difficulty is that curl A # 1 and the vector field A depends on x and H as we take
(¢¥,A), g o be a critical point of (1.1). When A is smooth, independent of (x, /)
and curl A # 0, the estimate in Lemma 7.2 is known to hold (e.g. [HM96]).

Under the assumptions in Theorem 1.5, there exist two constants x, > 0 and
C > Osuch that forall « > xyand ¢ € C(Q,),

Lemma 7.2.
) _1
IV = ik EA) [y = #H(1 = Cx )18 agq,

Proof Let ¢ € CX(Q,). Forall j = (jy, /) € Z%, let Si= (1 =3/4 j1+3/4) %
(/o = 3/4; j, + 3/4). We define the square Q ; of side 3/2¢as follows

Q= {x: x¢€ S}
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7. EXPONENTIAL DECAY AND PROOF OF THEOREM 1.5

Clearly, the squares (Q,. j) finitely overlap. Consider the partition of unity (;(J) in
R? satisfying

Z|Zj|2= 1, Z|V;(j|2s Ct™% and suppz; € Q. ;-
J J
We decompose the ‘magnetic’ kinetic energy term as follows

J W —ixmmgPds = [ (19 - ixHAgP - 169 d
1 J 1
> 2‘.[0 (1(V - z'KHA);(j¢|2dx)
_ce fQ 1812 dx. (7.1

Let x; = £ be the center of the square Q, . Define the real-valued function
p(x) = (Ax)) - F(x])) - x. By Theorem 4.2, forall x € Q, n Qep
A(x) = Vo, (%) = F(x)| < CEA =B oy, < CE 7

‘We may write

|(V—Z7CHAXJ¢|2 |< _ZKHA v@j)) _ZKH¢];(]¢|2

( ) —ZK'HF) sz¢j ¢|2
/
- CCTIP HP|A(x) = Vo (x) - F(2)*| ;8
> (1-£%)|(V - ixHF)e™ ”‘”WI - Ct’H2|;(j¢|2.

(7.2)
We integrate (7.2) on Q; to obtain

fQ [(V - z'KHA);(j¢|2dx >(1- f%)f (V- z'KHF)e_Z'KH¢f;(j¢|2dx

1 Ql

_CCH? fﬂ el de (2.3)

Since curl F = 1in Q; and y;¢ € C(Q,), Lemma 7.1 applied in the domain Q;
yields

J 1@ ixbngp dx 2 (et [ el de-cen? [ gar ds
Q, Q,

1
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Returning back to (7.1), we obtain

f (V- ixHA)$| dx = xH(1 - £2 - C£ - Cf‘zx_z)f |41% dx.
Q

1 Ql
The choice of £ = ™ yields

f|(V—z'KHA)¢|2dx2KH(l—CK_%)f |¢|2dx.
Q,

Q,

Proof of Theorem 1.5. Define the distance function 7 on Q; as follows:
t(x) = dist(x,0Q).
Let 7 € C”(R) be a function satisfying
7=0on(-0,3], =1 on[L+x) and |Vl <m,

where m is a universal constant.
Define the two functions y and fon Q; as follows:

() = 7 (Vi He(x)),
fx) = y(x)exp (E\/FHZ‘(X)),

where ¢ is a positive number whose value will be fixed later.
Using the first equation of (1.3), we multiply both sides by f*¥ and integrate by
parts over €, it results

[0 = ixtia ol = 9P = o2 [ (1= 1y19) 7 d
<i [ WPfdv G4
Ql
We combine the conclusions in (7.4) and Lemma 7.2 to get

f VAPl ds 2 (eHQ1 =~ Cx8) = @) ¥,
> (2= CO+ 08 )1 f Y0 (7.5)
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Now, we estimate the term involving V fon the right side of (7.5) as follows

j‘|Vﬂﬂ¢ﬁdxs;ﬁjﬂf¢ﬁﬂm)+CKH |2 dx
Q, Q,n{VxHr(x)<1}

Inserting (7.6) into (7.5) and dividing by x* yields
2= €+ 7 = Yy < C [ yI? dx.
( ) A4 L) Q,n{VxHt(x)<1} 4

We choose the constant ¢ such that 0 < & < V1. That way, we get for x sufficiently
large,

fylPdx<C |y | dx, (7.6)
fﬂln{ﬂ[t(x)zl} Q,n{VrHt(x)<1}

where Cis a constant. Inserting (7.5) and (7.6) into (7.4) completes the proof of
Theorem 1.5. O

We conclude this paper by Theorem 7.3 below, whose proof is similar to that
of Theorem 1.5.

Theorem 7.3 (Exponential decay in Q,). Let A, ¢, > 0 be two constants such that
1/|a| + A < ¢,. There exist constants C, ¢,y > O such that, if

K = Ky, (L + l) k< H<or, (¥,A), g isasolution of (1.3),

||
then
2 1 . 2
| (1912 + =517 - ixHA )
Q,n{dist(x.00,)2 =} K
exp (2eVx H dist(x,0Q,))dx < C |y |* dx.
sz{dist(x,dﬂz)iﬁ}
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A Gauge transformation

Lemma A.1. Suppose that Q) satisfies the conditions in Assumption 1.1. Let B, €
L*(Q). There exists a unique vector field F € H dliv(Q) such that

curl F = B,

Furthermore, Fis in C°°(Qj), j =12

Proof. Let f € H*(Q) n Hy, (Q) be the unique solution of -Af = Byin Q
(e.g. [FHio]). The vector field F = (9, f, -0, f) € Hdliv(Q) and satisfies curl F =
B,

Since By is constant in Q) for ; € {1,2}, fthe solution of —A f = B, becomes
in CW(Qj). This yields that F is in C°°(Qj),j € {1,2}.

The uniqueness of F is a consequence of the estimate (e.g. [FH1o, Prop. D.2.1]
or [Temor, Appendix 1])

Vace HiiV(Q) s Nallgro) < Colcurlall f2q), (A1)

where C, > 0is a universal constant. O

LemmaA.2. Letj € {1,2}, £ € (0,1), xy € Q and Q [x,) ¢ Q. There exists a

function ¢, € C 2(Q Axp)) such that the magnetic potential F defined in Lemma A.1
satisfies

F(x) = By(xo)Ag(x — %) + Vo, (x), (x € Qulx))

where By, is the function defined in 1.1 and Ay is the magnetic potential introduced
in (2.2).

Proof. By the definition of F and A, we have for all x € Q /(x,),
curl F(x) = By(x) curl Ay(x) in Q Ax,).

Since Q /() is simply connected and By, is constant in Q ,(x,), we get the existence
of the function ¢, . O
0
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B. curl-div ELLIPTIC ESTIMATE

B curl-div elliptic estimate

Lemma B.1. Suppose that Q) is simply connected and satisfies the conditions in
Assumption 1.1. There exists a constant C > 0 such that, if a € Hiiv(Q) and
curlz € Hy(Q), then a € H*(Q) and the following inequality holds

lall 72q) < CIV(curl 2)|| 12(q)-

Proof. Let f € Hy(Q) n H*(Q) be the unique solution of the Dirichlet problem
-Af = curla in Q. By the inequality in (A.1), we get that 2 = V*f =

(axzf’ _axlf)‘

Since £ = 00on dQ and curlz € H'(Q), we have by the elliptic estimates

||f||H2(Q) = C(“ Cuflﬂ”LZ(Q) + ||f||L2(Q)) >
fe H3*(Q) and

||f||H3(Q) < C(” Curlﬂ”Hl(Q) + ||f||H2(Q))
< C(” curl | g1 (q) + ||f||L2(Q))-

This proves that 2 € HZ(Q) Now, since /= 0and curlz = 0 on dQ, we get by
the Poincaré inequality

1A 1 2r30)
Since 2 = V' £, |V fll 12(q)

IVl 2 ) < Cillcutla] 1) [ By (A.1)]
< C|V(curl 2)|| 12(q) [By the Poincaré inquality].

A

C(”V(CUflﬂ)”LZ(Q) + ||Vf||L2(Q))-

l2ll ;2() and consequently

This completes the proof. 0
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The distribution of superconductivity
near a magnetic barrier

Wafaa Assaad; Ayman Kachmar! Mikael Pemson-Sundqvist]k

Abstract

We consider the Ginzburg-Landau functional in a two-dimensional
simply connected domain with smooth boundary, in the situation when
the applied magnetic field is piecewise constant with a jump discontinuity
along a smooth curve. In the regime of large Ginzburg-Landau parameter
and strong magnetic field, we study the concentration of the minimizing
configurations along this discontinuity, by computing the energy of the
minimizers and their weak limit in the sense of distributions.

1 Introduction

1.1  Motivation

The Ginzburg-Landau theory, introduced in [LGso], is a phenomenological
macroscopic model describing the response of a superconducting sample to an
external magnetic field, when the sample is close to its critical temperature 7.
The phenomenological quantities associated with a superconductor are the order
parameter ¥ and the magnetic potential A, where |¥|* measures the density of the
superconducting Cooper pairs and curl A represents the induced magnetic field in
the sample.

In this paper, the superconducting sample is an infinite cylindrical domain
subjected to a magnetic field with a direction parallel to the axis of the cylinder.
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"Lebanese University, Department of Mathematics, Hadat, Lebanon
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For this specific geometry, it is enough to consider the horizontal cross section of
the sample, Q ¢ R*. The phenomenological configuration (i, A) is then defined
on the domain Q.

The study of the Ginzburg—Landau model in the case of a uniform or a smooth
non-uniform applied magnetic field has been the focus of much attention in the
literature. We refer to the two monographs [FHro, SSo7] for the uniform magnetic
field case. Smooth magnetic fields are the subject of the papers [Attrsa, Attrsb, HKis,
LP99, PKoz]. Given the current interest in magnetic steps for various physical
systems, we focus on the case where the applied magnetic field is a step function,
which is not covered in the aforementioned papers.

Nonhomogeneous magnetic fields have been the focus of great amount of
research. Current fabrication techniques allow the creation of such magnetic
fields [FLBP94, STH" 94, GGD"97], which opens new paths in quantum physics
and possible applications [RP98,JBY" 97, MJR97]. Indeed, these magnetic fields
appear in models involved in nanophysics such as in quantum transport in 2DEG
(bidimensional electron gas) (see [PM93, RPoo] and references therein) and in the
Ginzburg-Landau model in superconductivity [SJST69]. More recently, piecewise
constant magnetic fields are considered in the analysis of transport properties in
graphene [GDMH" 08, ORK"08]. Such magnetic fields are interesting because they
induce snake states, carriers of edge currents flowing in the interface separating the
distinct values of the magnetic field—the magnetic barrier (for instance see [HPRS16,
HS15, DHS14, HS08, RPoo, PMo3]). While such edge currents have been discussed
for linear problems in earlier works, the main contribution of this manuscript lies
in establishing their existence in the context of the non-linear Ginzburg—Landau
functional in superconductivity, by examining the presence of superconductivity
along the magnetic barrier. Our configuration is illustrated in Figure 1.

In an earlier contribution [AK16], the authors explored the influence of a step
magnetic field on the distribution of bulk superconductivity, which highlighted
the regime where an edge current might occur near the magnetic barrier. In this
contribution, we will demonstrate the existence of such a current by providing
examples where superconductivity concentrates at the interface separating the
distinct values of the magnetic field.
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1.2 The functional and the mathematical set-up

We assume that the domain Q is open in R?, bounded, and simply connected.
The Ginzburg-Landau (GL) free energy is given by the functional

2
G n(V,A) = fQ (\(v — ixHAYY? — |y + %|¢|‘*) dx

+ KZHZf |curlA— Bo|zdx, (r.1)
Q

with ¢ € H'(Q;C)and A = (4,,4,) € H'(Q;R?). Here, x > 0is a large GL
parameter, the function B, : QO — [-1,1] is the profile of the applied magnetic
field, and A > 0 is the intensity of this applied magnetic field.

The parameter x depends on the temperature and the type of the material. It
is a physical characteristic scale of the sample, it measures the size of vortex cores
(which is proportional to ™", in some typical situations dependent on the strength
of the applied magnetic field). Vortex cores are narrow regions in the sample, which
corresponds to x being a large parameter. That is the main reason behind our
analysis of the asymptotic regime x — +oo, following many early contributions
addressing this asymptotic regime (see e.g. [SSo7]). We work under the following
assumptions on the domain Q and the magnetic field B, which are quite generic
as revealed from the illustration in Figure 2.

Assumption I.1.
1. Q, c QandQ, c Q are two disjoint open sets.
2. Q and Q, have a finite number of connected components.
3. 0Q and 0Q), are piecewise smooth with (possibly) a finite number of corners.

4. T'=0Q,n0Q, is the union of a finite number of disjoint simple smooth curves
{1} pesws we will refer to T as the magnetic barrier.

5. Q=(Q,UQ,uTI) anddQ is smooth.
6. T 0 0Q is either empty or finite.

7. Forany k € R, if T}, intersects 0C) then the intersection is at two distinct points.
This intersection is transversal, i.e. Tyo x Ty, # 0 at the intersection point,
where Ty, and Ty, are respectively unit tangent vectors of 0Q) and T,
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B(]Zl B(J:(l

Figure 1: Schematic representation of the set Q subjected to a step magnetic field By, with the magnetic barrier

L

(O

Figure 2: Schematic representations of the set Q.

Assumption 1.2. By = 1o +alg , wherea € [-1,1)\{0} is a given constant.

The ground state of the superconductor describes its behaviour at equilibrium.
It is obtained by minimizing the GL functional in (1.1) with respect to (¢, A). The

corresponding energy is called the ground state energy, denoted by E, (x, H),
where

E, (%, H) = inf{®, ,(¥,A) : (¢,A) € H(Q;C) x H'(Q; R?)}.

One may restrict the minimization of the GL functional to the space H*(Q; C) x
HdliV(Q) where

H; (Q)={Ae H(Q;R?) : divA=0in Q, A, =00ndQ}.

Indeed, the functional in (1.1) enjoys the property of gauge invariance'. Consequently,
the ground state energy can be written as follows (see [FH1o0, Appendix D])

E, (x, H) = inf{B, ,(y,A) : (y,A) € H(Q;C) x Hy (Q)}.  (12)

"It does not change under the transformation (¢, A) — (¢/?*"y, A + V), for any (say smooth)

function @ : R* — R. The physically meaningful quantities are the gauge invariant ones, such as
|#| and curl A.
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This restriction allows us to make profit from some well-known regularity properties
of vector fields in Hj, (Q) (see [AK16, Appendix B]).

Critical points (y,A) € HY(Q;C) x Hdl.w(Q) of &, 1 are weak solutions of
the following GL equations:

(V- ixHA) 'y = (¥ > - D)y in Q,

-V*(curlA - By) = %Im(?&(v - ixHA)Y) inQ, (13)
v-(V—-ixHA)Yy =0 on dQ,

curlA = B, on dQ).

Here,
(V- ixHA)*Y = Ay — ixH(divA)y - 2ixHA - Vy — > H*|A]*y

and V* = (9, , =0, ) is the Hodge gradient.

1.3 Some earlier results for uniform magnetic fields

The value of the ground state energy E, (x, /) depends on x and / in a non-
trivial fashion. The physical explanation is that a superconductor undergoes phase
transitions as the intensity of the applied magnetic field varies.

To illustrate the dependence on the intensity of the applied magnetic field, we
assume that x is large and H = b, for some fixed parameter & > 0. Such magnetic
field strengths are considered in many papers (for instance see [AHo7, LP99, Pano2,
SSo3)).

Assuming that the applied magnetic field is uniform, which corresponds to
taking By = 1 in (1.1), the following scenario takes place. If & > @, where
O, =~ 0.59is a universal constant defined in (2.5) below, the only minimizers of the
GL functional are the trivial states (0, F), where curl F = 1 (see [GP99,LP99]). This
corresponds in Physics to the destruction of superconductivity when the sample
is submitted to a large external magnetic field, and occurs when the intensity A
crosses a specific threshold value, the so-called #hird critical field, denoted by Hy .

Another well-known critical field is the second critical field H, fon which is much
harder to define. When H < H(, superconductivity is uniformly distributed
in the interior of the sample (see [SSo3]). This is the bulk superconductivity
regime. When HC2 < H < HC;’ the surface superconductivity regime occurs:
superconductivity disappears from the interior and is localized in a thin layer near
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the boundary of the sample (see [AHo7, HFPS11, Pano2, CR14]). The transition
from surface to bulk superconductivity takes place when H varies around the critical
value x, which we informally take as the definition of H, (see [FKi1]).

One more critical field left is /. It marks the transition from the pure
superconducting phase to the phase with vortices. We refer to [SSo7] for its
definition.

1.4 Expected behaviour under magnetic steps

Let us return back to the case where the magnetic field is a step function as in
Assumption 1.2. At some stage, the expected behaviour of the superconductor in
question deviates from the one submitted to a uniform magnetic field. Recently,
this case was considered in [AK16] and the following was obtained. Suppose that
H = bk and «x is large. If b < 1/|a| then bulk superconductivity persists; if
b > 1/|a| then superconductivity disappears in the bulk of Q; and Q,, and may
nucleate in thin layers near I' U 0 Q (see Assumption 1.1 and Figure 1). The present
contribution affirms the presence of superconductivity in the vicinity of I'when
b is greater than, but close to the value 1/||, for some negative values of 4. The
precise statements are given in Theorems 1.7 and 1.11 below.

The aforementioned behaviour of the superconductor in presence of magnetic
steps is consistent with the existing literature about the electron motion near the
magnetic barrier at which the strength and/or the sign of the magnetic fields
change (for instance see). Particularly, the case where 2 € [-1,0) is called the
trapping magnetic step (see [HPRS16]), where the discontinuous magnetic field
may create supercurrents (snake orbits) flowing along the discontinuity edge. On
the other hand, such supercurrents do not seem detectable in the case when 2 €
(0,1), which is called the non-trapping magnetic step. However, the approach was
generally spectral where some properties of relevant linear models were analysed
(see [HPRS16, HS15, Iwa8s, RPoo]), and no estimates for the non-linear GL energy
in (1.1) were established in these cases.

The contribution of this paper together with [AK16] provide such estimates.
Particularly in the case when 2 € [-1,0) and & > 1/|a|, Theorems 1.7 and 1.11
below establish global and local asymptotic estimates for the ground state energy
E, (x, H), and the L*-norm of the minimizing order parameter. These theorems
assert the nucleation of superconductivity near the magnetic barrier I' (and the
surface 0 Q) when b crosses the threshold value 1/|4].
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1.5 Main results

Odur results are valid under the following additional assumption.

Assumption 1.3. The parameter H depends on x in the following manner
H = bx, (1.4)

where b is a fixed parameter satisfying

1
b>—, aec[-1,1)\{0}.
|
Remark 1.4. Our study does not cover the potentially interesting case 2 = 0, which
deserves to be studied independently in a future work. This case, referred to as
magnetic wall, was considered in [RPoo, HPRS16].

Remark 1.5. Even though the case 2 € (0,1) is included in Assumption 1.3, it
will not be central in our study (the reader may notice this in the majority of
our theorems statements). The reason is that, our main concern is to analyse
the interesting phenomenon happening when bulk superconductivity is only
restricted to a narrow neighbourhood of the magnetic edge I, and this only
occurs when the values of the two magnetic fields interacting near I'are of opposite
signs, that is when 2 € [-1,0). This can be seen through the trivial cases in
Section 3.2, and is consistent with the aforementioned literature findings (non-
trapping magnetic steps). Moreover, the case & < 1/|a| is treated previously
in [AK16] and corresponds to the bulk regime.

The statements of the main theorems involve two non-decreasing continuous
functions

€, [|ﬂ|‘1, +00) — (—o0,0] and E (1, +00) — (=00,0],

respectively defined in (3.5) and (6.28) below. The energy E ¢ has been studied in
many papers (for instance see [CR14, FKP13, FK11, HFPS11, AHo7, Panoz]). We
will refer to E ¢ as the surface energy. The function ¢, is constructed in this paper,
and we will refer to it as the barrier energy.

Remark 1.6. It is worthy of mention that ¢,(&) vanishes if and only if

* 2€(0,1);0r
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* a€[-1,0)and b > 1/, where 8, is defined in (2.11) below and satisfies
B, € (0,]a|) (see Theorem 2.6).

The surface energy E, (/) vanishes if and only if & > ©;", where @, is the
constant defined in (2.5).
The main contribution of this paper is summarized in Theorems 1.7 and 1.11

below.

Theorem 1.7 (Global asymptotics). For all a € [-1,1)\{0} and b > 1]|a|, the
ground state energy E,  (x, H) in (1.2) satisfies, when H = bx,

g.st
B, (x, H) = Ey(b)x + o(x)  (x — +o), (1.5)
where
E/,I;(b) = b_1/2(|r|€4(b) + |a‘()’1 r-]a‘()‘lﬁvsurf(b) + |5‘()’205‘()’| |ﬂ|_%E5urf(b|ﬂ|))’

Furthermore, every minimizer (¢, A),. i € H 1(Q;C)x Hdliv( Q) of the functional
in (1.1) satisfies

f W[ dx = 2EYb)x 4 o(x)  (x — +o). (1.6)
Q

Remark 1.8. In the asymptotics displayed in Theorem 1.7, the term |T'| b_l/zea(b)
corresponds to the energy contribution of the magnetic barrier. The rest of the terms
indicate the energy contributions of the surface of the sample. In light of Remark 1.6,
the critical value & = 8" marks the transition between the superconducting and
normal states along I

Remark 1.9. The edge T creates vertices in the case where I'n dQ # @ (see Figure 2)
which may have non-trivial energy contributions hidden in the remainder term
in (1.5). This case alters the breakdown of superconductivity too and shares some
similarities with corner cases [BNFo7, CG17, HK18, Ass19].

Remark 1.10. Theorem 1.7 does not cover the case when the intensity of the magnetic
field satisfies & = 1/|a|. However, we expect that some additional bulk terms will
contribute to the estimate of the energy in this case, by analogy with [FKii].

Our next result, Theorem 1.11 below, describes the local behaviour of the
minimizing order parameter ¥; thereby enhancing the statement in Theorem 1.7.
We define the following distribution in R?,

C2(R*) 3 0 = T(p),
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where

T(p) = ~26" ) [ pdsr+ Eauld) | ods

Q,n0Q

+ |d|_%Esurf(b|ﬂ|)£

5 P d;). (1.7)

Q,no
Here dspand ds denote the arc-length measures on I'and 0 Q respectively.

Theorem 1.11 (Local asymptotics). For all a € [-1,1)\{0} and b > 1/|a|, if
(¥, A)y € H'(Q;C) x H{ (Q) is a minimizer of the functional in (1.1) for
H = bx, then, as xk — +oo,

xT" — I in 2 (R?),

K

where Pfxb is the distribution in R> defined as follows
(R 30 - Tp) = [ Ipl'pds
Q

gti

and the convergence of T to T is understood in the following sense

VeeCT(RY), lim xT () = T"p). (1.8)

Similarly as in [CR16b], we expect that the second correction term in the
asymptotics in (1.8) will depend on the surface geometry of I'and 9Q, and will
require a restrictive assumption on the way the support of the test function @ meets

the edges I'and 0 Q).

Discussion of the main results. We will discuss the results in Theorems 1.7
and 1.11, in the interesting case where the magnetic barrier I'intersects the boundary
of Q. Hence we will assume that de NoQ # @ for j € {1,2}. When this
condition is violated, the discussion below can be adjusted easily.

The following observations mainly rely on Remark 1.6 and the order of the
values |2|©,, O, f,, and |a]|.

* Fora = —1, we have 8, = ©, < |4] (see (2.26)). Consequently, in light of
Remark 1.6:
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Figure 3: Superconductivity distribution in the set Q subjected to a magnetic field By, in the regime where
a=-1,H = bx,and |a|™" < & < ©;". The white regions are in a normal state, while the grey regions carry
superconductivity.

— If1 < b < ©;", then the surface of the sample carries superconductivity
and the entire bulk is in a normal state excepr for the region near the
magnetic barrier (see Figure 3). Moreover, the energy contributions of
the magnetic barrier and the surface of the sample are of the same order
and described by the surface energy, since in this case ¢,(0) = E,¢(6),
see Remark 3.12. This behaviour is remarkably distinct from the case
of a uniform applied magnetic field.

-Ifb = Q) ! then all the aforementioned energy contributions vanish,

ENb) = 0.

* For 2 € (-1,0), comparing the values §,, ©, and |4| is more subtle.
In (2.18), (2.23) and Theorem 2.6 below, we show that

Y ae (-6,0), |a|©, < B8, < |a| < ©,. (r.9)

Moreover, numerical results about the variation of 8, with respect to
show that 8, is strictly decreasing for 2 € [-1,0) (see Figure 5)*. Having
B_1 = ©, (see (2.26)), this suggests that 8, < © for 2 € (-1,0). However,
such a result is not rigorously established yet.

With (1.9) in hand, Theorem 1.11 and Remark 1.6 indicate the following
behaviour for 2 € (-©,0) and b > |a| ™"

— The part of the sample’s surface near Q4 N9 Q) is not superconducting.

*The graph in Figure 5 was obtained after a numerical computation done by Virginie Bonnaillie-

Noél.
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B‘,zlx lBu:a BUZIx lBUZG

Figure 4: Superconductivity distribution in the set Q subjected to a magnetic field By, in the regime where
2 € (=©,,0), H = bx, and respectively |2| ™ < b < f;' and B;' < b < |a| 7@y, The white regions are in
a normal state, while the grey regions carry superconductivity.
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Figure 5: Variation of 8, with respect to 4, for 2 € [-1,1)\{0}.

— If |a|™ < b < B, then surface superconductivity is confined to the
part of the surface near 0 Q),Nd Q. At the same time, superconductivity
is observed along the magnetic barrier I'(see Figure 4). This behaviour
is interesting for two reasons. Firstly, it demonstrates the existence of
the edge current along the magnetic barrier, which is consistent with
physics (see [HPRS16]). Secondly, it marks a distinct behaviour from
the one known for uniform applied magnetic fields, in which case the

whole surface carries superconductivity evenly (see for instance [HK17,
FKP13, Panoz]).

— If ;' < b < |a|7'®;", then superconductivity only survives along
0Q, N 0Q (see Figure 4). Our results then display the strength of
the applied magnetic field responsible for the breakdown of the edge
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current along the barrier.

— Ifb > |a|7'@;", then all energy contributions in Theorem 1.7 disappear.

* Fora € (0,1), B, = a (see (2.19)). When & > a~Y, Theorem 1.11
reveals the absence of superconductivity along the magnetic barrier. As
for the distribution of superconductivity along the surface of the sample, we
distinguish between two regimes:

Regime 1, 2 € (0, ©]. The part of the boundary, dQ; n dQ, does not
carry superconductivity. It remains to inspect the energy contribution of
0Q, N 9Q. In that respect:

— Ifa™ < b < a'®;", then superconductivity exists along dQ, N 9 Q.

— Ifb = a7'©®;", then superconductivity disappears along dQ, N Q.

Regime 2, 2 € (©y,1). We observe the following :

—Ifa™' < b < @', then the entire surface of the sample is in a
superconducting state, though the superconductivity distribution is
not uniform.

—If@;"' < b <a'©;", then only 0Q, N 0Q carries superconductivity.

- If b > 4_16_1, thCIl all thC energy COIl[I’ibthiOl’lS in Theorem 1.7
0
vanish.

1.6 Notation

* The letter C denotes a positive constant whose value may change from one
formula to another. Unless otherwise stated, the constant C depends on the
value of 2 and the domain Q, and is independent of x and H.

* Leta(x) and b(x) be two positive functions. We write 2(x) =~ b(x), if there
exist constants x,, C; and C, such that for all x > x,, Cia(x) < b(x) <

Cya(x).
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* The quantity 0(1) indicates a function of x, defined by universal quantities,
the domain Q, given functions, etc., and such that [o(1)| — Oasx —
+oo. Any expression o(1) is independent of the minimizer (y,A) of (1.1).
Similarly, ©(1) indicates a function of «, absolutely bounded by a constant
independent of the minimizers of (r.1).

eletneN,pe NNNeN,ae(0,1),K c RNbeanopenset. We use
the following Holder space

C™*(K) = {f € C*(K) | sup D7 f(x) = DUFO) < +oo}.

x#zyek |x _}’|“

* Letz € N, I c R be an open interval. We use the space

B"(I)={une L*(I): x'D/ue L*(I),Vi,j e Nst.i+j < n}. (1.10)

1.7 Heuristics of the proofs

In this section, we present our approach in an informal way, not organized according
to the order of appearance of various effective models in the paper, but following a
scheme highlighting some important links between these models.

We are mainly interested in examining the behaviour of the minimizer of the
GL energy in (1.1) near the magnetic barrier I. Working under Assumption 1.3,
one can use the (Agmon) decay estimates established in [AK16] (see Theorem 2.4)
to neglect the bulk energy contribution and restrict the study near the edge I'and
the boundary 0 Q.

As the applied magnetic field behaves uniformly near dQ\TI; the study of
surface superconductivity is the same as that in the case of uniform fields, frequently
encountered in the literature. Therefore in Section 6.2, the reader is referred to the
existing literature.

The rest of the paper mainly focuses on the study of superconductivity in a
tubular neighbourhood of I. In Section 6, we decompose this neighbourhood
into small cells, each of size © (K‘_3/ 2), in order to establish the local asymptotics
of the minimizer as well as the corresponding energy estimates as x — +oo. This
decomposition aims to reveal the existence of superconductivity in each of these
small patches, in a certain regime of the applied magnetic field (i.e. for certain
values of the parameter 4, as in Assumption 1.3).
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Using Frenet coordinates, cut-off functions, a suitable gauge transformation
allowing to replace the induced magnetic field A by the applied magnetic field F
(curl F = By, see Lemma 2.2), together with a rescaling argument (Sections 4—6),
we may reduce the study of the GL energy in (1.1) into that of the 2D-effective
energy G, , p defined on the strip S = (=R/2, R/2) x (=00, +c0), for R > 1
(Section 3)

. 2 1

Gusal) = [ (65 = ot = |ul + 51al’) d,
R

with Dirichlet boundary conditions imposed on #, where o(x) = 1y (x,) +

aly (%) for x = (x,,%,) € R* Here, x; and x, are respectively the tangential

and the normal coordinates with respect to the magnetic edge. We also consider

the ground state energy

2.6, R) = infG, , r(u).

Hence, we launch an investigation of the new energy model, €, , », with a step
magnetic field. It is standard to begin by exploring the linear part of this energy,
which leads us to the following linear magnetic Schrodinger operator defined in
the plane (Section 2.4)

&L, = —-(V-id)

a

where Ay(x) = (=x,,0) for x = (x,%,) € R% The ground state energy of this
operator is denoted by 4,. One can easily see that the non-triviality of the energy
€, ;. minimizer (that is when g, (4, R) # 0) is equivalent to 1/]2| < b < 1/,
(under Assumption 1.3). Therefore, to ensure the non-emptiness of the interval
(1/|al,1/B,), thus the non-triviality of our study, we shall compare the values ||
and £,.

In order to get the aforementioned comparison (of |#| and 8,), we use partial
Fourier transform to perform a new reduction, this time of the 2D-operator Z, to
a 1D-effective operator in R, »,[£], parametrized by £ € R (Section 2.4):

42

bd[f] = _W + Vd(f: t);

with the effective potential

(£ +ar)* (r<0),

a0 = {(f P (6> 0),
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and with a lowest eigenvalue denoted by y,(£). The ground state energy 4, satisfies

Ba=nf 1, ().
Next, we provide information about this infimum by collecting some spectral
properties of the operator /,[£]. This iD-operator has already been considered in
the literature, and some spectral information was established experimentally and
rigorously in earlier works (for instance see [HPRS16, HS15, DHS14, RP0O, Iwa8s]).
However the approach in the aforementioned references was rather complicated,
since all energy levels were examined. In addition, some of the spectral results
we need in our study were not explicitly stated in these references. Therefore, for
the sake of clarity and since we are only interested in the lowest eigenvalue, we
opt to use a direct approach to provide such results (see Section 2.4). Moreover,
our results slightly improve those of the aforementioned works (see Theorem 2.6).
Our proofs call some spectral data of well-known effective models on the half-line
(Section 2.3).
From Section 2.4, we collect the following useful properties:

* B,=a,forae(0,1),

* f1= 0,
* |a|©, < B, < |al|, fora € [-1,0).

Here, ©, is the value in (2.5). Now, the comparison of 4, and « is in hand and a
consequence of this is the following observation:

¢.(b,R) =0, forae(0,1)andb > i

while

¢.(b,R) <0, forae[-1, o)and—<b<i

B

We highlight the contribution of Theorem 2.6 in obtaining the latter property. This
gives us the desired information about the values of # and & for which our study is
non-trivial. Subsequently, we neglect the case 2 € (0, 1) and proceed under the
more restrictive assumption

ﬂE[—l,O), % [8_
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The main results about the reduced energy €, , » are stated in Theorem 3.1. In
particular, this theorem introduces the limiting energy ¢,(4) appearing in our main
theorems (Theorems 1.7 and 1.11):

. L0 R)
) - i S0
In addition, the bounds in the last item of this theorem are important to control
the error terms arising while establishing the energy and minimizer estimates in
Section 6. The proof of Theorem 3.1 occupies Section 3. It relies on the approach
in [Panoz, FKP13] in the case of uniform fields, with some additional technical
difhiculties caused by the discontinuity of our magnetic field. For instance, we
step carefully while establishing some regularity properties needed in proving the
existence of &, , » minimizer (see Lemmas B.3-B.6).

Finally, inspired by the recent work of Correggi—Rougerie [CR14] studying
the surface superconductivity in the case of constant fields (more precisely by their
energy lower bound proof), we interestingly prove that the 2D-limiting energy
¢,(b) is nothing but a one dimensional energy, Eﬁ, defined in Section 3.6. This
reduction serves in providing a more explicit definition of the enregy ¢,(%) and
suggests that the profile of the minimizing order parameter ¥ near the edge is as
follows (up to a gauge transformation):

¥ = fo(b“)fl‘gobm (1.11)

where (f;, fo) is a minimizing couple of the energy %;Pb,f defined in (3.16), s is
the tangential distance along I'and 7 is the normal distance to I Such a profile
suggests that the supercurrent along the edge I, j = Im (?(V - ixHA) ;k), behaves
to leading order as bqufo(O)zi with 7being a unit tangent vector along the edge
L

The rigorous derivation of (1.11) is not given in the present paper, but we expect
that the analysis in this paper paves the way to a future investigation of the profile
of ydisplayed in (1.11). In that respect, a special attention is required due to the
non-homogeneity of the order parameter ¥ as revealed in Theorem 1.11; indeed ¥
seems to have different profiles along I'and the parts of 0Q).

One remarkable aspect of our proofs is that we have not used the « priori elliptic
L%-estimate |(V — 71k HA) ¢ || < Cx. Such estimate is not known to hold in our
case of discontinuous magnetic field B,,. Instead, we used the easy energy estimate
[(V—ixHA) |, < Cx and the regularity of the curl-div system (see Theorem 2.3).
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This also spares us the complex derivation of the L™-estimate (see [FH1o, Chapter

11]).

1.8  Organization of the paper

Section 2 presents some preliminaries, particularly, a priori estimates, exponential
decay results, and a linear 2D-operator with a step magnetic field. Theorem 2.6
is an improvement of a result in [HPRS16]. Section 3 introduces the 2D-reduced
GL energy along with the barrier energy ¢,(-). In Section 4, we present the Frenet
coordinates defined in a tubular neighbourhood of the curve I These coordinates
are frequently used in the context of surface superconductivity [FH10, Appendix F].
In Section 5, we introduce a reference energy that describes the local behaviour
of the full GL energy in (1.1). Section 6 is devoted for the analysis of the local
behaviour of the minimizing order parameter near the edge I Also, we recall well-
known results about the local behaviour of the order parameter near the surface
0 Q. Finally, collecting all the estimates established in Section 6, we complete the
proof of our main theorems (Theorems 1.7 and 1.11 above).

2 Preliminaries

2.1 A Priori Estimates

We present some celebrated estimates needed in the sequel to control the various
errors arising while estimating the energy in (1.1).

Proposition 2.1. If (¢,A) € H'(Q;C) x H'(Q; R?) is a weak solution of (1.3),
then

1Yl 20 < 1.

The proof of Proposition 2.1 can be found in [FHro, Proposition 10.3.1].
Recall the magnetic field B introduced in Assumption 1.2. In the next lemma,

we will fix the gauge for the magnetic potential generating B, (see [AK16, Lemma
A.1])

Lemma 2.2. Suppose that the conditions in Assumptions 1.1 and 1.2 hold. There exists
a unique vector field F € HdliV(Q) such that

curl F = B,

Furthermore, F is in CT(Q,), 1 = 1,2.
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We collect below some useful estimates whose proofs are given in [AK16,
Theorem 4.2].

Theorem 2.3. Let a € (0, 1) be a constant. Suppose that the conditions in Assumptions 1.1
and 1.2 hold. There exists a constant C > 0 (dependent on b) such that if (1.4) is
satisfied and (v, A) € H'(Q; C) x Hdliv(Q) is a solution of (1.3), then

L (V= ixHA) Y| 12q) < Cx.

C
2. ||cu1'l(A - F)||L2(Q) < ;
5 C
3. A-Fe H (Q) and ||A - F”HZ(Q) < ;
A—Fe C*(D) and |A — B o < &
4. an con@ < 7

2.2 Exponential decay of the order parameter

The following theorem displays a regime for the intensity of the applied magnetic
field where the order parameter and the GL energy are exponentially small in the
bulk of the domains Q; and Q,.

Theorem 2.4. Given a € [—1,1)\{0} and b > 1]|a|, there exist constants x, > 0,
C > 0, and ay > 0 such that, if

K > Ky Kk ' < € <1, and (,A) is a solution of (1.3) for H = bx,
then

f (|¢|2+ (KH)_ll(V— lKHA)%lZ) dx < CK_lg_%"f’
Qjﬂ{dist(x,()Qj)zf}

Jor j € {1,2}.

Remark 2.5. In the proof of Theorem 2.4 below, we see that 2; — 0 when & —

(1/lal),.

Proof of Theorem 2.4. The proof is a consequence of the Agmon-type estimates
established in [AK16, Theorems 1.5 & 7.3]; indeed, for a fixed b > 1/|a]|, there
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exist ky, C > 0 such that, for ¥ > x,and H = bx,

fajn{dist(x,mj)zﬁ}(¢2+K;,|(v—z'xHA)¢|2)

exp (25\/ x H dist(x, &Qj))dx <C

Q n{dist(x,0Q )< %
forj € {1,2}and 0 < ¢ < b—1/|a|. We modify the choice of x; so that x, > 1/Vb.
That way, for ¥ > xyand xgx ™' < € < 1, we get £ > 1/\/xH. Using (2.1), one can

easily verify the claim of Theorem 2.4, with 2, = ay(b) = 2Vb. O

|1/|2 dx, (2.1)
=}

2.3 A Family of Sturm-Liouville operators on Z*(R )

In this section, we will briefly present some spectral properties of the self-adjoint
realization on L*(R ) of the Sturm-Liouville operator:

2

d

Hly, ] = +(t - &), (2.2)

defined over the domain
Dom (H[y, £1) = {u € BA(R,) : #'(0) = yu(0)},

where B*(R ) is the space introduced in (1.10), and £ and yare two real parameters.
Denote by p(y, £) the lowest eigenvalue of the operator H [y, £]

©(y,§) = infsp(H][y, £]). (2.3)
For all y € R, we define
O(y) = jnf u( ), (2.4)

The particular case where y = 0 corresponds to the Neumann realization, and we
use the following notation,

HN[E] = H[0,€], uMN(E) = u(0,§), ©,=0(0). (2.5)

For all y € R, there exists a unique minimum £ (y) for the function £ — u(y, £).
Furthermore (see [Kaco6, Section 2.3])

E(y) =VO(y) + 7~ (2.6)

and
Vy 20, 0<O(y) <1 (2.7)
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2.4 An operator with a step magnetic field

Let 2 € [-1,1)\{0}. We consider the magnetic potential A, defined by
Ay(%) = (=2, 0) (x = (x,%,) € Rz), (2.8)

which satisfies curl A, = 1. We define the step function o as follows. For x =
(x1, %) € R?,
7(x) = Iy (%) + alg (x). (2.9)

We introduce the self-adjoint magnetic Hamiltonian

£ =—-(V- z'a'AO)z, (2.10)

a

with domain of definition
Dom (2,) = {u € L*(R?) : (V - idA,)/u € L*(R?), for j € {1,2}}.
The ground state energy of the operator &, is denoted by
8, = infsp(2,) (1)

Since the Hamiltonian &, is invariant with respect to translations in the x;-
direction then, by using the partial Fourier transform with respect to the x;-
variable, we can reduce &, to a family of Shrédinger operators on L*(R), b,[£],
parametrized by £ € R and called fiber operators (see [HPRS16, HS15]). 'The
operator /,[£] is defined by

dZ
bﬂ[f] = _W + Vd(f: t), (2.12)
with
N(F+ar)?, <o,
K{(f) Z') - {(f + t)z’ t>0. (2~I3)
The domain of »,[£] is given by
dz / /
Dom(bd[f]) = {u e BY(R) : (— PP + V(& t))u e L*(R),#'(0,) = u (O_)}.
The quadratic form associated to 4 [£] is
2810 = [ (18P + V(&) lu)) dr, (19)
R
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defined on the form domain

Dom (qﬂ[f]) = B'(R). (2.15)

The spectra of the operators &, and /,[£] are linked together as follows (see [FHio,
Section 4.3])

sp(Z,) = U sp(h.[£]). (2.16)

feR
We introduce the lowest eigenvalue of the fiber operator 4,[£],

7.[£1(x)

ueB(R),u#0 ||u ||2LZ(R) ’

#,(£) = infsp(h,[£]) = (2.17)

Consequently, for all 2 € [-1,1)\{0}, we may express the ground state energy
in (2.11) by

B = iof 1 (9). (2.18)

Below, we collect some properties of the eigenvalue #,(£).

The case 0 < 2 < 1. This case is studied in [HS1s, Iwa8s]. The eigenvalue x,(£)
is simple and is a decreasing function of £. The monotonicity of x,(-) and its
asymptotics in Proposition A.4 imply that

a<p, (&)<l (£eR),

and that £, introduced in (2.11), satisfies
B, =a. (2.19)

The case 2 = —1.  'This case is studied in [HPRS16]. Using symmetry arguments,
u_1(£) is simple and satisfies

pq(£) = #N(_f); (2.20)
where ‘uN(-) is introduced in (2.5). By (2.5)-(2.7),

0< ?gﬂg/‘—l(f) = p_1(£4) = 6 < 1, (2.21)

where £, = -£(0) = —‘/6, ©, and £(0) are respectively introduced in (2.5)
and (2.7).
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Thecase -1 < 2 < 0. See also [HPRS16] for the study of this case. The eigenvalue
u,(£) is simple, and there exists £, < 0 satisfying’

la| = u,(£,) = rfneiﬁ} ©a (). (2.22)

Moreover, we have (see Proposition A.6)
|a|©, < min #a(£). (2.23)

Combining the foregoing discussion in the case 2 € [-1,0), we get that 8,
introduced in (2.11), satisfies

|2|©y < B, < |al, (2.24)
(gd = (L‘d(fd) with fa <0. (2.25)

In particular,
By = (£4) = 0, (2.26)

In the next theorem, we will use a direct approach, different from the one in
[HPRS16], to establish the existence of a global minimum £, in the case when
a € (=1,0) and to prove that 8, < |4|. Theorem 2.6 slightly improves the
estimates in [HPRS16], since it provides an upper bound of 3, stronger than |a|.
This theorem is necessary to validate the hypothesis 1/|2| < 1/, in (3.7), under
which we work in Section 3. Indeed, it guarantees the existence of a non-empty &-
parameter region where the minimizer of the reduced GL energy G, , r, introduced
in Section 3, is non-trivial, which is key in the study of this energy.

Theorem 2.6. For all a € (—1,0), there exists £ < 0 such that u,(£), the lowest
eigenvalue of the operator b | €], satisfies

1
1 (£) < |ﬂ|@( m) < al,

where ©(+) is defined in (2.4). Consequently, the function & — u,(£) admits a global
minimum satisfying

min < |al.
nin 2, (2) < la

3£, was not explicitly proven to be negative in [HPRS16]. For the convenience of the reader, we
show that £, < 0 in Proposition A.7.
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Proof. 'The proof is inspired by [Kac]. For all y € R, let ©(y) and £(y) be the
quantities introduced in (2.4) and (2.6) respectively (such that © (y) = u(y, £(7))).
Denote by ¢, = 9, ;(,) the positive L*-normalized eigenfunction of the operator
in (2.2) with eigenvalue ©(y). Define the function

() = %,(0) exp(-mt), =0, -
(t) {@y(_mt), r <0, (2. 7)

where yand m are two positive constants to be fixed later. One can check that

u € Dom (g,[£]), hence by the min-max principle, for all £ € R,
G0

" el

(&) (2.28)

Pick £ € R. We will choose & precisely later. The quadratic form ¢,[£](#) defined

in (2.14) can be decomposed as follows:

7.1E1(w) = gV [E1(w) + 4P [£](w),

where

2w = [T (W OF + 1+ Hulo)P) dr,

0
and o
2216 = [ (W OF + l(ar + Hul0)?) dr.
A simple computation gives
2
AN = (34 5+ 55

2m

L
4m3

)le, ()17, (2.29)

On the other hand, for # < 0, we do the change of variable y = —,/|2|¢, which in
turn yields

@) _ 1ol i ’
g [£)(n) = \/Wfo (|¢y(y)| + ‘(y + M)%U) ) dy.
Now we select £ = —‘/|7|f(7/) (see (2.6)). That way we get
9 [£1(n) = Vlal (©() - y12,0) ). (2.30)
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The definition of the function # in (2.27) yields

oo 20 1
2 _ 4
f_m |u(z)|"de = 5 +

Combining the results in (2.29)—(2.31) and using (2.7), we rewrite (2.28) as follows

VIal®(y)

(2.31)
||

¢l () <

1 [2,(0)]
4] 2m
. lallem)+? la|{(©(7)+72
(% - |ﬂ|7 + ( 2m ) - (27}12 ) + #)|¢y(0)|2
" 3, OF '
‘/m 2m

Since 0 < ©(y) < 1fory >0,

la(1+7%) ||
_lalo) + (5 - laly + 555 - 55+ 55l OF
B 1 lp,(0)]? )

||

Now we choose y = \/1/(2|a|(1 —|a|)) and m = /|a|y. Using again the fact
that ©(y) < 1, we obtain

#a(£)

2m

V1219 ()
RN PYTTE

2m

ua (&) < < |al®(y) < |al. (2.32)

||
The existence of the global minimum is now standard (it is a consequence of

Proposition A.4 in the appendix). O

Remark 2.7. Collecting the foregoing results in (2.19)—(2.23) and Theorem 2.6, we
deduce the following facts regarding the bottom of the spectrum of the operator
&, introduced in (2.10).

1. Forallz € (0,1), £, = a.

2. Forall 2 € [-1,0), |2|©, < B, < |a|, and there exist £, < 0 and a
L*-normalized function ¢, € B?*(R) such that

ha[fa] ¢, = ﬂa¢4 in R, (2.33)

where /,[-] is introduced in (2.12).
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3 Reduced Ginzburg-Landau Energy

3.1 ‘The functional and the main result

Assume that 2 € [-1,1)\{0} is fixed, 7is the step function defined in (2.9) and A,
is the magnetic potential defined in (2.8). For every R > 1, consider the strip

Sz = (=R/2,R[2) x (—c0, +c0). (3.1)

We introduce the space

Dy = {u € L*(Sg) ¢ (V- idAg)n € L*(Sy), u(xl = ig,xz) = O}. (3-2)

Note that the boundary condition in the domain @ is meant in the trace sense.
For b > 0, we define the following Ginzburg-Landau energy on 9@, by

Gosal) = [ (V= schgul = [uP 4 J1ul’) dx, 63)

R

along with the ground state energy
&b, R) = inf G, x(u). (3.4)
uedp

Our objective is to prove

Theorem 3.1. Assume that a € [-1,1)\{0}, b = 1/|a|, R > 1, g,(b, R) is the
ground state energy in (3.4), and B, is defined in (2.11).
The following holds:

I g,(b,R) <0.
2. Ifa €(0,1), then g,(b,R) = 0.
3. Ifa € [-1,0), then there exists a constant e,(b) < O such that

I 2.(b, R)
m —-

R—+co

Furthermore, ¢,(b) = 0 if and only if b > 1/ B,

= ¢,(b). G.5)

4. Forall a € [-1,0), the function [1]|a|,+) 3 b — e,(b) is monotone
non-decreasing and continuous.
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5. Forall a € [-1,0), there exists C > 0 such that

LR s R—Cl. 5.6)

VR >4, e¢/(b)< z 3

The proof of Theorem 3.1, along with other properties of ¢,(4), will occupy
the rest of this section.

3.2 The trivial case

We start by handling the trivial situation where the ground state energy vanishes:
Lemma3.2. Ifa € [-1,1)\{0} and b > 1/ B,, then for all R > 1, g,(b,R) = 0.
Remark 3.3.

1. Under the assumptions in Lemma 3.2, the function # = 0 € Dy is the
unique minimizer of the functional in (3.3).

2. When 2 € (0,1), £, = a by Remark 2.7, hence Lemma 3.2 yields that
2,(b,R) =0forallb > 1/aand R > 1.

Proof of Lemma 3.2. We have the obvious upper bound g,(6,R) < €, , »(0) = 0.
For the lower bound, pick an arbitrary function # € @, and extend it by zero on
R?. Using the min-max principle, we get

G, (%) zbﬂﬂf |u|2dx+f (—|u|2+l|u|4)dx205inceb2i. O
” Sg Sk 2 8.

3.3 Existence of minimizers

Now we handle the following case, which is complementary to that in Lemma 3.2

1 1
— <b<—, (3.7)
4] Z, 7

where 8, is the lowest eigenvalue introduced in (2.11). Under the hypothesis in (3.7),

—1<4<0 and

we can prove the existence of a non-trivial minimizer of the functional in (3.3)
along with decay estimates at infinity.
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Proposition 3.4. Assume that (3.7) holds and let R > 1. There exists a function
@,p.r € Dy such that, for R large enough, ¢, , p # 0,

Cor(Papr) = (0, R) and @, pllp=s, < 1. (3.8)

Here G, , p is the functional in (3.3) and g,(b, R) is the ground state energy in (3.4).
Furthermore, there exists a universal constant C > 0 such that, for all R > 1, the

Sunction @, , p satisfies

j; - |x2| (|(v - Z‘JA0)¢a,b,R|2 + |¢4,b,R|2) dx < CbR’ (39)

entlml=a (In|x])?

and
fS (517 = ioA)@us x| + 190snl?) dx < CHR. (3.10)

R

The proof of Proposition 3.4 relies on the approach in [FKP13, Theorem 3.6]
and [Pano2]. It can be described in a heuristic manner as follows. The unboundedness
of the set S, makes the existence of the minimizer @, ; » in (3.8) non-trivial. To
overcome this issue, we consider a reduced Ginzburg-Landau energy G, , » ,
defined on the bounded set Sy ,, = (=R/2, R[2) x (=m,m), and we establish
some decay estimates of its minimizer @, ; » .. Later, using a limiting argument on
G, srmand @, » , forlarge values of 72, we obtain the existence of the minimizer
@,z together with the properties in Proposition 3.4. The details are given in
Appendix B for the convenience of the reader.

3.4 The limit energy

In this section, we will prove the existence of the limit energy ¢,(%), defined as the
limit of g,(b, R)/R as R — +oo. After that, we will study, when the parameter 2
is fixed, some properties of the function & — ¢,(5).

In the sequel, we assume that a, b, R are constants such that R > 1 and (3.7)
holds. The next lemma displays some simple, yet very important, property of the
energy. This property is mainly needed in Theorem 3.1 to establish an upper bound
of the limit energy ¢,(0).

Lemma 3.5. Let n € N. Consider the ground state energy ¢,(b, R) defined in (3.4),
then
2,(b,nR) < ng,(b,R).
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Proof. Lemma 3.5 follows from the translation invariance of the integrand of €, ;, »
with respect to the variable x; and the Dirichlet boundary conditions, where €

is defined in (3.3). O

Our next result easily follows from the property of monotonicity with respect
to the domain.

Lemma 3.6. 7he function R — g,(b, R) defined in (3.4) is monotone non-increasing.

The existence of the limit of g,(5, R) /R as R — +co will be derived from a
well-known abstract result (see [FK13, Lemma 2.2]). To apply this abstract result,
we need some estimates on the energy ¢,(4, R), that we give in Lemmas 3.7 and 3.8
below.

Lemma 3.7. Let g,(b, R) be the ground state energy in (3.4). There exist positive
constants Cy, C,, and Cy dependent only on a and b such that

_ L&(bR) G
C\R < 1= bﬂ CGR+ = R (3.11)

Proof-
Upper bound. Let § € C°(R) be a smooth cut-off function satisfying

supp&c(—%,%), 0<d <1, 6—1111[—71* ;}],

and let G5 (x) = #(x/R). Recall the function ¢, # 0 defined in (2.33), we define
in R? the functions

Ya(xp,55) = 5i£ﬂx1¢a(x2) and v(xy,25) = Op(21) ¢, (315 %) (3.12)

The function y,, satisfies —(V — 7aAy)*¥, = B,¥,. Multiplying this equation by
¥,0% and integrating by parts yield

b [ GlnPdr = [ G| - i)y dx

+2 ﬁR(xl)ﬁé (xl)%(x)(v - 1aA) ¥, (x) dx

Sz
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Taking the real part of each side of the equation above, we get
8, fs 62 () |9, () P dx = fs 62(e)|(V — icAy) ¥, (x) > dx
# 2Re [ Op(m) Gp() )V — i) ()

= [ (V- iAo dx - f 07 ()| 9 () > dx

Sk

-/ |(V—z’aAo)v|2dx—fS 62(x,)| 8, (x,) > dx.

Hence, using ||#, [ ;2(r) = 1 and the properties of d in (3.12), we obtain
. 2 2 2 ¢
J 1ol dr < g, | Gin)lg P ds -
R R

Consequently, for ¢ = /(1 = b4,) /v, and v, = fR |8, (5,)|* dx,, we get
gﬂ(b’R) < Cga,b,R(tU)

r* r*

< R ((bgzﬂ -+ 5 | |¢ﬂ(x2)|4dx2) + CbE

2 )y R

C.
<(1-b8,) (—CZR + —3),
R
where C, = (1/2)t*and C; = Cb /7,
Lower bound. Let ¢ = @, , » be the minimizer in Proposition 3.4. It follows
from the min-max principle that

2(b:R) =%, ,x(p) = (b8, -1) | || dx.

Sz

By (3.10), fs |@|*dx < CbR, where C > 0 is some constant. Hence, choosing
R
C, = C/j, establishes the desired lower bound. O

Lemma3.8. There exists a universal constant C such that, for alln € N and 2 € (0,1),
the ground state energy g,(b, R) defined in (3.4) satisfies, for R > 1,

2,(b, n*R) . 2.(6, (1 + 2)’R)
n?R (1 +a)’R

- Cbz(a + ﬁ) (3.13)

59
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Proof. Let n = 1 be a natural number, « € (0, 1) and consider the family of strips
_(_.2 4 _ - «\ 2 . 2
SJ.—( 7= 1-a+ (2 1)(1+2), n 1+(z]+1)(1+2))x1&,

for j € Z. Notice that the width of S;is 2(1 + ), and the overlapping occurs
only between two adjacent strips (S, and S;_;, for any ;). There exists a universal

constant C > 0 and a partition of unity ( X)) jez of R? such that

SHEeY

5

Z|;(j|2=1, suppy; € S, 0<y; <1, |V;(j|s
J

and
z=1in (—nz— 1+ (2 - 1)(1 + %),—nz— 1—a+(2)+ 1)(1 + g))

Since the overlapping is between a finite number of strips, one may further write
2 _ 2 C S
Z|;(j| =1, 0<y <1, Z|V;(J| < —5 suppy;© S,
j J

where C is some universal constant. Define

22,(%) = 1,2/ R),

(¥r,) is then a new partition of unity satisfying

o
Z |;(R)j|2 =1L 0< ;<1 Z |V;(R,j|2 < —igz> SUPP R, © Sgp  (14)
J J

where S = {xR/2 : x € S;}. The family of strips (S ) je12,.,.2) Yields a
covering of S, = (=7°R/2,n°R[2) x R by n” strips, each of width (1 + 2)R.
Let @, ;2 € D,2p be the minimizer in Proposition 3.4. We decompose the energy
associated to @, ;, 2z as follows

2
n

ga(b’ an) 2 Z (Cga,b,an(XR,j¢a,b,n2R) - b”(v;(R,j)¢a,b,an ”ZLZ(SZ ))
j=1 n2R

2
n b2 2
n
2 z <g&z,b,an (){R,j¢a,b,n2R) -C 2R
=1 #
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The first inequality above follows from the celebrated IMS localization formula
(see [CFKSo09, Theorem 3.2]), while the second comes from (3.10) and the properties
of (x,;) in (3.14). Notice that y @, ; ,2r is supported in an infinite strip of width
(1 + 2)R. By energy translation invariance along the x,-direction, we have
Cga,b,an(ZR,jpa,b,an) 2 ga(b’ (1 + “)R)
As a consequence,
5 5 bZ”Z
b,n"R) > b, (1 R) - C——.
Gu(b, 2R 2 g (b, (Lr 2)R) = €T
For R > 1, dividing both sides by #*R and using the monotonicity of R +>
2,(b, R), we get

ga(b,an) . ga(b, (1+ zx)R) Cb>

R R "~ a2R2
gﬂ(b’ (1 + “)ZR) 2 1
> 0rar ¢ («+ azRZ)
gd(b, (1+ zx)zR) 5 1
> (1 T a)zR - Cb (05 + ogz_R) O

3.5 Proof of Theorem 3.1

Here we will verify all the statements appearing in Theorem 3.1. Noticing that

G, ,.2(0) = 0, we get Item (1). The second item is already proven in Lemma 3.2.

Defining ¢,(b) = 0for & > 1/f,, the items (3) and (5) hold trivially since
2,(b,R) = 0in this case. We handle now the case where 1/]2| < b < 1/8,.
Define in R the two functions 4, ,(/) = g,(b, /*) and fasll) = dd’b(l)/lz.
Using Lemmas 3.6-3.8, we see that the functions d,, ,(/) and £, ,(/) satisty the
following properties:

* d,,(*) is non-positive, monotone non-increasing, and £, ,(-) is bounded.
e Forl > 1, £, ,(nl) 2 fd)b((l + zx)l) - C(ac + #), where C > 0Ois a
constant dependent on & and independent from /, 7 and «.

Then, by [FK13, Lemma 2.2], the following limit exists

b, R
lim %(b, ):

R—+ R [—+c0
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and for R > 4

(b, R)

= <o (b)+ %€

RS

Moreover, for every integer z > 1, Lemma 3.5 asserts that,
2,(b,nR) < ng,(b,R).

Dividing both sides by #R and taking » — +co yields ¢,(4) < ¢,(6,R)/R.
By Lemma 3.7, ¢,(&) < 0; that the function ¢,(-) is monotone non-decreasing
follows from the monotonicity of the function b — g, (4, R) ; the continuity of

the function ¢,(-) follows from the estimates in (3.10) and the bounds in (3.6)
(see [FKP13, Theorem 3.13]).

3.6 An effective one-dimensional energy

Assume that 2 € [-1,1)\{0} and & > 0. For all £ € R, consider the functional
%;Db £ defined over the space B'(R)

8540 = [ (P @R + 0V NNFOP - 1P + 51701 .
G.15)
where V,(£, ¢) is introduced in (2.13). Let
EN(£) = inf & Af)- (3.16)

We would like to find a relationship between the 2D-energy in (3.4) and the 1D-
energy in (3.16) for some specific value of £. The existing results on the Ginzburg—
Landau functional with a uniform magnetic field suggest that we should select £
so as to minimize the function £ — Eﬁ(f ), see [AHo7, CR14, Pano2].
In light of Remark 3.3, we will assume that « and & satisfy
1
a € [-1,0) and b= |7|. (3.17)

We can list some elementary properties of the functional %iDb gin (3.15):
Proposition 3.9. Leta € [-1,0) and b > 1/|a].
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3. REDUCED GINZBURG-LANDAU ENERGY

1. The functional % 3.z has a non-trivial minimizer in B Y(R) if and only if
1/|a] < b < l/lud(f). Furthermore, one can find a positive minimizer f,, , »,
dependent on a and b, such that any minimizer has the form cf, , » where
c€ Cand|c| =1.

2. Any minimizer fof %iDb fscztisﬁes | fllee < 1 and the equation:
// 1
—F )+ V,(&,0)f(2) Z<1_|f(t)|2)f(t)’ fort € R.

3. Forl[|a| < b < 1/B,, there exists .;éo, dependent on a and b, such that

Ey(&) = jnf E5(9).
4. (Feynman—Hellmann)
0 - 5 +00 - 2
| e Bif@Pdes [Tl B @Pde=0
5. Any minimizer fof %iDb ¢ Satisfies
1
ESE) = -3 [ fie) du,
R

Remark 3.10. Guided by the numerical computations of [HPRS16, Section 1.3], we
expect that:

* the global minimum /,, defined in (2.18), is attained at a unique point £, ;
e £, is the unique critical point of the function & — p (£).

However, such results have not been analytically proven yet.

The proof of Proposition 3.9 may be derived as done in [FHi1o, Section 14.2]
devoted to the analysis of the following 1D-functional

8200 = [ (sFOF + b+ D2FOF - FOF + 31701 de.

defined over the space B'(R ). We introduce the energies

EP(E) = inf 8P,
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and
E = inf E°(9). (3.18)

The ground state energy in (3.18) plays a crucial role in the study of surface
superconductivity under the presence of a uniform magnetic field (see e.g. [AHo7,

FHio, HFPSi11, CR14]). Let Eg‘:if( x, H ) be the ground state energy of the functional

in (r.1) for By = 1. Assuming that / = bxand 1 < b < @, @, is the constant
in (2.5), then as x — +oo,

B (x, H) = 0Q[xb T2 E° + 0(1), (3.19)

where the remainder term O (1) depends on the geometry and is explicitly computed
in [CR16a, CR16b, CDR17].

That has been conjectured by Pan [Panoz], then proven by Almog—Helffer and
Helffer—Fournais—Persson [AHo7, HFPS11] under a restrictive assumption on b,
using a spectral approach. In the whole regime & € (1, ©;"), the upper bound part
in (3.19) easily holds (see [FH10, Section 14.4.2]), while the matching lower bound is
more difficult to obtain and has been finally proven by Correggi—Rougerie [CR14].
The proof of Correggi—Rougerie, based on the non-negativity of a certain cost
function, was markedly different from the spectral approach of [AHo7, HFPS11].

Going back to our step magnetic field problem and the one dimensional energy
in (3.15), we prove the following theorem.

Theorem 3.11. Assume that =1 < a < Oand1/|a| < b < 1/ B,, where j, is defined
in (2.11). Then, the energy e,(b) introduced in (3.5) satisfies

1D
e, () = Ed,b,
where
D _ . 1D
E,, = élel][fel Eﬂ’b(f), (3.20)

and E;Db() is defined in (3.16).

Remark 3.12. By a symmetry argument, Theorem 3.11 trivially holds in the case
a = —1, namely
ey(b) = EN, = E°.

To prove Theorem 3.11, we will adopt the method of [CR14], which relies
on remarkable identities, including an energy splitting [LM99], along with the
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3. REDUCED GINZBURG-LANDAU ENERGY

non-positivity of a certain potential function and the non-negativity of another cosz

Sfunction.

We propose the potential and cost functions of our problem. These are defined
as follows,

2 [Yar+ B i ar 0,
F(#) - G2
Zfo (7 + & fi(pdy,  1>0,

and

Ky(2) = fi(2) + Fy(2), forz € R, (3.22)

where 5;0 and fy = f,, g are introduced in Proposition 3.9. We recall the set
Sy in (3.1) and the energy G, , » in (3.3) defined over the space D5 in (3.2). Let
u € Cy (Sg) (note that this space is dense in @, with respect to the norm [|(V —
iaho) || 25y + l#ll2s,))- Since fo > 0 on R (see Proposition 3.9), we may
introduce the function v via the relation

u(xy, %) = "l‘foxlﬁ)(xz)l’(xpxz); (%1, %) € R?. (3.23)

Lemma 3.13. [t holds
G,or(1) = REY) + (v),

a

where

(o) = [ bf7) 10,01 + 10,0 + 2o + £)(i0,0,0)

Sk

v R (L= oP)) dx, G2

(iv,0,0) = %(v&xla -9, v), (3.25)
and o is defined in (2.9).

Proof. Note that

1
Gusl) = [ (b1l + 810, + iow)aul = | + J1ul’) dx. 620

R
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We will compute each term of €, ;, »(#) apart. Starting with

f |&x2u|2dx:f (|5x2f0|2|v|2+f02|6x2v|2)dx+f Fdufid ol dx.
Sp Sp Sp

(3.27)
An integration by parts yields

ngaxzﬁaxz|v|2dx:—ﬁ 10, fol21o]? dx
g 0 g +oo
- [0 mipePas- [ [T R AP ds G29)
-7 Y -2 70

since the functions £ and fo’ vanish at +oo. Plugging (3.28) in (3.27) and using the
second item of Proposition 3.9, we find

[ ot = [ (1,07 + floP(= o+ A G0t - £))) d

(3.29)
Next, we compute the second term of G, , »(«)

[ N0+ ize)u dx = [ f(1ogel + (o + &P1oP
+2(ox, + fo)(z'v, &xlv)) dx. (3.30)

Moreover, by Proposition 3.9 we have

1
ES =80 () = -5 [ i) ds 630
»U550 R

We put (3.29)—(3.31) in (3.26) to complete the proof. O

Lemma 3.14. Let Fy and K, be the functions defined respectively in (3.21) and (3.22).
If Fy < 0 and Fy(+) := tE»I};loo Fy(2) = 0, then

©,51(#) = RE) + %,(v),

where

&)= [ be) (10,00 + 10,00) dx+ 5 [ ) o) .
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Proof. Note that
El(¢) = ~2(at + &) f3(e), £ <0,
' 20t + &) £ (1), t>0.

Since Fy(0) = 0 and Fy(+>) = 0, we can handle the next term through an
integration by parts:

2ff6 x,) a'x2+fo)(zv8 v)dx

‘flf(“’") v)()Fdx+ff (r0,0, 0)0, Fy dx
£ ro
-2 [ &, zv()vdx—f f R, (10,0, 0) dv.  (.32)

Now we handle the integral involving the term in (3.25). An integration by parts
yields

. (70,0, 0) dx, = z'f (0,00,5 - 0,30,.0) d,

~\>:
SES

N\?:

2[05 v — 0, ] (3.33)

- l~f£(a 00,5 0,50, 0) dx,

2

N\x

since # = 0 (and consequently v) for x; = +R /2.
We plug (3.33) into (3.32) and we use Cauchy’s inequality to get

2 [ R on + E)nd,0) dv= =2 [ IR0, 01100l dx
Sz Sk

zfs E(10,01 + 10,0) dx,

R

since Fy < 0. This completes the proof in light of Lemma 3.13 and the definition of
the function X, 0

Now, looking at the expression of &, (v) in Lemma 3.14, we obtain

Lemma 3.15. If K, > 0 then

a

G,5r(#) = REY)
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Thus, if Fy < 0, Fy(xe°) = 0and K|, > 0, then we get the lower bound

Sga b R(”)
—— 2 E,), (3-34)

Our next task is to verify these conditions. We have the following Feynman—
Hellmann equation (see Proposition 3.9):

[ @+ By an+ f e+ By de =0, (3.39)

which can be expressed as follows
Fy(=0) + [y(+00) = 0. (3.36)
Regarding the function K, we get immediately from (3.22),

Ky(£00) = Fy(+c0). (.37)

If we manage to prove that Fy(+%) = 0, then by the same argument in [CR14,
Lemma 3.2 & Proposition 3.4], we may prove that , < 0 and K|, > 0.

Such an information is known in the particular case 2 = -1, thanks to
symmetry considerations and [CRi4]; indeed

[L@sdoppwde- [Ter Bf@d-0. 6

In the asymmetric case when 4 € (—1,0), one needs to work a little bit more for
obtaining (3.38).
The next lemma will be useful for establishing that F(+o) = 0.

Lemma 3.16 (Alternative expression of Fy). It holds
L (A2 + (ar + EV () = 10 + H/0), £<0,
Fy(e) =
f) + (e 8 S = S5 () + (), £>0.

Proof. Fort < 0and 2 < 0, we have
0 _
£(0) =2 [ (ar+ BV dy
t

= o [ ar + B

- L0 e 2RO - TR0 - o) ¢ Ry

||
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3. REDUCED GINZBURG-LANDAU ENERGY

where
Ry = o (£20) - BRO + 370) - ,£0).

||

Similarly, one proves for # > 0 that

B(0) = =f20) + (¢ + BV A = 2F0) + 5 ) + Ry

where . .

Ry = f37(0) = £/5(0) + 5 £5(0) = 55 /5'(0).
Now, we use the Feynman—Hellmann equation in (3.36) and the vanishing of £
and f; at o to get

Ry + R, = Fy(=o) + Fy(+e) = 0.
Since Ry = 1/|a|R,, we conclude that R; = R, = 0. O
Lemma 3.17. Let F be the potential function defined in (3.21). It holds
F(t) <0forallt € R, and Fy(xco) = 0.

Proof. From the definition of Fj, we have F(0) = 0. In addition, the alternative
expression of 7 in Lemma 3.16 and the decay and vanishing of f; and f; at o
imply that

Fy(=e0) = Jim_—( = £7() + (ar + B)*fi}(0) - };foz(f) + %71%4(1‘)) =0,

and similarly that Fy(+o) = 0. Next, we will study the variations of F,. Recall the
derivative of Fj

F(¢) = ~2(at + &) f3(e), £ <0,
' 20+ £ (1), £>0.

We know that f; > 0in R. Hence, assuming that f’O > 0yields that % (¢) > 0 for
all # > 0, which contradicts the fact that F(0) = F(+c0) = 0. This proves that
550 < 0. Consequently, we find that FO’ < 0 in a right-neighbourhood of 0, and
F, > 0in a left-neighbourhood of 0. Since F)(0) = 0, we find that £, < 0in a
neighbourhood of 0.

On the other hand, Fy(z) = 0iff £ = —E’O >0ort = —f‘o/ﬂ < 0. Having the
additional properties F(0) = 0 and Fy(+o0) = 0, we get that F; < 0in R. O
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Remark 3.18. Along the proof of Lemma 3.17, we proved that any éo minimizing
E}Pb(-) satisfies &, < 0.

Now, we are ready to prove the non-negativity of the cost function K,

Lemma 3.19. Let K, be the cost function defined in (3.22). It holds
K,(t) = 0forallr € R.

Proof: Lemma 3.17 and (3.37) simply imply that K(+o0) = 0. Consequently if K
becomes negative at some point ¢, this definitely means the existence of a global
minimum at some point 7, in R”, since K,(0) > 0. We have then K,(#,) < 0and
Ky(2,) = 0, where

K() = |2t ENVFAD) + 20 f3(2), £ <0,
0 2t + E) f2(e) + 2/5(e) falt), &> 0.

Since K,(,) = 0and £(¢,) > 0, we get that

(aty + £) fi(t), ifz, <0,

—(f + go)fo(fo), if #, > 0. (3:39)

J[g(fo) = {

On the other hand, we may use the alternative expression of F in Lemma 3.16 to
write the function K in the following form

(1= ) f5(e) = 570 + i (at + &V (0 + i fil(e), £ <0,
Ky(t) =
(1= 3)/5(0) = fo2(2) + (£ + E)f(2) + 5 £ (2), £ > 0.
(3.40)
Plug (3.39) into (3.40) to get

(1 - |4L|b)f02(fo) + mﬁf(r&, 1, < 0,

Ko(zo) =
(1= 3)f5(t) + 5515 (%) t > 0.
Since 2 € [-1,0), b > 1/|a| and f; > 0 everywhere in R, then obviously
K (2,) > 0 which is the desired contradiction. O
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Collecting the aforementioned lemmas, we can now prove Theorem 3.11.

Proof of Theorem 3.11. The upper bound ¢,(4) < E}By follows by using the trial

function

1y, %) = () fol) ™,

and passing to the limit R — +oo. Here, 5:'0 and fy = f p.£ are introduced in
a,0,50
Proposition 3.9, and y is a smooth cut-off function supported in Sy and satisfying
xr(xy) € (0,1) forx; € (-R/2,R/2),and y = 1in (-R/2+ 1,R/2 - 1).
The lower bound ¢,(4) > E}B? is a consequence of (3.34) after passing to the
limit R — +o0. O

4 The Frenet Coordinates

In this section, we assume that the set I'consists of a single simple smooth curve
that may intersect the boundary of Q transversely in two points. In the general
case, I'consists of a finite number of such (disjoint) curves. By working on each
component separately, we reduce to the simple case above.

To study the energy contribution along I, we will use the Frenet coordinates
which are valid in a tubular neighbourhood of I. For more details regarding these
coordinates, see e.g. [FH10, Appendix F]. We will list the basic properties of these
coordinates here.

Let (—|T|/2,|T]/2] 3 s = M (s) € I (respectively [—|T'| /2, |T'|/2] 3 s —>
M (s) € I) be the arc-length parametrization of I, when I'n 0 Q) = @ (respectively
when I'n 0Q # @). The vector

T(s) = M'(s) (4.1)
is the unit tangent vector to I'at the point M (s). Let »(s) be the unit normal of T

at the point A (s) pointed toward Q. The orientation of the parametrization A1
is displayed as follows

det(7'(s),»(s)) = 1.

The curvature £, of I'is defined by
T'(5) = k(s)»(s).
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For 7, > 0, we define

S s (—s2), ifTNOQ =@
S(ty) = IT| |§| o ) (4.2)
555 | X (—fo, IO), ifITnoQ # Q,
and the transformation
@ : S(t) 3 (s,2) —> M(s) + tv(s) € R™. (4.3)

For a sufficiently small #,, @ is a diffeomorphism from S(z,) to I(z,), where
I(z,) := Im®. (4.4)
"The Jacobian of ® s
a(5,£) = det(DD) = 1 — £k ,(s).

The inverse of @, ® !, definesa system of coordinates for the tubular neighbourhood
I'(#) of I,

To each function # € H, (I'(#y)), we associate the function # € H I(S (%)) as
follows

(s, 1) = u(®(s,1)). (4.5)
We also associate to any vector field 4 = (4,,4,) € H' (R* R?), the vector field

loc

A = (4, 4,) € H(S(1)),
where
Ay(51) = a(s, )A(@(s5,2)) - T(s) and  Ay(s,1) = A(D(s,2)) - ¥(s). (4.6)
Then we have the following change of variable formulae:
[ 1w - iayuf ax
(%)

I

- [ [ @0 idpal + 0, - id)al’) adsds
i
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and 8
f )2 dx—f f 7| adsdr. (4.7)
T(z,) m
We define
B(s,t) = B(D(s, 7)), forall (5,2) € S(z,).
Note that

curl A(s, 1) = 0,dy(5, 1) = 9,y (s,2) = (1 = £k (5)) B (s, 2). (4.8)

The following lemma presents a special gauge transformation, that will allow
us to express a given vector field in a canonical manner.

Lemma 4.1. We assume that a € [-1,1)\{0} and [sy, 5;] < (—=|T|/2,|T|/2) such
that ® (s 5,) % (=24 1)) € Q. If A is a vector field in H'(Q, R?) with curl 4 =
Lo +al ay then the’re exists a function o, | € H (50 51) % (=245 29)) such that the
vector field A4,,,, := A = Vi, yo, , satisfies on (sp, 51) * (—tg, %)

505

2

( ’mw) (s,2) = { (t( %fi:()s)’), iii Z g; (A’mw)z(s, t)=0. (4.9

Proof. For (s, 1) € (50, 51)x (=10, 1), letw, fA 5,6 dt’ +f A (s,0) ds’.
Obviously, (ﬁnew) (s,2) = 0and by (4.8)
2

- 4 rt [ - !
(Auca) (50) = [ (0t £) = 005,11 d
- f(l—t/e( NB(s, ) d?,
0
S . . - 1, ifr>0
which is the desired result since B(s,¢) = { . O
a, ifr<0

s A Local Effective Energy

In this section, we will introduce a ‘local version’ of the Ginzburg—Landau functional
in (1.1). For this local functional, we will be able to write precise estimates of the
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ground state energy, which in turn will prove useful in estimating the ground state
energy of the full functional in (1.1).

Select a positive number 7, sufficiently small so that the Frenet coordinates
of Section 4 are valid in the tubular neighbourhood I'(#)) defined in (4.4). Let
0 < ¢ < ¢, be fixed constants and ¢ be a parameter that is allowed to vary in such
a manner that :

3 _3
ar * <l <K A (5.1)

IFI |

We will refer to (5.1) by writing £ ~ /%, Let s, € ( ) After performing

a linear change of variable, we may assume that 5, = 0 (for 51mphc1ty). For large
values of «, consider the neighbourhood of s,

v(C) = {(x, t) € CD‘I(F(tO)) : —g <s< g, - <t< f}. (5.2)

Let Fbe the magnetic potential defined in %/ (£) by

F(s,2) = (F(5,2),0) = (—a(r - %Ier(s)),O), (5.3)

where ¢ = (s, #) was defined in (2.9). Consider the domain
D,={ue H()I(W(f)) NLZ(V(C)) : |u|, < 1}. (5.4)

For u € 9, we define the (local) energy

2
G(u;%(f)):f (4_2|(§J—1'KH1:"1)u|2+|5tu|2—xz|u|2+%|u|4)ad5dt,
" (5-5)
5-5

where a(s,#) = 1 — tk,(s). Now we introduce the following ground state energy
Gy = jnf G(u; V(¢)). (5.6)

Using standard variational methods, one can prove the existence of a minimizer #,
of G.
Our aim is to write matching upper and lower bounds for G, as x — +oo, in
the regime
1

H=bx, a€[-1,0) and b > 2l

(5.7)

74



s. ALOCAL EFFECTIVE ENERGY

5.1 Lower bound of G,

Lemma s.1. Under Assumption (5.7), there exist two constants x, > 1 and C > 0
dependent only on a and b such that, if k > x, and € is as in (5.1), then

Gy b 7xte,(b) - C, (5.8)
where Gy and ¢,(b) are defined in (5.6) and (3.5) respectively.
Proof. Notice that a(s, £) is bounded in the set 7/(¢) as follows
1-Ct <a(s,t) <1+ CC. (5.9)

Consequently

G(u; 7 (£)) = (1 - C)F(u) - Cx*¢ fw) lu>dsdr, (5.10)

2
F(u) = f (‘((Z - z’KHl:"l)u|2 + |(3tu|2 — & lul* + %|u|4) dsdt. (5.11)
7 (£)
We apply Cauchy’s inequality and the uniform bound of # to get
F(n) = (1= 2)T(u) - C(K%fz + K%Hzfé), (5.12)
where

2
I (u) = j;y(f) (|(5j+ z'mcHt)u‘z + |0u|* = &*|u|* + %|u|4) dsdt.

We introduce the parameters R = vk Ht, y = VxHs, v = yxHt, and define the

re-scaled function

u(s,t) if(y,7) € (-R/2,R/2) x (=R, R),

0 otherwise.

1’2(7’7) :{

In the new scale, we may write

B R/2 +00 ) c . 1 . ) 1 .. 4
() = _R/Zf_w (19, + ioeyi® + 10 = Sli* + 5 |il) dyd=
1 .
= Z'Cga,b,R(%):
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where G, , » is the functional in (3.3), and # € 2, the domain in (3.2) (since
u € D). Invoking Theorem 3.1, we conclude that

1

T (u) = bR e,(b). (5.13)
We plug the estimates (5.12) and (5.13) in (5.10), then we use ¢,(4) < 0 and the
assumptions on x and £ to complete the proof of Lemma s.1. O]

5.2 Upper bound of G,

Lemma s.2. Under Assumption (5.7), there exist two constants x, > 1 and C > 0
dependent only on a and b such that, if k > xy and € is as in (5.1), then

Gy < b 7xle,(b) + Cks, (5.14)
where Gy and ¢,(b) are defined in (5.6) and (3.5) respectively.

Proof. For R = ¢xH, consider ¢ = @, , » the minimizer of G, , p defined
in (3.8). We define the function # in 9, as follows

t
u(s, t) = X(_f) P (5\/ K H, t 7cH> , (5.15)
where y is a smooth cut-off function satisfying

0<y<linR, y=1in [—%,%] and suppy c (-1,1).

Next, we define the following function (with the re-scaled variables)
o(o7) = u(st) (7)€ (<R/2,R/2) x (=R, R)),
with y = VxHs, 7 = yxHt. Using (5.9) and (3.10), we get

G(n) < (1+ COF(u) + Cx*t lu|*dsdt < (1 + CE)H(v) + Cx*¢°,
)
(5.16)

where ¥ (#) was defined in (s.11),

K () = f fz l (aﬁ z'a'(r - E%Z/eg))) S|

1
+ 100l = 5o

1,y
+ ﬁ|v| ]d;/dr, (5.17)
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and ¢ = 1/ \/_

Let yx(7) = Y(7/R) = x(t/¢). We will estimate now each term of F(v)
apart, using malnly the estimates on the minimizer @ in (3.10) and the properties
of the function yz. We start with the following two estimates that result from
Cauchy-Schwarz inequality,

3 R 5 _1 T 2 -3,
fRfR|a,u| dydr<(1+x )ff 0.0? dydr + Cxie7,

and

R

2
_R
2

dydr

‘ (aﬁ o= Sef2)))

(1+x 4~[2~[ & +i07) | dydr+—CK4f5 (5.18)

Next, we may select R, sufficiently large so that, forall R > R,

R |7| 1
T > = = > Rz, I
7] = 5 7] (5.19)

The decay of @ in (3.9), and (5.19) yield

R

2 R 2 % +eo 2
f_g f_R|v| dydr= fﬁf o> dyd=

R

[ [ G - ierayas

R R

2 oo 2 2 2
> lp|"dydr - lp|"dyd=
-2 J -2 J|7|2R/2

% o 11
2ff o2 dydr - Cxt?.

Finally, we write the obvious inequality

R R

2 R 2 [*
fRfR|v|4d7/defRf lo|*dydr.
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Gathering the foregoing estimates, we get

K (o) < @‘gﬂ,ﬂ(@) +Cxb, (5.20)

ool

Invoking Theorem 3.1, we implement (5.20) into (5.16) to get the desired upper
bound. O

6 Local Estimates

6.1 Superconductivity near the magnetic barrier

The aim of this section is to study the concentration of the minimizers (¥, A) of the
functional in (1.1) near the set I'that separates the values of the applied magnetic
field (see Assumptions 1.1 and 1.2). This will be displayed by the local estimates of
the Ginzburg-Landau energy and the L*-norm of the Ginzburg-Landau parameter
in Theorem 6.1.

We will introduce the necessary notations and assumptions. Starting with the
local energy of the configuration (y,A) € H'(Q; C) x HdliV(Q), in any open set
D c Q as follows

&y aiD) = [ (7= ixrmygf = 2y P+ 32191 d,
(6.1
E(v,A; D) = Ey(y,A; D) + (KH)Z-[ | curl A — By|? dx.

Q

Choose ¢, > 0 suthciently small. For all x € I'(#)), define the point p(x) € T'as
follows

dist(x, p(x)) = dist(x, I).

Let £ ~ /% satisfy (5.1) (for some fixed choice of the constants ¢, and ¢,). For x
sufficiently large (hence ¢ sufficiently small), let x, € T'\d Q be chosen so that

dist(xy, 0Q) > 27. (6.2)
Consider the following neighbourhood of x,

N, (€) = {x e R* : dist(xy, p(v)) < g, distg (x, p(x)) < t’}. (6.3)

Thanks to (6.2), we have ./on(f) c Q. Asa consequence of the assumption in (6.2),
all the estimates that we will write will hold uniformly with respect to the point x,.
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We assume that 2 € [-1,0) and & > 0 are fixed and satisfy

1

When (6.4) holds, we are able to use the exponential decay of the Ginzburg—Landau
parameter away from the set I'and the surface Q) (see Theorem 2.4).

Theorem 6.1. Lera € [—1,0) and b > 1/|a|. There exists x, > 0 and a function
7 [xg +0) = (0, +00) such that lim,_, ., r(x) = 0 and the following is true. For
k2>kxy H=bxandl = x 3% 4s in (5.1), for any x, € T satisfying (6.2), every
minimizer (,A) € H'(Q; C) x Hiiv(Q) of the functional in (1.1) satisfies

|0 (¥ As X, () = 072kt e, (0)| < xer(x), (65)

and

1

—f Y4 dx + 267 e (b)| < (), 6.6)
Iy o)

X
where N, (-) is the set in (6.3), € is the local energy in (6.1), and e,(b) is the limiting

energy in (3.5).
Furthermore, the function ris independent of the point x,, € I

The proof of Theorem 6.1 follows by combining the results of Proposition 6.3
and Proposition 6.4 below, which are derived along the lines of [HK17, Section 4]
in the study of local surface superconductivity.

Part of the proof of Theorem 6.1 is based on the following remark. After
performing a translation, we may assume that the Frenet coordinates of x,, are
(s = 0,2 = 0) (see Section 4). Recall the local Ginzburg—Landau energy &,
introduced in (6.1). Let F be the vector field introduced in Lemma 2.2. We have
the following relation

%O(M,F; ./on(f)) = G(ﬁ; L7/(f)), (6.7)
where G is defined in (5.5), # € Hol(./\/xo(f)), o = ¢ ""H%; 7 is the function

associated to # by the transformation @7 (see (4.5)), and w = w_ ¢.¢ 1s the gauge
function defined in Lemma 4.1.
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Lower bound of the local energy

We start by establishing a lower bound for the local energy &,(x, A; N (€ )) for
an arbitrary function z € H, (W, (€)) satistying |u| < 1. We will work under the

assumptions made in this section, notably, we assume that (6.4) holds, and £ = k34

(see (5.1)), and in the regime where H = bx.

Proposition 6.2. There exist two constants x, > 1 and C > 0 such that, for x = x,
and for all x, € Tsatisfying (6.2), the following is true. If

s (y,A) € H(Q; C) x HdliV(Q) is a solution of (1.3).
*ue Hol(,/lc%(f)) satisfies |u| < 1.

then 1

By, A ./on(f)) > b7 2xle,(b) - C,
where N, (-) is the neighbourhood in (6.3), €, is the functional in (6.1), and e,(b) is
the limiting energy in (3.5).
Proof. Let 2 € (0,1) and F be the vector field introduced in Lemma 2.2. We define
the function ¢, (x) = (A(xo) -F (xo)) - x. As a consequence of the fourth item in

Theorem 2.3, we get the following useful approximation of the vector potential A
|A(x) - V¢, (x) - F(x)| < %f“ , forx € W, (7). (6.8)

We choose 2 = 2/3 in (6.8). Let » = ¢~ Py, Using (6.8), Cauchy’s inequality,
and the uniform bound | /| < 1, we may write

By, A, () 2 (1 - £ ) By(h, Fs ¥, (£)) — c(x%fz + xf*)

Now, define the function # = ¢~"*#“} on (D_l(./\/xo(t’ )), where b is the function

associated to b by the transformation @ ! (see (4.5)), and w = w, ; 1s the function
introduced in Lemma 4.1 with 5, = —¢and 5; = . We may use the relation in (6.7)

to write
ol A M (0)) = (1= w657 (2)) - C(xie? + ieF).

Finally, the lower bound in Lemma s.1, together with the inequality ¢,(4) < 0,
yield the claim of the inequality. O
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Sharp upper bound on the Z*- norm

We will derive a lower bound of the local energy %0( v AN (C )) and an upper
bound of the L*-norm of ¥; valid for any critical point (¢, A) of the functional

in (r.1). Again, we remind the reader that we assume that (6.4) holds, ¢ = x4

(see (5.1)) and H = bx.

Proposition 6.3. There exist two constants xy > 1 and C > 0 such that, for all x, € T
satisfying (6.2), the following is true. If (v,A) € H'(Q; C) x Hdliv(Q) is a critical
point of the functional in (1.1) for x = x,, then

3

GV, A, (£)) 2 b3 xle,(b) - Cr, (6.9)

and
lf |t dx < —2b" e (b) + Cx (6.10)
VRO

Here ./on(-), 8y, and ¢,(b) are respectively defined in (6.3), (6.1), and (3.5).

Proof. In the sequel, y = /1
denoteby £ = (1 + y)Z.

Consider a smooth function f'satisfying

and « is sufficiently large so that ¥ € (0,1). We

f=1inA(¢), f=0inA, (/)

(6.11)
0<f<1, |Vf]< Cy '¢™" and |Af] < Cy?¢?%in Q.

Proof of (6.9). We use the following simple identity (see [KN16, p. 2871])

[ - iwmmy P an= [ |- ixcmnf dx
N, (£) Neo(©)

£ X0

—f FAfly | dx. (6.12)
N ()

X
Having in hand (6.12), || < 1 and | supp(Af)‘ < C;/fz, we can write

[ - immy e ans [ |fV-iwHAf dx Oy
() N (£)

X0 X0
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On the other hand, we write

[ pyrax= [ P (1 - Pyl d
Ko (f) K (f) X ()nidise(x, D)=y ¢}

-/ (1= PAlylds 61
Ko (D)n{dise(xT) >y £}

-3/16

Recall that y = « , then yZ > x 1 which, together with (6.4), allow us to use

the exponential decay of |y |* in ./Vvo(f) N {dist(x, I') > ¥Z} (see Theorem 2.4).
Consequently, the integral over JVxO(Lg )n{dist(x, I') > ¢} in (6.13) is exponentially
small when ¥ — +o0; in addition, we have
|supp(1 = %) n ¥, (£) n {dist(x, T) < y£}| = O(*¢?),
this yields
[ PlyPaxs [ yPde-cpe
() Neo(£)

Hence,

By AN, (D)) < B9, A, (£)) + Crce. (6.14)

The fact that fy € H, (%0(2)) and | fy| < 1 allows us to use the lower bound
result established in Proposition 6.2, for # = fy. This yields together with (6.14)

=l

&V, AN, (D)) 2 b 7xbe,(b) - CicT, (6.15)

This completes the proof of (6.9), but with ¢ appearing instead of . However, this
is not harmful, as we could start the argument with = (1+ ;/)_lfin place of £
and then modify ¢ accordingly; in this case we would get { = (1+ y)g = Cas
required.

Proof of (6.10). In light of (1.3), we get using integration by parts (see [FKi1,

(6.2)])
J, o |0 = xS = AP ds = /. o leP =1t as

Consequently,

Sdre AN O) = [ Plo1e g Pl [ 9P d

8 (6.16)
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Since f = Lin A, (¢) and =1 +1/2f> < =1/2 in W, (£), we get

1 1
[ (e 3/)wltas<—5 [ iyltax
Ko(f) Ko (0)

*0

We use the previous inequality, (6.16) and the estimate | supp |[Vf|| < Cy£” to
obtain

2
R X 5
%O(fSk’AB‘/VxO(f)) -5 f |¢|4dx + Cxis, (6.17)
Heol?)
Finally we plug the lower bound in Proposition 6.2 into (6.17). O

Sharp lower bound on the Z*-norm

Complementary to Proposition 6.3, we will prove Proposition 6.4 below, whose
conclusion holds for minimizing configurations only. We continue working under
the assumption that (6.4) holds, € = x 3% (see (5.1)) and H = bx.

Proposition 6.4. There exist two constants xy > 1 and C > 0 such that, for all
%o € Tsatisfying (6.2), the following is true. If (y,A) € H'(Q;C) x H} (Q) isa
minimizer of the functional in (1.1) for x = x, then

N

BV, A, (£)) < b7ixle,(b) + Cre, (6.18)

and )
—f W[ dx = —2b7 ke (b) — Cx . (6.19)
VRO
Here ./on(-), 8y, and ¢,(b) are respectively defined in (6.3), (6.1), and (3.5).
Proof. 'The proof is divided into five steps.
Step 1 (Construction of a test function and decomposition of the energy). 'The
construction of the test function is inspired from that by Sandier and Serfaty, in

their study of bulk superconductivity in [SSo3]. For y = x>/1® and £=(1+ y)¢,
we define the function

u(x) = ll/vxo([;)(x)eiKH%(x)vO(x) + 7(x) ¥ (x), (6.20)

A

where yy(x) = (el'”H”uo) o @7 !(x) for x € N (€) 5 ¢, is the gauge function

introduced in (6.8), @ = @,  is the function introduced in Lemma 4.1 for s, = —¢
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and s; = 4, @ is the coordinate transformation in (4.3), #, is a minimizer of the
functional G(-, 7/(¢)) defined in (5.5), and 7 is a smooth function satisfying

7=0in A, (¢), 5=1in#, ((1+29)0°, a0
.21
0<y<l, |Vyl<Cy ¢, and|Ay|<Cy?¢*inQ.

Recall the energies defined in (1.1) and (6.1). Let us write the obvious decomposition
Eo( A5 Q) = Gy, A5, (0)) + o As A, (£)°).

Adding the magnetic energy term x*H>| curl A - Bo||2LZ( Q) on both sides, we obtain
the following identity,

&1 A) = (- A, (D)) + (- A, (D)),
since the same magnetic energy term is present in both energies &, ;(-,A) and
%(.,A; ./VxO(L”A)C). We denote by
E1(LA) = G AN (D)), By A) = By A5, (D)\, (D)),
and &,(-,A) = E(- A; N, (0)°), (6.22)
where £ = (1+2y)¢. Hence, we get the following decomposition of the functional

in (1.1),

Eou(A) = E(LA) + &,(, A) + E(, A).
Step 2 (Estimating &, (#,A)). Using (6.8) for 2 = 2/3, || < 1 and the Cauchy-
Schwarz inequality, we write

& (1,A) < (1 +x )80y Es, () + C. (6.23)

)
But by (6.7), we have (v, F; ./on(f)) = G(uo,cﬂ(f)). Hence, Lemma 5.2
and (6.23) imply
&, (#,A) < b_%xéeﬂ(b) + Cxt. (6.24)

Step 3 (Estimating &,(#,A)). Noticethat# = »ywith0 < » < 1in ,/on(fg)\,/lfxo(f?)
Then, we do a straightforward computation, similar to the one done in the proof
of (6.14), replacing fby » and ./on(fA) by ./on(fz) \ﬂxo(f) This gives the following
relation between &, (#,A) and €,(y,A)

&,y (u,A) < &, (¥, A) + Cxie. (6.25)
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Step 4 (Estimating &,(y,A)). Since (¥,A) is a minimizer of the functional
&, py defined in (1.1), we write 8, ;(¢,A) < 6, (u,A). Notice that E;(x,A) =
&,(¥,A), then

B (¥,A) + (¥, A) < E(u,A) + E,(un,A).
We plug (6.24) and (6.25) into the previous inequality to get
B,(4,A) < b ixle,(b) + Cxic. (6.26)

Recalling that &, (y,A) = %1(3#, A; ./on(f)), we see that (6.26) is nothing but
(6.18) with ¢ appearing instead of 7.

Step 5 (Lower bound of the L*-norm of ¥). Consider the function f defined
in (6.11). We use the properties of this function, mainly that ' = 1in W, (¢) and
0 < f <1in Q, to obtain

»[/V (é)fz( -1+ %f2)|¢|4dx 2 —% fﬂ o |y |*dx - f/v

O\ (

|¢|4dx.
£)

Following an argument similar to the one for (6.13), we divide the set JVxO(é N\, (6)
into (¥, (£)\A, (£)) n {dist(x, I) < y£} and (¥, (£)\A, (€)) 0 {dist(x, ) >
£}, and we use this time the exponential decay of | ¢|*, deduced from Theorem 2.4,
to get

[ fz(—1+lf2)|¢|4dxz—lf lWlde - Cx %, (627)
K, (£) = 2 Jx 0

0 0

Inserting (6.27) into (6.16) gives

2
€ (fy,A) 2 -5 ¥ [*dx - Cxs.
2 o
The previous inequality together with (6.14) and (6.26) establish the lower bound
in (6.19). O
Proof of Theorem 6.1

Gather results in Propositions 6.3 and 6.4.
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6.2 Surface Superconductivity

In this section, we are concerned in the local behaviour of the sample near the
boundary of Q, under the assumption

1

b>—, a € [-1,0).
||
The analysis of superconductivity near dQ in our case of a step magnetic

field (B, satistying 1.2) is essentially the same as that in the uniform field case,
since B, is constant in each of Q; and Q,. Thereby, the results presented in
this section are well-known in the literature since the celebrated work of Saint—
James and de Gennes [S]G63]. We refer to [CGr7, CR16a, CR16b, CR14, FKP13,
FKi1, HFPS11, AHo7, FHos, Pano2, LP99] for rigorous results in general 2D and
3D samples subjected to a constant magnetic field, and to [NSG™09] for recent
experimental results. Particularly, local surface estimates were recently established
in [HK17], when B, € C%*(Q) for some « € (0, 1). We will adapt these results to
our discontinuous magnetic field (see Theorem 6.5 below).

The statement of Theorem 6.5 involves the surface energy E (, that we introduce

surf>
in the next section.

The surface energy function

Let b > 1 and ©, be the value defined in (2.5). When 4 € (1,©;"), the surface
energy has been described by the 1D-energy, E,°, introduced in (3.18) (see [CR14,
CRi6a, CR16b, CDR17,AHo7, HFPS11] and references therein).

This same energy was introduced earlier in the literature via a 2D-reduced
Ginzburg-Landau functional defined in what follows. Let R > 1. We consider

W) > ¢ = Enlg) = [ (b7 - gl = 16 + 311°) dyd,

where (y,7) € R?, Ay(y,7) = (-7,0), Uy = (=R /2,R/2) x (0, +0), and
W(Uy) = {% € LX(Uy) ¢ (V= iAg)u € L2(Uy), u(£R, ") = o}.

The boundary condition in the domain %' (Uy) is meant in the trace sense. Let
d(b, R) be the ground state energy defined by

d(b,R) = inf €, x(9).
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Pan proved in [Pano2] the existence of a non-decreasing continuous function
Esurf: [13 ®()_1] - (_oo, O] such that

s (6.28)
Later, it was proven that (see e.g. [CR14])

E,(b) = E)°, for b € (1,0;").
One important property of the function £, (-) is (see [FHos])

E

wi(© ") = 0and E(b) <0, forall b € [1,0;"). (6.29)

surf

This property allows us to extend the function £ ¢(-) continuously to [1, +c0),
by setting it to zero on [@; ", +0). This extension of the surface energy is still
denoted by E ¢ for simplicity.

Local surface superconductivity
Let £, > Oand ; € {1,2}. We define the following set
Q(ty) = {x € Q; : dist(x,00,000) < 1} (6.30)

Assume that ¢, is sufficiently small, then for any x € Q (%), there exists a unique
point p(x) € 0Q ;N I satistying

dist (x,0Q; 1 0Q) = dist (v, p(x)) .

Let £ ~ x~>/% be the parameter in (5.1). Assume that « is sufficiently large and
choose x, € 002, N 9 satisfying

dist(x, I') > 22. (6.31)

We introduce the following neighbourhood of

Jlfx{;(f) = {x € Q; : distyq (% p(%)) < g, distg, (x, p(x)) < f}. (6.32)

The assumption on x; in (6.31) guarantees that ./V,f(; (¢) € Q. Consequently, the
estimates in Theorem 6.5 below hold uniformly with respect to the point x;,
Recall the magnetic field B, defined in Assumption 1.2 (B, = 1o +alg ).
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Theorem 6.5. Leta € [-1,0) and b > 1/|a|. There exists xy > 0 and a function
7+ [xg, +0) = (0, +00) such that lim,_, ., 7(x) = 0 and the following is true. For
Kk =k, H = bk, Casin (5.1), j € {1,2}, x, € &Qj N 0 satisfying (6.31), and
every minimizer (-, A) € H'(Q; C) x Hdliv(Q) of the functional in (1.1), we have

| (V2 As ML(€)) = 573 | By(g) |2k oy (b1 Bo() )| < x57(x),

and

1 .

2 [ w267 B e B (b By | < 57 R),

¢ Jwie) ‘

where ,/ijo() is the set in (6.32), and 8, is the local energy in (6.1).
Furthermore, the function ris independent of the point x,.

The estimates in Theorem 6.5 are established in [HK17], when the function B,
is smooth. Since B, is constant in the neighbourhood ./ijo (2), the proof in [HK17]
still holds in our case.

6.3 Proof of Main Results

In this section, we work under the conditions of Theorems 1.7 and 1.11. We will
gather the results of the two previous sections to establish the two aforementioned
theorems.

Proof of Theorem 1.11

We will decompose the sample Q into the sets I (¢), Q(€), Q;(€), Qpu(?)
and 7'(?) introduced below in this section (see Figure 6), and we will analyse the

behaviour of the minimizer in each of these sets. We assume € to be the parameter
in (5.1) which satisfies € = k34

In a neighbourhood of the magnetic barrier. We start by introducing the set
I = I'"(¢) which covers almost all of the set I Recall the assumption that T’
consists of a finite collection of simple disjoint smooth curves that may intersect
0Q transversely. For the simplicity of the exposition, we will focus on the particular
case of a single curve intersecting d Q) at two points. The construction below may
be adjusted to cover the general case by considering every single component of
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By=a

V()

Figure 6: Schematic representation of the sets Qy . (¢), T(£), ./in(f), ./Vyj(f) and ./Vzk(f), where £ ~ x73/4,

In the regime where 2 € [-1,0), H = bxand 1/|a| < b, the white region is in the normal state, while the
other regions may carry superconductivity.

I' separately. We may select two constants ¢, € (0,1) and ¢ > 2, and for all
¢ € (0,4,), a collection of pairwise distinct points (x;)™, ¢ T'such that,
(xi)f‘\il c {x eI : dist(x,0Q) > ¢},
V l’ € {1,...,N - 1}, distr(xl’ xi+1) = f,
and
N o
{x € Q : dist(x,T) < ¢, dist(x,0Q) > ¢} c T*(£) := (U ./Vx(f)) , (6.33)

consists of

1
where W, (£) is the set introduced in (6.3). The family (./Vx"(f))lsisN

pairwise disjoint sets. The number N depends on ¢ as follows

IT|™' - 06(1) < N < |T|£7, (¢ —0). (6.34)

In a neighbourhood of the boundary. Now, we define the two sets Q] = Q] (¢)
and QJ = Q;(¢) which cover almost all of the set Q. In a similar fashion to the
definition of I'"*(7), we fix £, € (0,1) and ¢ > 2 and we select two collections of
points

(7)) € {x €90, : dist(x, T) > c£}

and (Zk)ivil c {x €0Q, : dist(x,I) > c},
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such that
distyo (757,41) = ¢ and  distyq (24, 24,1) = 7,

forl1<; <N;-1land1 <k < N, - 1. Furthermore,

N, .
{x € Q : dist(x,0Q,) < ¢, dist(x, I) > ¢} ¢ Q[(¢) := (/ ./V(L”)) ,

-1 Ji
(6.35)
N, o
{x e Q : dist(x,0Q,) < ¢, dist(x, ) > ¢} c Q;(¢) := ( ./Vzk(f)) ,
k=1
(6.36)

where /Vyl( ) and /szk(f ) are defined in (6.32). The numbers N; and N, depend

on £ as f(;llows
|0Q, |71 = 0(1) < Ny < [0Q,|¢  and [0Q,|¢7 - 0(1) < N, < |0Q,|£7F,

as £ tends to 0.

The bulk set.  Next, we introduce the set Q. = Q1 (€) representing the bulk
of the sample:

Qpuk(?f) = {x € Q : dist(x,0Q,U0Q,) > f}. (6.37)

In a neighbourhood of the 7-zone. We finally introduce the remaining set in the
decomposition of Q, the neighbourhood 7" = T'(Z) of I' N 0Q)

[ S}

T(?) := Q\L Q}(f) uTI*(€)u Quu(?) |

1

The definition of the sets I'", Q7, QJ and Q. in (6.33), (6.35), (6.36) and (6.37)
ensures that |T'| = O(£%) as £ — 0.

Behaviour of the minimizer. Now, we are ready to prove the convergence of | y|*
in the sense of distributions, claimed in Theorem 1.171.
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Let ¢ € C*(R?). We have
o) =x [ Ipl'pdr+rx [ [yl'odsrx [ |yl'pds
Qi T -
+7cf |¢|4¢>dx+7cf |¢|4¢dx. (6.38)

We will estimate each of these right hand side integrals. Starting with

4
ng ly|"pdx

bulk

solpli [ Iplfdx=o(), (639

Qpuik

by the exponential decay of ¢ in Theorem 2.4.
Secondly, since |[¢/[|;~(q) < 1 (see Proposition 2.1), |T'| = O(*) ast — 0
and by (5.1), we get

< Cxl* = o(1), (6.40)

4
xfTWI pdx

C is a constant independent of x.
Next, we have (see (6.33))

N
o[ wlteds=x) [ iylpds (6.41
- =1 -/th.(f)

For 7 € {1,.., N}, let p, and ¢, be two points of I'such that

max p() and @(g,) = min @(x).

xeN, ( xexvxi(f)mr

p(p;) =

We may write

Zf i ¢dx=xzf v@I'e(p) d

o
3 f *(p(x) - 2(p) dx. (6.42)

i=1

We estimate | (x) — 9(p,)| in W, (£) by the mean value theorem. Using the size
of N, () and the bound [[¥/[| ;~(q) < 1, we get

‘f |y (x)|* - o(p))dx| < Cf x)[*lx = p,l dx < CE°,
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for some C independent of x. Hence, by (5.1) and (6.34)

N
3
i=

On the other hand, using the uniform bounds in (6.10) and (6.19), we get

[, e —p(p) dx| < CNC = 0t1). (649

x

t

N ’ N
w2 [, PWle)dx s 207, (0) 3 fp(p)| < Cx lézfm 21
i=1 7, i=1

N
where C is a constant independent of x. We use further that > ¢|@(p;)| <
i=1
|elloNZand N = O(1) by (6.34). We get that

N
e f p(p) dx+2672¢,(0) Y p(p)| < Cx 1 (6.0
i=1 i=1

where C is a new constant independent of x. Combining (6.41)—(6.44) yields

L N
7cfr Wlipds> =2072e,(b) S £o(p) + o(1)
* =1

—Zb‘%eﬂ(b)f ods;+ (1), (6.45)
I“nT

N
since our choice of the points (p,) is such that the term > Z@(p;) is an upper
i=1

N
Riemann sum of the function ¢ (x) on the set I'" N I. Similarly, using > Z¢(g,)
i=1
the lower Riemann sum of the function @(x) on the set I n T, we get
N

o [ Iylpds < 267e,(6) ) fo(g) + o)

=1
“2b73e (b) f pdsp+ o(1). (6.46)
I*nI'
We combine (6.45) and (6.46) to obtain

Kf ¥ |ipdx = —Zb‘%eﬂ(b)f ods; + o(1).
I I'*nT
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Burt by (6.34)

[ pdal <ol I\ D) < € = o).
I\(I*nI)

Hence,

o [ Iylpds = 207, (0) [ pd+ o). (6.47)

One can proceed similarly to prove that

Kf lyl'pdx = _Zb_%Esurf(b)f pds +o(1)
Q] )

Q,n0Q

andicfgk ¥ |pdx = ~2]a| b7 Surf(b|a|)fa ods +o(1). (6.49)

Q,n0Q

Gathering pieces in (6.39), (6.40), (6.47) and (6.48), we establish Theorem 1.11.

Proof of Theorem 1.7

We apply Theorem 1.11 for @ € C*(R?) such that ¢ = 1 in a neighbourhood of
Q to get (1.6).
Multiplying both sides of the first equation in (1.3) by ¥ then integrating by

parts give
1
Eg.st(K’ H) = %(%,A;Q) > %0(¢,A;Q) = ——Kzf |¢|4dx, (6.49)
Q

where (¥, A; ) and (¢, A; -) are the energies in (6.1). Using (6.49) and (1.6),
we get the lower bound of E,  (x, /) in (r.5).

The upper bound of E,  (x, /) can be derived by the help of a suitable trial
configuration. We are still considering the parameter ¢ as in (5.1). Let F be
the magnetic potential introduced in Lemma 2.2. We define the function A €

H'(Q;C) n Hy(T*(¢))

N
hil®) = 2 L ()0 (x),

where I'"(¢) and JVx(f) are respectively the sets in (6.33) and (6.3),

v,(x) = (g""H‘”ul.) o @ Nx), w = w_s ¢ is the gauge function in Lemma 4.1,
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@ is the coordinate transformation in (4.3), #; is defined by #,(s, £) = uy(s = s,,¢)
for (s, ;) = @ *(x,), and #, is the minimizer of G (-, 7 (£)) defined in (5.5). From
the definition of v;, we derive the following (see (6.7))

G0 Fs , (0)) = G (1 7' (7).

The previous identity together with Lemma 5.2, (6.34) and (¢ = x4 give

o(hp F5 Q) Z%O 0, B N, (£)) < IT|67 Pre,(b) + o(x), (x — +c0).
(6.50)
Similarly, for ;j € {1,2}, using the results of Theorem 6.5, one may define a
function b, € H(Q;C) n HOI(QJ*(K)) satisfying
Bo(hy F; Q1 (€)) < [0Q, 0 0Q|b™ 2k Eyg(b) + 0(x),
Ey(hy B Q;(2)) < 10Q, N0 6Q|b_%|a|_ Ei(b]al) + o(x), (6.51)
where Q;(f ) is defined in (6.35) and (6.36). Now, we define the trial function
h(x) = L) (x) br(x) + 10;(5’)(36)/71(35) + ﬂag(f)(x)bz(x),

Noticing that E, (x, H) < &(h,F; Q) = €,(h, F; Q) (see (6.1)), we gather the
results in (6.50) and (6.51) to derive the upper bound in (r.5).
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A Some Spectral Properties of Fiber Operators

A.1  Harmonic oscillators on the semi-axis

Let £ € R. Besides the Robin and Neumann realizations of the harmonic oscillator,
we introduce the Dirichlet realization of

2

HP[£] = —% +(t - &) (A1)
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with domain
Dom (HD[f]) ={u € B*(R,) : «(0) = 0},

and lowest eigenvalue
©P(£) = infsp(HP[£]). (A.2)

The perturbation theory [Kat66] ensures that the functions

Emu(&),  EropE),  and £y )

are analytic, where x(y, £) and &™ (&) are respectively defined in (2.3) and (2.5).
We list the following well-known spectral properties (for instance see [DH93, RS72,
Kaco6)):

Proposition A.1. The function & v+ uP(£) introduced in (A.2) satisfies

fliI{l yD(.f) = +o0 and Stlim [uD(f) =1.

—+00

Forally € R, the function & — u(y, &) introduced in (2.3) satisfies

flim u(y, &) = +oo  and flim u(y, &) = 1.
——c0 — 400

A.2  Spectral properties of the operator b [£]

Leta € [-1,1)\{0} and £ € R. Recall the operator »,[£] introduced in (2.13)
and its associated quadratic form g,[£] defined in (2.14). The embedding of the
domain of ¢,[£] is compact in L*(R), hence the spectrum of /,[£] is an increasing
sequence of eigenvalues converging to +co. The lowest eigenvalue is denoted by
#a(£).

The result in the following proposition may be derived similarly as done in
[FHr1o, Section 3.2.1]:

Proposition A.2. The lowest eigenvalue p,(£) of b,[£] is simple. Furthermore, there
exists a positive eigenfunction g, r normalized with respect to the norm || - | ;) g
is the unique function satisfying such properties.

The functions £ = g, (£) and £ +— g, are in C* by the perturbation theory
(see [FHi10, Theorem C.2.2]).

The bounds in Lemma A.3 are useful for establishing Proposition A.4, which is
crucial in our study of the eigenvalue y,(£) (see Section 2.4).
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Lemma A.3. Leta € [-1,1)\{0} and & € R. It holds
e Ifa €(0,1), then

ib
\_/

min(/zN(—f), au (\/—f_)) < p,(é) < min( D(-£), ap (
o Ifa € [-1,0), then

£
Jlal

smin(//)(—f), ] P - : )). (A3)

||

min (;cN(—zf), Ial/tN( - )) < p,(§)

Proof. We will prove the lemma in the case 2 € (-1, 0). The proof follows similarly
in the case 2 € (0,1).

We start by establishing the upper bound in (A.3). Let £ € R. Consider
u=u" the normalized eigenfunction of the operator H”[~£] defined in (A.1),

correspondmg to the lowest eigenvalue u D(_£). Then
+00
(P8 = [T (1K @P + (e £ ()

Noticing that # € H, (R,), we extend it by zero on R_ (the extension is still
denoted by # for simplicity). Hence, we have ¢,[£](«) = /LD(—f), where ¢,[£]

is the quadratic form in (2.14). Using the min-max principle, we get

UEE [”f](”) £P(=9).

the normalized eigenfunction of H”[-£//|a]|]

Similarly, using v = v”

-£/\lal

corresponding to the lowest eigenvalue p”(—&/ V141), we can prove that

M’( ‘li) = [T (1P (e J%)ﬂvw) de = ()

by the min-max principle, after employing the change of variable x = —#/,/|4]

and extending the resulting function by Oon R, .
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Next, we establish the lower bound in (A.3). We consider ¢ = Lat the
normalized eigenfunction of the operator 5,[£] corresponding to the lowest
eigenvalue u,(£) (see Proposition A.2). We have

wal8) = [ (1g0P+ars 27160 des [ (166 Pl P1g(0) ) do.
(A.4)

Using the min-max principle, we write a lower bound for each integral appearing

in (A.4). Indeed,
[Tg@r + ¢+ 921z de = 65 [ T lgoPdr, (&)
0 0
and
=i

|4

[ (1€ + @t + 22150 P) e > |a|;/\’( )f g de. (A6

Note that, for obtaining (A.6), we performed the change of variable x = —/|a|?
which yielded

[ (g OF + G+ £21ge)P) e = lal [ (1w )P

T ) as,

0 5 1 +00 )
dt = w(x)|*dx,
J_te@Pde == | lut)

where w(x) = g(—x/M).
Combining (A.4), (A.s) and (A.6), and using the normalization of g, we obtain

the desired lower bound. O

+(x+

and

Proposition A.4. Leta € [-1,1)\{0}. We have

e Fora € (0,1),

lim x,(£) =1 and lim g, (&) =a.

£——o0 £—+o0
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e Fora € [-1,0),

Am p(£) =lal and - lim g (£) = +eo.

Proof- It is sufhicient to apply Proposition A.1 and Lemma A.3. O

Proposition A.s. ([HS1s])
Forany a € [-1,1)\{0} and £ € R we have

1\,
dae(£) = (1= 2) (€0 + () - g s0F), (A7)
where g, ¢ is the eigenfunction in Proposition A.2.

Proof. (Feynman—Hellmann). For simplicity, we write u, g and b respectively for
#.(&)s g, and h,[£]. Differentiating with respect to £ and integrating by parts

mn

(h—p)g=0. (A.8)

we get
((9gh = 0g1e) g5 g) + (b = 1) dzg, g) = 0.
Hence using
((h = 1)d:g, g) = (0sg, (b — ) g) = 0,
and recalling that ¢ is normalized, we obtain

+o0

Dt = 0shg g) = 2 f_o (& +at)g?() di + zfo (& + 1)) dr. (Ao)

Integrating by parts the right hand side of (A.9), and using (A.8) establish the
result. O

Proposition A.6. Leta € (=1,0) and 8, = ming g u,(£). We have
|ﬂ | G')0 < ﬂa’
where ©, is the value in (2.5).
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Proof. Let £, be such that 8, = u,(£,) (see [HPRS16]). We use the lower bound
proof of Lemma A.3, with ¢ = g, ; the positive normalized eigenfunction of the
operator b, [£,] corresponding to x,(£,) (see Proposition A.2). We get

0 +00
> |a|®, (t)dt +© *(¢) dt. A.
kgD zlale, [ Pdrve, [T Pmdr (o

Since ¢ is normalized and positive, and |2|©, < © for 2 € (-1, 0), the proof is
completed. O

Proposition A.7. Leta € (=1,0). If £, € R satisfies 1,(£,) = mingg p,(£),
then £, < 0.

Proof. Suppose that £, 2 0. Let g, ; be the positive normalized eigenfunction of
the operator /,[£,] corresponding to the lowest eigenvalue y,(£,) (Proposition A.2).

* If £, > 0, then since 2 < 0, one sees that ¢,[0](g, ;) < 7,[5.1(g.z)
where g,[] is the form in (2.14); consequently, the min-max principle gives

%,(0) < p,(&,). This contradicts the definition of £,.

» If £, = 0, then by Proposition A.s,

0 = 05z, (£,) = (1 - l) (£1.000)” + £,(0)g,0(0))* > 0,

since 2 € (—1,0), ¢ > 0and, by Proposition A.6, «,(0) > |2|®, > 0.

B Decay estimates for the 2D-effective model

The aim of this appendix is to prove Proposition 3.4. Recall that we work under (3.7),

namely,
1 1
-1<4<0 and — <b < —,
|| £a
where 3, is the lowest eigenvalue introduced in (2.11).
For every m € N and R > 1, we introduce the set S, = (=R /2, R/2) x

(—m, m) and the functional

usan®) = [ (A = il = 1ul*+ Slul") v B

R,m
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defined over the space

Drom = {” € L*(Sp,) (V= iahg)u € L*(Sp,),

u(xl = :tg, ) = u(-,xz = d:m) = O}. (B.2)

Here owas defined in (2.9). Now we define the ground state energy

&.(b,R,m) = int G ,n (u). (B.3)

u€Dy

Lemma B.1. 7here exists a universal constant C > 0, and for all R > 1, m = 1,
there exists a function @, » ., € Dy, satisfying,

1Pa Rl z=(s,,) < L5 (B.4)
X.
_[ | 2| 2(|(v - Z.OA0)¢a,b,R,m|2 + |¢a,b,R,m|2) dx < CbR; (BS)
SR,mn{\x2|24} (ln |x2|)

T | ‘dx < COPR B.6
Y ¢a,b,R,m| X =< > ( . )

Semnilnlz4) (1n[x,))

and

‘ng,b,R,m(¢a,b,R,m) = gﬂ(b’ R> WL) (B7)

Here G, , &, is the functional introduced in (B.1) and g,(b, R, m) is the ground state
energy introduced in (B.3).

Proof. 'The boundedness and the regularity of the domain Sy ,, guarantee the
existence of a minimizer @,, := @, z,, of G, » . in Dy, satisfying

- b(v - Z.CJAO)Zg)m = (1 - |¢m|2)¢m in SR,m’ (BS)

see e.g. [FHro, Chapter 11]. Furthermore, Proposition 10.3.1 in [FH10] ensures that

[ @m”L”(SR,m) <1

Next, select y € C*(R) such that y(x,) = 0if |x,| < 1,and y(x,) = |x,|*/ In |x,|
if |x,| > 4. Consequently, the function y satisfies

3J_

0<|Z(x2)| 21I1|

forall |x,| > 4.
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Multiply (B.8) by y*@,. and integrate by parts,

J;

Rm

(61(V=1aA) 20, |~ 22| @+ 27| 2l ) v = bfs 7219 dx. (B.9)

Since the function x — y(x,)@,,(x) is supported in Sy, N {|x,| = 1} where
curl(A) = g we can apply the spectral inequality in [FH10, Lemma 1.4.1] to get,
under the assumption 1/|z| < b < 1/8,,

b |(V—z’a~Ao);(¢m|2dx2[9fS Iflzzl%lzdefS 2le,* dx.

SR,m
(B.10)
It follows from (B.9) and (B.10)

fS 2w g dx < b f 22(5) o2 dx

<b ;(lz(xz)|¢m|2dx

SR,mﬂ{|x2\24}

+b 7 (x)lp,l” dx

SrmN{l%| <4}
|x2|

<Cbh
Spmn{l x| 24} (ln |x2|)

-1, > dx + CoR. (B.1)

Using Holder’s inequality,

|
| 2 lp [ dx
S

ennllnlz4 (In |x,])

I : P
S f L P
(U, pnron T 4 | iy T g Pl 4%)

R

IA

|952|3

% 4 %
< CR (fsk,mmuw} i e 2 ) (B.12)
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Now, using Cauchy—Schwarz inequality together with (B.11) and (B.12), we obtain

|x2| f
dx< X dx

fSRmn{xz|>4} (In |x,[)? s 1l ?f el
H |x2|3 4 %
sCRbe Nl g
( Spmnlx|24} |(1n|xz|)2|¢ | )

+CbR
< Cb’R + ChR.

(B.13)
Consequently, under the assumption 1 < 1/|a| < & < 1/8,, we get (B.6).
Inserting (B.6) into (B.12), we get

f lehpmfdx < ChR. (B.14)
S

ennllnl>4y (1n |2,

We still need to establish

f a2l ) (v i) g, P dx < COR. (B.15)
S

emn{ln]>43 (1n |, |

To that end, we select y € C%(R) such that 7(x,) = 0if |x,] < 1, and
(%) = y]2%,]/ In|x, | if || = 4. Multiplying the equation in (B.8) by #°®,, and
integrating over Sy ,,, we get

b (V= iAo 7(x,)p,,|" dx

Srom il 24}

:fs oo (772(xz)|¢m|2 _ 72(x2)|¢m|4+ b}ylz(xz)|¢m|z) dx. (B.16)

It is easy to check by a straightforward computation, and using Cauchy’s inequality,
that

[ (P - i, ) s
< [ (17 = temdn(egnl - 1*(lpnl) de
+2|Re(p,,7' (), 7()(V = iAg)@,,) |
< [ (107 - il + 37|V - i + 1l pul’) dx
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where § = Sy, N {|x,| = 4}. Hence,

772(x2)|(V - Z‘JAO)¢m|2 dx
Spomn {224}

<2 (|(V - z'aAO)V(xz)@n‘z + 77/2(x2)|¢m|2) dx. (B.y)

SR,mﬂ{|x2\24}
Combining (B.16) and (B.17), we get
2 ‘ 2
b 7 (%) |(V = ioAg)p,,|” dx
Sramn{lx,] 24}

<2 77 (%)@, " dx + 40 7(%)]@,|" dx. (B.18)

SR,mﬂ{|x2|24} SR,mn{‘lez/*}

The definition of 7 yields that, in Sy, n {|x,| = 4}, 7" = |x%,|/(In]x,])% and
;7'2 < 4;72. Hence, (B.14) and (B.18) imply (B.15). O

Corollary B.2. 7here exists a universal constant C > 0 such that the minimizer
@ub.Rom i Lemma B.1 satisfies, for all R > 1, m > 1,

-[;5‘ b‘ (v - Z’JA0)¢a,b,R,m‘2 + |¢4,b,R,m|2 dx < CbR. (BI9)

R.m

Proof. For the sake of brevity, we will write ¢, for @, , » .. Using (B.14) and the
fact that |x,|/(In |x2|)2 > 1 for |x,| > 4, we get

f |, |*dx < ChbR.
Sponn %24}

On the other hand, using ||@,,[. < 1 and & > 1 we get

f |, |*dx < ChbR.
Sponn il <4}

Next, since @, satisfies

—b(V - idA)’p,, = (1= 2,10,  inSg,.

a simple integration by parts over S, yields

[ -, [fax= [ m|¢m|2dx—f

lo,,|*dx < ChR.
SR,m SR SR,m
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Now, we will investigate the regularity of the minimizer ¢, , » ,, in Lemma B.1.
We have to be careful at this point since the magnetic field is a step function and
therefore has singularities. As a byproduct, we will extract a convergent subsequence
Of(%z,b,R,m)mﬂ'

We will use the following terminology. Let Q c R?* be an open set. If
(u,),,5; is a sequence in H*(€Q), then by saying that (z,,) is bounded/convergent
in H'lfc(Q), we mean that it is bounded/convergent in H*(K), for every K ¢ Q
open and relatively compact. A similar terminology applies for boundedness or
convergence in lej(Q) A sequence (#,,),,>; is bounded/convergent in ClﬁC“(Q)
if it is bounded/convergent in C**(K), for every K ¢ Q open and relatively
compact.

Lemma B.3. Assume that (3.7) holds. Let R > 1 and a € (0,1) be fixed. The
sequence (@, ;, R’m)m>1 defined by Lemma B.I is bounded in HliC(S ) and consequently

in Cli:(S %)
Proof. For simplicity, we will write ,, = @, , » . The proof is split into three
steps.

Step1. W first prove the boundedness of (@,,) in A, (S). Using (B.8) we may

write
1
Ag, = Z(|¢m|2 - l)gpm +2idAy- Vo, + |a|2|A0|2gDm. (B.20)

Let K ¢ Sy be open and relatively compact. Choose an open and bounded set K
such that K ¢ K c Sy. There exists m, € N such that for all m > m(, K c Sp,
and by Cauchy’s inequality,

f|V¢m|2dxs2f |(v—l~m0)¢m|2dx+zf o2 Ag 2l 2, |2 dx.
K K K

Using |@,,| < 1, the decay estimate in (B.19) and the boundedness of cand A in
K, we get a constant C = C(K, R) such that

f~|V¢m|2dx£C, and f~|AgDm|2dx£C,
I'q I'q

in light of (B.20). By the interior elliptic estimates (see for instance [FH1o, Section
E.4.1]), we get that ,, € H*(K) and

Il < €180l + 12l 2) < € (B.21)
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is bounded

where C'is a constant independent from 7. This proves that (g,,)
in H (Sg).

m=1

Step 2. Here we will improve the result in Step 1 and prove that (@,,),,.1 is
bounded in HliC(S z)- Itis enough to prove that the sequence (V¢m)m21 is bounded
in HIOC(S R)-

Let ¢, = 0, @,,- We will prove that (A gm)mzl is bounded in Lﬁ)c(SR). Recall
that, for all x = (v, x,) € R?,

Ay(x) = (-x,,0) and o(x) = ]lR+(x2) +aly (x,),
hence,

(U‘AO) (x) = ( —x,1g (%) — ﬂlelRi(xz),O), (B.22)

(1807) () = g () + 2531y (). (B.23)

Obviously, the functions in (B.22) and (B.23) admit respectively the following weak
partial derivatives

() () = (= L () = alg_(5),0) = (= o(x).0)  (B24)

0 (7 1A0) (%) = 2,1 (1) + 207,15 (i) = 22,0 (). (B.25)
A straightforward computation using (B.20), (B.24) and (B.25) yields
= 0,79,
bsvmc’ |¢m|26 P = 2105100, 0,,
- 200, ,, + 7' %30, P, + 20°%,0,,,

in the sense of weak derivatives. By Step 1, the sequence (@,,) is bounded in
1_11(2)c( z). Consequently, since |@,,| < 1, it is clear that (Ag,,),,. is bounded in
L} (Sg). By the interior elliptic estimates, we get that (g,, = 9, @) m>1 is bounded
in Hloc(S R)-
In a similar fashion, we prove that (9, ¢,,),,,>; is bounded in HE (Sg).
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Step 3.  Finally, for every relatively compact open set X' ¢ Q, the space H 3(K)
is embedded in C*(K). Consequently, (,,) is bounded in Clic”‘(S R)- O]

Lemma B.4. Let 2 € (0,1). Assume that R > 1 and that (3.7) holds. Let
(@, R’m)m>1 be the sequence defined in Lemma B.1. There exist a function @, ;, p €

H (Sg) and a subsequence, denoted by (9, p.,,) p Such that

m=

. 2 . 0,z
¢a,b,R,m - ¢4,b,R mn [_Iloc(SR) and ¢4,b,R,m - @4,b,R mn Cloc (SR)

Furthermore, @, p € C>*(Sg).

loc

Proof. We continue writing @,, for @, , .. Let K ¢ Sy be open and relatively
compact. By Lemma B.3, (g,,),,; is bounded in A*(K), hence it has a weakly
convergent subsequence by the Banach—Alaoglu theorem. By the compact embedding
of H*(K) in H*(K), and of H*(K) in C"*(K), we may extract a subsequence,
that we denote by (g,,), such that it is strongly convergent in H*(K) and C**(K).
The subsequence in Lemma B.4 and its limit are then constructed via the standard
Cantor’s diagonal process. O

Lemma B.5. Ler R > 1 and ¢, » be the function defined by Lemma B.4. The
Jollowing statements hold:

@ﬂ,b,R € 9R > |¢4,b,R| <1lin SR: (B26)
- b(V - l‘aAo)z%,b,R =(1- |%,b,R|2)%,1¢,R in Sz, (B.27)
x
f |—2|2(|(V —ioA)Pup |+ |%,b,R|2) dx < CbR, (B.28)
Spn{|x,| 24} (ln |x2|)

3
f _al o s oo, (B.29)
Spnflay| 24} (ln |x2|)

f (M7 = 1) @i z|* + |2usl?) dxc < COR, (B.30)
Sk

where C > 0 is a universal constant, and Dy is the space introduced in (3.2).

Proof. Let (@, r.,,) be the subsequence in Lemma B.4. Again, we will use (g,,)
and ¢ for (@, ; z,,) and @, , » respectively.
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By Lemma B.1, the inequality |@,,| < 1 holds for all 7. The inequality |@| < 1
then follows from the uniform convergence of (¢,,) stated in Lemma B.4. By the
convergence of (,,) in H (Sg) and C}(;’C“(S r)> we get (B.27) from

~b(V - idA)’e, = (1= 10,2,

Now we prove that ¢ € D,. Pick an arbitrary integer 7, > 1. For all m > m,,
Sromy © Sgm- Thus using the decay of ¢,, in (B.19) we have

f |¢>m|2dxsfs o, dx < CbR.

R,my R,
The uniform convergence of (g,,) to @ gives us
o) dx = mlggwf o, |2dx < CHR.
SR,mo R,mygy

Taking m, — +0, we write by the monotone convergence theorem,

f o> dx < CHR.
SR

This proves that @ € L*(Sy). Next we will prove that (V — 70Ag)@ € L*(Sz). In
light of the convergence of (,,) in H!

'oc(S®)> we can refine the subsequence (g,,)

so that
(V-1id\)p, — (V-id)pae.

Furthermore, by Lemma B 3, (,,) is bounded in C__(Sy), hencein C'(S Rom,)> for
all m, > 1. Using the dominated convergence theorem and the estimate in (B.19),
we may write, for all m, > 1,

J;

Rymg

(V- ioA)p|* dix = m@@ﬁ (V- iaAy) @, | dx < CR.
R,mg
Sending 2 to +o and using the monotone convergence theorem, we get
|(V - idAy)p|*dx < CR.
Sk

Thus, we have proven that @, (V — 70A)@ € L*(S). It remains to prove that ¢

satisfies the boundary condition

gp(xl = ig,xz) =0, for all x, € R.
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To see this, let x, € R. There exists m, such that x, € (-m,m,). By the
convergence of (¢,,) to @ in CO’“(SR,MO), we get

R _ R
@(xl = izﬂcz) = lim_p, (xl = iz:xz) = 0.

Finally, we may use similar limiting arguments to pass from the decay estimates of
@,, in (B.5) and (B.6) to the decay estimates of ¢ in (B.28) and (B.29). O

Now, we are ready to establish the existence of a minimizer of the Ginzburg—
Landau energy € (a, b, R) defined in the unbounded set Sy.

Lemma B.6. Ler R > 1. The function @, p € Dy defined in Lemma B.4 is a
minimizer of G, , g, that is

Sga,b,R(@a,b,R) = ga(bﬂ R)

Here G, , p is the functional introduced in (3.3) and g,(b, R) is the ground state energy
defined in (3.4).

Proof. 'The proof is divided into three steps.

Step 1 (Convergence of the ground state energy). Let ¢,(b, R, m) and g,(4, R)
be the energies defined in (B.3) and (3.4) respectively. In this step, we will prove
that

mli)n}wgd(b,R,m) = ¢,(b,R). (B.31)
Let # € Dp,,. We can extend # by 0 to a function # € 2. Consequently,
we get ¢,(b,R,m) = g,(b,R), for all m > 1. Thus, liminf,,_,, ¢,(b,R,m) >
2,(b, R). Next, we will prove that

limsup g,(6, R, m) < g,(b, R). (B.32)

m— +00

Consider (¢,) ¢ Dy a minimizing sequence of G, , », thatis g (&, R) is the limit
of G, , »(@,) as n — +o0. Let 3 € C°(R) be a cut-off function satisfying

0<$<1linR, suppdc(-1,1), $=1in [_%,%]

Consider the re-scaled function &,,(x,) = $(x,/m). The function 3,,(x,) @, (x)

restricted to Sy, belongs to @, and consequently
ga(b> R3 Wl) < g;z,b,R("9m¢n)' (B33)

108



B. DECAY ESTIMATES FOR THE 2D-EFFECTIVE MODEL

By Cauchy’s inequality, for all £ € (0,1)
(V= it )3,0,|" < (1+2)[8,(V - iaAg, | + 26773, |, |

Thus, using the definition of the ground state energy ¢,(#, R, m) and the functional
G,z in (B.3) and (3.3) respectively, we obtain

a

2070,
&l Rom) < (L+ () + 19 gy | lpaldx

v [ a-siealpan B
N

R

Introducing lim sup on both sides of (B.34), and using the dominated convergence

m—+

theorem, we get

limsup g,(6,R,m) < (1 + 5)?4,5,1{(@1) + zf |¢n|2dx.
S

m—+o0

Taking the successive limits as ¢ — 0, then z — +0, we get (B.32).

Step 2 (The L*-norm of the limit function). Let (P = @ap.r.m) be the sequence
in Lemma B.4 which converges to the function ¢ = ¢, , . We would like to verify
that the limit function @ is a minimizer of the functional G, , . To that end, we
will prove first that

lim f m4dx=f 4 dx. (B.35)
8 ) || N lol 35
We begin by proving that
lim inf » Ydx > f “dx. (B.36)
mif [ . 4 3
Pick a fixed integer m, 2 1. Since Sg,, > Sg, forall m 2 m, the following
inequality holds
[ pultaxz [ 1p,1tax (B.37
R,m SR,MO
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In addition, having in hand the uniform convergence of ¢,, to @ on the compact
set Sg > We get as m —> 0o

[ teadtds— [ lpltax, (B.38)
R,myy SR,mo
We introduce lim inf,, |, on both sides of (B.37), and we use (B.38) to get
mi&ffs o, |4 dx > f 0" dx.

This is true for every integer m, > 1. Consequently (B.36) simply follows by
applying the monotone convergence theorem.
Next, we prove that

lim sup |¢m|4dxsf lo|* dx. (B.39)
m SR

m—>+o0 SR

Let C be the universal constant in (B.6), ¢ > 0 be fixed, and R > 1 be arbitrary.
We select an integer 72, > 1 such that
CH*R
un

< e. (B.40)

In light of (B.38), there exists 72, > m such that

< é.

Vom 2 my, ’fs I%I‘*dx—f lp|*dx

Rmgy

Noticing that fs lp|*dx < fs |p|* dx, we may write for all m > m,
Romg R

f |¢ml4def lp|*dx +e. (B.41)
S

Rymg

|xz|3

(1n]xl)”

Thus, the estimate

On the other hand, for |x,| > m, = 1 we have m,, <

in (B.6) yields for all m > m,,

2
f l@,|*dx < CH°R <e (B.42)
s

om0, 20} Mo
by (B.40)
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Combining (B.41) and (B.42), we get for all m > m; > m,

[ taltan= [ lptdns | 91" dx
S S Spomn{l2|2me}

R,m R,myg

< f lp|*dx + 2e.
Se

Taking the successive limits as 7 — +oo then ¢ — 0,, we get (B.39).

Step 3 (The limit function is a minimizer). The convergence in (B.35) is crucial
in establishing that ¢ is a minimizer of &, , ». In light of Eq. (B.8), an integration
by parts yields, for all m > 1,

1
gﬂ(b’R’m) = _zf |¢m|4dx

We take 7 — +o0, and we use the results in (B.31) and (B.35). We get

1
&b, R) = -5 | |o|*dx. (B.43)
Se

By Lemma B.5, @ € @, and satisfies (B.27), so after integrating by parts, we get

1
G or(p) = —zj; lp|*dx. (B.44)

Comparing (B.43) and (B.44) yields that G, , x(¢) = g,(b, R). O

Proof of Proposition 3.4. All the properties stated in Proposition 3.4 (except the
non-triviality of the minimizer) are simply a convenient collection in one place of
already proven facts in Lemmas B.5 and B.6. With these properties in hand, the
non-triviality of @, , » follows from Lemma 3.7. O
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The breakdown of superconductivity in the
presence of magnetic steps

Wafaa Assaad

Abstract

Many earlier works were devoted to the study of the breakdown of
superconductivity in type-II superconducting bounded planar domains,
submitted to smooth magnetic fields. In the present contribution, we
consider a new situation where the applied magnetic field is piecewise-
constant, and the discontinuity jump occurs along a smooth curve meeting
the boundary transversely. To handle this situation, we perform a detailed
spectral analysis of a new effective model. Consequently, we establish the
monotonicity of the transition from a superconducting to a normal state.
Moreover, we determine the location of superconductivity in the sample just
before it disappears completely. Interestingly, the study shows similarities
with the case of corner domains subjected to constant fields.

1 Introduction

The breakdown of superconductivity in type-II superconductors submitted to a
sufficiently strong magnetic field is a celebrated phenomenon in physics [S]G63,
LPoo, HMo1, HPo3]. A theorem of Giorgi and Phillips [GP99] asserts that a
superconducting sample with Ginzburg—Landau parameter x, submitted to a
constant magnetic field of strength A, permanently passes to the normal state when
H exceeds some critical value. An important question in the literature has been
to establish that the transition from the superconducting to the normal state is
monotone, i.e. to prove that the sample is superconducting for all / less than the
aforementioned critical value.

Such a monotonicity has been established in several geometric situations both
in 2- and 3-dimensional settings in the case where the Ginzburg-Landau parameter

119



PapER III: BREAKDOWN OF SUPERCONDUCTIVITY UNDER MAGNETIC STEPS

is big, and for large classes of smooth magnetic fields [FHo6, FHo7, FHog, Rayog,
FP11, DR13]. In particular, the analysis of 2-dimensional domains with smooth
boundary, submitted to uniform fields shows that the problem is related to a purely
linear eigenvalue problem [FHo6, FHo7]. The case of corner domains was treated
in [Bonos, BNDo6, BNFo7].

However, a monotone transition is not guaranteed in general, and an oscillatory
behavior occurs in certain geometric settings. One famous example is the Little—
Parks effect for 2D annuli [LP62, Erdg7, FPS1s], where the topology of the sample
causes the lack of monotonicity. Other examples of this oscillation effect were
provided in [FPSis], in a case of a disc-shaped sample placed in a non-uniform
magnetic field.

In the present paper, we focus on the case of a smooth domain placed in
a discontinuous magnetic field. More precisely, we consider a long cylindrical
superconducting domain with smooth cross-section, submitted to a magnetic field
with direction parallel to the axis of the cylinder and whose profile is a step function.
Such a case was not treated in the aforementioned literature. We mainly aim at
answering the following questions:

* Question 1. How does the discontinuity of the magnetic field affect the
monotonicity of the transition from the superconducting to the normal
state?

* Question 2. Where is superconductivity localized right before it completely
disappears from the sample?

As shown later in this article, the answers to these questions generate an interesting
comparison between the case that we handle and another known case of corner
domains submitted to constant magnetic fields (see Section 1.3).

1.1 The functional and the assumptions

Consider an open, bounded, and simply connected set Q of R2. Assume that Q
is the horizontal cross-section of a long wire subjected to a magnetic field, whose
profile is the function By: Q — [-1,1] and whose intensity is Z > 0. The
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Ginzburg-Landau (GL) free energy is given by the functional

2
%K’H(;ﬁ,A) = fg (‘(V - Z'KHA)ﬂZ _ K2W|2 + %W|4) dx

+ Kszf |curlA— BO|2dx, (r.1)
Q

with ¥ € H'(Q;C) and A € H'(Q;R?). In physics, x > 0is a characteristic
scale of the sample called the GL parameter, ¢ is the order parameter with |y|*
being a measure of the density of Cooper pairs, and A is the vector potential whose
curl represents the induced magnetic field in the sample.

We carry out our analysis in the asymptotic regime ¥ — +00, which corresponds
in physics to extreme type-II superconductors. We work under the following
assumptions on the domain Q and the magnetic field B, (see Figure 1):

Assumption 1.I.
1. Q, and ., are two disjoint open sets.
2. Qq and Q, have a finite number of connected components.
3. 0Q and 0Q), are piecewise-smooth with a finite number of corners.

4. T =0Q4 n0Q, is the union of a finite number of disjoint simple smooth curves
{1} pesws we will refer to T as the magnetic barrier.

5. Q =(Q,uQ,ul) andoQ is smooth.

6. Forany k € K, I, intersects 0Q) ar two distinct points. This intersection is
transversal, i.e. Tyo x T # 0 at the intersection point, where T, and T+,
. . k k

are respectively unit tangent vectors of Q) and T},

7. By=1q +alg, wherea € [-1,1)\{0} is a given constant.
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By =1 By=a
P;

Figure 1: Schematic representation of the set Q subjected to the piecewise-constant magnetic field B, with the
magnetic barrier I

Notation 1.2. Since I' n Q) is finite, we denote by
I'noQ = {pj cjedl, .., n}},

where n = Card(I'ndQ). Forall j € {1, ..., n}, ler a; € (0, ) be the angle between

I and 0Q) at the intersection point P ; (measured towards Q).

Since the functional in (1.1) is gauge invariant’, one may restrict its minimization
with respect to (¢, A) (originally done in H'(Q; C) x H'(Q; R?)) to the space
H'(Q;C) x Hj (Q), where

Hp (Q)={Ae H(Q;R?) : divA=0inQ, A-»=00ndQ}  (1.2)

and »is a unit normal vector of Q). This restriction is beneficial due to the nice
regularity properties of the space H. (Q) (see [AK16, Appendix B]). Hence, we
introduce the following ground-state energy:

E, (x, H) = inf{B, ;(¥,A) : (y,A) € H(Q;C) x Hy (Q)}.  (13)

Critical points (¢,A) € H'(Q; C) x H;iV(Q) of &,y are weak solutions of
the following GL equations:

(V- ixHA) y = *(|y|* - Dy in Q,

~V*(curlA - By) = 25 Im (UV - ixHA)Y) in Q, (1)
v-(V—ixHA)Y =0 on 0Q,

curl A = B, on Q.

"The physically meaningful quantities |¥|?, curl A and |(V — ix HA)y|* are gauge invariant in
the sense that they do not change under the transformation (¢, A) — (eiKH";k,A + Vo) for any
@ € H*(Q;R).
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Here, V* = (0., —0

X xl)'

1.2 Critical fields

Let F € Hj, (Q) be the unique vector potential generating the step magnetic field
B, (see (5.1)). For large «, a result a la Giorgi—Phillips (Section s) asserts that for
sufficiently strong magnetic fields, /, the only solution of (1.4) is the normal state
(0, F). We want to prove the existence of a unique field where the transition to the
normal state happens. To be consistent with the literature, we call this field #he
third critical field and denote it by H, (k).

As mentioned, such a uniqueness result has been proved in many generic
situations [FHo6, FHo7, FHog9, Rayog, FP11, DR13]. In their analysis of constant
magnetic fields, Fournais and Helffer [FHo6, FHio] introduced several natural
critical fields, called global and local fields: a monotone transition requires the
global fields to coincide. To prove the equality of these fields (for large ), Fournais
and Helffer linked these global fields to local fields involving spectral data of a
linear problem.

We adapt the definitions of the critical fields in [FH10] to our situation of a
step magnetic field. For large x, we consider the global fields:

ﬁCS(K) = inf{H >0 : forall H > H,(0,F) is the only minimizer of %K)H,},
(r.5)

ﬂCs(K) = inf{H >0 : (0,F) is the only minimizer of %K,H}. (1.6)

The latter field was first introduced by Lu and Pan [LP99]. We consider also the
local fields:

He(x) = inf{H >0 : forall H' > H, A(xH') = &}, (1.7)
Hgf(x) =inf{H >0 : AUxH) > "}, (1.8)

where A(x H) stands for the ground-state energy of a Schrédinger operator with
a step magnetic field, defined in Section 4.1. The equality between ﬁg}c(x) and
H g:(x)—and consequently between F]CS(IC) and H Cg(;c)—depends on whether
the function & — A(5) is monotone increasing for large &, a property that has been

called ’strong diamagnetism’. In the settings of this paper, we prove this property
in Section 6.

123



PapER III: BREAKDOWN OF SUPERCONDUCTIVITY UNDER MAGNETIC STEPS

1.3 Main results

We present now our main results: Theorem 1.5 answers Question 1 in the introduction
by establishing the existence and the uniqueness of the third critical field, for large
%, and providing asymptotics of this field. Question 2 is answered in Theorem 1.6,
where we establish certain Agmon-type estimates that make precise the zone of
nucleation of superconductivity before disappearing from the sample, and show
that the size of this zone is of order x 2.

These results involve the following spectral quantities:

* ©, = 0.59is the so-called de Gennes constant, introduced in Section 2.1 as
the ground-state energy of the Neumann realization of the operator P, ;; in
Yz

the half-space.

* u(a, a) is the ground-state energy of the Neumann realization of a Schrodinger
operator with a step magnetic field in R?, introduced in Section 3.

The main theorems, namely Theorems 1.5 and 1.6, are established under the
following additional assumption:

Assumption 1.3.  Suppose that Assumption 1.1 holds. For j € {1, ..., n}, let a; be the
angle in Notation 1.2. We assume that u(a ;, a) < |a|©,.

We will discuss the conditions in this assumption later in the paper (see
Section 1.4).
Remark 1.4. In Section 3.3, we provide particular examples of pairs (« ;, 2) for which

this assumption is satisfied.

Theorem 1.5. There exists x, > O such that if x > xy and A(:) is as in (4.4), then the
equation

A(xH) = «x*
admits a unique solution H = He, (x) which can be estimated as follows:

K 1
HCS(K) = W + @(K ), as ¥k — +0. (19)
jell,n} J

Furthermore for x = x, the critical fields defined in (1.5) and (1.6) coincide and satisfy

He,(x) = Hy, (k) = He,(v).
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It is worth comparing the asymptotics of the third critical field in Theorem 1.5
with these established in the literature, for smooth domains or corner domains
submitted to uniform magnetic fields. In bounded planar domains with smooth
boundary, the third critical field has the following asymptotics as « tends to +
[LP99, HMor, HPo3, FHo6, FHo7]:

HE™(x) = g + 0(0),

K
7o,
when the applied field has a constant (positive) value B. In corner domains, a
richer physics is produced for stronger applied magnetic fields, since the corners
allow superconductivity to survive longer in the regime x/(B©,) < H < H¢"(x),
where B is the constant field and Hé;"(x) is the third critical field in the corner
situation. More precisely, the following asymptotics were established in certain
geometric settings [Bonos, BNDoé6, BNFo7]:

HE (x) = ﬁ + o(x), (1.10)

where A is the ground-state energy of the infinite sector operator with opening
angle 2, introduced in Section 2.1, and « is the angle corresponding to the corners
with the smallest such a ground-state energy. The result has been established under
the assumption that « fulfils A < ©, which is known to be true for the opening
angles 2 € (0, #)), 2y = 0.5957 (see Section 2.1).

Theorem 1.5 shows a similarity between the situation in the present paper and
that in the corner domains submitted to uniform fields. In the former situation,
the magnetic field, having a jump discontinuity along a curve that cuts the boundary,
has enlarged the scope of the field’s strengths where superconductivity still survive
in the sample, exactly as the corners do in the latter situation. Indeed, we see
that He (k) is of the same order but szrictly larger than Hg;if(lc), where H, amf(x)
corresponds to the constant field B = |4].

Odur next result makes even clearer the similarity between the two aforementioned
situations. It is known that the corners attract the Cooper pairs (see e.g. [BNFo7,
HKi8]). Indeed, under certain geometric/spectral conditions [BNFo7, Assumption
1.3], some asymptotics of the global energy established in [BNFo7] suggest the
existence of intermediate phases, between the surface phase and the normal phase,
in which superconductivity can be confined to the corners satisfying particular
spectral conditions—the energetically favourable corners. Moreover, [BNFo7] asserts
the nucleation of superconductivity at least at a corner of the domain having the
smallest opening angle, before its breakdown.
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Recently, the results of [BNFo7] have been sharpened in [HK18] where some
asymptotics of the local energy affirm the confinement of superconductivity to the
energetically favourable corners.

In our case, the Cooper pairs can be attracted by the intersection points
of the magnetic barrier I'and the boundary dQ. Indeed, working under the
spectral conditions in Assumption 1.3, Theorem 1.6 suggests the following: when
x/(la|®,) < H < Hc (x), superconductivity can successively nucleate near the
intersection points of I'and 9, {p } ;, according to the ordering of their spectral
parameters {#(a, )} ;. Furthermore, this theorem asserts that superconductivity
is eventually localized near at least one of the points p;, admitting the smallest
parameter (2, 4), before vanishing in the entire sample.

Theorem 1.6. Take u > 0 satisfying

jelgll)i.'rzn}y(aj,ﬂ) < < |a|@,
We define
S = {pje T'noQ : /L(aj,ﬂ) < [u}.

There exist positive constants R, xy, C and B such that for all x > xy, if

K
H > —,

“
and (y,A) € HY(Q;C) x Hdl.w(Q) is a solution of (1.4), then

BxHdist(x,S) 2, 1 . 2
foe (|;k| + 7cH|(v ixHA) Y| )dx

<C lv|*dx. (1)
{VxHdist(x,S) <R}

This paper is an integral part of the stream of research that was started in [AK16,
AKPS19]. Throughout these papers, we present tools for studying the distribution of
superconductivity in a smooth domain submitted to a step magnetic field satisfying
Assumption 1.1 (the SDSF case), when « is large, considering various regimes of the
intensity of this magnetic field. We particularly aim at detecting any behavior of the
sample that is distinct from the well-known behavior of a smooth domain submitted
to a uniform magnetic field (the SDUF case) or a corner domain submitted to a
uniform field (the CDUF case). Such a distinction is not exhibited in the intensity-
regime of [AK16]. However, in the intensity-regime of [AKPS19], the sample’s
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behavior in the SDSF case is remarkable. It can be dramatically different from the
behavior in both the SDUF and CDUF cases. The present paper records another
interesting magnetic conduct. In the intensity-regime of this paper, the SDSF case
shows analogy to the CDUF case. This analogy is noteworthy, especially when
contrasted to the discrepancy between these two cases, observed in [AKPS19].

Below, we summarize our results under the following three intensity-regime
scenarios:

* In the intensity-regime H < x/|a|: [AK16] establishes the existence of
superconductivity in the whole bulk of Q, and the results of our SDSF case
are similar to those of the SDUF and CDUF cases (see e.g. [SSo3]).

* In the intensity-regime x/|a| < H < x/(|a|©,): [AK16] shows that
superconductivity is lost in the bulk of Q; and Q,. In [AKPS19], we
affirm the nucleation of superconductivity near dQ U I This nucleation
can be global (along the entire 0Q U I) or partial (along certain parts of
dQ v I), according to the values of Hand 2 € [-1,1)\{0} (see [AKPS19,
Section 1.5]). This differs from what occurs in a smooth/corners domain,
submitted to the uniform magnetic field* B = || and considered in
the same intensity-regime. Indeed, in the latter case, if the boundary is
smooth then superconductivity is exclusively and uniformly localized along
this boundary [Pano2, AHo7, HFPS11, CR14]. Recently, [CGr7] proved that
this uniform distribution is not affected (to leading order) by the presence
of corners.

* In the intensity-regime H > x/(]a|©,): the discussion is done under
Assumption 1.3. Here, the distribution of superconductivity is dictated by
the existence of intersection of the discontinuity curve I'and the boundary of
the sample. Before its breakdown, superconductivity is shown to be confined
to the points of 0 Q) N I As explained in the discussion after Theorems 1.5
and 1.6, the sample’s behavior differs in some aspects from that in the SDUF
case but shows similarities with that in the CDUF case, when the uniform
field is B = |a].

*We choose the value || for the uniform magnetic field just to facilitate the comparison between
our SDSF case and the SDUF/CDUF case. Choosing a different value for this field will not
qualitatively affect the comparison.
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Based on the above observations, the combined results of our three papers
highlight the peculiarity of the discontinuous case that we handle: according to
the intensity-regime, the SDSF case may resemble to (or deviate from) one or both
of the SDUF and CDUF cases. Particularly, the two schematic phase-diagrams
in Figure 2 graphically illustrate the comparison between the SDSF case, with the
step magnetic field B, and the CDUF case, with the uniform field B = ||. These
diagrams show the distribution of superconductivity in the sample according to
the intensity of the applied magnetic field. In each case, we plot some critical lines
in the (x, H)-plane (for large x) representing the following:

HCZ(K) = Hg"(ic) = H>P(x) = HC3(7<) in (1.9),

x
2|’ |2|©,’ G

and He (x) as in (1.10).
In the SDSF diagram, the configurations of the sample between H; (x) and H, 1Cn (x)
illustrate different instances of the sample’s behavior, occurring according to the
values of H and 4 (see [AKPS19, Section 1.5]).

H

P I s
TR,| Lo

I I
I I

Kg K Ko K

@

HC2 ch

Figure 2: Schematic phase-diagrams: the SDSF case to the left and the CDUF case to the right. Only the grey
regions carry superconductivity.

1.4 Heuristic considerations and outline of the approach

The discussion in this section is quite informal and is done under the assumptions
stated in the introduction (mainly Assumptions 1.1 and 1.3, and that « is large).
It aims at presenting the workflow in a simple way. Recall that the two principal
results are Theorems 1.5 and 1.6.
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A sort of Giorgi—Phillips result established in Section 5 asserts that our sample
stops superconducting when submitted to large magnetic fields. We aim at proving
the following: with increasing values of the applied field, there is a one-way phase-
transition between superconducting and normal states; once a superconducting
sample passes to the normal state it remains in this state. This goal can be achieved
by proving that the global critical fields, ﬁq(x) and H C}(K), defined in Section 1.2,
coincide.

As it is usually the case in the study of breakdown of superconductivity, the
equality of the global fields is not directly established. Instead, the analysis is more

manageable when these fields are linked to local ones, F[lgsc(ic) and A o (x), also

introduced in Section 1.2. These local fields involve the ground-state energy A(5)
of the linear Schrédinger operator

Pyr = —(V - ibF)*

defined on Q) with magnetic Neumann boundary conditions (Section 4.1). Here &
is a positive parameter, and F € A (Q) is the vector potential satisfying curl F =
Lo +alg, (a € [-1,1)\{0}). The spirit behind linking the four aforementioned
critical fields is that, close to the phase of transition from superconducting to
normal state, the problem can be viewed as linear. Indeed, when ¥ = 0 and A = F,
the first equation in (1.4) can be approximated by

—(V - ibF)*y = ¥’y in Q.

This approximation of the problem by a linear one is the implicit reason behind

establishing that FICS(K) = ﬁg:(x) and H, (k) 2 Egc(x) (Section 8). Since

ﬁc3(7c) > H CS(K), the equality of the global fields is now equivalent to that of
the local ones, which in its turn can be concluded from the fact that the function
b — A(b) is strictly increasing for large values of 4. This monotonicity result is
proved in Section 6 (see Proposition 6.3), but its main ingredients are prepared in
Section 4.

In the aforementioned sections, we generally follow the highways in [HMor,
Bonos, Bonos, FHo7, FHio] where similar problems are handled in the case of
smooth magnetic fields. However, the particularity of the step magnetic field
case that we handle causes deviations at several stages of the analysis. Indeed, our
discontinuous situation involves particular models while reducing the problem to
other effective ones. Furthermore, a careful analysis and additional techniques are
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required when working in an environment with a low level of regularity compared
to the smooth field case. Some examples showing such a particularity will be
presented while continuing this discussion below.

The asymptotic bounds of the ground-state energy A () in Theorem 4.2 are key-
elements in the monotonicity argument. In the lower bound proof (Section 4.2), a
partition of unity allows the local examination of the energy in four main regions
of Q: the interior of Q away from 9dQ, the neighbourhood of Q) away from T,
the neighbourhood of I'away from 0, and the vicinity of the intersection points,
P of F'and 0Q).

The study in the first two regions is the same as that in the uniform field case,
since the field curl F is constant in each of the sets Q; and Q,. Hence, the results
are borrowed from the existing literature (e.g. [FH10]). In these two regions, the
energy admits lower bounds of order |2|4 and |2|®,b respectively.

By suitable change of variables (Sections 4.2 and B.1), gauge transformations
and rescaling arguments, we link the study in the two remaining regions to the
effective operators with step magnetic fields, &, and %, ,, defined on R* and R’
respectively. The operator &, is introduced in Section 2.2. It has been studied
earlier in [HPRS16, AKPS19] (and the references therein), and the following bounds
of the corresponding ground-state energy, 4,, were established: |2|©, < 8, < |a|.
The analysis of the operator %, , in Section 3 is new. A further comment about
this operator is given later in the current section. At the moment we are mainly
interested in the upper bound, x(«,4) < |2|®,, of the ground-state energy of
H, , (see Remark 3.2). Consequently, we get the following spectral ordering

ula,a) < |a|®, < B, < |al,

which yields a lower bound of (%) with leading order min; ;3 (2, 2)b.

We note that the fulfilment of Assumption 1.3 is not required while establishing
the lower bound result. It is while deriving a matching upper bound of the energy
that this assumption is useful (see Section 4.2). Indeed, under Assumption 1.3
the energies {(«, 2)} ; are eigenvalues (Remark 3.2). In particular, the minimal
energy min ; (2, ) is an eigenvalue. This validates the construction of the trial
function involving an eigenfunction corresponding to this minimal energy, in the
proof of Proposition 4.7. In the rest of the paper, we work under Assumption 1.3
each time the argument requires the upper bound of 1(4).

In addition to the bounds in Section 4.2, certain linear Agmon estimates
established in Theorem 6.1 are used to get the monotonicity result in Proposition 6.3.
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The proof of this proposition is an adaptation of that in [FHo7, Theorem 1.1] to
our step field situation. It employs the leading order term of A(4), sparing us the
complexity of using higher order expansions of this energy as in e.g. [FHo6, BNFo7].
However, the discontinuity of our field as well as the way the magnetic field meets
the boundary impose more complicated techniques on the argument (see the
discussion below Proposition 6.3). Moreover, the proof contains a perturbation
argument using the independence of the linear operator domain from the parameter
b (see (4.3)). Whereas establishing such an independence is standard in the case of
smooth fields, our case requires a particular argument given in Appendix C.

Consequently, we conclude that the value of the equal global and local fields—
the third critical field He (x)—is the unique solution of the equation 1 (x H) = x*
(Proposition 6.5). Asymptotic estimates of this field are given in Proposition 6.7.
The aforementioned results (in Sections 6 and 8) constitute the proof of Theorem 1.5.

The second main result of this work, namely Theorem 1.6, is established in
Section 7. The proof is given under Assumption 1.3 which implies the exclusive
nucleation of superconductivity near the points of I' N dQ corresponding to the
minimal energy min (e a), right before its breakdown. Lemma 7.1 is essential
in the proof. It mainly relies on the local energy estimates in Proposition 4.6,
together with a simple, yet important, link between the fields A and F, done in
small patches of the sample (see (7.1)).

The discussion done so far shows the main contribution of the operator %, ,,
defined in Section 3, to our problem. We conclude this outline with a brief spectral
description of this operator. %, , is defined on the half-plane with magnetic
Neumann boundary condition, and depends on the two parameters « € (0, 7)
and 2 € [-1,1)\{0}. It is reminiscent of the operator &, defined on the plane
(Section 2.2), since each of them involves a step magnetic field:

cutlA, ,(x) = Lpi(x) + alpe(x), x € R? (for x,.)s

cutl Ag(x) = Iy (%) + aly (x;), € R* (for Z,).

However, due to the dependence of %, , on the angle «, the study of this operator
combines spectral properties of both the operator £, and the sector operator with
a constant field defined in Section 2.1. Actually, our analysis reveals more spectral
similarities with the latter operator. Yet, as it will be shown in Section 3, the
discontinuity of the magnetic field in our operator makes the study technically
more challenging than that of the sector operator.
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By using Persson’s lemma in Appendix A, we show that the bottom of the
essential spectrum of %, , is |4|®,. This implies that the ground-state energy
satisfies

ula, a) < |a|®,. (r.12)

As mentioned earlier in this section, we are interested in the pairs (2, 2) for which
the inequality in (1.12) is strict and consequently the energy (2, ) is an eigenvalue.
The existence of such pairs validates Assumption 1.3 under which this work is done.
Let us call here such pairs admissible pairs. The pair (7 /2, —1) is admissible and is
directly derived by a symmetry argument (Proposition 3.8).

Certainly, the continuity of x(«, «) with respect to the parameters « and 4,
once verified, would provide more admissible pairs living in a neighbourhood of
(7 /2, -1) (more generally near any already found admissible pair). However, such
a regularity result is hard to establish in our case. In fact, a continuity result of
u(a, a) with respect to 4 is reached after a lengthy proof in Section 3.2. Still, we
did not succeed to prove the continuity with respect to 2. The way the operator
depends on « prevents making profit of the techniques used in earlier works
(e.g. [Bonos, Section s5.3]) in similar situations while studying the sector operator
(see discussion in Section 3.2).

The continuity of the energy with respect to « extends the admissibility result
at (7 /2, —1) to other pairs (2, ) for which « = 7/2 (Proposition 3.8). A more
complicated (rigorous) computation is done in Proposition 3.9 seeking more
admissible pairs, in particular pairs with @ # 7 /2. The proof of this proposition
is inspired by the approach in [ELPO18]. It starts with some techniques that
facilitate the adoption of such an approach. Then it uses a variational argument
with convenient test functions to establish a sufficient condition for a pair («, 2) to
be admissible. After this proposition, an illustration using Mathematica is given to
show a region of admissible pairs in the vicinity of (7/2, —1) (see discussion below
the proposition, and Figure 3).

At this point, it is worth comparing our results to those in [ELPO18], in
order to highlight the challenges created by the step magnetic field. The argument
in [ELPO18] shows the existence of bound states for any sector operator with
opening angle «, such that « € (0, 2,) and «, = 0.5957. Similar methods adapted
to our situation yield the existence of bound states of the operator %, , for distinct
values of «. Yet, these values are still near /2 (Figure 3). Also note that the
corresponding values of 4 are negative (near —1), and no positive values of z are

provided by these methods.
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The spectral study of the operator %, ,, that occupies Section 3 (and Appendix A),
is an essential contribution of the present article.

1.5 Notation

* The letter C denotes a positive constant whose value may change from one
formula to another.

* Let 8 € (0,1). We use the following Holder space:

G4@) - [f e 6(@) | sup LOTON )

x#2y€Q) |x—_)/|f8

1.6  Organization of the paper

The rest of the paper is divided into seven sections. In Section 2, we summarize
some useful properties of certain known 2D model operators. The operator %, , is
analysed in Section 3. The spectral data of the model operators are used in Section 4
while studying the linear eigenvalue problem. The breakdown of superconductivity
under strong magnetic fields is proved in Section 5. In Section 6, we establish
the eigenvalue monotonicity result when « is large. Consequently, we deduce the
equality of the local critical fields and provide certain asymptotics of them as «
tends to +0. The non-linear Agmon estimates in Theorem 1.6 are established in
Section 7. Finally, in Section 8 we show the equality of the global and local critical
fields for large x and conclude the result in Theorem 1.5. The appendices gather
technical estimates that we use here and there.

2 Some model operators
We present self-adjoint realizations of some Schrédinger operators with magnetic
fields in open sets of R*. A spectral study of these operators can be found in the

literature (for instance see [Jado1, Bono3, FHio, AKPS19]).
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2.1 Operators with a constant magnetic field

Let Ube an open and simply connected domain of R*. Let & > 0, and A, be the
constant magnetic potential defined by

Ay(x) = (0, ) (x = (x,x,) € R?). (2.1)
If U = R?, we consider the self-adjoint operator
Py g2 = —(V = i0A,)’,
defined on the domain
DomP, . = {u e L*(R?) : (V- ibA) u € L*(R?), for j € {1,2}}.
If U ¢ R?, we assume that U'is piecewise-smooth with possibly a finite number
of corners. In this case we consider the Neumann realization of the self-adjoint

operator

P,y=-(V- z'bAO)z,

defined on the domain

DomP, ;= {n € L*(U) : (V- ibAj)u € L*(U),
for j € {1,2}, (V = ibAy) - v|yy = 0},

where 7 is a unit normal vector of d U (when it exists). Let
Qo) = | |V = ibAgul’ d
be the associated quadratic form defined on
DomQ, = {u € L*(U) : (V- ibA)u € L*(U)}.

We denote the bottom of the spectrum of P, ;; by 2,(4).
The case where Ulis an angular sector in the plane corresponds to an important
sector operator. For 0 < & < 7, we define the domain U, in polar coordinates

U, = {r(cos f,sind) € R* : re (0,0), 0< 8 < a}.
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Using a simple scaling argument, one can prove the following relation between the
spectra of the operators P, ;; and Py ;

spPyy, = bspPy .

Therefore, we may restrict to the case & = 1 and define

p(a) = Ay (1).
The special case of 2 = 7 (the half-plane) has been intensively studied. In this case
we denote
0O, := u(7). (2.2)

Numerical computation shows that ©, = 0.5901.... We note that #(7) is not an
eigenvalue of Py ;.

It was conjectured that x(«) is an eigenvalue satisfying z(z) < ©,, for all
a € (0,7) (see e.g. [Bonos, Remark 2.4]). This conjecture has been proved
for a € (0, 2,) where o, = 0.5957 [Jador, Bonos, ELPO18]. The validity of the
conjecture for all # € (0, 7) is still not settled, although numerical evidence suggests
it (see [BNDMVo7]). When g(«) is an eigenvalue, let #, be a corresponding
normalized eigenfunction.

2.2 An operator with a step magnetic field in the plane
Let 2 € [-1,1)\{0}. For x € R?, let obe a step function defined as follows:
a(x) = Ly (x;) +aly (x7).
We introduce the self-adjoint operator
L, = -(V-idh)? with

Dom %, = {u € L*(R*) : (V- idA)u € L*(R?), for j € {1,2}},

and A, is the magnetic potential in (2.1). We denote the ground-state energy of
<, by

8, = infsp (Z,).
A spectral analysis of the operator £, has been done in [HPRS16] and [AKPS19]
(see also [Iwa8s, HS15] and references therein), and £, is found to satisfy:

* For0<a<1,f,=a.
* Fora=-1,§,= 0,

e For-1<a<0,|a|®,< 8, < |al.
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3 A new operator with a step magnetic field in the half-
plane

In this section we introduce a Schrédinger operator with a step magnetic field
in R%. To the best of our knowledge, the spectral analysis of this operator is
considered for the first time in this contribution. The ground-state energy of this
model operator is involved in the leading order of the third critical field H (x),
for large values of x (see Theorem 1.5), and it also appears when to determining the
zone of concentration of superconductivity in the sample Q, for large x and for
sufficiently strong magnetic fields (see Theorem 1.6).

Let 2 € [-1,1)\{0} and 2 € (0, 7). We define the sets D} and D? in polar
coordinates as follows:

Di = {r(cosb,sind) € R* : r€ (0,), 0< 8 < a},
D? = {r(cosb,sinf) € R* : re (0,0), a <8 < z}. (3.1)
Consider in R? the Neumann realization of the operator

x,,=-(V- z'Aa,ﬂ)z, (3.2)

a,a

where A, , = (0,4,,,) is the magnetic potential’ such that:

-1 . 1
X+ %y, if (x,x,) € D,

Fora € (0,7/2), A, (x;,x,) = (3.3)
( / ) oc,,q( 1 2) {ﬂxl, if(xl,xz) € Dj,
x if (x;,x,) € D}

fora e (z)2,7), A, (x,%)=1" L2 “ (3.4)
(7/2,7) “’ﬂ( 1 %2) {axl + ;ﬁxz, if (xp,x,) € Dj,

xp, i (x,x,) € D;/z, G3)
axy, if (x),x,) € D;/Z.

and A (x}, %) = {

The potential A, , is in H'(R2, R?) and satisfies curl A,,=1p +alp. The
operator %, , is defined on the domain

Dom %, , = {u € L*(R%) : (V- iA,,Yu € L*(R%),
fOl’j € {1, 2}, (V - ZAa)ﬂ) . (0, l)la(Ri) = O} (36)

*One may choose a simpler magnetic potential than A, ,, but the choice in (3.3), (3.4) and (3.5)
will prove useful in Section 4 (see Lemma 4.3).
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The associated quadratic form, g, ,, is defined as

Gualt) = f (V- A, )u|’ dx, with (3.7)
R2

DOI'Il qﬂsﬂ = {M € LZ(R%-) : (v - lAzx,a)u € Lz(Ri)}

Let )
q , U
‘u(a,ﬂ) - ueDlomq W’ 68
u#0 i LZ(RZJ

be the bottom of the spectrum of %, ,

3.1 Bottom of the essential spectrum

Theorem 3.1. Let a € (0,7) and a € [-1,1)\{0}. Then infsp (%, ,) = |a|©,

We refer to Appendix A for the proof of Theorem 3.1. Our proof is an adaptation
of the corresponding proof for sector operators [Bonos, Section 3], which in turn is
a generalization of Persson’s lemma for unbounded domains in R* and Neumann
realizations, and is based on ideas in [Per6o, Helgg, Agmi4].

Remark 3.2. From Theorem 3.1, it follows that x(«,4) < |4|©, for all « € (0, 7)
and 2 € [-1,1)\{0}, and if x(2,4) < |a|©,, then u(a,a) is an eigenvalue of
H

a,a*

3.2 A continuity result

The operator #,, , depends on the parameters « and 4. Some change of variable
techniques have been previously used for other parameter dependent operators (see
e.g. [Bonos, Section 5.3]) to link the problem to an operator with a fixed domain,
independent of the parameters. This allows the use of the perturbation theory
[FH1o, Appendix C] to prove certain regularity properties of the ground-state
energy. Unfortunately, such techniques may not be useful in our case. This causes
difficulties in establishing some smoothness results with respect to «. The aim of
this section is to prove the continuity of x(«, 2) with respect to 4.

Proposition 3.3. Let 2 € (0,7). The function a — u(a,a) is continuous for

4 € [-1,1)\{0}.
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The proof of Proposition 3.3 mainly relies on establishing that ¢ («, ) is the
limit of another ground-state energy, u(«, 4, ), of an operator with associated
form domain that is independent of « and 4. Then, the continuity of 2 — y(a, a)
is deduced from that of 2 = u(«, a, 7). This will be made more precise in what
follows. Let B, = B(0, ») be the ball of radius » > 0, and B;" = B,n R%. Define

2,={neH'(B}) : u=00ndB,nR%} (3.9)
- I )ul
V- z’AM | 128
ua,a,r) = inf Tl . (3.10)
w0 sy

Lemma 3.4. 7he function a — pu(a, a,r) is continuous.

The proof of the lemma above is standard, but presented in Appendix A for
the convenience of the reader.

Remark 3.s. Note that the form domain 9, is independent of the parameter «,
and that for a fixed function # € @, 4 — ||(V - z'AM)uHZLZ(B:) is holomorphic.
Consequently, one can apply the perturbation theory to prove more regularity of
a — u(a,a,r) (see [FH1o, Appendix C]). However, we will be satisfied by the
continuity result of Lemma 3.4 to establish Proposition 3.3.

Remark 3.6. Unfortunately, the perturbation theory might not be helpful in proving
the smoothness of @ = u(a, a, 7), despite of the independence of the domain &,
from a. Moreover, the continuity of @ = u(a, 4, r) is not obvious; a technical

difficulty comes from the possibility that

a+h
liminf sup |u|*dx > 0
h—0 uE@r a
"”"LZ(B:):l

which prevents us from comparing the eigenvalues x(«, 4, ) and u(a + b, a,r)
using the min-max principle.

The next lemma gives an energy lower bound for the functions in the domain
of g,, ,» supported away from the origin. The proof is also provided in Appendix A.
Consider the set

M,={ucDomg,, : u=0inB} (3.11)

”
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Lemma 3.7. Let a € (0,7) and a € [-1,1)\{0}. There exists a constant C > 0,
independent of a and dependent on a, such that for all r > 0 and any non-zero function
u € M, it holds

1oa() 2 (1a1@ = 5 )1l s

Proof of Proposition 3.3. First, we prove that

Aim (2, a,7) = u(a, a). (3.12)

By a standard application of the min-max principle, we see that » = y(a, a,7) is
decreasing in R, . Indeed, for » > 0, we may extend any # € 2, by zero outside B,
(the extension is still denoted by # for simplicity), hence for p > rand # € 9, we
view # € @ ,. Consequently, lim, _, . ¢(, 2, r) exists.

Since D, ¢ Domgy, ,, u(a,a) < lim,_,, u(a,a,r) is straightforward. It
remains to establish x(a,4) > lim, ,, u(«,4,7). Let # € Dom g, ,. Consider a

smooth cut-off function f, supported in B,, such that

0<f,<1l, f.=1inBy, and |V /] < g (3.13)
for some universal constant C > 0. We have
”(v - Z'Aoe,a)f;””iZ(RZ “f u”LZ RZ + ””'Vf' ”LZ RZ

+2Re (uV [, f(V - 1A, )u). (.14)

Then by (3.13) and (3.14), we bound || /(V )u||L2 R?) from below by

. C C .
1V = A by = 310 aay = SNl LAY = Al ey

which, in turn, by the min-max principle can be bounded below by

o .
s | el - ;nuniZ(M = il LA = i, Dl
Hence, having g, ,(x) = | f(V el 12(r2y W get
2 .
qaa( ) ”f’””LZ Rz) C C ”.f;’(v - ZAa,a)%”LZ(Ri)
> u(a,a,r -5 -=
(. Wy, 77 Tl
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Taking 7to +c0 and using the dominated convergence theorem, we obtain

M > },.E}Iloolu(d’ d, ;/')_

I

Since # € Dom g, , is arbitrary, we conclude that g(a, 4) > lim,_, ,  u(2, 4, 7).
Next, we establish a useful lower bound of u(«,4). Let » > 0 and consider a
partition of unity, (@, 7,), of R? satisfying

C
supp @, B,, suppy.< (B:)", |Vel*+ |Vyl* < =

2

for some universal constant C > 0. Let # € Dom ¢, , such that [|z[| ;2(g2) = 1.
The IMS formula ([CFKSo9, Theorem 3.2]) ensures that

C
9ua(t) 2 q,,(@n) + q, (1) - = (3.15)

Note that g,u € @,and yu € M, )5, where M, , is defined in (3.11). Thus

c
ua(P) + G a(tt) 2 (s as V)@l ey + 12| Ol 2wy = 25 (.16

for some C that is independent of 2 and 7 In the above inequality, we used (3.10)
and Lemma 3.7. Combining (3.15) and (3.16) gives

. C
u(a, a) = min (/L(a,ﬂ, 7), |a|®0) - (3.17)

for C independent of z and 7
Finally, we establish the continuity of 2 = (2, a). Let » > 0and » € R such
that @ + b € [-1,1)\{0}. By (3.12) and the monotonicity of » = u(«, 4, r) (see
Step 1.), we have
ula,a + h) < u(a,a + b, r).

Hence, using the continuity of 2 = u(a, 4, 7) (Lemma 3.4) gives

limsup pu(a,a + b) < u(a,a,r).

h—0

Let rtend to +o0 and use (3.12) to get limsup,  u(a,a + b) < u(a,a). Next,
by (3.17) we have
. o
u(a,a+ h) 2 min(u(a,a + b,r),|a+ bh|©) - L (3.18)
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But Theorem 3.1 asserts that
la+ |, > |l — ], > (e a) - 5|0, G19)

We plug (3.19) in (3.18) and we insert lim inf)_ to obtain

o . o
hrhn_}(glf[u(a,ﬂ + /) > min ([u(a,a,r),[u(a,ﬂ)) -2 > u(a,a) - pl

In the above inequality, Lemma 3.4 and the monotonicity of » —~ u(a, a, ) are
used again. Take 7to +0 and use (3.12) to conclude that lim inf), , u (2,2 + b) =

u(a, a). O

3.3 Bound states

In what follows, we provide particular values of «# and 4 where u(a,4) is an
eigenvalue (see Propositions 3.8 and 3.9), then we conclude with establishing some
decay result of the corresponding eigenfunction(s) (see Theorem 3.10).

Proposition 3.8. 7here exists y, € (0,1) such that, for all a € [-1,-1 + y,), the
bottom of the spectrum ”f%z/z,w [u(n'/Z, a), is an eigenvalue.

Proof. Let u := u,, be a normalized eigenfunction associated with the eigenvalue
¢ (7 /2) introduced in Section 2.1. Consider a function # in R x R, satisfying

A | (e, x)  ifxg >0,
(0, %) = { u(—xp,%,) ifx; <O0.

For 2 = -1, a simple computation yields that # € Dom ¢/, _; and satisfies
95.-1(%)
% = [u Z) < @0
i, 2

(see Section 2.1). Hence, the min-max principle ensures that (7 /2, -1) < ©,,
which establishes that this ground-state energy is an eigenvalue (see Remark 3.2).
The rest of the proof follows from the continuity of 2 — u(7/2,4) ata = -1 (see
Proposition 3.3). O

Inspired by the construction in [ELPO18, Proof of Theorem 1.1] in the study of
corner domains, we establish a sufficient condition on the angle « and the number
a under which p(a, 2) is an eigenvalue.
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Proposition 3.9. For a € (0,7) and a € [~1,1)\{0}, consider the function P, , :
(0, +00) — R defined by

2 T T
P, (x) = Ax" - §|ﬂ|®0x + 5
with

A= 6i4 csch(ﬁ)((l - d)ﬁ((—l +a) cosh(z —2a) + 4 cosh(z — a) — 4a cosh(oe))

+ S(oc +a (7 - a)) sinh(7) — (3 = 24 + 3a%) mcosh(r) + 447[).

If there exists x = x(a, a) > 0 such that P, ,(x) < 0, then u(a, a) is an eigenvalue of
the operator ¥, ,.

Proof. Fixa € [-1,1)\{0} and « € (0, 7). Recall the notation in the introduction
of Section 3. There exists a function ¢ € [-lllc(Ri) such that the vector potential
A, , satisfies on R

A,,=JdA +Vop,

where A, (x) = 1/2(—x,,x;) (with x = (x;, x,)) and

(%) 1 ifxEDi,
Y 4 ifx e D?

[Lei83, Lemma r1.1]. An explicit definition of this function is the following:

1 a-1 2 . 1
X%, + S5-cotax, ifxeD,,

Fora € (0,7 /2], p(x) = { a

. 2
%1%, ifx € D,

1 . 1
For « € (7[/2’ 7[)’ ¢(x) _ { éxlxz ifx € Dw

1-a 2 . 2
Sx1%, + 5> cotax, ifxe D,

Hence, considering the quadratic form

i) = fRZ (¥ - icA,)of dx,

+

with domain
Dom g = {v € LX(R%) : (V - iGA)v € LA(R?)},
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we get for all v € Dom ¢
é(v) = qa,a(€l¢v)' (3.20)

The quadratic form 4 is expressed in polar coordinates (p, 8) € D?! := (0, +0) x
(0, ) as follows

G (v f f |0 v|2+—|( P"lﬁ ) ‘ )Jodﬁdﬁ

where a‘poz(p, g) = 7(x;, x,) and

Dom 7! = {o € LD 0 € LD, (0, - 591L )0 & 12D,

For any set D c R?, L;(D) denotes the weighted space of weight p. Just to easily

follow the computation steps in [ELPOIS], we consider further the quadratic form
77! defined on D?°! := (0, +0) x (-7 + @, a) b

9 y

7 f f (1, +—‘(6€+zm’"’l )\)ﬁdﬁde

where
2
~pol — 2 pol 2 pol l ~'polJ0_ 2(ypol
Dom g {uEL( ) : BuEL(D )Jo(()€+w 2)%61‘_,0(1) )},

and
—pol | a if(p,0) €(0,+) x (=7 + 2,0),
7" (p:0) = { 1 if (p,8) € (0, +00) x (0, ). G.21)

Performing a suitable symmetry and rotation of domain, we get for all # €
Dom ¢ ol
G (1) = 37" (v), (3.22)
where v(p, 8) = u(p, -0 + a).
In light of the above discussion (more precisely using (3.20) and (3.22)), a
sufficient condition for x(a,4) to be an eigenvalue is to find a test function

u, € Dom §?° satisfying
~pol
qp ( ) |ﬂ|®0”% ||L2 Dpol (3‘23)
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This follows from Remark 3.2 and the min-max principle. To this end, we consider
the function

2
u,(p,6) = e 7 eire®),

where ¢: (-7 + a,2) — R is a piecewise-differentiable function, 8 > 0, gand
to be suitably chosen later. We define the functional .Fon Dom 7%/ by

w> Iu] = G () — || Oy ”Lz Doy’
Then establishing (3.23) is equivalent to showing that

Fln,] <0. (3.24)

An elementary computation yields
+o0 2 0
gl = [T ptdp [T (&4 0 - lal@y) 4o
0 —-Tta
+00 2 0
—f pre s dﬁf adggd?
0 —T+a
+f0 pebe dﬁfo (¢ + (0u)? - 1al®,) 45
—f(:ooﬁze_‘gﬁzdjoj;a&&gdﬁ
1 teo g2
+ (ﬁﬂ2+ Z(zx +a* (7 - a)))j(‘) pe Er dp.

Let €, = j;;mﬁ”e_ﬁf’z dp, for n = 0. We use the equalities &, = 1/(28),
8, = J7/ (4[83/2), and &; = 1/(2%) [GRis, Equations 3.461] to conclude that

1 0 JT 0
Fln,] = — 2 4+ (050)*) db - a ~g(0
218 -T+a (g 9g) ) 4‘gig ) —mta
1 rer, 2 VT “ T |a|©y7 1 2
+55 ), (€+0x7) e0)][+ 5 gl ar-a)
(3.25)
We choose further
6 6 .
f-7+a<0<0
gy = | ac tae i ,
20 { el + e if0< 8 <a,
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where ¢, ¢, ¢, ¢, are real coefficients satisfying ¢; + ¢, = ¢5 + ¢,. This condition
on the coefhicients is imposed to guarantee the continuity of the function g. The
choice of g is motivated by a similar one in [ELPO18, Section 2.1], which was
optimal within a certain class of test functions. We plug this ¢ into (3.25) and get

j[u ] _ (2 _ e—la _ 6—27L'+20!) 62 . (627r—204 _ 6—2&) 62 . (6204 _ 6—2&) 62
. 28 ! 28 z 28 3
1 _ —2a _1 + -2z _1 + —2a
+ ( ¢ )CICZ+ ( ¢ )CIC3+ wt‘zg

2 B
(l-a—-e*+ac ™%z
+ G

A

(l-az-e*+ae™ ")z
3 @
4p2
(™ = e*)\m  4mf*—4nfla|®y+a*(r —a) +a
G+ VE .
4p> B

F[u,] is a quadratic expression in ¢}, ¢, and ¢;. Minimizing ¥ [#,] with respect to
these coefficients yields a unique solution (¢, ¢, ¢3), where

g”‘z“((d —1)e" + (a —1)e™* + 2e%(e" — 4))J7_7( -1+ COth(”))

e 16,2
B (a 14 (a—-1)**+2(1 - ae”)e”)ﬁ( -1+ coth(ﬂ))
2T 16\/#
e “(—a+ e+ (a-1)cosh(z — a))vzesch(r)
G = .

57

We compute the corresponding .7 [«,], taking x = 1/ 4. We get F[u,] = P, ,(x).
This result together with (3.24) complete the proof. O

Computation. Bonnaillie has established in [BN12] a lower bound, @éow, of ©,
equal to 0.590106125 — 107°. For each « € (0,7), 2 € [-1,1)\{0} and x > 0
we set P“’a’e(l)ow(x) = Ax* - 7[/2|ﬂ|®é°wx + 7 /2, for A in Proposition 3.9. then
P, (x) < Pa)a)e(l)ow(x). Our rigorous computation shows that, for all 2 € (0, 7)
and 2 € [-1,1)\{0}, P“’ﬂ’eéow(x) admits a minimum with respect to x, attained
at a positive value x, = x(2, 2). Then, we use Mathematica to plot the region of
the pairs (@, 2) where min__ Pa)ﬂ@(l)ow(x) = Pa)ﬂ@éow(xo) < 0. The shaded region
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Figure 3: The horizontal axis represents the angles 2 and the vertical axis represents the values of 4. For («, )
in the shaded region, #(«, ) is an eigenvalue.

in Figure 3 represents these pairs. Consequently, the corresponding P, ,(x,) is
negative and the corresponding (2, ) is an eigenvalue.

let
v, , be a corresponding normalized eigenfunction. The following theorem reveals

In the case where p(a, 4) is the lowest eigenvalue of the operator %, ,,

a decay of the eigenfunction v, ,, for large values of |x|. We omit the proof of

a,a’
Theorem 3.10, and we refer for details to the similar proof in [Bonos, Theorem 9.1].

Theorem 3.10. Ler 2 € (0,7) and a € [—1,1)\{0}. Consider the case where u(a, a)
is the lowest eigenvalue of the operator ¥, , introduced in (3.2), and let v, , be a
corresponding normalized eigenfunction. For all 9 such that0 < 0 < |a|©y— u(a, a),
there exists a constant C , such that

”Ua,afgs“Lz(Ri) + qa,a(ua,a€¢) < CE,oc’

where q,, , is the quadyatic form in (3.7), and $ is a function defined in R, as follows:

¢(x)=‘/|d|®0—‘u(a,4)—5|x|, forall x € R2.

4 'The linear problem

4.1 The linear operator

The parameter dependent magnetic Shrédinger operator has been extensively
studied in the literature in the case of regular/corner planar domains, submitted to
smooth magnetic fields (see e.g. [HM96, BS98, LP99, LPoo, HMor, Bonos, FH1o]).
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Let b > 0, E € H'(Q,R?). We consider the Neumann realization of the
self-adjoint operator in the domain Q (satisfying Assumption 1.1):

P,g = —(V - ibE)* with
Dom %, g = {n € L*(Q) : (V- ibEYu e [}(Q),
j €{1,2}, (V—=3ZbE) -v|;q = 0}, (4.1)

where »is a unit normal vector of d Q). The associated quadratic form is

Qg f |(V — i bE) ‘ dx with (4.2)
Dom Q5 = {n € L*(Q) : (V- ibE)u € L*(Q)}.

IfE = F, where F € Hdliv(Q) is the magnetic potential in (5.1) satisfying curl F =
By = 1g +alg forafixeda € [-1,1)\{0}, then the operator and the form
domains are respectively

Dom P, = {u € H*(Q) : Vu-v|;q =0} and Dom Q,y = H'(Q).

(4-3)
The bottom of the spectrum

20y = nf. 2oxl)

(4.4)
eD 2
webom Que [l

(Q)
is an eigenvalue.

Remark 4.1. Compared to smooth magnetic fields cases, an extra argument is
required to establish that the domains of %, ¢ and Q, j are independent of the
parameter b, as in (4.3), in our case of a step magnetic field (curl F = B). This
argument is given in Appendix C. The domains’ independence of & will be crucial
while applying the perturbation theory in Proposition 6.3 later.

4.2 Bounds of the ground-state energy

Theorem 4.2. Under Assumption 1.3, there exist by, C > 0 such that for all b > b,
we have

—Chr < 2(b) - b min (2, 2) < Cbs.
Jell,.,
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Note that the error in the upper bound can be improved to be O (4'™*), for
any p € (0,1/2) (see Remark 4.8).

The rest of this section is devoted to the proof of Theorem 4.2. More precisely,
the lower and upper bounds in this theorem are established in Proposition 4.5
and 4.7 respectively. The same techniques in [HMo1] and [Bonos] are used here.
We introduce a partition of unity to localize our analysis to different zones in Q,
then we compare our linear operator to an operator with a constant magnetic field
in R? (if the zone is in Q\T'), an operator with a constant magnetic field in R? (if
the zone meets the boundary away from I'), an operator with a step magnetic field
in R?, introduced in Section 2.2 (if the zone meets I'away from 0Q), and finally
an operator with a step magnetic field in R?, introduced in Section 3 (if the zone
meets ' N Q).

Localization using a partition of unity

Let 0 < p < 1. For R, > 0, we can find a partition of unity, y;, satisfying (when

restricted to Q):
Dyl =1, > [Vgl* < CRG®6* and supp(y,) © B(z,, Ryb™*) s.t.
J J

either supp(;(j) N@QUT) =,
or z; € 0Q\I'and supp(y) n I = @,
or z; € I'\0Q and supp(y,) N 9Q2 = @,

or Z;= pj,

(4.5)

where Cis independent of R, and b. The index j is chosen such that z; = D, for
j €{1,..,n}, where P, € T'noQ. For # € Dom Qup the IMS formula asserts
that

Qur(n) = 3 Qur(zm) + % Q4 x(zm)
* 2 Qurlg) + 2 Quslp) = 2 1Vl g (40
J

bar
where
int:={;j : ;€ OQ\T}, bnd :={; : zje()Q\F},
bar :={; : ;€ NoQ}, T:={j: j=1,.,n}
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4. THE LINEAR PROBLEM

We will optimize later the choice of pand R for our various problems.

Change of variables

In order to study the energy contribution near I' N dQ, we will carry out the
computation in adapted coordinates in this zone. Recall that we are working under
Assumption 1.I (see also Notation 1.2). For j € {1, ..., n}, there exist >0 and a

local diffeomorphism ¥ =Y of R? satisfying the following (see Appendix B.2):

\I,(pj) = (Oa 0)3 |]‘I/|(pj) = |]‘I’*1|(0’ O) =1, (4.7)

and there exists a neighbourhood % g of (0, 0) such that

\Y(B(pj)r]')nﬂl) = %jnDldj: \I/(B(p]:”})ngz) = %jnD;jy
and consequently,
YB(p,,7) N (0Q,\I)) = %, n R, x {0},

\I/(B(pj: ’}) n (agz\r)) = %jﬂ R_ x {0},
‘I’(B(pj, %) N I) = U;n (%, = % tana).

Here, (x;,%,) := ¥(x;,x,), and the sets ij and D;j were defined in (3.1). We
assume further that the radii 7; are sufficiently small so that (B (p i ;}))]

a family of disjoint balls. The smoothness of ¥, the fact that {1, ..., } is finite,
the assumptions in (4.7) and a Taylor expansion prove the existence of C > 0,

independent of j, such that the Jacobians /g and Jy-1 satisfy
[A(x)| =1 < C¢ and  [[pa(E)] - 1] < CO, (4.8)

forall x € B(p;,¢) ¢ B(p),7) and & = ¥(x). Let E = (E,, E,) € H'(Q;R?)
be such that curlE = B, for B € L*(R?), and let # € Dom Qg (see (4.2))
such that supp# c B(p 1) Consider the magnetic potential E = (Ep ]:2) €
Hl(‘I’(B(pj, ;})) n R%, R?) satisfying E, d% + E,d#%, = E, dx, + E,dx,, and
the function #, defined in ¥ (B(p,, 7)) n R?2 by #(%) = #(¥Y~'(£)). Furthermore,
let

B(%) = B(Y™'(%)),  forall & e Y(B(p,r)) n R’
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PapER III: BREAKDOWN OF SUPERCONDUCTIVITY UNDER MAGNETIC STEPS

One can check that
curl E = 0, £, = 0, Ey = B Jy, (4.9)

and

Qe = [ Y Gunli) 0y, - 16E)i3)

D1<k,m<2

(0, = ibE,)iu(%) | Jy(£)] dx. (4.10)
Here D = Y(B(p;, 7)) n R? and Gy (%) are the elements of the matrix G (%) =
(dY)(dY)" y-
Note that G(0,0) is the identity matrix. Then, for any £ < 7, one may apply
Taylor’s formula in ¥ (B (p i 4 )) to prove that

|Gy (%) = 9y, < CF, (4.11)

for some C > 0 independent of ;. The following lemma presents a particular
transformation, that will allow us to express a given vector field in a canonical
manner.

Lemma 4.3. Let a € [-1,1)\{0}, and B(0,¢) < Y(B( P, 7)) be a ball of radius ¢,
Consider the vector potential F € H 4y (Q) satisfyingcurl F = 1 +al, . There exists
a function p, € H*(B(0,) N R?) such that the vector potential IE -F- Vs 4,06
defined in B(0, €) n R, satisfies

(Fg)l = 0’ (@)2 = Aa,d +f’
where A, , is the potential introduced in (3.2), fis a continuous function satisfying
| f (%), %) | < C(&F + |%,%,]), for some C > O independent of ;.

Proof. Define
oGy, %) = f ERLA) R+ f £(0,2) di,
0

for (£,%,) € B(0,£) n R:. Obviously (Fg)1 = 0. Furthermore, a simple
computation using (4.8) and (4.9) yields

(£),(#1,%,) = f (1+ 6(#)) B(#, 4,) di.

Recalling the definition of 1%, we complete the proof. Note that the independence
of the constant C from j follows from the fact that the points p; are finite. O]
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4. THE LINEAR PROBLEM

Lower bound of A (%)

In this section we are working under Assumption 1.1 and we use Notation 1.2. We do
not require Assumption 1.3 to be fulfilled. Let v € Dom Qg (see (4.2)). We use

the relation (4.6) to localize the estimates. The error term Zj || |V;(j|u||2L2 @) is

estimated using (4.5)

2| |V2fj|””izm) < CR* b |ullz ) (4.12)
7

Recall that the magnetic potential F € A (Q) satisfies curl F = By = 1 o, talg .

Estimating 3, Q , ¢(x;)-

Let j € int. Notice that Xt € HY(Q), and X is supported in Q, then a
well-known spectral property (see [FH10, Lemma 1.4.1]) assures that

> Quil) = Y16 [ gPleldx 2 lalb Y gl ()

int int int
Estimating 3 | Q » p(x%)-

Let j € bnd. Notice that curl F is constant in B(zj, Ryb677). This allows us to use
the local lower bound estimates in [FH10, Section 8.2.2], in the case of a smooth
magnetic field. Using our notation, we present here the result in [FHio]: there
exists a universal constant C > 0 (independent of ;) such that when & is sufficiently
large,

Q4x(0) = (114 = Ci(Roy ) ol gy

where v is any function such that v € Dom Q, y and supp(v) © B(z;, Ryb™7),
and

R(Ry b) = b7 + pb + Rip™ > + R2p'7, (4.14)

for arbitrary 7 € (0,1). Consequently for v = y;u, we conclude that

> Qurlym) = (1210gh = Cr(Ry 8)) Y Izuling)  (415)

bnd bnd
Estimating 3, Q, ¢(x;1).
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PapER III: BREAKDOWN OF SUPERCONDUCTIVITY UNDER MAGNETIC STEPS

Here, we will use the local transformation ®@introduced in Section B.1. In particular,
a key-ingredient is the change of gauge in Lemma B.1, that will link (locally) the
form Q, g to the spectral value 3, defined in Section 2.2.

Let ; € bar. Consider v € Dom Q¢ such that supp v ¢ B(z, Ryb™"). After
possibly performing a translation in the s variable, we may assume that @' (z ) =
(0,0). Assume that & is sufficiently large so that B(z, Ryb™) < T(z)) N Q (see
Appendix B.1). The transformation ® associates to F the vector potential Fin (B.3),
and to va function o = v o ® defined in q)_l(B (z), Rob_f’)). Using the estimates
in (B.2), the change of variables formulae in (B.4), and the support of 7, one may
deduce the existence of C > 0, independent of j, such that

(1- CROb‘f’)f (V- ibE)3 2 dx < Q, 5(0)
o1(B(zRb))

<(1+ CROb—f)f (V- i6E)3 | dx, (416)
o1(B(z,Rb ™))

Next, we will make profit of the gauge result in Lemma B.1. Thanks to (B.2)
and the support of v, one may note the existence of ¢, > 0 such that

D7 (B(z; Rob™)) < B(0, R0 ™)  (=|T1/2,1T1/2) x (=t 1),

for large b. We define
B(5,2) = (s, 2)e”"*00,

for (s,2) € q)_l(B(zj, Rob_ﬁ)), where w = w, is the function in Lemma B.1 and
¢ = ¢Ryb™". One can easily check that

|(V-ibF)3[*dx = [

V-ibE)i|* dx. (4.
®’1(3<zj,Rob*~f))|( i0F,)5,|" dx. (4.17)

f@l(zs(zj,RObf))

Consequently, it suffices to estimate the right hand side of (4.17). We extend &
gnd fg by) zero in R?. Using Cauchy’s inequality and the support of 0, we get for
€ (0,1),

V- ibE)i|*d
/. Aoy 17 P
> (1- b7 fRZ (10, + 16o0)3,|* + 10,5,F) dsd

_ CRAp f )7 dsdt, (4.18)
RZ
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4. THE LINEAR PROBLEM

where ¢ = o(s,¢) = 1y (¢) + allg (¢). Performing a suitable change of gauge
and a scaling, one can use the spectral properties of the operator &Z,, in Section 2.2,
to conclude that

fRz(|(aj+ i), + 105,2) dsdt 2 b fRz @) dsde. (419)

Implementing (4.19) in (4.18) yields
(V- ibE)o,|*dx
j;D‘l(B(zj,Robf)) | & g|
> (8= CO7 = CREP™) [ | dsdr. (420
Rz

Now, we estimate the Z>-norm of 5g. We have

f |ag|2dsd¢=f |z7|2d5dt:f 0] Jo dx.
R2 R2 B(z,Rpb77)

Hence by (B.2) and the support of v, there exists C > 0 independent of ; such that
(1=CRyb™*) f o dx < f |7 dsdz < (14 CRb™) f o) dx. (4.21)
o R? Q

Plug (4.17), (4.20), and (4.21) into (4.16) to obtain
Quslo) = (8,6 = Ci(Ro ) [ o dv,

where
5(Rp b) = Rob*™ + b' 7% + REH>47°, (4.22)

We consider now the particular case where v = Xt and we conclude that

bZ Qurzm) = (8,6 - Cr(Ry b)) bz I 0y (4.23)
Estimating 3 . Q ;5 (x,1)-

The techniques we use below are quite similar to the ones used in estimating the
2 par Qo.(2;%). We will make profit of the local transformation ¥introduced in
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PapER III: BREAKDOWN OF SUPERCONDUCTIVITY UNDER MAGNETIC STEPS

Section 4.2, and particularly of the change of gauge in Lemma 4.3, to locally link
the form Q, ¢ to (-, 2) defined in (3.8).

Let j € T. Consider v € Dom Q¢ such that suppv ¢ B(z;, Ryb ™). We
use the change of variables introduced in Section 4.2, valid in a neighbourhood
of z, to locally send the domain in Q onto R2. b is assumed large enough so
that B(z;, R oo™ c B(z, 7). We associate to v the function o = v o ¥7!, defined
in ‘I’(B 25 Ry b™) ) We may use the transformation formula in (4.10) and the
propertles in (4 8) and (4.11) to conclude that

(1- CRpb™) f (V- 16F)8]" dx < Q4 p(0)
Y(B(z,Rob#)NR2 '

<+ CRY) [ (V- i6B)5 | dx, (4.24)
¥(B(z,Rob~F))nR2

where Fis the transform of F by ¥, and C > 0 s a constant independent of .

In addition, due to the support of v and (4.8), we note the existence of
¢; > 0such that ‘I’(B(zj, Ryb™F)) € B(0,Ryb™*) c ‘I’(B ) for large .
Consequently, the gauge transform in Lemma 4.3 allows us to wrlte

I (V- :6E)5| dx
¥(B(z,Rob~#))nR2

Ity A 2 g
) L(B(z Rob=P))nR2 ‘(V B Zng)Ug| dx, (4.25)
plo 2

where ﬁg(é) = 0(x)e “he) for £ € ‘I’(B z ,Rob_ﬁ)) N R2. Here ¢ = ¢, for
¢ = qRyb™, is the gauge function in Lemma 4.3, and IAJg is the magnetic potential
in the aforementioned lemma. Let ¢ € (0,1). Recall the potential A, , introduced
in (3.2). Extending 9 and 4, by zero in R?, the Cauchy’s inequality applied in (4.25),
and the support of the function ¢ imply

(V= ibF)o dx = (1 b7) f (V- ibA, L)b,|"di

II/(B(zj,Rob-f))nRi R2

 CREpAH f |07 i, (426)
R

where « ; is the corresponding angle to the point z, defined in Notation 1.2. Hence,
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4. THE LINEAR PROBLEM

using a simple scaling argument we write

I (V- i6E)5| dx
¥(B(z,Rob~))nR2

2 (elepa)b - CH'77 = CREP7) fRZ )

where (2, a) is the value in (3.8) corresponding to the angle 2. But

A |2 A
[ apas= [ (o |yl dx.
R2 B(zpRob™7)NQ

Thus, using (4.8) we get

(1- CROW)f o] dx sf P d < (1+ CROb-f)f o] dx.
Q R2 Q

Plug (4.27) and (4.28) into (4.24) to obtain

Qur(0) = (#(a; @) = Cr(Ry 6)10 g

where
5(Rp b) = Rob*™ + b'7% + REL> 47,

Taking the particular case v = Xt we infer from (4.29) that

Z Qurlzm) 2 (mm‘u( a)b = Cr(Ry 8)) > 320
T

Let
V(RO) b) = max (7‘1(R()> b)) ri(RO) b): %(ROJ b)):

(4-27)

(4.28)

(4-29)

(4.30)

(4.31)

(4.32)

where 7, 7,7 defined in (4.14), (4.22) and (4.30) respectively. The estimates
in (4.12), (4.13), (4.15), (4.23), and (4.31) give the following lower bound of Q , p(#):

Qyp(n |a|b2t||z,u||ﬂ +|a|®ob;u;gun;(m
+ Bl bZ L1200y + i () Z 320

- C(r(Ry, b) + R(;szﬁ)nuan(Q)

(4.33)

We may extract particular results from the discussion done above, which we present

in the following two propositions:
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PapER III: BREAKDOWN OF SUPERCONDUCTIVITY UNDER MAGNETIC STEPS

Proposition 4.4. There exists C > 0, and for all R, > 1 there exists by > 0 such that
forb = byand u € Dom Q, g, it holds

Qpp(n) = f (U(x) = CRG*6*)|u(x)|* dx,
where Uy(x) is given by

|a|b dist(x,0Q UT) = Ryb™7,

B,b — Cr(Ry, b) dist(x,0Q) > Ryb™" & dist(x, T) < Ryb™7,

|a|©yb — Cr(Ry b)  dist(x,0Q) < Ryb " &x ¢ CJIB(pj,ROb_/’),
iz

/z(ocj,a)b - Cr(Ryb) je{l,.,n}, xe€ B(pj,ROb‘f’),

where r(R, b) is the term in (4.32), u(a , a) and O are introduced in (3.8) and (2.2)

respectively.

j!

Proof. Let Ry > 1and b > 0 be large. Define the following partition of Q:
Z ={x e Q : dist(x,0Q U T) 2 Rybo™*}.

={x € Q : dist(x,0Q) 2 Ryb™*, dist(x,T) < Ryb™*}.
Zy={x € Q : dist(x,0Q) < Rb ™, x ¢ | B(p, Rob™")}.
jeT
Z,=J B, Rt nQ,
jeT
and consider the partition of unity in Section 4.2. Clearly, we have

U Bz, Rob™) € Z, = (Z,u 2,0 Z3)°, | Bz Rob™) € (2,0 2,)",
jeT JEOO\T

and U B(zj,ROb_f’) c (2)"
jer\oQ
Hence, using the lower bounds established in (4.13), (4.15), (4.23), and (4.31) and

the ordering max; u(a, 2) < |2|®, < B, < |a| (see Theorem 3.1 and Section 2.2),
the IMS formula yields the proof. O

Note again that min g, p(2a) < |2|©) < B, < |a] (see Section 2.2

and Theorem 3.1). We choose Ry =1, p = 3/8,0 = 1/4 and y = b~ in (4.33).
Consequently, the min-max principle implies the following:
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4. THE LINEAR PROBLEM

Proposition 4.5. Under Assumption 1.1, there exist by, C > 0 such that for all b > b,

A(b) = m1n ‘u(a a)b — Cb4
je{l,..,

where A(b) and u(a b a) are the values in (4.4) and (3.8) respectively.

The previous result is nothing but the lower bound in Theorem 4.2, established
under the weaker Assumption r.1.

In the non-linear Agmon estimates (see Theorem 1.6), we need the localization
zone to have the right surface scale, namely {dist(x, ) < Ryb~"/?} (for b = xH).
For this purpose, it is more convenient to choose the parameters in the above lower
bound study as follows: p = 0 = 1/2, » = b_l/z, and R, large, even though
the lower bound estimate may appear weaker. With this choice of parameters,
Proposition 4.4 becomes:

Proposition 4.6. There exists C > 0, and for all R, > 1 there exists by > 0 such that
Jforb = byand u € Dom Q, g, it holds

b
Qb,F(u) > fQ (Ub(Z)(x) — CR—3)|%(x)|2dX,

where Ub(z) (x) is given by

|alb dist(x,0Q U T) > Rob 7,
B,b - CRED? dist(x,0Q) > Ryb~2 & dist(x, T) < Rob 2,
|a|©,b — CRgb% dist(x,0Q) < Rob‘%&x ¢ | B(pj,Rob‘%),

=1
/L(aj,d)b - CRf;bE jell,.,n}, x€ B(pj,ROb_f).

Here u(a b a) and © are the values in (3.8) and (2.2) respectively.
Upper bound of A(5%)

In the next proposition, we establish the upper bound in Theorem 4.2.

Proposition 4.7. Under Assumption 1.3, there exist by, C > 0 such that for all b > b,

A(b) < r{Ilnn [u(a 4)b+Cb5
je{l,

where A(b) is the value in (4.4).
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PapER III: BREAKDOWN OF SUPERCONDUCTIVITY UNDER MAGNETIC STEPS

Proof: Let k € {1,..., n} be such that p(ay,2) = min; .y 3 u(2;a), and letp,
be the corresponding intersection point of I'and dQ (see Notation 1.2). We will
establish the desired upper bound by defining a suitable test function, localized
in a neighbourhood of p,. To this end, we consider a smooth cut-off function, y,

satisfying
0<y<1linR? y=1inB(0,1/2) and suppy c B(0,1).
Let b > 0 be sufficiently large such that
B(0,57P%) < Y(B(py 1)), (4.34)

where 7, is the radius introduced in Section 4.2. We define the function 7in R* by

y(x) = ;{(b%x) Consequently,

0<f<1,7=1inB(0,1/267), suppy < B(0,57*P), |Vy3| < Cb*P.

(4.35)
We define the following test function in Q:
io¥(x) ifxeY ' (B(0,677)nQ,
u(x) = ] (4.36)
0 otherwise,

where ¥is the diffeomorphism in Section 4.2,

i) = F(R)uy(2)e?Dif 2 € B(0,b72%) n R,
0 otherwise,
and (%) = Vbuy(Vb#), for all & € R2. Here o, is a normalized eigenfunction

corresponding to x(a,, a) (see Remark 3.2), and ¢ = ¢, is the gauge function in
Lemma 4.3, for £ = b2/ (b satisfies (4.34)). We will prove that

Qbf(”) < bu(aya) + CbS. (4.37)
I

Upper bound of Q, x(#). We establish the upper bound in several steps.
Step 1 (Change of variables). We use the properties of Yin Section 4.2 to get

Q) < (1+Cb73) f (V- cbB)alPde,  (439)
B(0,6-2/5)nR2
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for some C > 0 (see (4.8), (4.10) and (4.11)).
Step 2 (Change of gauge). We use the change of gauge in Lemma 4.3 to write

f (V- :6B) > dx = f (V= 76E) | d, (439)
B(0,6-2/5)nR2 B(0,6-2/5)nR2

where f:g is the vector potential in Lemma 4.3.
Step 3 (Link to u(ay, a)). By Lemma 4.3, we have

| |(V = 08,) | dx
B(0,62/5)nR2

< f(w _— (106 ol + [(2%, = 180 + 1)) 30| ) i

Recall that the function fsatisfies | f(%;, %,)| < C(£] + |%,%,|), for some constant
C > 0. Let y = Vb, for # € R%. We define the function 7in R% such that

1) = x(671y) = x(b
Note that

0<7<1inR% 7=1inB(0,1/26""),
suppy € B(0 bl/lo | | < < Ch1° (4.40)

and (Juy) (%) = Vb(1,7)(y). Hence, a simple computation yields that

f |- bR g dx = bf 10, (7on)|? dy+
B(0,672/5)nR2 R2

b

R}

1 1 12
(8, = (o 22) + 67300) + 5720(19) 7o0| dy. (44D

Below, we estimate each term of the right hand side of (4.41) apart. We start by
estimating the term [ |a)'1 (xvo) |2 dy. We use Cauchy’s inequality and (4.40) to get

f 10, (700> dy < (1+b-%)f |;gayluo|2dy+cza%f |ed, 7|2 dy
R2 R2 R2
< (1+b-%)f 10, 00| dy
R:

’ Cbﬁ)ﬁ 0b1lo \B(0,1 %))ORZ |UO‘2dy' (4.42)

2
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PapER III: BREAKDOWN OF SUPERCONDUCTIVITY UNDER MAGNETIC STEPS

To control the error term in (4.42), we use the following result derived from the
decay of the eigenfunction v, established in Theorem 3.10 (taking & = (|| ®, —
u(ay, a)) /2 in the aforementioned theorem):

1 1
f i 1 |Uo|2d)’ < E_Cwaf €2¢|Uo|2d)’ < le_czbm- (4-43)
(B(0.610)\B(0,1610))nR2 R2

Here G, = G;,, C, = ‘/(|a|®0 — (@}, a))/2, and ¢ is the function introduced
in Theorem 3.10. Plugging (4.43) in (4.42), we get for large values of 4, and for
some positive constants C; and C,

L
0

f |ay1(2200)|2d)’ <(1+672) fRZ |5ylvo|2d)’ + Cem G, (4-44)

R}

Now we estimate the second term in the right hand side of (4.41):
. _1 2 _1 ~ 2
fRz (% = il + b720() + b7 @(ylyz)))xvo| dy

<o) [ |0, -idaldy+ ot [ tlaldy

Rl
veot [ iiaPdy v co! fRz 0,7 1wl dy. (4as)

In (4.45), we used Cauchy’s inequality together with the properties of ¥in (4.40). In
a similar fashion of establishing (4.43), we use (4.40) together with the exponential
decay in Theorem 3.10 to estimate

NI

b |c)),2;2|2|00|2dy < éle_czbm. (4.46)
nR2

f(B(O,N)\B(o,;bﬁ)))

Moreover, the aforementioned exponential decay shows that y — ylz y(y) and
9 = y9,0(y) are square integrable in R, that is there exists C > 0 such that

[ oluldy<c oand | iglnldysc. (4.47)
From (4.45)—(4.47), we get
. _1 2 _1 - 2
—[RZ (‘)yz - Z(Aak,a +b720(y) + b 2@(}’1)’2)))2(”0‘ dy

<(1+ b-%)f 10, = 14, ool dy + Co™3. (448)
g

160



4. THE LINEAR PROBLEM

Since v, is a normalized eigenfunction of the operator %, , (in (3.2)), corresponding
to (e, a), we have

f (| ol + 100, - Z'Aak,a)”o|2) dy = 4u,4(00) = p(ay, a). (4-49)
Gathering pieces in (4.41), (4.44), (4.48), and (4.49) implies
| |(V = bR | dv < (1+ 573 bg, (n) + Cb}
(0,62/5)nR? b

< bu(aya) + Ch?. (4-50)

Finally, the estimates established in (4.38), (4.39), and (4.50) yield

Qu(u) < (1+ Cb_%)(b‘u(ak,a) + Cb%) < bu(apa) + Cbs. (4.5

Lower bound of ”””iZ(Q)' The definition of # in (4.36) and the property in (4.8)
yield

f|%|2dx> 1—Cb")f |27 dd

nRZ
sa-cr [ g d
B(0,675)nR2
—(1- Cb—z)f 1 |;(vo| dy
B(0,610)nR

z(l—Cb—%)f gl dy
(

B(0,1510)nR2
_2
sa-cr - ald) s
B(0,5610)°nR2

Similarly to (4.43), we have
1
f ! |Uo| dy < Cie e
B(.35T)en

Hence,

fQ lu|*dx =1 - Chs. (4.53)

We gather the results in (4.51) and (4.53) to establish the claim in (4.37). Consequently
the min-max principle completes the proof of Proposition 4.7. O
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Remark 4.8. The error established in Proposition 4.7 is not optimal. More generally,
for any p € (0,1/2), one may set B(0, 5™7) to be the support of yin (4.35). Then,
by adjusting the choice of the parameters in the upper bound proof, one can get

A(b) < jer{rlljgn}#(dj,ﬂ)b +Cb'7,

forall b > b,

s Breakdown of superconductivity

Below, we prove that when the magnetic field is sufficiently large, the only solution
of (1.4) is the normal state (0, F), where F € H iiV(Q) is the vector potential in (5.1)
(see Theorem 5.2).

5.1 A priori estimates

We present certain known estimates needed in the sequel to control the errors
arising in our various approximations.

Proposition s.1. If (¥,A) € H'(Q; C) x H'(Q; R?) is a weak solution of (1.4),
then
|W||L°°(Q) <1

We omit the proof of Proposition 5.1, and refer to the similar proof in [FHro,
Proposition 10.3.1].
Recall the magnetic field By = 1 +alg with 2 € [-1,1)\{0}, introduced

in Assumption 1.1. There exists a unique vector potential F € H (Q) such that
(see [AK16, Lemma A.1])
curl F = B,, (5.1)

Theorem s.2. Let B € (0,1). Suppose that the conditions in Assumption 1.1 hold.
There exists C > 0 such that for all x > 0, if (y,A) € H'(Q;C) x Hdliv(().) isa
solution of (1.4), then

L (V= ik HA) Y || 12q) < ®I1¥ ]l 120)-
C
2. Jleurd(A = B)ll 120y < ¥ 120
5 C
3. A-Fe H(Q) and |A = F| 20) < p“?“mm-
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— c
4. A-F e B"(Q) and |A - Flgusg) < A

The proof of the previous theorem is given in [FH10, Lemma 10.3.2] and [AK16,
Theorem 4.2].

5.2 Trivial minimizers

We adapt a result of Giorgi—Phillips [GP99] to our case of the step magnetic field
By. Let F € Hy (Q) be the magnetic potential in (5.1), satisfying curl F = B,
Observe that (0, F) is a critical point of the functional in (r.1), i.e. it is a weak
solution of (1.4). In Theorem 5.3 below, we show that this trivial solution is the
unique minimizer of the functional in (1.1), for sufhiciently large values of H.

Theorem s.3. Under Assumption 1.1, there exist positive constants x, and C| such that

ifc 2 &y,
H > Cix,

then (0, F) is the unique solution of (1.4) in H'(Q) x Hiiv(Q).

Proof Let x > 0and H > 0. Assume that the corresponding GL system (1.4)
admits a non-trivial solution (y,A) € H'(Q) x HdliV(Q). We mean by non-trivial
that

1¥ 1220y > O (5.2)

We compare |[(V = ix HF) ¢ || 12q) and [|[(V — ik HA) ¥ | 12(q) using Cauchy’s
inequality

|(V = ik HE) Y2y < 20V = ik HAYY o) + 2 H) N (A= B) ¥ [ 5:3)
The estimates in Theorem 5.2 ensure that
(V- iKHA)%”iZ(Q) + (KH)ZHA - F”iz(Q) < CKZ”%“iZ(Q)' (5.4)

This inequality, together with || < 1, allow us to control the right hand side
of (5.3) and get
(V- iKHF)%”iZ(Q) < Ck‘z”%”iZ(Q)‘

Since (¢, A) is non-trivial, we get
2(xH) < Cx?, (5.5)
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where 1 (x H) is the value in (4.4).

On the other hand, let x,, be such that x, > 5, where 4 is the constant in
Proposition 4.5. Applying this Proposition, we get the existence of C > 0 such that
forall x > xyjand H > 1,

A(xH) = C”min(|¢z|®0,m]i,nlu(aj,d))7cH. (5.6)

We combine (5.5) and (5.6) to obtain the following: for all ¥ > xyand H > 1, if
the corresponding GL system (1.4) admits a non-trivial solution, then

C"min(|a|®0,min{u(aj,a))7cH < A(xH) < Cx%,
7

which in this case implies that
H < Cix,

for C; = C/(é min (|| ©,, minj;c(aj,ﬂ))). This result can be reformulated
as follows: For all x > «, if H > max(Cx,1) then Eon admits only trivial
minimizers. Take x; > max(xy, 1/C;) so that for all x > x;, C;x > 1. We have
then proved Theorem s.3. O

6 Monotonicity of 1(b)

We consider A (&)—the lowest eigenvalue of the operator &, ¢ defined in Section 4.1.
We will establish the so-called strong diamagnetic property ((FHo7]); & — A(b) is
strictly increasing for large values of & (Proposition 6.3). This property will enable
us to prove the first statement of Theorem 1.5 (Proposition 6.5). Moreover, we will
provide the asymptotics of He (x) stated in Theorem 1.5 (Proposition 6.7).

Information about the localization of a ground-state of P, . is needed while
establishing the monotonicity result in Proposition 6.3. Theorem 6.1 below provides
such localization (Agmon) estimates. Our argument is quite similar to that
in [Bonos, Section 15]. Still, we give the proof of this theorem for completeness.

Recall theset TN dQ) = {pj cjedl, .., n}}. In this section, we assume that
Assumption 1.3 holds. We denote by

wo= min p(aa). (6.1)

Let ™ be the set of points p;, corresponding to the minimal energy (2, )

S*={p,eTnoQ : u(apa) =y} (6.2)
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As shown in the next theorem, a ground-state is localized near the points of
S*.

Theorem 6.1. Under Assumption 1.3, there exist positive constants by, C, and { such
that if b = by and  is a ground-state of the operator P, . then

[ P 1 57V - 1)) 2l (69)
Consequently, for all N > 0,
fQ dist(x, S)N|y [P dx = 0(673).
Proof. Let Ry > 1. We define the real Lipschitz function
g(x) = ¢max (dist(x, S*), Ryb™2),  x€Q, (6.4)
where { > 0is to be chosen later. An integration by parts yields

Re (959, ") = Qui(e”9) - B 1Vgle™ ], 0 (69)

where Q i is the quadratic form in (4.2). Hence, using (6.5) and the definition of
¥, we get
20) ey P = @, p(ey) - o] IVgle ey (6.6)

By Propositions 4.6 and 4.7, we have
Quile™9) 2 [ (UP) - Cor| My @ v (6

and

A(b) < u"b + o(b). (6.8)

Implementing (6.7) and (6.8) in (6.6), dividing by & and using the properties of
the function Ub(z) in Proposition 4.6 yield

(£ = CREH™T - CRF?) | y)? dx

f{;(x)zRobi}
+ f{t( x b_%} ([u* - CRgb_% - CRO_Z)|6‘/;g;k|2dx

< (" + o)y |2 + [|1Vgle " y]%. (6.9)
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Here #(x) = dist(x,S™), and " is the minimum of all the (e, a) that are
strictly greater that ¢” (if such a u(«, 2) does not exist, we take ™" = |2|©,).

By (6.4), we have supp(Vg) c {#(x) = Rob_%} and |Vg| < £ Consequently,

|1vgle'y|? <Zﬁl - 2%y 2 dx. (6.10)

Hence, (6.9) yields
T—ut (1) - CRgb_% - CRy? - ZZ)|€‘/Zg¢|2dx

< f{ y (CREH™ + CRF? + o(1))|e™™yf* dx.  (6.10)
t(x)<Ryb™ 2

We may choose { < \/u** — *. Then using (6.11) and the definition of gin (6.4),
there exist large positive constants R, and b, such that for all & > 5,

f 2b dist(x,0Q) |¢|2 dx < C o é‘)”%” (6.12)
Q

One can deduce the other part of (6.3) by gathering the estimates in (6.6),
(6.10), (6.12) and the upper bound in Proposition 4.7. O

Remark 6.2. In similar situations in the literature, when the applied magnetic field
is uniform, certain normal Agmon estimates were established showing the decay of
the ground-state away from the boundary. Such decays were usually used in the
proofs of the monotonicity of the ground-state energy (see [FHo7, Section 2]). In
the present work, one can similarly establish such a normal decay of the ground-
state away from the boundary of Q; U Q,. However as it will be explained later in
this section, the localization result in Theorem 6.1 is sufficient while deriving the
monotonicity of the ground-state in our step magnetic field case. Therefore, we
opt not to state the normal estimates here.

Having the domain of &,  independent of & (see (4.3)), the existence of the
left and right derivatives of 1(&) is guaranteed by the analytic perturbation theory
(see [Kat66]):

2.(b) = lim M

e—0* 3

166



6. MONOTONICITY OF 1(B)

Proposition 6.3. Under Assumption 1.3, the limits of 1 (b) and ), (b) as b — +o0
exist, and we have

lim 2 (b,a) = lim 2 (b,a) = ",

b—+oo b—+co

.....

Consequently, b — A(b) is strictly increasing, for large b.

The proof of Proposition 6.3 is inspired by that of [FHoy, Theorem 1.1],
although the two proofs slightly differ at the technical level in a way that we
will describe below.

The argument in [FHo7] avoids the use of a complete expansion of the ground-
state energy. Such expansions have been used in other works such as [FHo6,
BNFo7], and are usually difficult to establish. Fournais and Helffer succeeded
to prove the monotonicity of the ground-state by only using its leading order
asymptotics. Their proof mainly rely on the control of a certain (error) term,
||A¢|| 2(0)> appearing in the differentiation of the energy, where ¥ is a ground-

state of the linear operator and A is a vector potential that we introduce below.
In [FHo7], they use the fact that their vector potential, denoted by F, generates
a constant magnetic field (curl F = 1). In the case where the sample is not a
disc, this implies the existence of a part of the boundary (away from the points
with maximal curvature) where ¥ is negligible. The remaining part, Q, of the
boundary (containing the points with maximal curvature) is a simply connected
domain. Hence, a gauge transform is used to construct from the potential F
another potential A € H'(Q,R?) such that |A| < Cdist(x,Q) in Q,. This
upper bound of A compensates the fact that is big in Q, and, together with
the normal and boundary Agmon estimates, allow to control ||Az,#|| 12(Q)-

We adopt a parallel strategy where we use the leading order asymptotics of 1 (&)
established in Theorem 4.2. The intersection points, p i of the magnetic edge I'and
the boundary dQ) play the role of the points with maximum curvature in [FHo7].
However, the discontinuity of our magnetic field makes us take into consideration
the way I'intersects 9 Q, while constructing the gauge vector potential F, (playing

the role of A in [FHo7]). This generates a more complicated definition of F,
related to the geometry of the problem (Lemma 6.4). This definition guarantees
that F, is in H'(Q, R?) and satisfies |Fg| < Cdist(x, p,) in the vicinity of any
point p,. Consequently, the localization estimates in Theorem 6.1 are sufficient to
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control the (error) term ||F g;kH 12(q)- Here, ¥is a ground-state corresponding to
the energy 1(6).

Now, we present the approach in details. It is convenient to work in the
so-called Frenet coordinates. For #, > 0, we define

o, 1ol

0] 5 x (0,2)) 3 (s,2) = y(s) + tv(s) € RZ

where (|()Q | /27r)§1 3 s > y(s) € 0Q is the arc length parametrization of 00,
oriented counterclockwise and »(s) is the inward unit normal vector of dQ at the
point y(s). We assume that ¢, is sufficiently small so that @ is a diffeomorphism,
and we denote its image by Q(#,).

Notice that # = dist((s, £), Q). The Jacobian of ® satisfies Jp=1-tk(s).
Here, £ (s) is the curvature of Q) at the point y(s), which is bounded according
to the assumptions on the domain. For more details about Frenet coordinates,
see [FHro, Appendix F].

For j € {1, .., n}, let 5 be the abscissa of the point p,el'n 0Q in the Frenet
coordinates, that is ((i))_l(pj) = (5,,0). We denote by / = min, , |.fp -s,,|. For
any positive ¢ such that ¢ < min(#y, //2), we define the set:

N(pye) = {x = D(s,7) 1 0<r<e]s -5 < g}
When the above conditions on ¢ hold, we choose an ¢, > 0 to get a family of

pairwise disjoint sets (,/V(pj, 250))’% ) of Q(z).
=

Lemma 6.4. LetTnoQ) = {pj cjedl, ., n}} There exist C > 0 and a function
0 € H*(Q) such that F,=F+Vp satisfies for any j € {1, ..., n}

[F (x)] < Cdist(x,p,), x € ¥ (P ).
Proof. Let F = (E, E) be the vector potential defined so that
Fdx, + Fdx, = Fds + Edt.
We have

= 0 w12k (), if O (s, Q.
curlj’,F:asz_atFlz{ tk(s) it d(s,2) € Q,

a(l = th(s)), if®(s,¢) € Q,.

168



6. MONOTONICITY OF 1(B)

We fix a point p; € I'n Q and we work locally in the set #(p, 2¢,). After
performing a translation, we assume that the Frenet coordinates of p ; are (0,0), but

for simplicity we still denote by ® the obtained diffeomorphism @/, Furthermore,
let N, = N(p;,26) N Q,,, m = 1,2. To fix computation, we assume w.l.o.g that
(i)_l(é./\/l N9Q) (respectively Ci)_l(&,/Vz NJQ) is a subset of {(s,2) : 5 > 0,7 = 0}
(respectively {(s,#) : s <0,z = 0}). The curve I' n JV(pj, 2¢,) is transformed to
the curve T'in the (s, #)-plane. Under Assumption 1.1 (particularly Item 6) and
due to the nature of the diffeomorphism Ci), the curve Tis not tangent to the s-axis.
Hence for sufficiently small &), one may distinguish between three cases:

Caser. T c {(s,2) : s> 0}.
Case2. T c {(s,£) : s <0}
Case3. T c {(s,£) : 5 =0}

Ivn each of the first two cases, we assume that ¢ is small enough so that the curve
I corresponds to a strictly monotonous function s +— f(s). We consider the
vector potential FZ = (0, Iig) € Hl(d)_l(./V(pj,ZzO))), where Iz,j is defined in
ot (./V P, 250)), in each of the three cases above, as follows:

Case 1. Izjgj(J, t) is given by

fﬁl(t) ’ ’ $ ’ ’ -1
/e(:)d:—tf k() dsy s > 0&s = £(0),

5+(¢z—1)f_1(t)—¢ztf -

0

and

as — at fj k(s)ds', elsewhere.
0

Case 2. ffgj(,f, t) is given by

k() d:'—atfj k() ds', s < 0&s < f7Y(e),

£
a;+(1—a)f_1(t)—tf t
f7He)

0

and

s—t j‘J k(s ds', elsewhere.
0
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Case 3.
Fj(: ) = J—tfjk(sl )ds', s> 0,
£ s—ﬂtfk )ds', s<O.

stig
each of the aforementioned cases. Consequently, there exists a function @f

HZ((I)_I(./V(pj, 250))) such that

Note that Ci)_l(JV (p 5 250)) is simply connected and curl; F = curl ,F in

F+Vtgpf—F]

Having 4 (s) bounded and ¢, small, and using the properties of the diffeomorphism
®, one can see that |F | < Gi|s| < Cdist(x, p,) for some C;, C > 0.

Now, we consider y € €~ (Q) such that
supp y C U./V(pj,Zgo), 0<y<1 and y=1in U/V(pj,go).
j=1 7=1

Hence, defining ¢ (x) = ¢j((d>)_1(x));((x) completes the proof. O

Proof of Proposition 6.3. Let b > 0 and M be the multiplicity of (). Recall that
the domains of the corresponding operator and quadratic form are independent of
b (see (4.3)). The perturbation theory asserts the existence of ¢ > 0, and analytic
functions

(b—é,b-i—é) > ﬂ meeHZ(Q)\{O}:
(b-—e,b+e)> B~ E, €eR,

for m = 1, ..., M, such that the functions {,,(4)} are linearly independent and
normalized in L*(Q), and

Poe¥m(B) = £,(B)¥,(B),  E,(b) = A(b).

For small ¢, there exist m, and m_ in {1, ..., M} such that

for e (b, + ¢), E, (8) = {lmin E,(8)

for e (b — ¢, b), E, (B) = 1min E,(B).

LetF . be the field introduced in Lemma 6.4, and Qéb’Fg, Q b, be the operator and
the quadratic form defined in (4.1) and (4.2) respectively. The operators Pk, and
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—ib

9P, i are unitarily equivalent. Indeed, P, x = ¢*?P, e™"*?, where @ is the gauge
, F, .

function in Lemma 6.4. Let Vems(b) = eibgp;km (&) be normalized eigenfunctions
of Pk associated with the lowest ground-state energy 1(4). By the first order

perturbation theory, the derivatives 1’ (b) can be written as

/ d
)':t(b) = d_ﬂQﬁ,Fg(skg,mi(rg)Nﬂ:b
21m (B (0), (V = 15E )Y, (5)).

This implies for any B > 0

Qi (Vems (0)) = Qup (Vo (0)) X
b+BF\Vg - bF\Vg _BfQ|Fg¢g’m+(b)| dx,
A(6 + B)

> 20 [ R Pl ()P,

2 (b) =

We decompose the integral in the right hand side of the previous inequality into
two, one over U;‘= V(P> £) and the other over its complement. By Theorem 6.1
and Lemma 6.4, the first integral is bounded from above by C bt (assuming &
large). The second integral is bounded by C||F g||fob_1, due to the exponential
decay in Theorem 6.1*. These bounds imply that fQ |Fg|2| Vem+(0) | is bounded
by Cb™'. Hence, choosing B = #b for any # > 0 and using Propositions 4.5
and 4.7, we get
hm inf2,(6) > min u(a,a) - Cy.

b—+oo je{l,...n} A

Since 7 is arbitrary, then

llrn inf2', (b) > 1{1111n y( a). (6.13)
J€

b—+o T T je{l,.,

For B < 0, we use a similar argument to get

limsup A’ (b) < mm [u( a). (6.14)

b—+oo Jje{l,.,

By the perturbation theory 1', (#) < 2’ (&). This together with (6.13) and (6.14)
complete the proof. O

“The fact that F, € L7(Q) can be deduced from the explicit definition of this field (in Lemma 6.4)
together with the boundedness of the potential F established in C.1.
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Proposition 6.5. Under Assumption 1.3, there exists xy > 0 such that for all k > x,
the equation in H

AxH) =
has a unique solution, which we denote by H, (x).

Proof. Proposition 6.3 and the perturbation theory ensure the existence of 4 such
that & — () is a strictly increasing continuous function from [, +0) onto
[1(dy), +0). We may choose 4, sufficiently large so that for any 0 < & < 4,
A(b) < A(by). Let xy = {JA(4y), then for all ¥ > «,, the equation

AxH) =

admits a unique solution H, (x) = 1 “1(x*) [ x, where 271(-) is the inverse function

of 2(+) defined on [ (4,), +<0). O

Remark 6.6. For x > 0, recall the local critical fields, HI . (x) and H Oc( ), defined

in (1.7) and (1.8) respectively. For sufficiently large Values of x, the equahty of these
two critical fields follows easily from the result established in Proposition 6.5.

Proposition 6.7. Under Assumption 1.3, there exists ky > 0 such that for all k > x,
the unique solution, H = H (x), to the equation

AxH) =

satisfies the following. There exist positive constants 5, and y, such that

K

NI

—px? < He(x) - min #( 2) S k.

Je{l,...,

Proof. We assume that « is sufficiently large so that the results of Proposition 6.5
hold. We will suitably define two fields A, = H,(x) and H, = H,(x) satisfying

A(xH) < &* and A(xH,) > &%,

then the desired result follows by using the continuity of & — 1(&).
Set Hy = x/p" — 7,x%, where 7, > 0and 3, € (0, 1) are two constants to be
chosen soon. For any fixed choice of 7, and d;, we assume that  is sufficiently
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large so that A; > 1. Hence, Theorem 4.2 asserts the existence of x, > 0and C > 0
such that for all ¥ > x,

N

AxHy) < p'xH, + C(xH,)

IN

* 3 ) — _ 3
K = pp K Cr2((1") L 1+51)4
x> — mp'x Ldr C(‘u*)_3/47c .

IN
N

Choose d; = 1/2 and 5, > C(p")” 7I% (so that —pp” + C(p")” 3% < 0). This
choice of parameters yields

A(xH)) < &%, for all x > «,.

Similarly, set H, = x/u* + 7,5”, where 7, > 0and 9, € (0, 1) are constants to be
chosen. By Theorem 4.2, there exists x, > 0and C > 0 such that for all ¥ > x,

3

l(KHz) 2 [u*K‘HZ - C(]CHZ)Z Z KZ + ;72![*7CI+32 _ C(KLL ) Z i'

w

Choose 3, = 1/2 and 7, such that 7, > C(¢") ™"/ to obtain

2(xH,) > &%, for all x > x,.

7 Proof of Theorem 1.6

The aim of this section is to establish Theorem 1.6. This theorem displays how,
with an increasing field, the order parameter (in (1.4)) and the corresponding GL
energy successively decay away from the intersection points of I'and 90, {p } ;,
according to the ordering of the eigenvalues {x(« » a)} - Moreover, it asserts the
eventual localization of the order parameter near the point(s) p, with the smallest
corresponding eigenvalue x”.

The following lower bound is crucial in establishing Theorem 1.6.

Lemma 7.1. Suppose thar Q satisfies Assumption 1.3. Let T = {1, ..., n} and p > 0
satisfy u" < u < |a|@®,. Define

S={jeT:p(aya) <phS={pelniQ,jex}, d = min p(aya)-p
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(in the case X = T, we ser d = |a|©y — ). There exists C > 0, and for all Ry > 1
there exists &, > 0 such that for x > %, if (¥,A) € H'(Q;C) x HdliV(Q) isa
critical point of (1.1), H satisfies H > x [ and Q  y; 5 is the form in (4.2), then for
@ € Dom Q, 1 4 such that dist(supp @, S) = Ro(xH) ™ we have

d C
Qrualp) = KH(# ty - —)||§D||2LZ(Q).

R;
Proof. Let ¢ € Dom Q, j; 5 be such that dist(supp ¢, §) > Ry(xH)™/? F be the
vector potential defined in (s5.1), and 8 € (0,1). We consider the family of cut-off
functions (%)) jee» introduced in Section 4.2 for b = xHand p = 1/2. For all
j € P we define on Q the function ¢J(x) = (A(zj) - F(zj)) - x. As a consequence
of the last item in Theorem 5.2, we may approximate the vector potential A as
follows:

RE(kH) 2#
|A(x) - Vg (x) — F(x)| < COT, forall x € B(z, Ry(xH)~

(SIE

)n Q.
, (7.1)
We choose 8 = 3/4 and we define b = ¢ "“"%ip. Using (7.1) and H = «/ g,

Cauchy’s inequality yields

IV = ixHA 0l ) = (1= & )V = ixHE) b}
3
- CRy &l el ) (7:2)

Notice that supp » = supp ¢. Hence (7.2), H = x/u, the support of ¢ and
Proposition 4.6 assert that

C
. 2 . 4 -1 2
(V- ZKHA)}(J‘¢||L2(Q) 2 KH(erI%J{IZ/"(“j’ﬂ) - R_% - CRyx )”;{j@”LZ(Q)'

Hence, the IMS formula gives

. , C -
IV = ieHN) ) = xH( min pap ) = 75 = CR Jlolay 79

Choose %, sufficiently large so that CR3%y " < d /2, ford = min ey (e a) = p.
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Consequently, (7.3) yields for all ¥ > %,
. d C
IV = ixHAY I gy 2 H{ min, (@) = 5 - R—g)uqonim)
d 2
> kH(p+ 5 - R—g)ngpup(m. O

Proof of Theorem 1.6. Let R, > 1. Take x,, in Theorem 1.6 to be x, = max(%, x;),
where &, and «, are the constants in Lemma 7.1 and Theorem 5.3 respectively.
Assume that ' < C}, where C, is the constant in Theorem 5.3, else Equation (1.11)
is evidently true for any positive constants C and §, in light of Theorem 5.3. So,
the case examined below is

H
K

x>k, andpl< = <C. (7.4)

Let S be the set appearing in Lemma 7.1, #(x) = dist(x, §), and ¥ € €~(R) be a
function satistying

¥ =0on (—c0,1/2] and J =1lon|[l,+c).
We define the two functions y and fas follows:

2(%) = 7(Ry (cH) 2 (x)) and £(x) = y(x) exp (B(xH)?2(x)),  (7.5)

where £ is a positive constant whose value will be fixed soon. Integrating in the
first equation of (1.4), we get

f|Vf|2|¢|2dx2f |(V—z’7cHA)f;k|2dx—7c2f V2P dx. (7.6)
Q Q Q

Notice that the conditions in Lemma 7.1 are satisfied for ¢ = f'¢; hence we may
apply this lemma to obtain

d C
[ VFPIAE dr s (st § = 5] = 2| U ¥y
0
Since H = x/u, we get further
2 2 d C -1_2 2
| resriprax (5 - o) U oy (77
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On the other hand, using (7.5), we estimate the term [ o IVf || |* dx as follows:

VFPy|*dx < 28*cH 2 o+ C(R Hf 2 dx,
| 1FPIpP dx < 28 H L gy + CRO (e ¥4

(7.8)
where C(R,) is a constant only dependent on R,. Recall that we are working under
the assumption in (7.4). Hence, we combine (7.7) and (7.8), and we divide by '
to get

d o cut .
(555 - =5 - 2081 ¥ sy < CR0) [ Iy 1 dx,

Ry (ViHt(x)<Ro}

where C, is the value in (7.4). We choose 8 small so that ¢™'d — 4C,* > 0
(thatis 8 < 1/2\/x1d ] C,). Consequently, for R sufficiently large, we get the
existence of C = C(Ry, B) > Osuch that

1 ¥ < € | Y[ dx. 7.9
f% L*(Q) {‘/mt(x)<Ro} “k
Plug (7.8) and (7.9) in (7.6) to complete the proof. O

8 Equality of global and local fields

We consider the global and local critical fields HCB(K), H, (x), ﬁgf(ic) and A o (x)

defined in (1.5), (1.6), (1.7), and (1.8) respectively.

Theorem 8.1. Let k > 0. Under Assumption 1.1, the following relations hold:

He(x) 2 HE(x),  He(x) 2 HE(x). (8.1)

G —G

Proof- First, we prove the left inequality in (8.1). Let H < ﬁgf(x), hence there
exists H, > H such that
Ak Hp) — k* < 0, (8.2)

where A(x H,) is the value in (4.4). It suffices to prove that H < FICS(K). Let ¢,
be a normalized ground-state of &, ; p in (4.1). Let # > 0, we have

2
K
et t¥o ) = 2Q0cHy) = &) + 2219l -
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Choose 7 such that 72 < 2(K2 - l(KHO))/KZH %H;(Q), and use (8.2) to get

%x Ho(t.%O’ F) <0

This reveals the existence of a non-trivial minimizer of &, Hy: Recalling the
definition of ECS(K), we get that H < HCS(K) which yields the claim.

Secondly, to derive the right inequality in (8.1), we proceed as in the argument
above to get that &, ;;has a non-trivial minimizer, forall A < H g:(x) Consequently,

assuming that Egc(x) > H . (x) contradicts the definition of H . (). O
3 3 3

With Theorem 8.1 and the equality of the local critical fields in hand (see
Remark 6.6), it remains to prove the equality of the local and global upper fields
in order to establish the equality of the global and local fields. This together with
Proposition 6.5 and Proposition 6.7 will complete the proof of Theorem 1.5. To
this end, we follow similar steps as in [BNFo7, Theorem 1.7] and use the following
additional result:

Theorem 8.2. Given a € [—1,1)\{0}, there exist positive constants xy, C and 0 such
that if k > xy and (', A) is a solution of (1.4) for H > 1/[|a|x then

fQ (|¢|2 + %ﬂ(v - z'xHA);HZ) exp (23\/ﬁldist(x,&ﬂ U F))dx

<C |y |* dx.
Qﬁ{dist(x,&ﬂur)<ﬁ}

Theorem 8.2 displays certain Agmon-type estimates established in [AK16,
Theorems 1.5 & 7.3]. These estimates reveal the exponential decay of the order
parameter and the GL energy in the bulk of Q; and Q,, in a certain regime of the
intensity of the applied magnetic field.

Proof of Theorem 1.5. Let x > 0. HC( ) = plcof(x) was proved in Theorem 8.1.
Next, we prove that HC (x) < ﬁgg( ). Assume that HC ) > Hl ), then the

definitions of HC x) and H1 ) ensure the existence of H > 0 sat1sfy1ng:

L He(x) < H < He,(x).

2. A(xH) > «*
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3. The GL functional &, ; in (1.1) admits a non-trivial minimizer (¢, A).

In particular, (¥, A) satisfies

KZ”%”EZ(Q) > QKH,A(¢)>

where Q  jy 4 is the quadratic form in (4.2). We define A = <2 ¢||iz(m -Q.ual¥).
An integration in the first GL equation of (1.4) gives

A
1120y = = (8.3)

. 7 0C . 7 0C .
Furthermore, the assumption that A/ > HIC3 (x) and the asymptotics of ffq (x) in
Proposition 6.7 assert that we are working under the conditions of Theorem 8.2
and allow us to write

B <C [ lyPdx
Qn{dist(x,0Qul)<—}

TeH
2 3 31
< C”W”[}(Q)([ ﬂ,X) < Cx 2A2. (84)
Qn{dist(x,dQUFk‘/%]}

The last inequality follows from (8.3). Since ¥ # 0 then, using the min-max
principle and Cauchy-Schwarz inequality, we can estimate

0<Ac< (Kz_(l_‘;)l(KH))”5#”12(9)4'Cb\_l(KH)ZHA_F“;(Q)”%”i}(g)) (8.5)

for any 3 € (0,1). By the Sobolev estimates in R and the curl-div estimates
(see [FHio, Proposition D.2.1]), we have

IA = Fll i) < CIA = Fll (o) < Cllcurl(A = F)[l 12(q)-
Consequently, since &, (¥, A) < 0we conclude that

(xH)*|A - F||§4<Q) < C(xH)?*| curl(A - F) < CA. (8.6)

2
I'2(0)

Choose & = AY?¢73/* The hypothesis on H and the definition of ﬁcg(x)
together with Theorem 5.3 ensure that H < C;x, where C; is the constant in
the aforementioned theorem. We use this upper bound of A and Proposition 4.7,
and we insert (8.3), (8.4), and (8.6) in (8.5) to get

0< A< (k= 2(xH))¥|2q, + CAK ™.
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When x is big, 1 — Cx /% > 0. Therefore, since A (xH) > x> we get
0<(1-Cx A< (- 1(;<H))||¢||§2(Q) <0,

which is absurd. This means that HC < 1—11 o O
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A Some spectral properties of the model operator #,

Let « € (0,7) and 4 € [-1,1)\{0}. Recall the operator %, , defined on R’ in
Section 3. This appendix is devoted to the establishment some spectral properties
of this operator, presented in the aforementioned section. In particular, we prove
the claim in Theorem 3.1 that the bottom of the essential spectrum of %, , is equal
to |a|©,.

Recall the set ., defined in (3.11). A central step in proving Theorem 3.1 is to
establish Theorem A.1 below.

Theorem A.1. The essential spectrum of the Neumann realization of the operator %, ,
defined in (3.2) satisfies
infsp  %,, =2,

where
I, —rg@mZ(%M,r)
and
IV = iA, )ul ;2
z(%‘m, ”) = injg L*(R2)
2 Tl

Remark A.2. 'The function » +— X(%, ,,7) is increasing on R,. Indeed, if a
function # € M, then u € AL, for p < » Consequently, the limit Z% ..o €Xists and
belongs to (0, +o0], having (%, ,, 7) positive.

a
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The following lemma is needed in the proof of Theorem A.1.

Lemma A.3. Let (u,) be a Weyl sequence of the operator #, ,. For all r > 0, (u,,)
converges to zero in L*(B').

Proof. A Weyl sequence (#,) is included in Dom &%, , and satisfies:

Nt 2m2y =1, #, =0 and = A, 22y — 0, (A.1)

19,02,

where A is the scalar associated to (#,). First, we prove the boundedness of (#,) in
H'(B]). Using Cauchy-Schwarz inequality, we have
(Z, uppu,) — A =K, u,— Aun,,u,) <

a,a”n a,a

— A, 2(r2)- (A.2)

1%, a2,

The third property satisfied by (#,) in (A.1) assures the existence of 7, € N such

that for all n > ny, |%, u, — Au,| 22y < 1. Implementing this inequality
in (A.2), we get for 7 = n,
(K, upyn,) — A < 1. (A3)

Having #,, € Dom %, ,, we integrate by parts in (A.3) to get
1V = i )iy + 5,0y 2+ 2

Particularly,
(V- z'AM)unHiz(B:) + ””n“iZ(B;) < A+2. (A.4)

Thus, there exists C > 0 dependent on rsuch that
”v” ”LZ B}) + ”% ”LZ B}) < 2 + C’

having A, , bounded in B,. Hence (1,,) is bounded in H'(B}').
Next, we prove that the sequence (,) converges to zero in L*(B)"). Suppose
not, then there exist £ > 0 and a subsequence (unj) of (u,) such that

||”nj||L2(B:) > & (Ass)

The boundedness of (,) in H'(B,") and the compact injection of H*(B,") into
L*(B}) imply that («

f ) is convergent in L*(B;

" ), along a subsequence. The
J

second property in (A.1) assures that the limit of this subsequence is zero, which
contradicts (A.s). O
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Proof of Theorem A.1. First we prove

a,a —

i%,, < infsp (%, ,)- (A.6)

Let A € sp_ (%, ,). Recalling the definition of X%, ,, it suffices to prove that
2(#,,,r) < Aforall » > 0. We consider the Weyl sequence (#,) associated
to A, and localize this sequence outside B," by using a truncation function X €

B“(R2, [0, 1]) satisfying for p > 7
x(x) =1in BE nR2, and y(x) = 0in B, (A.7)
Note that yu, € 4, The triangle inequality gives
= lAa,ﬂ)Z”n”Lz(Ri) < (V- ZAa,ﬂ)”n”Ll(Ri) + ||”n|VZ|||L2(R2+)- (A.8)
Using the properties of yin (A.7), we have

i Ve Wy = [ NP IVPdw s € [ P,
B,nR?

2
NRY B,nR%

But (#,) converges to zero in LZ(Bﬁ N Ri) by Lemma A.3, then for any ¢ > 0
there exists 7, € N such that for z > »,

2
2 3
anRz P dx < 5.
ﬁ +

Hence,
22, | VIl r2(rz2) < e (A.9)
On the other hand, the properties of (#,) and y in (A.1) and (A.7) respectively,

together with an integration by parts, ensure the existence of 7#; > 7 such that for
alzn > ny,

(V= 1A, D, gy < WV = 1A, )t gy < A + e
Put the above inequality together with (A.9) into (A.8) to get
(V- lAa,a)Z”n“iz(Rg) <A+ Ce. (A.10)
Next, we prove that for 7 sufficiently large

1

—<l+e (A1)
e,
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We have

=l 2 gy = [ LmlPdss [ P
B NR2 BSnR2

i + v
=f |un|2dx+f (;(2—1)|un|2dx
R2 B,nRY
>1- f |2 dx. (Ar2)
B,NR%

In light of Lemma A.3, we introduce lim

n—>+oo

on (A.12) to get the convergence of
I X”n”il(l&i) to 1 as 7 tends to +o0, which proves (A.11). The inequalities in (A.10)
and (A.11) imply the existence of 7z, € N and a positive constant C, independent
of ¢, such that for all z > #,,

”(v_ aa)/t/% ”LZ RZ

<A+ Ce.
P

Then by the definition of (%, ,, ), we get forany 4 € sp_ (%, ,)
S(H,,,7r) <A+ Ce.

Taking ¢ to zero establishes (A.6).
Now we prove that

2%,, 2 infsp (%, ,). (A.13)

a,a —

Let # < infsp_ (%, ,) and ¢ > 0. By Remark A.2, it is sufficient to establish the
existence of 7, > 0 such that

z(%a,a’ 7;) 2@ - @(5) (AI4)

By the min-max principle, the previous inequality trivially holds if ¢ < infsp(%, ).
Assume now that infsp(%, ,) < ¢ < infsp (%, ,). Let g,, be the quadratic

form associated to %, ,, and 1 #,,) be the spectral projection operator

o
corresponding to this operator, that has finite rank (since we are below the essential
spectrum). There exists a finite orthonormal system of normalized eigenfunctions

(v)) € L*(R?) such that
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For all x € R? and P e L*(R2), we have
|1 (o) (F )01 () = Z (@, o) P|0,(x) [* < Nl qu o (x

Since the sum is over a finite set and (v;) are in L*(R2), then the dominated
convergence theorem asserts that, for all £ > 0, there exists 7, such that

forall p € (R, [ 11 (#,)pP0) di < cliplsg

] 27,
Hence forall ¢ € ‘/%4’ it holds
||]]‘(—oo,ﬂ]( )¢”L2 RZ < E||¢I|22(Ri) (Ali)

Using the properties of the spectral projections, we have forall p € ./,

qa,a(p) = qa,a(]]'(—oo,/t](%a,a)¢) + qa,a(([ - ]]‘(—M,y](%a,a))¢)‘

The min-max principle and the definition of 1 %, ,) ensure the boundedness

—oo,‘u](

qua,ﬂ(([_]1(—00,/4](%1,4))¢) from below by/4||([— 1 m/‘]( ))¢|| (for @ # 0).
In addition, q“’d(ll(_m’ﬂ](%d’ﬂ)@ is non negative, then forallp € A,

10a®) 2 (I = L (7))l (16
On the other hand, we have
7 = L s D)2y = 10 ) = 1 ()Pl
Hence, by (A.15) we get
17 = Lo () Pl Tarzy = (1= ll@l gz
We use the above inequality together with (A.16) to obtain

90a(P)

> u(l-e).
||¢||L2 RZ

Since ¢ € JM, is arbitrary, then
2(H, ) 2 u(l - ¢).

a

This establishes (A.14) and consequently (A.13). O
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Next, we give the proof of Lemma 3.7 which will also be used in the proof of
Theorem 3.1 below.

Proof of Lemma 3.7. The main tool is a partition of unity that divides R? into three
sectors, which allows us to use spectral properties of some explored operators in
Sections 2.1 and 2.2. One can find a partition of unity ( ;2]) for the interval [0, 7]

satisfying
y 2 5 11 T . 3 T
suppy [0: gfx]a supp, ¢ [50‘, 5%+ 5], supp 3 € [Zu + 7[],
3 3
27@=L ZWﬂWSC Vé e [0, 7],
J= j=

where C'is a constant dependent on «, but independent of . Let » > 0. We define
the truncation functions in polar coordinates

r,pol
V(e.0) € R, x (07),  Z"(p6) -
for j € {1,2,3}. The associated functions in the Cartesian coordinates are defined

by:
r, ol
2 (xy, %) = P (e, 9)s (v, %) € R,

Consider a non-zero function ¢ € 4, The IMS localization formula ensures that

I(V=iA, )Pz, = ZII IC 1 ZII¢|V;(,’I||L2R2 (A17)

We first evaluate the term 23:1 o] V;(ﬂ ”2LZ(R2)' For (x;,%,) € R%, we have

po 111 rpo oo
V(x5) 2 = 0,277 (e, |%;ﬁ%ﬂmmf |%P@ﬁm

By the construction of 7 and due to the support of ¢, we get

3
) C
Zl leIVZ ey < 1215 ke (A18)
i
for some C = C(a). Next, we bound 23 IV - 7A, ) (xje )||L2 R2)" The idea

is to extend the functions y/p by zero, to refer to the operators mtroduced in the
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sections 2.1 and 2.2. Notice that curlA, , = curlA; = 1 in the support of /o,
where A, is the vector potential defined in (2.1). Hence, extending y,@ by zero
in the half-plane R%, and performing a suitable change of gauge, we get by the
min-max principle

IV = A, ) i) e e (G 7 WET e
(R%) . )
= > in = =0, (A1)
el . ueDomQ,_, 42 leell?, o2
L%(R2) 4s0 L2(R2)

(see Section 2.1). Proceeding similarly and using a simple scaling, we get

”( lApc a X}SD ”LZ RZ
||}(3¢ ||L2 R2

> |a|©,. (A.20)

Finally, we extend y,@ by zero in R?, and we perform a rotation of domain (by
angle 7 /2 — 2) and a suitable change of gauge to get

”(V - lAaa (}(er ”il(Ri)

(A.21)
.

a’

where 8, is the ground-state energy of the operator &, in (2.10). Gathering results
in (A.19), (A.20) and (A.21) yields

3

>V = A ) Z2) o) 2 L4l @ullpl e (A22)
j=1

The last inequality follows from the fact that 2 € [-1,1)\{0}, 8, > |a|©, (see
Section 2.2) and Z;Zl | Xj’ |* = 1in R%. Implementing (A.18) and (A.22) in (A.17)
completes the proof. O

Proof of Theorem 3.1. We can equivalently prove that 2%, , = |4|®,, now that we
have Theorem A.1 in hand. This is done in two steps:

Step1. We prove X%, , > |a|©,. Let r > 0, recall the definition of (%, , 7).
In light of Lemma 3.7, we get the following lower bound:

C
() 2 1a]O) -

a

Taking » — +co in the inequality above establishes Step 1.
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Step2. WeproveX%#, , < |6l |©,. Lete > 0and » > 0. The Neumann realization
of the operator —(V — 74Ay)” in the half-plane R? admits || ©, as a ground-state
energy. Hence, the min-max principle together with a standard limiting argument
ensure the existence of a constant » > 0 and a function £, belonging to the form

domain of (V — 74A,)* and vanishing outside B(0, ), such that

”(V - l’ﬂA f“iZ(Ri)
o
Notice that curl A, , = curl4Ay =  in the set D] defined in (3.1). Hence, one

may perform a translation and a change of gauge to obtain from fa function v,
supported in B° n D? and satisfying

IV = 2a80) flamzy MV = 1A, )0l e

la|©, < < |a|©g + e.

o T
Consequently,
”(V - lAaa v”iz 2
(R)
(X, 7)< e < |a|©g + e.
LZ(RZ
Take successively ¢ to zero and 7to +oo to complete the proof of Step 2. O]

Proof of Lemma 3.4. Let b € R such thata + b € [-1,1)\{0}. We prove that
lim, ,gu(a,a + b,r) = u(a,a,7). Let u € D, such that |u] g2y = 1. We
extend # by zero outside the ball B, and we use the min-max principle together
with Cauchy’s inequality to write,

#(@00,7) < 4uu) < (14 15D i) + CIBI™ [ 123+ D)l dv
BV

< (L +150)guasi(n) + C()| b,
where C(7) is a constant solely dependent on 7 Again the min-max principle gives
ula,a,r) < (L+ |b)u(a,a + b,r) + C(r)|b|.

Taking 4 to zero, we get u(a, a,r) < liminf, ,u(a,a + b, 7).
In a similar fashion, we establish that u(«,4,7) 2 limsup,  pu(a,a + b, 7).

O]
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B Change of variables

B.1 Frenet coordinates

In this section we assume that the set I" consists of a simple smooth curve that
transversely intersects the boundary of Q in two points. In the general case, I’
consists of a finite number of (disjoint) such curves. We may reduce to the simple
case above by working on each component separately. We introduce some Frenet
coordinates which are valid in a tubular neighbourhood of T. These coordinates are
known in the literature. We list below some of their basic properties. For more
details, see [FH10, Appendix F] and [AKPS19].

Let [-|I'|/2,|T|/2] 3 s +—> M(s) € I be the arc length parametrization
of I Let 7'(s5) be a unit tangent vector to I'at the point A (s), and »(s) be the
unit normal of I"at the point M (s), pointed toward Q. The orientation of the
parametrization M is fixed as follows:

det(7'(s),»(s)) = 1.

The curvature &, of T'is defined by T'(s) = k,(s)v(s). For #, > 0, we define the
transformation

D : (—gﬂ,g) x (=ty ty) 3 (s5,2) —> M(s5) + tv(s) € R%.

For a sufficiently small #,, @ is a diffeomorphism from ( — |T|/2, |T|/2) x (=%, %)
to I'(¢,), where I'(#,) := Im. The Jacobian of @ is

a(s,t) = Jo(s,2) =1 = tk(s). (B.1)

The inverse, ® 1, of ®definesa system of coordinates for the tubular neighbourhood
I'(#) of I,

O (x) = (5(x), t(x)).

Note that since the curvature is bounded, then (B.1) implies the existence of C > 0
such that

Joa(x) —1] < C6  and  |Jols2) - 1| < CE, (B.2)

where x € B(?) c I'(¢,), B(?) is a ball of radius ¢, and (s, ¢) = (s(x), z‘(x)).
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To each function # € H; (T(zy)), we associate the function #z € H'(( -
IT|/2,|T|/2) x (~t, %)) as follows:

#(s,t) = u(CD(s, z‘))

Wee also associate to any vector potential E = (E;, E,) € H! (R* R?), the vector
field E = (£, E,) € H'(( = |T|/2,|T]/2) x (=t 1), R?), where

Ei(s,2) = a(s, 6) E(®(s,2)) - T(s) and E,(s,2) = E(®(s,2)) - »(s). (B.3)

We have the following change of variable formulae:

Il

[ =@yl ax= [ 1 [" (a0~ Eal*+ |0, iEo)l)adsar.
I(x) -EJ g

(B.4)

Finally, we present the following gauge transformation lemma:

Lemma B.1. Lera € [-1,1)\{0} and B, c (=|T|/2,|T|/2) x (=t t,) be a ball
of radius € such that ®(B,) c Q. IfE is a vector potential in H'(Q, R*) with
cutlE = 1 +alg, , then there exists a function w, € H 2(B,) such that the vector

potential Eg = F - V., 0p defined in By satisfies

3 _ (£ = Sk Ls)), if >0 3 )
(E),(s,1) = {—a(t C2k(), ifr<o’ (E,),(s,2) = 0.

B.2 Coordinates near I' n Q)

In this section we will explicitly define the diffeomorphism ¥ introduced in
Section 4.2. The construction of ¥ below is inspired by [Bono3, Lemma 14.3].
For j € {1,..,n}, consider p; € I'n dQ and «; the corresponding angle
introduced in Notation 1.2. We choose a system of coordinates such that p is the
origin, there exists a neighbourhood of p; where 0 Q and T coincide respectively
with the representative curves of two smooth monotonous functions f; and £,
defined in an interval (—;;-, ;}) for a small >0 and the following is satisfied:

a -

£(0) =0, £(0) =0, £(0) = - tan % £ =tn,

Q n B(0,7) = En B(0,7),
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A A
fl f2
a;/2 a;/2
—;/2 i —a;/2
(1, z2)-coordinates (&1, Z2)-coordinates

Figure 4: Change of coordinates from (xy, x,) to (%}, %,).

E := {(x,x,) + x; =2 0and f1(x;) <%, < (%)}

U{(xp %) + % 20and 7' (x) <% < 1 (x))

We define the diffeomorphism ¥in B(0, 7;) by (see Figure 4)

Sfa(x) — fi(x) . — (%) +f1(x1))
’ 2

2

= (321’ ’22)-

\i’(xl’xz) = ( 2t a;
an >

By performing a rotation of axes of an angle —« j/ 2, we can define out of ¥a
diffeomorphism ¥ satisfying the desired conditions in Section 4.2.

C Regularity properties

Let b > 0. Recall the operator %, ¢ and the associated quadratic form Q, p,
introduced in (4.1) and (4.2) respectively, where F is the vector potential in A dliV(Q)
satisfying curl F = By = 1, +alg ,a € [-1,1)\{0}. In this section we prove the
claim in (4.3) that the corresponding domains of %,  and Q,  are independent
of the parameter .

A key-ingredient of the argument is the boundedness of the field F. This
boundedness is known for smooth fields, but it should be ensured for our potential
with the piecewise-constant field B, As will be seen below, the fact that F €
Hj (Q) and By € L?(Q), for p € [1,], is sufficient for our needs.

Theorem C.1. Leta € [-1,1)\{0} and F € Hiiv(Q) be such that curl F = 1 +
alq , then F € L=(Q).

Proof. Since F € Hdliv(Q) and curlF = B, € L*(Q) then F = (=0, u,0, u),
where # is the unique solution in H, (Q) n H?*(Q) of the Dirichlet problem for
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the Laplacian —A# = B, (see [FHi1o, Propositions D.2.1 & D.2.5] and [GToo,
Theorem 9.15]).

Now, notice that B, € L?(Q), for all p € [1, +0]. Consequently, for a fixed
P € [2, +0) there exists a unique v € VVOI"D(Q) N W(Q) satisfying —Av = B,
([GToo, Theorem 9.15]). But W, 7(Q) n W*(Q) ¢ HN(Q) n HX(Q), thus
v=uand F = (-0d,0,0,0). Pick p = 4, [GToo, (7.30)] asserts that v € ‘1(Q)
and 9, v, 9, v € L™(Q). This completes the proof. O

Proof of (4.3). With F € L¥(Q) in hand, the proof is easy to establish. We will
only derive the operator domain result in (4.3). Let # € Dom %, 5. We have

Au = (V = ibF)*u + 2ibF - Vu + | b|*|F|u.

Since F € HdliV(Q) n L¥(Q), we get that Az € L*(Q) and Vu - Yoo = 0. This
ensures that # € H*(Q) (see [FHio, Theorem E.4.7]). One can similarly establish
the opposite inclusion; {x € H*(Q) : Vu -v|, = 0} ¢ Dom P, . O
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