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On the Application of Schur Complements to the Spectral Analysis of Hermitian Matrices

Abstract

A second order expansion of the eigenvalues of a parameter perturbation of Hermitian

matrices is derived using matrix decomposition methods. The method developed is then

applied to give a novel proof of a second order approximation of the eigenvalues of a global

perturbation of Hermitian matrices first described by M. Carlsson. The result generalizes

an approximation given by G.W Stewart which treats the case of simple eigenvalues. This

global second order approximation is then applied to the study of perturbations of singular

values for matrices with non-empty kernel.
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1 Introduction

Mathematical spectral analysis is the study of eigenvalues and eigenvectors of operators acting
on a linear space. In the finite-dimensional case this coincides with the spectral analysis of
matrices which finds applications in virtually any branch of mathematical analysis and its
applications.

Determination of eigenvalues is essential for the analysis of the stability of dynamical systems
see Chapter 6 of [1]. Via this connection spectral theory finds applications in the theory of
feedback systems which is used to control automative processes, see Chapter 4 and Chapter 6
of [2].

The Spectral Theorem is an important result in the spectral analysis of operators. It states
that any normal operator has a complete set of eigenvectors [3], meaning that any vector
can be written as a linear combination of eigenvectors. In this way the Spectral Theorem is
applicable when solving certain differential equations such as the Sturm-Liouville Equations
and the Schrodinger Equation see Chapter 5 of [1] and Chapter 3 of [4]. In numerical linear
algebra singular values are used to determine properties of matrices such as condition numbers
and rank [5].

In this thesis we discuss the spectral properties of perturbations of matrices. Given Her-
mitian matrices A and E we give approximate formulas for the eigenvalues and eigenvectors
of A + E in terms of those of A. We study the perturbation of singular values as an appli-
cation, and thus remove the condition that the matrices be Hermitian. This approach is also
of great interest in numerical applications, where a perturbation represents an uncertainty in
measurement. Existence of well-behaved approximative formulas therefore implies stability of
singular values, meaning that a small change in the perturbance accounts for a small change of
the spectrum which is a favourable property.

1.1 The Perturbation Theory of Hermitian Matrices

We let A and E denote Hermitian operators acting on a finite-dimensional space and consider
the perturbation A+ E. We distinguish the perturbations into two distinct categories:

• The global perturbations of the form A+ E where no restriction is placed on E.

• The parameter perturbations of the form A+ E(t) where E(t) is an Hermitian operator
that depends analytically on the parameter t ∈ R.

The spectrum of parameter perturbations exhibit more structure than the spectrum of global
perturbations, due to its more restrictive form. A theorem by Franz Rellich provided in Chapter
I of his book [6] states that the eigenvalues and eigenvectors of parameter perturbations (can
be chosen to) depend analytically on the parameter t. This allows for an expansion of the
eigenvalues and eigenvectors as a Taylor series in terms of the perturbation parameter t. This
expansion is known up to certain finite orders, provided that some restrictions are placed on
the perturbation, see Chapter VI of [4].

For global perturbations one can not hope to find an expansion in Taylor series, however,
one can consider approximative results. A famous result by Hermann Weyl states that the
eigenvalues of the Hermitian perturbation A + E are Lipschitz continuous with respect to E
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with Lipschitz constant 1. Some further such results are given by Lidskii’s Theorems and
Hoffman-Wielandt’s Theorem, see Chapter III.4 and Chapter VI.4 of [7]. These are global
results, meaning that there is no restriction on the norm of the perturbation, but on the other
hand give first-order approximations with respect to the error term. To give higher-order
approximations one can restrict the size of the error term to lie in a neighborhood of the origin.
This was explored in an article by G.W Stewart, see Lemma 1 of [8], and Chapter V of [9],
where a third order approximation is given in the case of simple eigenvalues and real matrices.
A generalization of this result was provided by M. Carlsson, see Theorem 4.1 in [10]. These
approximations are applicable to operations involving the square root of eigenvalues, such as
singular values, or the absolute value of matrices. Based on this generalization of G.W Stewart’s
result M. Carlsson carries out a study of the matrix square root in [11].

1.2 Parameter Perturbations

David Hilbert and Richard Courant derived a formula for computing the Taylor coefficients
for the eigenvalues and eigenvectors of a parameter perturbation under the assumption that
these are analytic [12]. In the current study we explored the same problem for the perturbation
A+ E(t) where E(t) = tF for some fixed Hermitian matrix F . We took a direct approach via
matrix decompositions which does not rely on the holomorphic properties of the eigenvalues
and eigenvectors proven in [6] as opposed to Hilbert and Courant [12]. In particular we proved
the following:

Theorem 1.1 (Hilbert-Courant). Let diag (α1, . . . ,αn) = ΛA be an n × n Hermitian matrix
such that the diagonal is ordered non-increasingly. For Hermitian matrices F which satisfy

F(i,j) = 0, i ∕= j, αi = αj

and

F(i,i) > F(j,j), i ∕= j, αi = αj

the following properties on the spectrum are valid:

(i) The eigenvalues of ΛA + tF , denoted ξ1(t), . . . , ξn(t) can be ordered so that they satisfy

ξj(t) = αj + tF(j,j) + t2
!

i:αi ∕=αj

|F(i,j)|
2

αi − αj

+O(t3).

(ii) Let {ej}
n
j=1 denote the canonical basis for Cn. There are choices of eigenvectors of ΛA+tF ,

denoted uj(t), which form an orthonormal basis of Cn such that

uj(t) = ej + tvj +O(t2)

where

vj =
!

p:αp=αj

p ∕=j

(F ∗(Λα − αjI)
†F )(p,j)

F(p,p) − F(j,j)

ep −
!

p:αp ∕=αj

F(p,j)

αp − αj

ep.

Here † denotes the Moore-Penrose inverse.
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Our approach was based on the application of Schur complements in conjuncture with Ger-
shgorin’s Circle Theorem. For completeness, we also provided the elegant argument supplied by
David Hilbert and Richard Courant in [12], however, omitting Rellich’s deep result concerning
analyticity [6].

1.3 Global Perturbations and Singular Values

Having studied parameter perturbations, we then applied the method we developed in that
context to prove a generalization of G.W. Stewarts approximation due to M. Carlsson (see [8]
and [10]).

Theorem 1.2 (Carlsson). Let ΛA be an n× n diagonal Hermitian matrix of the form

ΛA =

"
λI 0
0 Λτ

#

where λI is an l × l matrix and the diagonal of Λτ does not contain λ. For Hermitian n × n
matrices E of the form

E =

"
E11 E12

E∗
12 E22

#

the eigenvalues of A+ E denoted {ξj}
n
j=1 can be ordered so that

ξj = λ+ βj +O(%E%3), j ∈ {1, . . . , l}

where {βj}
l
j=1 denotes an ordering of the eigenvalues of E11 − E12(Λτ − λI)−1E∗

12.

In the case of real ΛA and E such that λ is a simple eigenvalue of ΛA we see that the
identification α = λ, α̃ = λ+ E11, h̃ = E12 = h, A = Λτ and Ã = Λτ + E22 shows that Lemma
1 in [8] implies Theorem 1.2 which motivates the identification as a generalization.

In the article [10] the author took advantage of a result by Henri Cartan, see [13], to estimate
the roots of the characteristic polynomial of the perturbation. In this presentation we used a
modification of our proof of Theorem 1.1 to give a new shorter proof of Theorem 1.2 based on
Gershgorin’s Circle Theorem.

Having obtained this result, we then considered its applications to singular value approx-
imations in the case of non-empty kernels. A similar result is attained in [8] in the case of
simple kernels which also allows for differentiability in the sense of Fréchet. Our result allowed
for arbitrary dimensions of the kernels, however, some restrictions needed to be placed on the
perturbation. For another approach of a first order expansion of the singular values in the case
of simple singular values see [14].
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2 Background

In this section we present the background in linear algebra which we will use in the spectral
analysis of perturbations. We prefer to argue in the language of abstract operators acting on
abstract finite-dimensional vector spaces whenever possible as opposed to matrices acting on
Cn. It is our belief that the reasoning is made clearer this way. Specific results which we cover
are Gershgorin’s Circle Theorem and one of its generalizations together with the Singular Value
Decomposition.

2.1 Linear Operators on Finite-Dimensional Hilbert Spaces

Definition 2.1. A Banach space is a complete normed-linear space. A Hilbert space is a
complete normed-linear space whose norm is induced by an inner product.

We reserve the notation Hn to denote an n-dimensional Hilbert space over C. Given an
orthonormal basis {ej}

n
j=1 of Hn there is a natural isometric isomorphism between Hn and Cn

given by the map
ej &→ (δkj)

n
k=1 = (0, . . . , 0, 1, 0, . . . , 0)

δkj denotes the Kronecker delta function so that the only non-zero entry is at the jth index
and the value there is 1. Denoting the space of linear operators on Hn by L(Hn) we find that
for A ∈ L(Hn) there exists {A(i,j)}i,j such that

Aej =
n!

i=1

A(i,j)ei.

It is evident that linear operators in L(Hn) naturally correspond to matrices of dimension n×n
and that composition of linear operators in turn correspond with matrix multiplication. Due to
this property the two concepts can be interchanged whenever suitable. We reserve the notation
A to denote the matrix representation of the operator A with respect to some specified basis.
An important function defined on the set L(Hn) is the determinant, det : L(Hn) → C which
contains basic information of the operator.

Definition 2.2. The determinant is a multilinear function denoted det : Mn×n → C which
satisfies

detA =
n!!

j=1

sgn (πj)
n$

i=1

A(i,πj(i)). (1)

where {πj}
n!
j=1 is an enumeration of all permutations on {1, . . . , n}.

For specifics concerning the construction of the determinant using permutations we refer the
reader to Chapter 5 of [15]. We will, however, require an alternative formula which requires us to
define the concept of minors. For an n×n-matrix A the (ij)th minor of A is the (n−1)×(n−1)
matrix A(i,j) formed from A by removing its ith row and jth column. With this definition in

6



On the Application of Schur Complements to the Spectral Analysis of Hermitian Matrices

hand we can consider the so-called Laplace expansion of the determinant which is given by the
recursive formula:

detA =
n!

i=1

(−1)i+jA(i,j)A
(i,j) =

n!

j=1

(−1)i+jA(i,j)A
(i,j). (2)

That the values obtained from the calculation in Equation (1) and Equation (2) are equal
is proven in [15].

A useful property of the determinant is that it is multiplicative in the sense that

det(AB) = detA · detB.

This implies that for an invertible matrix S one has the identity det(S−1AS) = det(S−1S) detA =
detA. Since changes of basis of Hn corresponds to changing the matrix representation of an
operator to S−1AS the determinant can be defined on L(Hn) by detA = detA where A is any
matrix representation of A. Among other important properties, the determinant of an operator
is 0 if and only if the operator is invertible which directly tie the determinant of an operator
to the analysis of its spectrum. The spectrum of an operator A is defined as the set

{λ ∈ C | A− λI is not invertible}.

For operators acting on finite dimensional spaces the spectrum and the eigenvalues agree as
a consequence of the Rank-Nullity Theorem [3]. In this case injectivity is equivalent to sur-
jectivity. It is immediate that the spectrum of a matrix and its transpose are equal since
det(A−λI) = det(At−λI). Furthermore two matrices, A and B are said to be similar if there
exists an invertible matrix S such that [16]

A = S−1BS.

We denote this relation with A ∼ B. It is clear that two similar matrices share eigenvalues and
that their multiplicities are the same. This is something we will often apply as it allows us to
rewrite a complex matrix expression A into a simpler one B without changing the spectrum.
A natural way to define a norm on L(Hn) is the operator norm, denoted %·% which is formally
defined as

%A% = sup
x ∕=0

|Ax|

|x|
.

An important property of this norm is that L(Hn) equipped with it becomes a Banach space
which allows us to apply topological arguments to the set of operators. Two notions of differ-
entiation on Banach spaces are Gateaux differentiation and Fréchet differentiation. Let f be
a function from the Banach space X into the Banach space Y . The function f is said to be
Fréchet differentiable at the point x0 if there exists a linear operator T such that

%f(x0 + h)− f(x0)− Th%Y
%h%X

→ 0
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as h → 0. The subindices indicate which norm is under consideration. The Gateaux derivative
is defined by letting h = tξ above where t is a scalar and ξ ∈ X and then letting t → 0.

We will need to give an estimation in norm of the inverse of perturbations of the from A+E
where A is invertible. Inspired by the identity

1

1− z
=

∞!

k=0

zk

for |z| < 1 one could apply the same reasoning to any Banach algebra by Cauchy’s criterion for
convergence. The following generalization was first proven by John Von-Neumann.

Theorem 2.3 (Von-Neumann Series). Suppose that A ∈ L(Hn) satisfies %A% < 1 then I −A

is invertible with inverse

(I −A)−1 =
∞!

k=0

A
k.

Proof. If N > M then
%%%%%

N!

k=0

A
k −

M!

k=0

A
k

%%%%% ≤
N!

k=M+1

%A%k → 0

as M,N → ∞. Since L(Hn) is a Banach space it follows by the Cauchy criterion that the
series converges. To prove that it converges to the inverse of I −A we consider the limit:

(I −A)
N!

k=0

A
k = I −A

N+1 → I

as N → ∞. Here we observed that the sum was telescopic.

Theorem 2.3 has many applications, one which we will use extensively is that if two operators
are close in norm and if one of them is invertible then so is the other. More specifically we
have:

Corollary 2.4. The subset of L(Hn) constituting all invertible operators is open.

Proof. Note that if %A− B% < 1
&A−1& then I −A

−1(A− B) is invertible, why

B = A− (A− B) = A(I −A
−1(A− B))

is invertible as a composition of invertible operators.

Now if An is a sequence of invertible operators which converges to the invertible operator
A is it then true that A−1

n → A
−1? The answer is yes based on the following reasoning:

Corollary 2.5. Consider the operation A &→ A
−1 defined on the invertible elements of L(Hn).

This is a continuous map.
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Proof. Suppose that Bn → A as n → ∞ where Bn is an invertible operator for every n. Then
if %Bn −A% < 1

&A−1& we find that

B
−1
n =

& ∞!

k=0

'
A

−1(A− Bn)
(k
)
A

−1

why

%%B−1
n −A

−1
%% ≤

∞!

k=1

%%A−1(A− Bn)
%%k

=
%A−1(A− Bn)%

1− %A−1(A− Bn)%
→ 0

as n → ∞.

This implies that if E → 0 then (A + E)−1 → A
−1 in norm. Thus given ' > 0 we can

find δ > 0 such that %E% < δ ⇒ %(A+ E)−1 −A
−1% < ' and in particular %A−1% − ' ≤

%(A+ E)−1% ≤ %A−1% + '. We proceed by stating properties of adjoints of an operator and
give some useful properties of the important subclass of Hermitian operators.

Given an operator A ∈ L(Hn) its adjoint denoted A
∗ is the unique operator which satisfies

〈Ax,y〉 = 〈x,A∗y〉, ∀x, y ∈ Hn.

Existence of such an operator follows from Riesz-Representation Theorem [3]. An operator,
A ∈ L(Hn), is said to be Hermitian if A∗ = A. Supposing that the matrix representation, A,
of the operator A is given with respect to an orthonormal basis, then A is Hermitian if and
only if A is equal to its conjugate transpose. This follows directly since

A(i,j) = 〈Aej, ei〉 = 〈ej,A
∗ei〉 = 〈A∗ej, ei〉 = A(j,i).

Matrices which are equal to their own conjugate transpose are therefore also called Hermitian.
For these operators we have the following spectral theorem:

Theorem 2.6 (The Spectral Theorem). Let A ∈ L(Hn) denote a Hermitian operator then

(i) The eigenvalues of A are real.

(ii) There exists an orthonormal set consisting of eigenvectors of A which constitute an or-
thonormal basis of Hn.

For a proof of this we refer the reader to [3]. Since the eigenvalues of a Hermitian operator
A ∈ L(Hn) are real this means that we can impose an ordering of them. In particular we
can define the functions λi(A) for i ∈ {1, . . . , n} which maps Hermitian operators to the ith
eigenvalue of A ordered non-increasingly where each eigenvalue appears as many times as its
algebraic multiplicity. Therefore

λ1(A) ≥ λ2(A) ≥ · · · ≥ λn(A). (3)

An important result in the perturbation theory of Hermitian operators is Weyl’s Perturbation
Theorem.
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Theorem 2.7 (Weyl’s Perturbation Theorem). Let A and E be Hermitian operators on Hn

then

|λj(A+ E)− λj(A)| ≤ %E% .

For a proof of this we refer to the reader to Chapter III of [7]. Note that this implies that
each map λi is Lipschitz continuous for a fix A with respect to Hermitian operators E . An
example of Hermitian operators are the orthogonal projections. To define these let U ⊆ Hn be
a linear subspace of Hn. Then Hn = U ⊕U⊥, see [3], where U⊥ is the orthogonal complement
of U so that any vector in x ∈ Hn can be uniquely decomposed as

x = x+ x⊥

where x ∈ U and x⊥ ∈ U⊥.

Definition 2.8. We say that the operator PU ∈ L(Hn) is orthogonal projection onto U if

PU(x) = x

where x = x+ x⊥ is the decomposition of x as a direct sum of terms in U and U⊥.

From the definition it is immediate that P
2
U = PU . Furthermore note that if the matrix

representation of E with respect to some orthonormal basis {ej}
n
j=1 is of the block-form

E =

"
E11 E12

E∗
12 E22

#

where E11 is an l × l matrix then E11 is the matrix representation of PNEPN where N =
span{ej}

l
j=1. Of course similar formulas can be given for the remaining blocks. For this reason

it will turn out to be important that orthogonal projections are in fact Hermitian so that the
same holds true for the operators PNEPN .

Lemma 2.9. An orthogonal projection in L(Hn) is an Hermitian operator.

Proof. Let U be a linear subspace of Hn and denote PU with orthogonal projection onto U .
Decompose x and y as an orthogonal sum:

x = x+ x⊥, y = y + y⊥

where x, y ∈ U and x⊥, y⊥ ∈ U⊥. Then

〈PU(x+ x⊥), y + y⊥〉 = 〈x, y + y⊥〉 = 〈x, y〉
= 〈x+ x⊥, y〉 = 〈x+ x⊥,PU(y + y⊥)〉.
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In the second part of this thesis we will prove Theorem 1.2. We give the statement in
operator form.

Let λ0 denote a fix eigenvalue of A and let j0 be the first occurrence of the eigenvalue in
the collection {λj(A)}nj=1. If we further define

B = PNEPN − PNEPN⊥
'
PN⊥(A− α0I)

†
PN⊥

(
PN⊥EPN

then

|λj(A+ E)− λj(A)− λj−j0+1(B)| ≤ c %E%3 , j ∈ {j0, . . . , j0 + l − 1}

for some c > 0 as E → 0. Here † indicates the Moore-Penrose inverse.

2.2 The Moore-Penrose Inverse

While our use of the Moore-Penrose inverse is limited we give its precise definition in order to
make the presentation complete.

Definition 2.10. Suppose that A is a linear operator from Hn to Hm. An operator A
† from

Hm to Hn is a Moore-Penrose inverse of A if

(i) AA
†
A = A

(ii) A
†
AA

† = A
†

(iii) Both AA
† and A

†
A are Hermitian.

The possibility of existence and uniqueness of such an operator is discussed in [16]. We will
however only need to consider the special case where A is an Hermitian operator in L(Hn) in
this case the Moore-Penrose inverse is unique and has a simple form.

Lemma 2.11. Suppose that A ∈ L(Hn) is an Hermitian operator where {ej}
n
j=1 denotes an

orthonormal basis of eigenvectors of A with corresponding eigenvalues λj(A). Then A
† ∈

L(Hn) is given by

A
†ej =

*
0 λj(A) = 0

1
λj(A)

ej otherwise.

Remark. We only show that A† defined this way is a Moore-Penrose inverse, not that it is
unique. Uniqueness is proven in [16].

Proof. We verify the four conditions given in Definition 2.10. For that purpose it is enough to
consider how the operators in (i) and (ii) act on the vectors ej. Suppose that ej /∈ kerA then
for the operator given in (i) we find that

AA
†
Aej = AA

†λj(A)ej = A
λj(A)

λj(A)
ej = Aej.
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For the operator given in (ii) we have that

A
†
AA

†ej = A
†
A

1

λj(A)
ej = A

†ej

and therefore (i) and (ii) holds. Since AA
† = PkerA⊥ = A

†
A we find that both operators are

Hermitian.

We remark that if Λα is a diagonal real matrix of the form

ΛA =

"
0 0
0 Λτ

#

where Λτ is invertible then

Λ†
A =

"
0 0
0 Λ−1

τ

#
.

2.3 Schur Complement

The Schur complement, while simple, is a useful concept in matrix theory which got its name
from its use in a research article by Issai Schur (1875-1941) published in 1917 [17]. We will use
it to decompose matrix perturbations so that Gershgorin’s Circle Theorem can be applied and
as such it is a key tool in our further development.

Definition 2.12 (Schur Complement). Given a matrix A ∈ Mn×n in the block form

A =

"
A11 A12

A21 A22

#
(4)

where A11 and A22 are square matrices and where A22 is invertible, the Schur complement [17]
of the block A22 is the matrix

A/A22 = A11 − A12A
−1
22 A21.

This definition has many interesting applications to matrix theory which are covered in [17].
A useful tool in computing determinants is contained in Lemma 2.13.

Lemma 2.13 (Schur Determinant Formula). Given a matrix A of the form in equation (4) the
determinant of A is given by

detA = detA22 detA/A22.

Proof. By composing with two invertible matrices we find that
"
I −A12A

−1
22

0 I

#"
A11 A12

A21 A22

#"
I 0

−A−1
22 A21 I

#
=

"
I −A12A

−1
22

0 I

#"
A/A22 A12

0 A22.

#

=

"
A/A22 0

0 A22

#
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Since the determinant of a triangular matrix is equal to the product of its diagonal elements
and since the determinant is multiplicative we can conclude that

detA = det

"
A/A22 0

0 A22

#
= detA22 detA/A22.

Another application of Schur complements is that one can transform block-matrices without
changing the eigenvalues. It is this crucial property that we will apply in order to derive our
main results.

Lemma 2.14. The matrix
"
A11 A12

A21 A22

#

where A11 and A22 are square matrices and A22 is invertible is similar to the matrix

"
A11 − A12A

−1
22 A21 A12

A−1
22 A21(A11 − A12A

−1
22 A21) A−1

22 A21A12 + A22

#
=

"
A/A22 A12

A−1
22 A21(A/A22) A−1

22 A21A12 + A22

#
.

Proof. The matrix

"
I 0

−A−1
22 A21 I

#

is invertible with inverse
"

I 0
A−1

22 A21 I

#

and since
"

I 0
A−1

22 A21 I

#"
A11 A12

A21 A22

#"
I 0

−A−1
22 A21 I

#

=

"
A11 − A12A

−1
22 A21 A12

A−1
22 A21(A11 − A12A

−1
22 A21) A−1

22 A21A12 + A22

#

the result now follows.

2.4 Gershgorin’s Circle Theorem

A useful result in estimating the eigenvalues of a matrix is due to the Soviet mathematician
Semyon Aranovich Gershgorin (1901-1933) and is the content of Theorem 2.15. It roughly
translates to the fact that if the diagonal of a matrix dominates its off-diagonal entries, then
the eigenvalues will be close to the diagonal entries. We will have particular use of this in the
conjuncture with Schur Complements.

13
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Theorem 2.15 (Gershgorin’s Circle Theorem). Let A ∈ Mn×n and define Di ⊆ C for i ∈
{1, . . . , n} to be the set which consist of all z ∈ C which satisfy

|z − A(i,i)| ≤
n!

j=1
j ∕=i

|A(i,j)|. (5)

Then every eigenvalue of A belongs to some Di.

Proof. Let x′ be any eigenvector of A and define

x =
x′

max1≤i≤n |x′
i|

so that there exists an index i ∈ {1, . . . , n} which satisfies |xj| ≤ |xi| = 1 for every j ∈
{1, . . . , n}. Since x is an eigenvector there exists a λ ∈ C which corresponds to the eigenvector
x, and therefore the column vector Ax satisfies

(Ax)(i,1) = λxi ⇔
n!

j=1

A(i,j)xj = λxi ⇔
n!

j=1
j ∕=i

A(i,j)xj = (λ− A(i,i))xi.

Since |xj| ≤ |xi| = 1 we see that

|λ− A(i,i)| =

++++++++

n!

j=1
j ∕=i

A(i,j)xj

++++++++
≤

n!

j=1
j ∕=i

|A(i,j)|

and therefore λ ∈ Di.

Corollary 2.16. Let A ∈ Mn×n and define Ci ⊆ C for i ∈ {1, . . . , n} to be the set which
consists of all z ∈ C which satisfy

|z − A(i,i)| ≤
n!

j=1
j ∕=i

|A(j,i)|.

Then every eigenvalue of A belongs to some Ci.

Proof. Since the transpose of A shares eigenvalues with A the result follows from Theorem
2.15.

The disks Di and Ci that we defined in Theorem 2.15 and Corollary 2.16 will be referred to
as Gershgorin disks. It is a consequence of Theorem 2.15 and Corollary 2.16 that the eigenvalues
are in fact contained in the intersection of these disks.

Theorem 2.15 does not imply that every Gershgorin disk contains an eigenvalue. In fact this
is not true in general. It is for this reason that we will need to consider a strengthening of this
theorem referred to as Gershgorin’s Second Circle Theorem. This result relies on continuity of
roots of polynomials.

14
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2.5 Continuity of Roots of Polynomials

The eigenvalues of a matrix A ∈ Mn×n are the roots of the polynomial equation in ζ defined
by

det(A− ζI) = 0.

In this section we will show that if {Ak}
∞
k=1 denotes a sequence of matrices in Mn×n which

converge to A then the eigenvalues of Ak converge to those of A.
The following theorem is stated without proof in Appendix D of [18].

Theorem 2.17. Let p : C → C be a polynomial given by

p(ζ) =
n!

k=0

akζ
k = an

n$

i=1

(ζ − λi)

where an ∕= 0. Given ' > 0 there exists a δ > 0 such that if q : C → C defined by

q(ζ) =
n!

k=0

bkζ
k = bn

n$

i=1

(ζ − µi), bn ∕= 0

satisfies

|ai − bi| < δ, i ∈ {1, . . . , n}

then there exists a permutation π of {1, . . . , n} such that

|µπ(i) − λi| < ', i ∈ {1, . . . , n}.

To prove Theorem 2.17 we need Rouché’s Theorem from complex analysis, a proof of this
can be found in Chapter 3 of [19]. We state the formulation of the theorem given there.

Theorem 2.18 (Rouché’s Theorem). Let f and g denote analytic functions defined on the
open set Ω. If D ⊆ Ω is a closed disk and if

|f(ζ)| > |g(ζ)|, ζ ∈ ∂D

where ∂D denotes the boundary of the disk, then f and f + g have the same amount of zeros
in D counting multiplicity.

Proof of theorem 2.17. Let τ : {1, . . . ,m} → {1, . . . , n}, 1 ≤ m ≤ n be an injective function
such that λτ(1), . . . ,λτ(m) is an enumeration of the distinct zeros of p. Choose ' > 0 such that
the sets

Di = {ζ ∈ C | |ζ − λτ(i)| ≤ '}

15



On the Application of Schur Complements to the Spectral Analysis of Hermitian Matrices

are disjoint. Then define

mi = min
ζ∈∂Di

|p(ζ)|.

Since p is continuous and attains its zero in the interior of Di and since ∂Di is compact it
follows that mi > 0. Now define

Mi = max
ζ∈∂Di

n!

k=0

|z|k

and then choose δ > 0 such that

δ ·

"
max

i∈{1,...,n}
Mi

#
< min

i∈{1,...,n}
mi.

If ζ ∈ ∂Dj then

|q(ζ)− p(ζ)| =

+++++

n!

k=0

(bk − ak)ζ
k

+++++

≤
n!

k=0

|bk − ak||ζ|
k

≤ δ
n!

k=0

|ζk| ≤ δ max
i∈{1,...,n}

Mi < min
i∈{1,...,n}

mi ≤ |p(ζ)|

and therefore by Theorem 2.18 p and p + (q − p) = q have the same number of zeros in Dj

counting multiplicity. Since this holds for every j ∈ {1, . . . , n} we conclude that every zero of q
is contained in a disk Dj since these are disjoint and q has precisely as many zeros as p counting
multiplicities. This implies the existence of a permutation of {1, . . . , n} denoted π such that

|µπ(i) − λi| < ', i ∈ {1, . . . , n}.

Our interest in Theorem 2.17 lies in its applications to the characteristic polynomial of a
matrix.

Corollary 2.19. Let {Ak}
∞
k=1 be a sequence on Mn×n which converges to A. For every ' > 0

there exists a K ∈ N such that k ≥ K implies that the disks of radius ' > 0 centered at the
eigenvalues of A each contain as many eigenvalues of A as they contain eigenvalues of Ak.

Proof. Since %Ak − A% → 0 as k → 0 is equivalent to

|(Ak)(i,j) − A(i,j)| → 0, i, j ∈ {1, . . . , n}

we see that the coefficients of the characteristic polynomial of Ak given by qk(ζ) = det(Ak−ζI)
converge to those of p(ζ) = det(A − ζI). Furthermore note that the leading coefficient of the
characteristic polynomial is ±1. Let ' > 0 be given then Theorem 2.17 implies that we can
find δ > 0 such that if the coefficients of p(z) and qk(z) differ by less than δ then the zeros of
the polynomials differ by less than '. By increasing k it is clear that the coefficients of p and
qk can be made arbitrarily small. This concludes our proof.

16
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2.6 Extensions of Gershgorin’s Circle Theorem

As previously stated, Theorem 2.15 does not imply that a Gershgorin disk actually contains an
eigenvalue however if a particular Gershgorin disk is disjoint from the other Gershgorin disks
then it must contain an eigenvalue, see Appendix 7 of [15]. An even stronger result is contained
in Theorem 2.20.

Theorem 2.20 (Gershgorin’s Second Circle Theorem). Let A ∈ Mn×n and denote {Ci}
n
i=1

to be an enumeration of the Gershgorin discs of A defined in Theorem 2.15. Then if π is a
permutation of {1, . . . , n} such that

U =
k,

i=1

Cπ(i) and V =
n,

i=k+1

Cπ(i)

are disjoint then U contains exactly k eigenvalues while V contains exactly n − k eigenvalues
of A.

The proof of Theorem 2.20 relies on the so called argument principle of complex analysis.
We state without proof the version of this theorem given in Chapter VIII of [20], even using
the same notation that is used there.

Theorem 2.21 (The Argument Principle). Let Ω be a bounded open connected set such that
∂Ω is piecewise smooth. If f denotes a function which is analytic apart from poles contained
in the interior of Ω and f(ζ) ∕= 0 for ζ ∈ ∂Ω then

1

2πi

-

∂Ω

f ′(ζ)

f(ζ)
dζ = N0 −N∞.

Here N0 denotes the number of zeros of f in Ω and N∞ denotes the number of poles of f in Ω.

For the purpose of the proof we also recall the Hadamard multiplication of matrices denoted
◦ which is defined by

(A ◦B)(i,j) = A(i,j) · B(i,j).

With this in hand we can express the diagonal of the matrix A as A ◦ I.

Proof. The proof we present is the one given in Chapter 6 of [18]. Consider the matrix function
B : [0, 1] → Mn×n defined by

B(t) = (1− t)I ◦ A+ tA = I ◦ A+ t(A− I ◦ A).

Clearly B(0) is diagonal and thus its eigenvalues are precisely its diagonal elements. Further-
more the Gershgorin disks are in this case reduced to one-point sets of eigenvalues. Since

B(t)(i,i) = (1− t)A(i,i) + tA(i,i) = A(i,i)

17
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we observe that the Gershgorin disks of B(t), denoted Ci(t), have the same centers as those of
A for every t. Furthermore for t ∈ (0, 1) the radius of the disks are scaled by a factor t. To see
this note that

n!

j=1
j ∕=i

|B(j,i)(t)| =
n!

j=1
j ∕=i

|tA(j,i)| = t

n!

j=1
j ∕=i

|A(j,i)|.

Therefore if we define

U(t) =
k,

i=1

Cπ(i)(t) and V (t) =
n,

i=k+1

Cπ(i)(t)

then U(t) ⊆ U and V (t) ⊆ V for t ∈ [0, 1] and therefore these are disjoint. By Corollary 2.16
we know that all eigenvalues of B(t) are contained in U(t) ∪ V (t).

Let γ denote a union of piecewise smooth closed curves in C such that U is contained in the
interior of γ and V lies in its exterior, a proof for the existence of such a curve can be found in
[21]. Let p(t, ζ) denote the characteristic polynomial of B(t) then Theorem 2.21 implies that

1

2πi

-

γ

∂
∂ζ
p(t, ζ)

p(t, ζ)
dζ = N0(t).

Now N0(t) ∈ Z and since Corollary 2.19 implies that the number of zeros of the polynomial
p(t, ζ) and p(t+ δ, ζ) in the interior of γ are constant for small δ it follows that the integral is
continuous which in turn implies that N0(t) is constant for t ∈ [0, 1] (functions with values in
Z which are continuous on a connected set must be constant). Since N0(0) = k it follows that
N0(1) = k which concludes our proof.

2.7 The Theory of the Singular Value Decomposition

For completeness we also include the construction of the Singular Value Decomposition. We
again consider arbitrary n-dimensional Hilbert spaces Hn and recall the definition of λi(A)
for Hermitian operators A as the ith eigenvalue of A ordered non-increasingly. In the context
of singular values, since these are non-negative, it will be easier to work with the eigenvalues
ordered non-decreasingly. We therefore define µj(A) for Hermitian operators A ∈ L(Hn) by the
equation µj(A) = λn−j+1(A), thus µj(A) is the jth eigenvalue of A ordered non-decreasingly
counting multiplicity.

Definition 2.22. The singular values of A are the values attained by the map σj : L(Hn) →
[0,∞) where σj(A) =

.
µj(A∗A) counting multiplicity.

We first argue that this definition is sound. Clearly A
∗
A is Hermitian so for j ∈ {1, . . . , n}

we show that µj(A
∗
A) ≥ 0 so that we may take its square root. Let vj denote a normalized

eigenvector of A∗
A corresponding to the eigenvalue µj(A). Then

µj(A
∗
A) = µj(A

∗
A)〈vj,vj〉 = 〈µj(A

∗
A)vj,vj〉 = 〈A∗

Avj,vj〉
= 〈Avj,Avj〉 = %Avj%2 ≥ 0.

18
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The following formulation and proof of the Singular Value Decomposition is from Chapter 7 of
[3].

Theorem 2.23 (Singular-Value Decomposition). For every A ∈ L (Hn) there exists orthonor-
mal bases of Hn denoted {ej}

n
j=1 and {fj}

n
j=1 respectively such that for every v ∈ Hn

Av =
n!

j=1

σj(A)〈v, ej〉fj.

We first give the definition of the square root of a positive operator.

Definition 2.24. Let A ∈ L(Hn) be an Hermitian operator then A is a positive operator if for
every v ∈ Hn

〈Av,v〉 ≥ 0.

If we consider a vector space over C then every positive operator is Hermitian, this is however
not true in general.

Lemma 2.25 (Square Root). For every positive operator A ∈ L(Hn) there exists a unique
positive operator R such that R2 = A. This operator is called the positive square root of A.

Proof. It is a direct consequence of Definition 2.24 that the eigenvalues of a positive operator
are non-negative. Let {ej}

n
j=1 denote an orthonormal basis of Hn consisting of eigenvectors of

A such that ej is the eigenvector of A corresponding to µj(A). We define R ∈ L(Hn) by

Rej =
/

µj(A)ej, j ∈ {j, . . . , n}.

It is then clear that

R
2ej = R

/
µj(A)ej =

"/
µj(A)

#2

ej = µj(A)ej = Aej

and therefore R
2 = A. Since R has positive eigenvalues and a orthonormal set of eigenvectors

it is clear that R defined this way is Hermitian. Suppose that R
′ is another positive square

root of A and let v ∈ Hn denote an arbitrary eigenvector of A with corresponding eigenvalue
µ ≥ 0. Since R

′ is Hermitian there is an orthonormal basis of Hn consisting of eigenvectors of
R

′ denoted {fj}
n
j=1 such that fj corresponds to the non-negative eigenvalue µj(R

′). We can
therefore express v in this basis:

v =
n!

j=1

〈v,fj〉fj ⇒ R
′v =

n!

j=1

µj(R
′)〈v,fj〉fj.
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Then since

R
′(R′v) = Av = µv

we find that

n!

j=1

µ〈v,fj〉f = µv =
n!

j=1

µj(R
′)2〈v,fj〉fj.

This shows that for every index j where 〈v,fj〉 ∕= 0 we must have that µ = µj(R
′)2. Since

µj(R
′) ≥ 0 we can thus conclude that v is an eigenvector of R′ with eigenvalue

√
µ. With the

basis {ej}
n
j=1 we therefore see that R′ej =

.
µj(A)ej. This proves that our definition of the

square root is unique.

Lemma 2.26 (Polar Decomposition). For every A ∈ L(Hn) there exists an isometry U ∈
L(Hn) such that

A = U

√
A∗A.

Proof. Let R =
√
A∗A. Then for v ∈ Hn

%Av%2 = 〈A∗
Av,v〉 = 〈Rv,Rv〉 = %Rv%2 ⇒ %Av% = %Rv% .

We define U1 : ran R → ran A by

U1(Rv) = Av.

For this definition to make sense we need to show that Rv1 = Rv2 implies that Av1 = Av2.
Suppose to that end that Rv1 = Rv2 then

0 = %R(v1 − v2)%2 = 〈R(v1 − v2),R(v1 − v2)〉
= 〈A∗

A(v1 − v2),v1 − v2〉 = %A(v1 − v2)%2 ⇒ Av1 = Av2.

It is clear that U1 is surjective however since it is also an isometry onto its range it is bijective.
The Rank-Nullity Theorem now implies that

dim ran R = dim ran A.

Pick orthonormal bases for (ran R)⊥ and (ran A)⊥ denoted {ej}
m
j=1 and {fj}

m
j=1 respectively.

Any vector u ∈ Hn can now be uniquely decomposed as

u = v +
m!

j=1

ajej

where v ∈ ran R. We define U : Hn → Hn by

Uu = U

&
v +

m!

j=1

ajej

)
= U1v +

m!

j=1

ajfj.
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Then U is an isometry since the Pythagorean Theorem implies that

%U(u)%2 =

%%%%%U1v +
m!

j=1

ajfj

%%%%%

2

= %U1v%2 +
m!

j=1

|aj|
2 = %v%2 +

m!

j=1

|aj|
2

=

%%%%%v +
m!

j=1

ajej

%%%%%

2

= %u%2 .

We have left to verify that UR = A. Let u ∈ Hn be arbitrary then

URu = U1Ru = Au

and thus the result now follows.

Proof of Theorem 2.23. Let {ej}
n
j=1 be a basis of eigenvectors of

√
A∗A where ej corresponds

to the eigenvalue µj(
√
A∗A) = σj(A). Any vector v ∈ Hn can be written

v =
n!

j=1

〈v, ej〉ej

and applying
√
A∗A we find that

√
A∗Av =

n!

j=1

σj(A)〈v, ej〉ej.

By the Polar Decomposition we can find a isometry U such that U
√
A∗A = A. Note that if we

define fj = Uej then {fj}
n
j=1 is an orthonormal basis of Hn. Indeed

〈fj,fi〉 = 〈Uej,Uei〉 = 〈U∗
Uej, ei〉 = 〈ej, ei〉.

Thus we find that

Av = U

√
A∗Av =

n!

j=1

σj(A)〈v, ej〉fj.

In matrix form we conclude the following corollary:

Corollary 2.27. Let A ∈ Mn×m then we can find unitary matrices U ∈ Mn×n and V ∈ Mm×m

such that

A = UΣV ∗

where Σ = diag (σ1(A), . . . , σn(A)).
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3 Analytic Theory of the Spectrum of a Parameter Per-

turbation

We now turn our attention to the spectral analysis of the parameter perturbation A+ tF where
A and F are Hermitian operators in L(Hn) and t ∈ R. We study both first and second order
Taylor formulas with the aim of proving Theorem 1.1, here reformulated in Theorem 3.5 and
Theorem 3.6.

As stated before the results of this section are previously known and can be proven directly
if certain properties concerning the analyticity of the spectrum are taken for granted. However
we have not found the method which we supply using matrix decompositions in the standard
literature on the subject. After having given our proof we will also supply the one presented
by David Hilbert and Richard Courant.

Furthermore it turns out that the methods developed in this section will be applicable to
global perturbations. This will allow us to give a short proof of Theorem 1.2 which is stated in
a recent article [10].

3.1 Decomposing the Perturbation

We begin by introducing some terminology which we will use. Let A be a given Hermitian
operator in L(Hn). The Spectral Theorem implies that we can decompose Hn as a direct sum
of eigenspaces of A. These are necessarily orthogonal to each other. Suppose that A has m
different eigenvalues so that λp(j)(A) for j = 1, . . . ,m is a distinct enumeration of these with
λp(j0)(A) denoting the first occurrence of λp(j0)(A) in the collection {λj(A)}nj=1. If we denote
Nj = ker(A− λp(j)(A)I) we see that

Hn =
m0

j=1

ker(A− λp(j)(A)I) =
m0

j=1

Nj

and thus by choosing a basis for each kernel we find that the matrix representation of A is
given by

1

2223

λp(1)(A)I 0 · · · 0
0 λp(2)(A)I · · · 0
...

...
. . .

...
0 0 · · · λp(m)(A)I

4

5556
(6)

where each λp(j)(A) is unique.
Consider now another Hermitian operator F in L(Hn) and let PNj

denote orthogonal pro-
jection onto Nj. If we write PN⊥

j
= I − PNj

then

F = (PNj
+ PN⊥

j
)F(PNj

+ PN⊥
j
)

= PNj
FPNj

+ PNj
FPN⊥

j
+ P

⊥
Nj
F(PNj

+ PN⊥
j
).

Since

(PNj
FPNj

)∗ = PNj
FPNj
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we see that PNj
FPNj

is an Hermitian operator. Also PNj
FPNj

is invariant under Nj and
therefore The Spectral Theorem implies that we can find an orthonormal basis of Nj consisting
of eigenvectors of PNj

FPNj
. Doing this for every eigenspace we obtain an orthonormal basis for

Hn which we denote with {ei}
n
i=1. Since ei is an eigenvector of A the matrix representation of

A with respect to this basis will be of the form in equation (6). The matrix form of F , denoted
F , will be what we choose to call block-wise diagonal in accordance with the same definition
given in [10]. What we mean by this is that if λi(A) = λj(A) but i ∕= j then F(i,j) = 0.
Therefore F will be of the form

F =

1

2223

ΛF1 ∗ · · · ∗
∗ ΛF2 · · · ∗
...

...
. . .

...
∗ ∗ · · · ΛFm

4

5556

where each ΛFj
is the diagonal matrix which represents the operator PNj

FPNj
of the form

ΛFj
=

1

2223

λp(j)(PNj
FPNj

) 0 · · · 0
0 λp(j)+1(PNj

FPNj
) · · · 0

...
...

. . .
...

0 0 · · · λp(j+1)−1(PNj
FPNj

)

4

5556
. (7)

We see that this definition of Fj implies that the diagonal is ordered non-increasingly.

Definition 3.1. Let A and F be given Hermitian operators in L(Hn). Choosing an orthonor-
mal basis of eigenvectors of A such that the matrix representation of A is of the form in equation
(6) the matrix representation of F denoted F ∈ Mn×n is said to be block-wise diagonal if

F(i,j) = 0

for indices i, j where λi(A) = λj(A) and i ∕= j. If the additional assumption is placed that
F(i,i) < F(j,j) whenever i < j and λi(A) = λj(A) we say that the matrix F has block-wise
decreasing diagonal.

We note that the matrix F given in Equation (7) has a block-wise decreasing diagonal
precisely when the eigenvalues of PNj

FPNj
are distinct.

Definition 3.2. Given a Hermitian operator A we say that the Hermitian operator F is a
simple perturbation of A if the eigenvalues of PNj

FPNj
are distinct for every j. We let F (A)

denote the collection of such operators.

It is worth noting that if A has simple eigenvalues then F (A) coincides with the set of
Hermitian operators on Hn. We gather the results of this section in the following lemma:

Lemma 3.3. Given Hermitian operators A and F in L(Hn) there exists an orthonormal basis
{ei}

n
i=1 consisting of eigenvectors of A such that the matrix representation of F with respect to

this basis will be block-wise diagonal as represented in equation (7).
Furthermore if F ∈ F (A) then the matrix representation of F can be chosen to have a

block-wise decreasing diagonal.
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3.2 First Order Expansion of the Spectrum

Our first result will concern estimating the first order term in the Taylor expansion of the
eigenvalues of A+ tF where t ∈ R and A and F are Hermitian operators in L(Hn). The reason
for considering this specific case before the second order expansion is that it illustrates the
method that we will use later for more complicated matrices. Furthermore the result is more
general in the sense that it allows for any Hermitian perturbation F and not just the simple
perturbations of A as will be the case with the second order expansion. Since the argument
supplied in the proof will be repeated several times in this text we take extra care to present
the proof in a rigorous manner.

Theorem 3.4. Let A and F be Hermitian operators in L(Hn) and let j0 be the first index
of occurrence of the eigenvalue λj0(A) with multiplicity l in the collection {λj(A)}nj=1. The
eigenvalues of A+ tF for real t then satisfy

λj(A+ tF) = λj(A) + tλj−j0+1(PNFPN ) +O(t2), j ∈ {j0, . . . , j0 + l − 1}.

Proof. Suppose first that the Hermitian operator A satisfies dim kerA = l ≥ 1. This is the
same as saying that 0 is an eigenvalue of A with algebraic multiplicity l. Define j0 as the first
index j with λj(A) = 0. From Lemma 3.3 we gather that there exists an orthonormal basis
{ej}

n
j=1 of eigenvectors of A such that the matrix representation of A+ tF is given by

ΛA + tF =

"
0 0
0 Λτ

#
+

"
tΛρ tY
tY ∗ tZ

#
.

Here {ej}
l
j=1 are the eigenvectors which correspond to the eigenvalue 0 while {ej}

n
j=l+1 are the

eigenvectors which correspond to the non-zero eigenvalues ofA. The matrix Λρ = diag (ρ1, . . . , ρl)
consists of the eigenvalues of PkerAFPkerA ordered non-increasingly so that ρj = λj(PkerAFPkerA).
Since Λτ = diag (τl+1, . . . , τn) is a diagonal matrix whose diagonal entries are non-zero it is
invertible and therefore Theorem 2.3 implies that Λτ + tZ is invertible for small t. By applying
the decomposition of Lemma 2.14 we see that another matrix representation of A + tF in a
basis which is not necessarily orthonormal is given by

Ψ(t) =

&
tΛρ − tY (Λτ + tZ)−1tY ∗ tY

(Λτ + tZ)−1tY ∗
7
tΛρ − tY (Λτ + tZ)−1tY ∗

8
(Λτ + tZ)−1tY ∗tY + Λτ + tZ

)

=

"
tΛρ +O(t2) O(t)

O(t2) Λτ +O(t)

#
.

(8)

Boundedness of (Λτ + tZ)−1 in a neighborhood of the origin follows from Corollary 2.5 and by
Corollary 2.16 we know that the eigenvalues of A+ tF are contained in Gershgorin disks Cj(t)
expanded along the columns of Ψ. These are the disks {Cj(t)}

n
j=1 where

Cj(t) =

*
ζ ∈ C |

++ζ − tρj − (tY (Λτ + tZ)−1tY ∗)(j,j)
++ ≤

!

k ∕=j

|(Ψ(t))(k,j)|

9

⊆
:
ζ ∈ C | |ζ − tρj| ≤ Kjt

2
;
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if 1 ≤ j ≤ l and

Cj(t) =

*
ζ ∈ C |

++++ζ − τj − t2
7
(Λτ + tZ)−1Y ∗Y

8

(j,j)
− tZ(j,j)

++++ ≤
!

k ∕=j

|(Ψ(t))(k,j)|

9

⊆ {ζ ∈ C | |ζ − τj| ≤ Kj|t|}

if l + 1 ≤ j ≤ n. Here {Kj}
n
j=1 denotes a collection of positive numbers. As t → 0 it is clear

that the l first disks Cj(t) tends to 0 while the remaining n− l disks Cj(t) tends to the non-zero
eigenvalues of A denoted {τj}

n
j=l+1. It is clear from this that we can make the l first disks

disjoint from the remaining n− l disks. For a pictorial representation see Figure 1.

Figure 1: An illustration of the Gershgorin disks for the perturbation A + tF . In reality we
need only consider the restriction of these to the real line since the eigenvalues will be real,
however for illustrative reasons we imagine these as subsets of C.

By Theorem 2.20 we know that unions of Gershgorin disks which are disjoint from the
remaining Gershgorin disks will contain as many eigenvalues as there are disks in the union.
Let ρj1 ∕= ρj2 , we claim that we can choose t such that Cj1(t) and Cj2(t) are disjoint if t is small.
Indeed if ζ ∈ Cj1(t) ∩ Cj2(t) then

|ζ − tρj1 | = O(t2) and |ζ − tρj2 | = O(t2)

hold simultaneously. If these were to hold for all t > 0 then

|tρj1 − tρj2 | ≤ |ζ − tρj1 |+ |ζ − tρj2 | = O(t2)

⇒ |ρj1 − ρj2 | ≤ C|t|

for some C > 0. Now this is a contradiction since ρj1 ∕= ρj2 . Let that ρj denote an eigenvalue
of Λρ with multiplicity lj. It follows that we can make the lj Gersghorin disks corresponding
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to ρj disjoint from the disks we exclude. Therefore each eigenvalue of Λρ can be matched with
precisely one eigenvalue of A+ tF which lies within a distance of O(t2). This implies that if t
is sufficiently small then

λj(A+ tF) = tλj−j0+1(PNFPN ) +O(t2), j ∈ {j0, . . . , j0 + l − 1}.

The extension to arbitrary eigenvalues is now straight-forward. For a given Hermitian
operator A we let j0 be the first index of occurrence of λj0(A) in the collection {λj(A)}nj=1

and suppose that λj0(A) has multiplicity l. Then the operator A
′ = A − λj0(A)I satisfies

λj(A
′) = λj(A) − λj0(A)I and N defined by N = ker(A − λj0I) is the kernel of A

′. By
applying our previous reasoning we conclude that

λj(A
′ + tF) = tλj−j0+1(PNFPN ), j ∈ {j0, . . . , j0 + l − 1}.

But then since λj(A
′ + tF) = λj(A− tF)− λj0(A)I the result now follows.

3.3 Second Order Expansion of the Spectrum

We again study the perturbation A+tF where A and F denotes Hermitian operators in L(Hn)
and t ∈ R but this time we add the additional condition that F ∈ F (A) with the purpose of
deriving a second order expansion for the eigenvalues.

In order to simplify the presentation we drop the focus on the ordering of the eigenvalues
given by the functions λj and instead denote the eigenvalues of A with {αj}

n
j=1. The eigenvalues

of PNj
FPNj

, previously denoted ρi satisfies

ρi = 〈Fei, ei〉

where {ei}
n
i=1 is a basis of eigenvectors of A chosen such that the matrix representation of F

has a block-wise decreasing diagonal.

Theorem 3.5. Let A and F be Hermitian operators in L(Hn) where F ∈ F (A). Let {ej}
n
j=1

denote an orthonormal basis consisting of eigenvectors of A with corresponding eigenvalues
{αj}

n
j=1 in which the matrix representation of F has a block-wise decreasing diagonal. Then

the eigenvalues of A+ tF denoted ξ1(t), . . . , ξn(t) can be ordered so that they satisfy

ξj(t) = αj + t〈Fej, ej〉 − t2
!

p:αp ∕=αj

|〈Fej, ep〉|2

αp − αj

+O(t3), j ∈ {1, . . . , l}.

Before turning to the proof we will need to construct a basis which will simplify our problem.
This decomposition is taken from [10]. Similar to the previous study of a first order formula, we
first consider the case where the operator A has a non-trivial kernel and denote l = dimkerA.
Since F ∈ F (A) it follows by Lemma 3.3 that we can find an orthonormal basis {ei}

n
i=1 of Hn

consisting of eigenvectors of A such that the matrix representation of F with respect to this
basis has a block-wise decreasing diagonal. By arrangement of the basis we can assume that
the matrix representation of A is of the form

"
0 0
0 Λτ

#
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where Λτ is the diagonal matrix which contains the non-zero eigenvalues of A. The matrix
representation of F will be of the form

"
Λρ Y
Y ∗ Z

#

where Λρ = diag (ρ1, . . . , ρl) and ρ1 > ρ2 > · · · > ρl. These are the elements 〈Fej, ej〉. We
define the vectors {vj(t)}

n
j=1 by

vj(t) = ej + t ·
!

p:αp=αj

p ∕=j

〈(A− αjI)
†
Fej,Fep〉

〈Fep, ep〉 − 〈Fej, ej〉
ep.

Since vj(t) is a linear combination of eigenvectors of A corresponding to the same eigenvalue
αj it follows that vj(t) is an eigenvector of A corresponding to the eigenvalue αj. We now aim to
express this set of vectors in matrix form to simplify our arguments. To that end we introduce
the matrix N defined by

N(i,j) =

*
0, αi ∕= αj or i = j
(F ∗(Λα−αjI)

†F )(i,j)
F(i,i)−F(j,j)

, otherwise.
(9)

By the definition it is clear that the matrix N will be invariant under the kernels ker(A−αjI)
and thus has its representation as

N =

<

============>

?
0 ∗
∗ 0

@
0 0 0

0

?
0 ∗
∗ 0

@
0 0

0 0
. . . 0

0 0 0

?
0 ∗
∗ 0

@

A

BBBBBBBBBBBBC

.

Furthermore we see that the matrix whose columns are the coordinates of the vectors
{vj(t)}

n
j=1 with respect to the basis {ej}

n
j=1 is precisely the matrix denoted Vap(t) which we

define as

Vap(t) = I + tN. (10)

We choose the notation Vap in accordance with [10] where it is claimed that this matrix will
form an approximate basis of eigenvectors, something we will prove later. By Theorem 2.3 we
see that Vap(t) is invertible if t is small enough which implies that {vj(t)}

n
j=1 in this case will

form a basis of Hn. The inverse is explicitly given by

V −1
ap = (I + tN)−1 =

∞!

k=0

(−tN)k = I − tN +O(t2).
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Since vj(t) is an eigenvector of A the matrix representation of A with respect to the basis
{vj(t)}

n
j=1 is given by

ΛA =

"
0 0
0 Λτ

#
.

We proceed by studying the effects of this change of basis to the operator F . If we express N
in block-form

N =

"
N11 0
0 N22

#

then we see that the matrix representation of tF with respect to the basis {vj(t)}
n
j=1 becomes

(I+tN)−1tF (I + tN)

=

""
I − tN11 0

0 I − tN22

#
+O(t2)

#"
tΛρ tY
tY ∗ tZ

#"
I + tN11 0

0 I + tN22

#

=

"
(I − tN11)tΛρ(I + tN11) (I − tN11)tY (I + tN22)
(I − tN22)tY

∗(I + tN11) (I − tN22)tZ(I + tN22)

#
+O(t3)

=

"
tΛρ + t2(ΛρN11 −N11Λρ) +O(t3) tY +O(t2)

tY ∗ +O(t2) tZ +O(t2)

#
.

By definition of N we find that if 1 ≤ i, j ≤ l = dimkerA then

N(i,j) =

*
0 i = j
(Y Λ−1

τ Y ∗)(i,j)
ρi−ρj

otherwise.

And therefore

(ΛρN11 −N11Λρ)(i,j) =
l!

k=1

(Λρ)(i,k)(N11)(k,j) − (N11)(i,k)(Λρ)k,j

=

*
0 i = j
(Y Λ−1

τ Y ∗)(i,j)
ρi−ρj

(ρi − ρj) otherwise

why

ΛρN11 −N11Λρ = (Y Λ−1
τ Y ∗)− I ◦ (Y Λ−1

τ Y ∗).

The operation ◦ denotes the Hadamard product. The matrix representation of the perturbation
A+ tF with respect to the basis {vj(t)} becomes

"
tΛρ + t2((Y Λ−1

τ Y ∗)− I ◦ (Y Λ−1
τ Y ∗)) +O(t3) tY +O(t2)

tY ∗ +O(t2) Λτ + tZ +O(t2)

#
. (11)

Having introduced this basis we are now in a position to prove Theorem 3.5. While the
decomposition is taken from [10] the proof we supply from this point on is novel to the best of
our knowledge.
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Proof of theorem 3.5. By applying the decomposition of Lemma 2.14 twice in order to the
matrix representation of A + tF given in Equation (11), while using the fact that (Λτ + tZ +
O(t2))−1 = Λ−1

τ +O(t) we find that

"
tΛρ + t2((Y Λ−1

τ Y ∗)− I ◦ (Y Λ−1
τ Y ∗)) +O(t3) tY +O(t2)

tY ∗ +O(t2) Λτ + tZ +O(t2)

#

∼
"
tΛρ + t2((Y Λ−1

τ Y ∗)− I ◦ (Y Λ−1
τ Y ∗))− t2Y Λ−1

τ Y ∗ +O(t3) tY +O(t2)
O(t2) Λτ +O(t)

#

=

&
tΛρ − t2

D
I ◦ (Y Λ−1

τ Y ∗)
E
+O(t3) tY +O(t2)

O(t2) Λτ +O(t)

)

∼
&
tΛρ − t2

D
I ◦ (Y Λ−1

τ Y ∗)
E
+O(t3) tY +O(t2)

O(t3) Λτ +O(t)

)

=

&
tΛρ − t2

D
I ◦ (Y Λ−1

τ Y ∗)
E
+O(t3) O(t)

O(t3) Λτ +O(t)

)
.

(12)

Note that the matrix in the upper left position is diagonal up to errors of O(t3). We let
{Cj(t)}

n
j=1 denote the Gershgorin disks of this matrix where Cj(t) denotes the disk centered

at the jth diagonal element and whose radius is given by the sum in absolute value of the off-
diagonal elements of the jth column in accordance with Corollary 2.16. Similar to the situation
in the proof of Theorem 3.4 it is clear that the l first disks can be made disjoint from the
remaining n− l disks by restricting the size of t since the l-first will tend to the origin while the
remaining disks will converge to the non-zero eigenvalues of A. Furthermore since each ρi is
distinct we can make each of the l first Gershgorin disks disjoint from each other. Theorem 2.20
now implies that if we denote the eigenvalues of A+ tF with {ξj(t)}

n
i=1 then we can arrange it

so that if j ∈ {1, . . . , l} then

ξj(t) = tρj − t2(Y Λ−1
τ Y ∗)(j,j) +O(t3)

= tρj − t2
n−l!

p=1

|Y(j,p)|
2

τp
= t〈Fej, ej〉 − t2

n!

p=l

|〈Fep, ej〉|2

〈Aep, ep〉
+O(t3)

= t〈Fej, ej〉 − t2
!

p:αp ∕=0

|〈Fep, ej〉|2

αp

+O(t3).

This proves that the l eigenvalues of A + tF which converge to 0 as t → 0 can be written
in the form stipulated by the theorem.

Now consider an arbitrary Hermitian operator A in L(Hn) with eigenvalues α1, . . . ,αn and
an associated basis of eigenvectors {ej}

n
j=1 chosen such that the matrix representation of F

with respect to this basis has block-wise decreasing diagonal elements. We define A′ = A−αiI
so that A

′ has a non-trivial kernel with dimkerA′ = l > 0 and denote the eigenvalues of A′

with α′
1, . . . ,α

′
n where α′

j = αj − αi. Since the eigenspaces of A and A
′ agree we find that

F (A) = F (A′). The previous case proves that the eigenvalues of A′ + tF denoted {ξ′j(t)}
n
j=1
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can be ordered so that if j ∈ {1, . . . , l} then

ξ′j(t) = t〈Fej, ej〉 − t2
!

p:α′
p ∕=0

|〈Fep, ej〉|2

α′
p

+O(t3).

Since the eigenvectors of A + tF are simply ξ′j(t) + αi for j ∈ {1, . . . , n} we see that the
eigenvalues of A+ tF denoted {ξj(t)}

n
j=1 can be ordered so that if j ∈ {1, . . . , l} then

ξj(t) = αi + t〈Fej, ej〉 − t2
!

p:αp ∕=αi

|〈Fep, ej〉|2

αp − αi

+O(t3)

which was precisely the formula we were supposed to show.

Since the formula exists even without the restriction that F ∈ F (A) it seems natural to
believe that this result should be valid for all perturbations A + tF . For instance, since the
set F (A) is dense in the space of Hermitian operators in L(Hn) we could pick a sequence
Fk ∈ F (A) which converges to F and then conclude that the eigenvalues of A + tF as limits
of A+ tFn would satisfy the formula. However here the reasoning breaks down since the error
term incorporates the bad behaviour of the matrix N as the distance between the eigenvalues
of Λρ decreases. We have not been able to find another method using matrix decompositions
which allows us to lift the restriction that F ∈ F (A), however, using the method described by
Hilbert and Courant we will show that the formula extends to every Hermitian F .

3.4 First Order Expansion of the Eigenvectors

Having derived a second order expansion of the eigenvalues of perturbations of the form A+ tF
where A is Hermitian and F ∈ F (A) we now turn our attention to the eigenvectors. In
particular we want to prove the first order expansion given in Theorem 1.1 which formulated
in terms of general n-dimensional Hilbert spaces becomes:

Theorem 3.6. Let A and F be Hermitian operators in L(Hn) with the additional requirement
that F ∈ F (A). If {ej}

n
j=1 denotes an orthonormal basis of eigenvectors of A with correspond-

ing eigenvalues {αj}
n
j=1 then there are orthonormal eigenvectors {uj(t)}

n
j=1 of A + tF which

can be ordered so that they satisfy

uj(t) = ej + t

1

23
!

p:αp=αj

p ∕=j

〈(A− αjI)Fej,Fep〉
〈Fep, ep〉 − 〈Fej, ej〉

ep −
!

p:αp ∕=αj

〈Fej, ep〉
αp − αj

ep

4

56+O(t2). (13)

Our method of proof is heavily inspired by a proof of a similar result in [10]. There the result
is attained for global perturbations of the form A+ E where E varies. We begin by translating
the problem into matrix form. Having chosen a basis {ej}

n
j=1 of eigenvectors of A such that F

has a block-wise decreasing diagonal in accordance with Definition 3.2 we obtain that the matrix
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representation of our perturbation A+ tF becomes ΛA+ tF where ΛA = diag (α1, . . . ,αn). We
define the matrix M ∈ Mn×n by

M(i,j) =

*
1

αi−αj
, αi ∕= αj

0, otherwise.

If we recall the definitions of the matrices N and Vap(t) defined in Equation (9) and Equation
(13) respectively then we see that the matrix whose jth column correspond to the coordinates
of the vector uj(t) given in Equation (13) with respect to the basis {ej}

n
j=1 becomes

U(t) = Vap(t)− tM ◦ F +O(t2) = I + t(N −M ◦ F ) +O(t2).

We again choose to begin studying the case where A has a non-trivial kernel of dimension l.
The matrix representation of A+ tF can then be chosen as before to be of the form

"
0 0
0 Λτ

#
+ t

"
Λρ Y
Y ∗ Z

#
.

Reusing the notation of Theorem 3.5 we denote the eigenvalues of A+tF with {ξj(t)}
n
j=1 where

the same theorem implies that

ξj(t) = αj + t〈Fej, ej〉 − t2
!

p:αp ∕=αj

|〈Fej, ep〉|2

αp − αj

+O(t3), j ∈ {1, . . . , n}.

Denoting

ρj = 〈Fej, ej〉

and

βj =
!

p:αp ∕=αj

|〈Fej, ep〉|2

αp − αj

we can express the eigenvalues ξj(t) as

ξj(t) = αj + tρj − t2βj +O(t3).

In particular we see that if j ∈ {1, . . . , l} then αj = 0 and therefore ξj(t) = O(t). Furthermore
since F ∈ F (A) we see that the ρj are all distinct, implying that the eigenvalues of A + tF
will be simple if t > 0 is small enough. Thus for a fix q ∈ {1, . . . , l} we find that

A+ tF − ξq(t)I

will have a 1-dimensional kernel whose non-zero elements are eigenvectors of A + tF corre-
sponding to ξq(t). We define the matrix Ψ(t) by

Ψ(t) := (Vap(t))
−1(A+ tF − ξq(t)I)Vap(t)
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It then follows from equation (11) that Ψ(t) is given by

(Vap(t))
−1(A+ tF − ξq(t)I)Vap(t)

=

"
tΛρ + t2((Y Λ−1

τ Y ∗)− I ◦ (Y Λ−1
τ Y ∗)) +O(t3) tY +O(t2)

tY ∗ +O(t2) Λτ + tZ +O(t2)

#
− ξq(t)I

=

"
tΛρ + t2((Y Λ−1

τ Y ∗)− I ◦ (Y Λ−1
τ Y ∗))− ξq(t)I +O(t3) tY +O(t2)

tY ∗ +O(t2) Λτ − ξq(t)I + tZ +O(t2)

#
.

If we write M in its block form:

M =

"
0 M12

M21 M22

#

then

I − tM ◦ F =

"
I tM12 ◦ F12

tM21 ◦ F21 I + tM22 ◦ F22

#
.

Since we assumed that α1 = · · · = αl = 0 the blocks M12 and M21 are given by

M12 =

<

=>

1
αl+1

· · ·
1
αn

...
. . .

...
1

αl+1
· · ·

1
αn

A

BC = −M t
21.

We can therefore write

M12 ◦ F12 = M12 ◦ Y = Y Λ−1
τ

and

M21 ◦ F21 = −M t
12 ◦ Y ∗ = −(Y Λ−1

τ )∗ = −Λ−1
τ Y ∗.

In total this implies that

I − tM ◦ F =

"
I tY Λ−1

τ

−tΛ−1
τ Y ∗ I + tM22 ◦ Z

#
.

Now we again want to apply the theory of Schur complements and in particular Lemma 2.14.
To that end we focus our attention on the matrix

Uap(t) =

"
I 0

−t(Λτ + tZ)−1Y ∗ I

#
=

"
I 0

−tΛτY
∗ +O(t2) I

#

noting that the first l columns of Uap(t) differ by O(t2) from the first l columns of I − tM ◦ F .
It therefore suffices to prove that the q:th column of Uap(t) given by Uap(t)eq lies within O(t2)
from an actual non-zero vector in the kernel. Here the vectors {ej}

n
j=1 denote the canonical
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basis for Cn which should not be confused with the basis {ej}
n
j=1 of Hn. Applying Uap(t) to

the decomposition Ψ(t) leaves us with

Ψ(t)Uap(t) =

"
tΛρ − ξq(t)I − t2[I ◦ (Y Λ−1

τ Y ∗)] +O(t3) tY +O(t2)
tξq(t)(Λτ + tZ)−1Y ∗ Λτ − ξq(t)I + tZ +O(t2)

#

=

"
tΛρ − ξq(t)I − t2[I ◦ (Y Λ−1

τ Y ∗)] +O(t3) O(t)
O(t2) Λτ +O(t)

#
.

(14)

We will use a method described in [10] to find a non-zero vector for the matrix in Equation
(14).

Lemma 3.7. Let A ∈ Mn×n. If detA = 0 then for a fix i ∈ {1, . . . , n} a vector in kerA is
given by w = (w1, . . . , wn) where

wj = (−1)i+j detA(i,j).

Remark. The vector w is obtained by letting its jth component be the determinant of the
matrix

1

2222222223

A(1,1) · · · A(1,j−1) A(1,j) A(1,j+1) · · · A(1,n)
...

. . .
...

...
...

. . .
...

A(i−1,1) · · · A(i−1,j−1) A(i−1,j) A(i−1,j+1) · · · A(i−1,n)

0 · · · 0 1 0 · · · 0
A(i+1,1) · · · A(i+1,j−1) A(i+1,j) A(i+1,j+1) · · · A(i+1,n)

...
. . .

...
...

...
. . .

...
A(n,1) · · · A(n,j−1) A(n,j) A(n,j+1) · · · A(n,n)

4

5555555556

.

thus we interchange the ith row of A with the vector ej.

Proof. Let w = (w1, . . . , wn) where wj = (−1)i+j detA(i,j). We let Ak denote the kth row of A.
If j ∕= i the jth row of Aw is given by

Ajw =
n!

k=1

A(j,k)wk =
n!

k=1

A(j,k)(−1)i+k detA(i,k).

We assert that this implies that Ajw = 0. Indeed
Fn

k=1 A(j,k)(−1)i+k detA(i,k) is the determi-
nant of the matrix obtained from A by replacing its ith row with its jth row, and since any
matrix with two identical rows has determinant value 0 it now follows that Ajw = 0. For the
remaining case we consider the ith row of Aw given by

Aiw =
n!

k=1

A(i,k)wk =
n!

k=1

A(i,k)(−1)i+k detA(i,k) = detA = 0.

With this we have established that w ∈ kerA.
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Figure 2: A visual representation of the matrix Ξj(t).

Lemma 3.7 does not imply that the vector obtained is non-zero. For instance if the first
row of a matrix is zero everywhere but the process is applied to some other row than the first,
corresponding to the ith row in the lemma, then the vector w obtained is just the zero vector.

We let Xj(t) denote the matrix obtained from Ψ(t)Uap(t) with the addition that the q:th
row equals ej in accordance with Lemma 3.7. Since Λτ + O(t) is invertible we may consider
the Schur complement of the block Λτ +O(t) of the matrix Xj(t) which we denote as Ξj(t). To
ease with notation we define

Λ(1)
ρ = diag (ρ1, . . . , ρq−1), Λ(2)

ρ = diag (ρq+1, . . . , ρl)

Λ
(1)
β = diag (β1, . . . , βq−1), Λ

(2)
β = diag (βq+1, . . . , βl).

By definition of the Schur complement it follows that Ξj(t) is given by

Ξj(t) =

1

23
t(Λ

(1)
ρ − ρqI)− t2(Λ

(1)
β − βqI) +O(t3) O(t3)

∗ ∗
O(t3) t(Λ

(2)
ρ − ρqI)− t2(Λ

(2)
β − βqI) +O(t3)

4

56 .

The qth row marked with asterisk is of one of two forms: If j ∈ {1, . . . , l} then it simply is
0 on all position except for the jth column where it is 1. If j ∈ {l + 1, . . . , n} then it is O(t2)
at all positions. Lemma 2.13 implies that

detXj(t) = det(Λτ +O(t)) detΞj(t)

Now consider the formula for the determinant given in equation (1)

detΞj =
l!!

p=1

sgn (πp)
l$

k=1

(Ξj)(k,πp(k)).
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We see that if j ∈ {1, . . . , l} then the permutation in the sum must satisfy πp(i) = j in order
for the pth summand to be non-vanishing. This implies that if j = q then the determinant will
be of the form

detΞq = tl−1

l$

k=1
k ∕=q

(ρk − ρq) +O(tl).

To see this note that the product of all diagonal entries is of the form

tl−1

l$

k=1
k ∕=q

(ρk − ρq) +O(tl)

and every summand of the determinant where πk is not the identity will be of the form O(tl+1).
This means that we can find δ such that

| detΞq| ≥
|tl−1

|

2

l$

k=1
k ∕=q

|ρk − ρq|

if 0 < |t| < δ.
If j ∈ {1, . . . , q − 1, q + 1, . . . , l} then every summand of the determinant must get contri-

butions from at least two off-diagonal elements which implies that

detΞj = O(tl+3).

Finally if j ∈ {l+ 1, . . . , n} then every summand of the determinant must contain at least one
element from the qth row which is O(t2). If all other choices are from the diagonal then we
find that the summand is O(t2 · tl−1) = O(tl+1). All other summands of the determinant are of
higher or equal degree. We conclude that in this case

detΞj(t) = O(tl+1).

Finally focusing our attention on det(Λτ +O(t)) we use the fact that A &→ detA is continuous
to conclude that det(Λτ + O(t)) → detΛτ ∕= 0 as t → 0. In particular | det(Λτ + O(t))| is

bounded below by | detΛτ |
2

if 0 < |t| < δ′ for some δ′ ∈ (0, δ). If we define

w(t) = (w1(t), . . . , wn(t))

where wj(t) = detXj(t) then w(t) satisfies

|wq(t)| ≥

1

23
| detΛτ |

4

l$

k=1
k ∕=q

|ρk − ρq|

4

56 |t|l−1

while

wj(t) = O(tl+1)
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for j ∈ {1, . . . , q − 1, q + 1, . . . , n}. If we define v(t) = (v1(t), . . . , vn(t)) in a neighborhood of
the origin via

v(t) =
w(t)

wq(t)

then

vj(t) =

*
1, j = q

O(t2), j ∕= q

and therefore v(t) = eq + O(t2). We have thus shown that a non-zero vector in the kernel of
A+ tF − ξqI is given by

Vap(t)Uap(t)(eq +O(t2)) = (I + tN)(I − tM ◦ F )eq +O(t2)

= (I + t(N −M ◦ F ))eq +O(t2).

Normalizing we find that a non-zero vector in the kernel of A + tF − ξq(t)I of unit length is
given by

(I + t(N −M ◦ F ))eq.
1 +O(t2)

+O(t2) = (I + t(N −M ◦ F ))eq +O(t2).

This n× 1 matrix corresponds to the vector

eq + t

1

223
!

p:αp=0
p ∕=q

〈(A− αqI)Feq,Fep〉
〈Fep, ep〉 − 〈Feq, eq〉

ep −
!

p:αp ∕=0

〈Feq, ep〉
αp

ep

4

556+O(t2)

in Hn which we denote with uq. We now complete the proof for the general case.

Proof of Theorem 3.6. We consider an arbitrary Hermitian operator A in L(Hn). The operator
A

′ defined via A
′ = A − αjI has the same eigenspaces as A and thus F (A) = F (A′). We

denote the eigenvalues of A′+tF with {ξ′i(t)}
n
i=1 where the l first indices denotes the eigenvalues

which tend to 0 as t → 0. By our previous reasoning we gather that a normalized eigenvector
of A′ + tF corresponding to ξq(t)

′ denoted u′
q(t) satisfies

u′
q(t) = eq + t

1

223
!

p:α′
p=0

p ∕=q

〈(A′ − α′
qI)Feq,Fep〉

〈Fep, ep〉 − 〈Feq, eq〉
ep −

!

p:α′
p ∕=0

〈Feq, ep〉
α′
p

ep

4

556+O(t2).

Now the eigenvectors ofA′+tF andA+tF agree. Since α′
p = αp−αj andA

′ = A+αjI = A+αqI
we find that a normalized eigenvector of A+ tF corresponding to ξq(t) is given by

uq(t) = eq + t

1

23
!

p:αp=αq

p ∕=q

〈(A− αqI)Feq,Fep〉
〈Fep, ep〉 − 〈Feq, eq〉

ep −
!

p:αp ∕=αq

〈Feq, ep〉
αp − αq

ep

4

56+O(t2).

Doing this for every q we gather the collection of normalized eigenvectors of A + tF denoted
{uq}

n
q=1. Since the eigenvalues of A+ tF are simple if 0 < |t| < δ for some δ > 0 it follows that

these eigenvectors are orthogonal. This completes our proof.
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3.5 The Proof by Hilbert and Courant

As we mentioned in our introduction both Theorem 3.6 and Theorem 3.5 were proven by David
Hilbert and Richard Courant, see Chapter V in [12]. Their approach however relied on the
holomorphic dependence of the eigenvalues and eigenvectors on the perturbation parameter t
and not on matrix decompositions like those we have presented. These holomorphic properties
were first proven by Franz Rellich (see Chapter 9.4 of [15]) and the proofs rely on the fact that
the roots of a polynomial may be expanded in a so called Puiseaux series.

Theorem 3.8 (Rellich). Let A : R &→ L(Hn) be a real analytic mapping where A(t) is Her-
mitian for every t. Then then the eigenvalues are holomorphic functions of the perturbation
parameter t. Furthermore there is a complete orthonormal set of eigenvectors of A(t) which
depend analytically on t.

With this in hand we give the proof of a slight generalization of Theorem 1.1 supplied by
Hilbert and Courant in [12].

Theorem 3.9 (Hilbert-Courant). Let diag (α1, . . . ,αn) = ΛA be an n × n Hermitian matrix
such that the diagonal is ordered non-increasingly. For Hermitian matrices F which satisfy

F(i,j) = 0, i ∕= j, αi = αj

the eigenvalues of A+ tF denoted {ξj(t)}
n
j=1 can be ordered so that they satisfy

ξj(t) = αj + tF(j,j) + t2
!

i:αi ∕=αj

|F(i,j)|
2

αi − αj

+O(t3).

If additionally

F(i,i) > F(j,j), i ∕= j, αi = αj

holds then there is an ordering of orthonormal eigenvectors of ΛA + tF , denoted {uj(t)}
n
j=1,

which satisfy

uj(t) = ej + tvj +O(t2)

where {ej}
n
j=1 denotes the canonical basis of Cn and

vj =
!

p:αp=αj

p ∕=j

(F ∗(Λα − αjI)
†F )(p,j)

F(p,p) − F(j,j)

ep −
!

p:αp ∕=αj

F(p,j)

αp − αj

ep.

Here † denotes the Moore-Penrose inverse.

Proof. We consider the perturbation ΛA+tF where ΛA = diag (α1, . . . ,αn) is a diagonal matrix
and F is block-wise diagonal. We let {ej}

n
j=1 denote the canonical basis of Cn. By Theorem 3.8
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we can express the eigenvalues and eigenvectors of ΛA + tF , denoted {ξj(t)}
n
j=1 and {uj(t)}

n
j=1

respectively as power series:

ξj(t) = αj + tρj + t2βj +O(t3)

uj(t) = ej + tvj + t2wj +O(t2).

Theorem 3.8 further implies that we can assume that %uj(t)% ≡ 1. In component form we
denote

vj = (vj,1, . . . , vj,n),

wj = (wj,1, . . . , wj,n).

Applying the perturbation to uj(t) we obtain

(ΛA + tF )uj(t) = (ΛA + tF )(ej + tvj + t2wj +O(t3))

= ΛAej + t(ΛAvj + Fej) + t2(Λαwj + Fvj) +O(t3).

Since uj is the eigenvector of ΛA + tF corresponding to ξj(t) we also know that

(ΛA + tF )uj(t) = ξj(t)uj(t) = (αj + tρj + t2βj +O(t3))(ej + tvj + t2wj +O(t2))

= αjej + t(ρjej + αjvj) + t2(βjej + ρjvj + αjwj) +O(t3).

Equating these two expressions we conclude that

ΛAej = αjej (15)

ΛAvj + Fej = ρjej + αjvj (16)

Λαwj + Fvj = βjej + ρjvj + αjwj. (17)

Equation (15) is a consequence of the definition of ΛA and does not generate any new in-
formation. Consider the ith row of the vector in Equation (16). On the left-hand side we
have

(ΛAvj)i + (Fej)i = αivj,i + F(i,j)

while the right-hand side equates to

(ρjej)i + αj(vj)i = δijρj + αjvj,i.

Here δij denotes the Kronecker delta function. Setting i = j we see that ρj = F(j,j) which
determines the first order term in the eigenvalue expansion. If αi ∕= αj then the equation
implies that

vj,i =
F(i,j)

αj − αi

.

The case where i ∕= j but αi = αj does not present any new information. We now turn our
attention to Equation (17). Again studying the ith row we find that

αiwj,i + (Fvj)i = βjδij + F(j,j)vj,i + αjwj,i.
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Setting i = j we get the equation

βj = (Fvj)j − F(j,j)vj,j =
!

k:αk ∕=αj

F(j,k)vj,k

=
!

k:αk ∕=αj

F(j,k)F(k,j)

αj − αk

=
!

k:αk ∕=αj

|F(j,k)|
2

αj − αk

.

This determines the coefficients of the eigenvalue expansion.
Assume now that F(i,i) > F(j,j) holds whenever i ∕= j and αi = αj. We consider indices i

such that i ∕= j but αi = αj then Equation (17) implies that

n!

k=1

F(i,k)vj,k = F(j,j)vj,i.

Since F(i,k) = 0 if i ∕= k but αi = αk we find that the sum equals

F(i,i)vj,i +
!

k:αk ∕=αj

F(i,k)vj,k = F(i,i)vj,i +
!

k:αk ∕=αj

F(i,k)F(k,j)

αj − αk

and therefore we can conclude that

vj,i =
1

F(i,i) − F(j,j)

!

k:αk ∕=αj

F(i,k)F(k,j)

αj − αk

.

The only component of vj which is not determined so far is the jth coordinate. We claim that
we can choose it to be 0. Since uj(t) is of constant modulus 1 it follows that

0 =
d

dt
〈uj(t),uj(t)〉 = 〈u′

j(t),uj(t)〉+ 〈uj(t),u
′
j(t)〉

= 〈vj +O(t), ej +O(t)〉+ 〈ej +O(t),vj +O(t)〉
= vj,j + vj,j +O(t) = 2Re vj,j +O(t) ⇒ Re vj,j = 0.

The imaginary component, however, is not well-defined. Any eigenvector may be multiplied
by scalars while retaining its properties as an eigenvector. We choose to multiply uj(t) with a
unimodular constant of the form eiθt = 1 + iθt + O(t2), θ ∈ R. If we consider the component
form of uj(t)e

iθt we have

uj(t)e
iθt =

1

222223

1

222223

0
...
1
...
0

4

555556
+ t

1

222223

vj,i
...

vj,j
...

vj,n

4

555556
+O(t2)

4

555556
(1 + iθt+O(t2))

=

1

222223

0
...
1
...
0

4

555556
+ t

1

222223

vj,1
...

iθ + vj,j
...

vj,n

4

555556
+O(t2)
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Since vj,j is imaginary we may choose θ = −Im vj,j to obtain a new eigenvector such that the
jth component of the first order term is 0.

It is clear that this proof is less technical than those we presented previously however the
proof of Theorem 3.8 which we assumed to be true is a deep result.
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4 Global Perturbations and Applications to Singular Val-

ues

Having studied perturbations of the form A + tF where A and F are Hermitian operators in
L(Hn) we now turn our attention to global perturbations. We recall that these are pertur-
bations of the form A + E where E is a Hermitian operator. However we will now use Schur
complements to derive two eigenvalue approximations of global perturbations which are analo-
gous to the results of the previous section. While these results are proven in [10] we present new
proofs which rely on the Schur complement and Gershgorin’s Circle Theorem. We recall the
definition of λi(A) as the ith eigenvalue of the Hermitian operator A ordered non-increasingly
and counting multiplicities.

4.1 A First Order Approximation of the Spectrum

Our first result gives an approximation of the eigenvalues of A+E whose errors are of the form
O(%E%2).

Theorem 4.1. Let A and E be Hermitian operators in L(Hn) and let α0 denote an eigenvalue
of A of multiplicity l > 0. If j0 is the first occurrence of α0 in the collection {λj(A)}nj=1 then

λj(A+ E) = λj(A) + λj−j0+1(E0) +O(%E%2), j ∈ {j0, . . . , j0 + l − 1}

where E0 is the restriction of Pker(A−α0I)EPker(A−α0I) to ker(A− α0I).

Proof. Assume first that α0 = 0, where dim kerA = l and let j0 be the index of the first
occurrence of 0 in {λj(A)}nj=1. If A and E are Hermitian operators in L(Hn) then it follows
from Lemma 3.3 that we can find a basis denoted {ej}

n
j=1 in which the matrix representation

of E , denoted E, is block-wise diagonal and such that the matrix representation of A is the
diagonal matrix ΛA where

ΛA =

"
0 0
0 Λτ

#
.

In this formula the matrix Λτ contain the eigenvalues of A which are non-zero. By expressing
E in its corresponding block form we write

E =

"
ΛE0 E12

E∗
12 E22

#

where ΛE0 denotes the diagonal matrix whose diagonal consists of the eigenvalues {λj(E0)}
l
j=1

of E0 which is defined by E0 = PkerAEPkerA. If we apply Lemma 2.14 we obtain that

ΛA + E =

"
ΛE0 E12

E∗
12 Λτ + E22

#
∼

"
ΛE0 +O(%E%2) E12

O(%E%2) Λτ +O(%E%)

#
.

By inspection we find that the first l columns have only terms of the form O(%E%2) on the off-
diagonal. Let R > 0 denote the maximal radius of the l first Gershgorin disks when expanded
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along the columns. Then R = O(%E%2). If we now apply Corollary 2.16 we can see that the l
first disks contain l eigenvalues and that these must be the ones which are smallest in modulus.
Indeed the n − l other disks converge to the non-zero eigenvalues of A as E → 0 and thus
becomes separated from the l first disks. Theorem 2.20 now implies that the l first disks indeed
contain l eigenvalues of A+E counting multiplicites. We claim that we can achieve the ordering

λj(A+ E) = λj−j0+1(E0) +O(%E%2), j ∈ {j0, . . . , j0 + l − 1}.

Note first that we can find a permutation of {j0, . . . , j0 + l − 1} denoted π such that

λj(A+ E) = λπ(j)−j0+1(E0) +O(%E%2).

This follows since any cluster of the l first Gershgorin disks will have a diameter bounded by
lR = O(%E%2) and contain as many eigenvalues as disks in the cluster. Now to achieve the
ordering we note that if π(j) > π(j + 1) then since

0 ≤ λπ(j+1)−j0+1(E0)− λπ(j)−j0+1(E0)

and

λπ(j)−j0+1 +O(%E%2) ≥ λπ(j+1)−j0+1(E0) +O(%E%2)

we find that λπ(j+1)−j0+1(E0)−λπ(j)−j0+1(E0) = O(%E%2) and thus we can exchange the ordering
of the permutation so that π(j) < π(j + 1) but keeping the form of the error term. Doing this
for every j we obtain

λj(A+ E) = λj−j0+1(E0) +O(%E%2), j ∈ {j0, . . . , j0 + l − 1}.

Assume now that α0 is an arbitrary eigenvalue of A with multiplicity l and such that j0 is
the first index j where λj(A) = α0. Consider then the operator A′ defined by A

′ = A − α0I.
Since the eigenspaces of A′ and A agree we find that E0 as defined above actually satisfies
E0 = Pker(A−α0I)EPker(A−α0I) on ker(A−α0I). If we apply our previous result we conclude that

λj(A
′ + E) = Λj−j0+1(E0) +O(%E%2).

Since λj(A
′ + E) = λj(A+ E)− α0 = λj(A+ E)− λj0(A) the result now follows.

The proof carried out here differs from the one presented in [10] since it does not require
the matrix M defined in Section 3. In the case of simple eigenvalues Theorem 4.1 implies
differentiability. To see this we consider the perturbation of the form

A+ E

then we can diagonalize A via the unitary matrix U so that

U∗(A+ E)U = ΛA + Ê
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where Ê = U∗EU . If we assume that ker(A− λj0(A)I) is one dimensional then we can express
the perturbation as

ΛA + Ê =

"
α0 0
0 Λτ

#
+

"
ξ Ê12

Ê∗
12 Ê22.

#

The matrix Ê12 is then of the form 1× (n− 1). In this case Theorem 4.1 implies that the j0th
eigenvalue of A+ E satisfies

λj0(A+ E) = λj0(A) + λ1(ξ) +O(%E%2) = λj0(A) + ξ +O(%E%2).

Therefore in this case E &→ λj0(A+ E) is Fréchet differentiable with derivative (U∗EU)(1,1).

4.2 On a Second Order Perturbation result due to Marcus Carlsson

We now turn our attention to deriving an O(%E%3) approximation of the eigenvalues of A+ E

where A and E are Hermitian operators in L(Hn). The result we are interested in is first proven
in [10], however, our proof is novel to our best knowledge and does not rely on estimating the
roots of polynomials but instead uses the trick of applying Lemma 2.14 twice in succession.

Theorem 4.2. Let A and E be Hermitian operators in L(Hn) where α0 is an eigenvalue
of A with multiplicity l > 0 and set j0 to denote the first index where λj0(A) = α0. Let
N = ker(A− α0I) and define the operator B : N → N by

B = PNEPN − PNEPN⊥
'
PN⊥(A− α0I)

†
PN⊥

(
PN⊥EPN

then

λj(A+ E) = λj(A) + λj−j0+1(B) +O(%E%3).

Remark. It should be noted that Theorem 4.1 follows from Theorem 4.2 together with Theorem
2.7.

Proof. Again we consider first the situation where α0 = 0 and choose an orthonormal basis of
Hn consisting of eigenvectors of A denoted {ei}

n
i=1 where the l first vectors form a basis for

N = kerA. Since Hn = N ⊕N
⊥ we see that we can simultaneously choose the basis such that

they are eigenvectors of B since B is Hermitian. We define ΛB = diag (λ1(B), . . . ,λl(B)) and
set Λτ to denote the (n− l)× (n− l) diagonal matrix consisting of the non-zero eigenvalues of
A.

In the basis {ei}
n
i=1 the matrix representation of A+ E becomes

ΛA + E =

"
0 0
0 Λτ

#
+

"
ΛB + CΛ−1

τ C∗ C
C∗ D

#
.
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Applying Lemma 2.14 twice we obtain that

ΛA + E ∼
"
ΛB +O(%E%3) C

O(%E%2) Λτ +O(%E%)

#

∼
"
ΛB +O(%E%3) C

O(%E%3) Λτ +O(%E%)

#
.

(18)

From here on the argument is exactly the same as in the proof of Theorem 4.1. By Corollary
2.16 we find that the eigenvalues of ΛA + E are contained in the Gershgorin disks centered at
the diagonal entries of the last matrix in equation (18). As %E% → 0 we see that we can make
the l Gershgorin disks centered at the diagonal of ΛB + O(%E%3) disjoint from the remaining
n − l Gershgorin disks. Since any cluster of disks centered at ΛB + O(%E%3) would have a
diameter of the form O(%E%3) Theorem 2.20 now implies that

λj(A+ E) = λj−j0+1(B), j ∈ {j0, . . . , j0 + l − 1}.

Now if α0 ∕= 0 we again consider A′ = A− α0I and then the result follows.

If we instead consider a perturbation in matrix form: A + E then we can find a unitary
matrix U which diagonalize A so that

U∗AU = ΛA =

"
α0I 0
0 Λτ

#
.

Now the corresponding block form of E can be written

U∗EU = Ê =

"
Ê11 Ê12

Ê∗
12 Ê22

#
.

We write Λτ−α0 = Λτ − α0I and define

B = Ê11 − Ê12Λ
−1
τ−α0

Ê∗
12

in accordance with the hypothesis of Theorem 4.2. If we then denote the eigenvalues of B with
{βi}

l
i=1 then Theorem 4.2 implies that there is an ordering of the eigenvalues of A+E denoted

{ξi}
n
i=1 such that

ξi = α0 + βi +O(%E%3), i ∈ {1, . . . , l}.

An application of this result to the spectral analysis of the matrix square root and absolute
value can be found in the recent article [11]. We make a final remark that one could drop the
dependence of Ê22 in the error term if one instead considered B of the form

B = Ê11 − Ê12(Λτ−α0 + Ê22)
−1Ê∗

12.

For the purpose of this text however the approximation presented in Theorem 4.2 will suffice.
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4.3 Applications to the Perturbation of Singular Values

Recall the definition of µj(A) as the jth eigenvalue of A ordered non-decreasingly counting
multiplicities or equivalently µj(A) = λn−j+1(A). Let A and E be arbitrary operators in L(Hn),
here we do not require that these are Hermitian. By picking a basis we get the corresponding
matrix representations A and E in Mn×n. Corollary 2.27 implies the existence of unitary
matrices U and V such that

A = UΣV ∗

but then

A+ E = U(Σ+ U∗EV )V ∗.

Note further that

(A+ E)∗(A+ E) = V (Σ+ U∗EV )∗(Σ+ U∗EV )V ∗

which implies that A + E and Σ + U∗EV share singular values. We have thus reduced the
problem of studying arbitrary matrix perturbations A + E to the study of the simple case of
finding singular values of matrices of the form Σ+U∗EV . We consider first a generalization of
Theorem 1 in [8].

Theorem 4.3. Let Σ and Ξ be n× n matrices where Σ is a diagonal matrix of the form
"
ςI 0
0 Λs

#

such that Λs− ςI is invertible and all diagonal entries are non-negative. Let j0 denote the index
of the first occurrence of ς in {σj(Σ)}

n
j=1 and denote its multiplicity with l. Assume further

that Ξ is of the form
"
P Q
R S

#

and finally denote C = ςQ+R∗Λs and B = ς(P +P ∗)+P ∗P +R∗R−C(Λ2
s − ς2I)−1C∗. Then

σj(Σ+ Ξ)2 = σj(Σ)
2 + µj−j0+1(B) +O(%Ξ%3), j ∈ {j0, . . . , j0 + l − 1}.

Proof. By definition the singular-values of Σ + Ξ are the square roots of the eigenvalues of
(Σ+ Ξ)∗(Σ+ Ξ). This expression equals

(Σ+ Ξ)∗(Σ+ Ξ) = Σ∗Σ+ Σ∗Ξ+ Ξ∗Σ+ Ξ∗Ξ.

We proceed by computing each of the summands independently in block-form.

Σ2 =

"
ς2I 0
0 Λs2

#
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For the perturbation we find that

Σ∗Ξ =

"
ςI 0
0 Λs

#"
P Q
R S

#
=

"
ςP ςQ
ΛsR ΛsS

#
,

Ξ∗Σ =

"
P ∗R∗

Q∗S∗

#"
ςI 0
0 Λs

#
=

"
ςP ∗ R∗Λs

ςQ∗ S∗Λs

#
,

Ξ∗Ξ =

"
P ∗ R∗

Q∗ S∗

#"
P Q
R S

#
=

"
P ∗P +R∗R P ∗Q+R∗S
Q∗P + S∗R Q∗Q+ S∗S

#
.

By denoting

C = ςQ+R∗Λs

and

B = ς(P + P ∗) + P ∗P +R∗R− C(Λ2
s − ς2I)−1C∗

Theorem 4.2 together with Theorem 2.7 now implies that the singular values satisfy

σj(Σ+ Ξ)2 = σj(Σ)
2 + µj−j0+1(B) +O(%Ξ%3), j ∈ {j0, . . . , j0 + l − 1}.

Now the form of B may seem unwieldily however in the case of ς = 0 it actually simplifies
as we show in our next theorem where we consider the case of a non-empty kernel.

Theorem 4.4. Let Σ and Ξ be elements of Mn×n where Σ is a diagonal matrix of the form

"
0 0
0 Λs

#
,

Λs is invertible and all diagonal entires are non-negative. Assume further that Ξ is of the form

Ξ =

"
P Q
R S

#

and that σj(P ) ≥ c %Ξ% for some fix c > 0. Then

σj(Σ+ Ξ) = σj(P ) +O(%Ξ%2), j ∈ {1, . . . , l}

where l = dimkerΣ.

Proof. By Theorem 4.3 we find that the singular values satisfy

σj(Σ+ Ξ)2 = σj(Σ)
2 + µj(B) +O(%Ξ%3), j ∈ {1, . . . , l}.

Here σj(Σ) = 0 if j ∈ {1, . . . , l} by assumption. The matrix B is in this case given by

B = P ∗P +R∗R−R∗Λs(Λ
2
s)

−1ΛsR = P ∗P.
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Since σj(P ) = µj(P
∗P ) we conclude that

σj(Σ+ Ξ)2 = σj(P )2 +O(%Ξ%3), j ∈ {1, . . . , l}.

By Taylor’s Theorem
√
1 + x = 1 +O(x) which implies that

σj(Σ+ Ξ) = σj(P )

G

1 +
O(%Ξ%3)
σj(P )2

= σj(P )(1 +O(%Ξ%)) = σj(P ) +O(%Ξ%2)

for j ∈ {1, . . . , l}. Here we used the requirement that σj(P ) ≥ c %Ξ%.

We now use Theorem 4.1 to prove an analogous result for the non-zero singular values. If
ς is non-zero in Theorem 4.3 then if we disregard the terms of the form O(%Ξ%2) we find that
B = ς(P +P ∗)+O(%Ξ%2). By Theorem 2.7 the eigenvalues of B lie within O(%Ξ%2) from those
of ς(P + P ∗). This gives us the following result.

Theorem 4.5. Let Σ be an n× n diagonal matrix with non-negative diagonal of the form

Σ =

"
ςI 0
0 Λs

#
.

Here Λs is a diagonal matrix whose diagonal is different from σ0. Let Ξ ∈ Mn×n be of the form

Ξ =

"
P Q
R S

#
.

If j0 is the first occurrence of the singular value ς in the collection {σj(Σ)}
n
j=1 and if its multi-

plicity is l > 0 then

σj(Σ+ Ξ) = σj(Ξ) +
1

2
µj−j0+1(P + P ∗) +O(%Ξ%2), j ∈ {j0, . . . , j0 + l − 1}.

Proof. Let j0 be the first index of ς in the collection {σj(Σ)}
n
j=1 and denote its multiplicity

with l as in the statement of the theorem. Theorem 4.3 and Theorem 2.7 now implies that

σj(Σ+ Ξ)2 = σj(Σ)
2 + σj(Σ)µj−j0+1(P + P ∗) +O(%Ξ%2)

for j ∈ {j0, . . . , j0 + l − 1}. By applying Taylor’s Theorem we conclude that

σj(Σ+ Ξ) =

/
σj(Σ)2 + σj(Σ)µj−j0+1(P + P ∗) +O(%Ξ%2)

= σj(Σ)

"
1 +

1

2

µj−j0+1(P + P ∗)

σj(Σ)
+O(%Ξ%2)

#

= σj(Σ) +
1

2
µj−j0+1(P + P ∗) +O(%Ξ%2), j ∈ {j0, . . . , j0 + l − 1}
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In the case that l = 1 then P + P ∗ are simply scalars and as such µj−j0+1(P + P ∗) is linear
with respect to Ξ if we consider Mn×n as a vector space over R. This implies that we may
consider the Fréchet derivative of σj0 : Mn×n → [0,∞).

Corollary 4.6. Let A and E be elements of Mn×n where Mn×n is considered a vector space
over R and let UΣV ∗ be the singular value decomposition of A such that

Σ =

"
ς 0
0 Λs

#

where Λs − ςI is non-singular. Suppose that σj0(A) = ς then E &→ σj0(A + E) is Fréchet
differentiable at the origin with derivative

E &→ 1

2
(UEV ∗ + V E∗U∗)(1,1).

Proof. By Theorem 4.5 we find that

σj0(A+ E) = σj0(A) +
1

2
µ1((UEV ∗ + V E∗U∗)(1,1)) +O(%E%2)

= σj0(A) +
1

2
(UEV ∗ + V E∗U∗)(1,1) +O(%E%2).

Therefore

lim
E→0

%%σj0(A+ E)− σj0(A)− 1
2
(UEV ∗ + V E∗U∗)(1,1)

%%
%E% = 0.

Remark. While E &→ UEV ∗+V E∗U∗ is only linear when we consider Mn×n as a vector space
over R the limit exists in either case.

This result is previously known, see for instance Section 4 of [22] for the case where the
matrices are real so that

1

2
(UEV ∗ + V E∗U∗)(1,1) = (UEV t)(1,1)

in accordance with that article.
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5 Conclusion and the Possibility of Further Study

In this text we showed how Schur complements can be applied to the spectral analysis of pertur-
bations of matrices to give eigenvalue approximations. We derived a second order expansion of
the eigenvalues together with a first order expansion of the eigenvectors of a particular param-
eter perturbation and compared our method with the one given by David Hilbert and Richard
Courant. The application of Schur complements together with Gershgorin’s Circle Theorem
allowed us to give a new short proof of the eigenvalue approximation presented in [10]. We were
unable to find a third order expansion by iterating this method further. We applied the second
order approximation to give a generalization of a singular value perturbation result found in
[8].

Since both the Schur complement and Gershgorin’s Circle Theorem generalize to certain
infinite-dimensional linear spaces (see [23] and [24]) one could expect that Theorem 4.2 also
could be generalized to those situations. Gershgorin’s Circle Theorem, however, requires some
additional summability conditions and therefore one would need to restrict the theorem to
certain operators which satisfy these conditions.
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