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Abstract

QR decomposition (QRD) is a computationally-intensive matrix factorization
method which is widely used in signal processing. Meeting the stringent process-
ing budgets of real-time applications necessitates dedicated hardware acceleration.
This thesis presents the architecture and Register-Transfer-Level (RTL) imple-
mentation of a QRD accelerator based on Givens rotations, specifically designed
to achieve an end-to-end latency of < 50 us for an 8 X 8 complex covariance
matrix. The architecture transforms the complex input into a 16 x 16 realified
representation, which is processed by a CORDIC-based datapath to compute both
the Q and R matrices. To manage data dependencies, the design employs a stage-
wise binary-tree elimination schedule enforced by a hard memory-visibility barrier.
While the compute core is fully pipelined with a fixed latency of 16 cycles, the
system throughput is governed by the on-chip memory service model, resulting in
a sustained initiation interval of 2.

Functional correctness is established via bit-exact verification against a golden
fixed-point C reference model using Q1.15 arithmetic. The design was imple-
mented and validated on a Zynq™ UltraScale+™ Field Programmable Gate Array
(FPGA) development board. Operating at 245.76 MHz, the accelerator com-
pletes a single QRD in 9.83 us, satisfying the target requirement with a signifi-
cant performance margin and achieving a sustained throughput of approximately
101 kQRD/s. The results indicate that end-to-end latency is primarily domi-
nated by system-level data movement and synchronization barriers rather than
raw arithmetic computation. These findings motivate future research into relaxed
consistency models and inter-stage data forwarding to further optimize scaling for
higher-dimensional matrices. The novel architecture and scheduling methodology
developed in this work has been filed for patent protection.

il
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Popular Science Summary

Delivering 5G by Speeding Up the Math— How can 5G become faster and
more reliable, especially in crowded places? One important piece is how quickly a
base station can do the math needed to aim its radio beams.

A 5G base station does not send the same signal in every direction like a
lightbulb. Instead, it can focus energy into narrow beams and points them toward
different users. This is called beamforming. It helps users get stronger signals and
reduces interference.

To aim these beams, the base station must repeatedly solve a heavy math
problem called QR Decomposition (QRD). The radio environment changes very
quickly, so this math has to be done again and again within a very short time
window. If the calculation takes too long, the beam settings become outdated and
performance drops.

This thesis presents a dedicated hardware accelerator—a small specialized
“engine”— built to run this QRD math much faster than a general-purpose pro-
cessor. The key idea is to do more work in parallel. A simple analogy is a sports
tournament: many matches happen at the same time, and only the winners move
forward. In the same way, the accelerator arranges the QRD steps so that many
parts can run simultaneously, instead of one after another.

With this approach, the design can finish one QRD in 9.83 us at 245.76 MHz,
well below the project target of < 50 us. For comparison, a human blink takes
roughly 100,000 ps. At this speed, the accelerator can handle about 100,000 QRDs
per second.

By reducing this processing delay, base stations can update beam directions
more quickly and serve more users efficiently. The scheduling method used in this
work was considered novel enough to be filed for patent protection.
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Chapter 1

Introduction

In a conventional wireless communication system, a single unit called a Base Sta-
tion (BS) communicates with multiple User Equipments (UEs) over shared spec-
trum resources. Figure 1.1 illustrates a typical base station scenario.

SIGNAL BEAM

BASE STATION

D UE# 1
D UE# 2

Figure 1.1: A typical base station communication structure.

With the ever-increasing demand for high-speed data [1], efficient utilization
of limited spectrum resources has become essential. Beamforming [2] is one such
key technology that efficiently utilizes the wireless channel by precisely controlling
the amplitude, phase as well as direction of the signals.

Beamforming techniques are widely adopted and can be grouped into three
categories [3,4]:

Analog Beamforming (ABF): In ABF, a single radio-frequency (RF) mod-
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ulated data stream is fed into an antenna array. Phase shifters are placed
before each antenna to alter the phase of the transmitted signal and thereby
control the beam direction [5].

Digital Beamforming (DBF): In DBF, the boundary between the analog and
digital domains is moved to the individual antenna level. Each antenna
element is equipped with a dedicated RF chain and data converters, allow-
ing signal amplitude and phase to be manipulated entirely in the digital
domain [6]. This provides the highest degree of freedom for spatial filter-
ing, enabling the generation of multiple simultaneous beams and precise
null-steering for interference cancellation.

Hybrid Beamforming (HBF): In HBF, a compromise between ABF and DBF
is made. It reduces RF cost and power by using Ngrr RF chains to drive
Nant antennas, typically Ny < Ngp < Nant, where Ny denotes the number
of transmitted data streams [7]. Beamforming is split into a digital precoder
across RF chains and an analog beamforming network that maps RF chains
to antennas. Depending on the antenna connectivity, hybrid beamformers
are classified as fully connected or partially connected (subarray-based) [8]:
fully connected designs connect each RF chain to all antennas whereas par-
tially connected designs connect each RF chain to a subset of antennas.

The need for higher capacity in 5G and beyond pushes systems towards serving
multiple users and multiple data streams at the same time. Simply shifting to
higher carrier frequencies is not sufficient to meet the capacity demands, since the
usable spectrum is limited and higher bands come with propagation constraints [9].
Therefore fine-grained control of beams, robust interference suppression, and a
scalable way to increase the number of independent channels as the antenna count
grows is needed. To achieve this, the beamforming techniques mentioned above
are used. However, these techniques come with their own trade-offs.

ABF is relatively cheap and energy efficient because it minimizes the number
of data converters and RF chains. However, it does not scale well when multiple
independent beams are required. Since the antenna array is driven by a single
or a very small number of RF chains, ABF mainly provides array gain for one
dominant beam. When servicing multiple users, the single beam needs to be
swept in a time-multiplexed manner, thereby limiting the multi-user capacity [5].

HBF is introduced to overcome the shortcomings of ABF and DBF. It combines
a digital stage with an analog beamforming network, thereby reducing the number
of RF chains. However, because the number of RF chains is still smaller than the
number of antennas, the number of independent streams remains limited. The
analog stage also constrains the beamformer structure, which reduces flexibility for
interference management. As a result, HBF typically relies on adaptive, codebook-
based operation to balance performance against limited analog hardware resources
[8,10].

In DBF, each antenna element has its own RF chain. This allows precise
multi-beam control and stronger interference suppression. The flexibility offered
by DBF comes at the cost of immense computational complexity; since beam-
forming weights are applied to every digital stream, the system must perform
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high-dimensional matrix factorizations, such as QR Decomposition (QRD), in real-
time to keep up with rapidly varying Channel State Information (CSI). This leads
to increased hardware complexity and power consumption due to one RF chain
and data converter per antenna element [11].

Unlike other beamforming techniques, DBF offers finer beam control, simulta-
neous multi-user and multi-stream operation. This effectively translates to better
channel utilization, lower latency, and higher data rates. Because of its over-
all flexibility and scalability, DBF is a key enabler for mmWave 5G and future
wireless systems, and motivates research into efficient algorithms and hardware
architectures that make fully digital solutions practical.

1.1 QR Decomposition in Digital Beamforming

In high-frequency 5G mmWave systems, the wireless channel can vary rapidly due
to mobility. To maintain robust and low-latency communication, the device must
frequently update its CSI at the receiver side.

BeammWave™ AB has developed scalable algorithms to perform DBF in a
power-efficient way. These algorithms are deployed on the receiver side of the
device and rely on repeated matrix computations using the continuously up-
dated CSI to compute beamforming steering vectors. The computed steering
vectors are then utilized for beamforming during transmission. In time-varying
mmWave channels, this processing must be executed frequently and within tight
real-time budgets, thereby presenting a bottleneck for scaling the algorithms in
massive Multiple-Input Multiple-Output (MIMO) systems. A critical step in the
formation of steering vectors is a matrix factorization method called QRD [12,
Sec 5.2]. QRD factors a matrix A into an orthogonal matrix Q and an upper
triangular matrix R:

A =QR. (1.1)

For an N x N matrix, the computational complexity of QRD scales as O(N?3) [12,
Sec 5.2|. As a result, repeated computation of QRD under microsecond-scale dead-
lines can become a dominant system-level bottleneck.

1.1.1 Realification: Complex-to-real transformation and scaling impact.

In the particular case of DBF, QRD is performed on the complex-valued (CV)
covariance matrix C € CV#*Nr where N denotes the number of receiving anten-
nas, formed after channel estimation. In order to avoid native complex arithmetic
in the hardware, the complex covariance matrix is converted to an equivalent real
form as shown below:

CeCNexNe _, C, e RENR)X(2NR), (1.2)
In this thesis, we use the term realification to describe the process of transforming

a complex matrix into a real-valued matrix. The resulting matrix is called realified
matrix. This transformation has two significant consequences:
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e Memory storage growth: the complex covariance matrix has N 122 complex
entries. If stored as separate real and imaginary parts, this corresponds to
2N?% real scalars. Realification produces a (2Ng) x (2Ng) real matrix, i.e.,
(2NR)? = 4N} real scalars. Therefore, realification increases scalar storage
by 2x compared to storing ®{C} and S{C} separately.

e Compute growth: the covariance dimension scales with the antenna count
as O(Ng). Since QRD scales as O(N?3) for an N x N matrix, operating
on the realified matrix increases the dimension-driven operation count to
O((2Ng)3) = O(8N3), an 8x increase in computations.

Therefore, for a covariance matrix whose dimension scales with the antenna
count (Ng), the combined effect of realification overhead, cubic computational
complexity and tight real-time budgets, makes QRD a key bottleneck when scaling
DBEF solutions. To make DBF affordable in next-generation systems, this com-
putational burden must be mitigated while maintaining practical area/resource
utilization.

1.2 Problem Statement

For this thesis work, the following constraints are derived from strict system-level
requirements for BeammWave™’s digital beamforming accelerator (DBFA) and are
outlined below:

e The number of receiving antennas in the system is 8 (Nr = 8). Effectively,
perform QRD on an 8 X 8 complex-valued covariance matrix represented in
16-bit fixed-point precision. In the proposed hardware implementation, this
implies QRD of a 16 x 16 real-valued (RV) matrix.

e Time budget per QRD is given as Tqrp et < 50 s

1.2.1 Research Question

This thesis addresses the following research question:

e How can a QR decomposition accelerator be architected to meet the latency,
throughput, and resource constraints for an 8 x 8 fixed-point complex-valued
covariance matrices in 5G NR digital beamforming?

1.3 Contributions of the thesis

The main contributions of this thesis are:

e A schedule-driven QRD accelerator architecture for a 16 x 16 real-valued
matrix.

e RTL implementation with memory subsystem and performance counters.

e FEvaluation of latency, throughput, and resource utilization on a ZCU216
FPGA development board.
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e Discussions on scalability towards larger matrices and Application-Specific
Integrated Circuit (ASIC) implementations.

e Patent Filing: The "Schedule-Driven" architecture and the memory-visibility
barrier mechanism proposed in this thesis have been filed for patent protec-
tion.

1.4 Delimitations

This thesis is strictly delimited to the design of a hardware accelerator tailored for
the specific linear algebra requirements of 5G digital beamforming. Consequently,
the architecture is optimized exclusively for square covariance matrices (N x N);
support for general rectangular matrices (M # N) is excluded. Furthermore, the
hardware datapath is delimited to real-valued arithmetic. Processing of complex-
valued matrices is supported solely through a pre-processing “realification” trans-
formation. To meet the sub-50 us latency constraint without incurring the area
penalty of floating-point units, the numerical representation is restricted to 16-
bit fixed-point Q1.15 format. Finally, the algorithmic scope is limited to Givens
rotation-based QRD [12, Sec. 5.2.5] implemented via CORDIC. Alternative decom-
position methods such as Householder Transformation (HH) and Gram-Schmidt
process (GS) [12, Sec. 5.2 are not explored in this thesis.

1.5 Thesis Organization

The remainder of this thesis is structured as follows. Chapter 2 presents back-
ground and motivation, including fundamentals of the QRD algorithm, complex-
ity analysis, and a survey of state-of-the-art implementations. We end the chapter
by identifying the gap in the state-of-the-art. Chapter 3 details the proposed
accelerator architecture with an emphasis on scheduling and system constraints.
Chapter 4 describes the microarchitecture of the implementation and derives the
execution model for the accelerator. Chapter 5 covers verification methodology
and FPGA validation. Chapter 6 presents results, discussions, conclusions, and
future work.
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Chapter 2

Background and Motivations

This chapter provides the technical background and motivation for the proposed QRD
accelerator. First, we introduce Givens rotation-based QR decomposition and the
CORDIC mapping used in hardware. Next, we quantify the computational com-
plexity and identify where the dominant workload arises in a QRD iteration. Fi-
nally, we review state-of-the-art software, hybrid, and hardware approaches, and
derive the application-specific gap and system-level requirements that motivate a
custom accelerator for the targeted fixed-point use case.

2.1 QRD algorithm

2.1.1 Givens-based QR Decomposition

Givens rotation (GR) is a numerically stable method for QRD that is well-suited
to hardware implementations due to its localized two-row updates. The Givens
rotation algorithm eliminates sub-diagonal entries of a matrix by applying a se-
quence of orthogonal plane rotations [12]. Given a real matrix A € RY*N | the
goal is to compute an upper triangular matrix R and an orthogonal matrix Q such
that

A =QR (2.1)

For each element a; j located below the diagonal, a 2 x 2 Givens rotation is
constructed to zero it out. The rotation matrix is defined as

Gx(i,j) = [C ﬂ : (2.2)

-5
where

G (7, 7) specifies the involved rows (7,7);i # j and the column k where a zero
will be inserted,

¢ =cosf and s = sin 6 and, are chosen such that

c sl laik| _|r _ 5 5
{s c} [aj,lj = [O} ;o T=4/a7, +aj . (2.3)

7
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The values of ¢ and s can be directly derived as

Cc = 7ai’k s (24)
A/ a?,k + a?,k
PR L — (2.5)

2 2
\ @ikt g

Once (¢, s) are obtained, the rows i and j of the matrix R are updated as

!

Tin=CTin+S8Tjn (2.6)
/ — . J— .

Tin =CTjn — S8Tin, Vn>k

Successive application of Givens rotations leads to the formation of R.

i o = G )

Gol0 1) 0 X X X [Go(02) 0 X X X |gy0,3
X X X X @ 0 X X X
X X X X X X X X @

x
x
x

o o o X
x
x

xX X
X | X
X |X

X X X X X X X X X X X X
Gi(1.2) o @ C1(1,3) 0 x X X [G2023)f 0 x x X
00 X X 0 o X\[x] 00 X X
o@ oo@ 000 X

Figure 2.1: Usual Givens rotation schedule for 4 x 4 matrices

Figure 2.1 shows the process of application of Givens rotations to a 4 x 4
matrix. The circular areas indicate the elements selected to compute the rotation
matrix, Gk(i,j) using equations (2.3), (2.4) and (2.5). The application of Givens
rotation also results in the rotation of the elements within the rectangle. Thus, a
Givens rotation affects only a row pair at a time.

To obtain the orthogonal matrix Q, the same sequence of Givens rotations is
applied to an identity matrix. This means that the overall transformation can be

expressed as
Q=G1G2...Gnm (2.8)

where {Gy} are the individual plane rotations used during the factorization
of A. Appendix B provides the pseudocode for Givens rotation based QRD for
generalised N x N matrices.

2.1.2 Givens rotation using CORDIC-based Processing Element

A direct computation of (¢, s) involves square-root and division operations, which
are expensive in hardware. Fortunately, Coordinate Rotation Digital Computer
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(CORDIC) algorithm exists which computes (¢, s) using iterative shift-and-add
operations. It supports three coordinate systems- circular, linear, and hyperbolic,
of which the circular case is directly applicable to QRD using Givens rotations [13].

The basic iterative equations of CORDIC in circular coordinates are given by

Tip1 =x; —diy 270, (2.9)
Yi+1 = Y; + dl xX; 2_i, (210)
2iy1 = 2 — d; arctan(277), (2.11)

where
x;,y; are the vector components after the i-th iteration,
z; is the residual angle after the i-th iteration,
d; € {41, —1} is the direction of rotation.

Each iteration applies a micro-rotation of +arctan(27%), implemented via a
conditional add/subtract and binary shift.

The CORDIC algorithm operates in two modes: wvectoring and rotation. In
vectoring mode, the input vector (zg,yo) is iteratively rotated toward the x-axis.
After n iterations, y, =~ 0 and the accumulated angle satisfies z,, ~ arctan(yg /o).
At each iteration, the rotation direction d; is selected based on the sign of the
current ;. In this thesis, vectoring mode is used in the Givens step to estimate
the rotation angle 6 and thereby obtain the rotation parameters ¢ = cos(f) and
s = sin(0).

In rotation mode, the input vector (xg,yo) is rotated by a prescribed angle zg.
After n iterations, the output satisfies (@, yn) =~ R(0) (zo, yo) with § = zy. Here,
the direction d; is chosen based on the sign of the residual angle z;.

The CORDIC algorithm is not a perfect rotation and it introduces a mag-
nitude gain. The scaling factor arises because each CORDIC micro-rotation re-
places a true orthonormal rotation matrix with a shift-and-add update (by setting
tan(y;) = £27%), which introduces a deterministic magnitude change per itera-
tion [14]. After n iterations, the vector magnitude is scaled by a constant gain
factor

n—1
K, =[] vi+2-2%, (2.12)
=0

which can be precomputed. The gain compensation can be applied once at the
end of the CORDIC pipeline or absorbed into surrounding stages, depending on
the chosen fixed-point scaling strategy.

Finally, a Givens rotation maps naturally to both CORDIC modes: vectoring
mode is used to compute the rotation angle (and hence ¢ and s) from the piv-
ot/target pair, and rotation mode is then used to apply the same rotation to the
remaining elements of the affected rows.

2.2 Complex-to-Real Transformation (Realification)

The QR decomposition algorithm in Section 2.1.1 is introduced for real-valued
matrices. However, the input covariance matrix is complex-valued. Therefore,
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this thesis adopts an equivalent real-valued formulation by realifying the complex
matrix.
Let
Ao eCVrNe A =Ap+jAg,

where Ar = R{A.} and A; = S{A_} are real matrices € RVe*Ne,
The realified matrix is defined as

A, e RVXN, N =2N,

Anr _A’} (2.13)

Ar = {A, Ap

Therefore, QR decomposition can be applied to A, using standard real-valued
Givens rotations, while preserving the underlying complex linear mapping. Ap-
pendix A details the realification of an 8 x 8 CV covariance matrix to its equiva-
lent RV representation.

2.3 Complexity Analysis

The objective of this section is to identify the dominant work items within a GR-
based QRD iteration and consequently motivate the acceleration of such work
items under a strict time budget.

The computational cost of QR decomposition scales cubically with matrix
dimension:

Cost = O(N?). (2.14)

where N is the dimension of a square matrix.

This scaling arises because every sub-diagonal element must be annihilated by
applying successive Givens rotations. Each rotation also updates a trailing row
segment of the matrix. For a square matrix of dimension N,

The total number of Givens rotations required is

V(N) = w (2.15)

As each rotation also updates trailing elements in the affected rows, and the
number of rotations is given by
(N-1)N(2N —1)

Ag(N) = G (2.16)

The same rotation sequences must be applied to accumulate the orthogonal ma-
trix Q, giving
N2(N -1
Ag(N) = NN -1 5 ) (2.17)



Background and Motivations 11

Therefore, the total number of element-level updates per QRD iteration is
Aot (N) =V(N) + Ar(N) + Ag(N) (2.18)

If each update is realized through a CORDIC datapath with CORDIC ITER
micro-rotations, an approximate compute effort can be expressed as

Cqrp(N) = Ayt (N) x CORDIC ITER (2.19)
Work Formula N =28 N =16 N =32
item
Givens V(N) 28 (7.2%) 120 (3.7%) 496 (1.9%)
rotations

Updates AR(N) 140 (35.7%) 1240 (37.8%) 10416 (38.9%)
for R
Updates Ag(N) 224 (57.1%) 1920 (58.5%) 15872 (59.2%)
for Q

Total Aiot(N) 392 (100%) 3280 (100%) 26784 (100%)
updates

Table 2.1: Operation counts for one QRD iteration for N €
{8,16,32}.

Table 2.1 summarizes operation counts for N =8, N = 16 and N = 32. The
results highlight two key observations. First, the computational cost per QRD is
dominated by trailing-row updates accounting for > 92% of the total operations.
Second, the workload grows cubically as the matrix dimension doubles.

As the runtime is expected to be dominated by row updates, the above findings
motivate the exploration of parallelization of these operations. In the following
sections, we review the state-of-the-art implementation and motivate why the tar-
geted use case requires a custom design.

2.4 Literature Survey

The GR-based QRD is one of the most widely used matrix factorization methods.
Due to its high computational cost, extensive prior work exists that optimizes
the implementation of the underlying algorithm to achieve faster execution and
higher throughput. Prior work is grouped into three categories - software solutions,
hybrid solutions, and custom hardware accelerator.

2.4.1 Software Solutions

A large body of optimized software exists for QRD and dense linear algebra.
On x86 platforms, Intel’s Math Kernel Library (MKL) [15] and LAPACK-based
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ecosystems (LAPACK/CLAPACK/ScaLAPACK/PLASMA) [16] provide highly
tuned kernels for multicore CPUs. On embedded Arm™ platforms, CMSIS-DSP [17]
offers signal-processing oriented building blocks. For RISC-V embedded platforms,
PULP-DSP [18,19] targets the Parallel Ultra Low Power (PULP) ecosystem. In
QR-PULP [20], the authors demonstrate the use of loop unrolling and memory-
layout tuning to optimize QRD on the GAP-9 [21] platform.

These libraries are effective on their intended platforms. However, software ex-
ecution remains sensitive to control-flow dependencies and memory behavior. For
the beamforming use case of this thesis, where QRD is executed repeatedly under
a tight time budget, guaranteeing microsecond-scale latency is difficult without
dedicated hardware support or multicore processors.

2.4.2 Hybrid Approaches

To overcome CPU limitations, heterogeneous systems offload QRD workloads to
accelerators such as Graphics Processing Units (GPU), Field-Programmable Gate
Array (FPGA), or Coarse-Grained Reconfigurable Architectures (CGRAs). A
common theme in these approaches is to restructure QRD using blocking/tiling
and then schedule the resulting tasks across multiple compute engines to increase
parallelism and utilization.

Rékossy et al. [22] propose a column-wise Givens scheme that eliminates mul-
tiple elements per column to expose parallelism in the GR algorithm. Agullo et
al. [23] reformulate QRD into a tile-based task graph and schedule it across mul-
ticore CPUs and multiple GPUs. Merchant et al. [24] use algorithm—architecture
co-design for HH QRD on the REDEFINE CGRAs [25]. Rodriguez Borbon et
al. [26] target tall-and-skinny matrices on FPGAs using a parallel-blocked HH
QRD.

These approaches are most effective for large matrices, where the overhead of
task scheduling, buffering, and data movement becomes small compared to the
compute work. For the small fixed-point matrix case in this thesis, this overhead
is harder to justify under tight area, time, and power budgets.

2.4.3 Custom Hardware Accelerators

Custom accelerators can achieve predictable latency and high energy efficiency
by using deep pipelining and spatial parallelism. Among QRD algorithms, GR
is especially hardware-friendly because it operates on two rows at a time, which
exposes parallelism at multiple levels. GR also maps naturally to systolic struc-
tures [27-30], making it a common choice for FPGA/ASIC implementations.
Wang [31] proposed a 12 x 12 IEEE 754 single-precision QRD using a two-
dimensional systolic array. Munoz and Javier [32] extended this idea to a 4 x 4
16-bit fixed-point matrix using CORDIC-based Processing Element (PE)s. Lang-
hammer et al. [33] presented a high-performance floating-point design based on
Modified Gram—Schmidt (MGS) algorithm, optimized for medium and large ma-
trices. Xu and Leeser [34] proposed a broader FPGA-based matrix processor that
includes QRD, and demonstrated fixed-point configurations targeting 8 x 8 and



Background and Motivations 13

16 x 16 matrix dimensions. These works primarily focus on optimizing PE archi-
tectures to achieve higher throughput.

Another line of work focuses on architectural modularity and cross-layer op-
timization. Vishnoi et al. [35] propose a family of modular QRD accelerator ar-
chitectures based on CORDIC-mapped Givens rotations, where the elimination
order, array organization, and PE design are co-optimized to improve area and
energy efficiency. Their work highlights that accelerator performance depends not
only on datapath throughput, but also on mapping the dependency structure to
the array while keeping PE utilization high.

On the ASIC side, Chen and Qiu [36] proposed a low-latency group-sorted
QRD for a 16 x 16 fixed-point complex matrix in 65 nm CMOS, achieving up to
513 MHz of clock frequency. Attari et al. [37] presented an SVD accelerator in
GF-22nm FD-SOI for 16 x 16 IEEE 754 single-precision matrices, which can be
repurposed for QRD.

Overall, prior work on hardware spans a wide range of matrix sizes, arithmetic
formats, and implementation targets. For the small fixed-point beamforming case,
the limiting factor is often not only the compute datapath speed, but also how
eliminations are scheduled, and the structure of the underlying hardware. This mo-
tivates discussing the common hardware structures and the scheduling constraints,
explicitly focusing on GR.

2.5 Existing Hardware Structures

Hardware accelerators for QRD are commonly organized as either:

e Triangular 2D array structures: These map eliminations to a 2D array
of PEs, maximizing throughput and minimizing latency at higher area cost,
or

e Linear 1D array structures: These map eliminations to a 1D array
of PEs, often prioritizing regularity, lower area, and easier scaling. 1D ar-
ray implementations often focus on optimizing the scheduling of updates to
minimize latency.

In both cases, end-to-end performance is dictated by the elimination sched-
ule, dependency depth, and the memory traffic needed to support the targeted
throughput of the implementations.

2.6 Identified Gap

Although the literature demonstrates a wide range of QRD accelerators, most de-
signs target larger matrix sizes, floating-point arithmetic, or platform-level com-
pute infrastructures. In contrast, the BeammWave™ use case focuses on performing
QRD on an 8 x 8 complex-valued covariance matrix represented in 16-bit fixed-
point precision, executed repeatedly under strict real-time and area constraints,
necessitating building of a custom accelerator.



14 Background and Motivations

2.6.1 System-level Requirements

Beyond computational complexity, the accelerator design is governed by strict
real-time requirements originating from the beamforming use case. Table 2.2 sum-
marizes the high-level parameters of the target system.

sl.no. Parameter name Value
1 Sub Carrier Spacings (SCS) 120 kHz
2 System Bandwidth (BW) 800 MHz
3 Sampling Rate 983.04 Msps
4 FFT Size 8192
5 Number of Physical Resource Blocks (PRB) 66
6 Number of sub-carriers 792
7 Number of transmitting antennas (Nr) 1
8 Number of receiving antennas (Npg) 8
9 Input Matrix Dimension 8 x8
10 Bitwidth 16 Fixed-point
11 Time window to calculate steering vectors 1 ms

Table 2.2: High level requirements: DBFA.

For this thesis, the following derived timing requirement is used. The accelera-
tor must complete beamforming-relevant processing within a hard wall-time limit
of 1 ms. To account for system overhead, a conservative slack of 50% is reserved,
leaving an effective compute window of Tqrp = 500 pus. Within this budget, at
least I > 10 QRD iterations are required, yielding the per-iteration bound:

T
TQrD_eff < Q;\D } general case (2.20)
TQRD_eﬂ‘ S 50 uSs } for I Z 10 and TQRD =500 uSs (221)

This hard-timing-bound motivates the development of a custom hardware acceler-
ator for QRD. The accelerator must be both fast and have a small area footprint
with realistic memory traffic.

Therefore, there exists a clear need for a dedicated QRD accelerator tailored
to the 8 x 8 fixed-point complex-valued matrix use case, which forms the focus of
this thesis.



Chapter 3

Proposal

This chapter proposes the QRD accelerator architecture and motivates the de-
sign choices that shape the implementation. The central observation is that, for a
Givens-rotation QRD accelerator, the elimination schedule is not merely an algo-
rithmic detail. It determines the dependency depth, the exploitable parallelism,
the required memory traffic, and the resulting area/resource utilization. There-
fore, scheduling is motivated first, and the architecture is derived as a constrained
mapping of the chosen schedule onto a practical datapath and memory system.

3.1 Design Requirements

The target application requires QRD of small 8 x 8 fixed-point covariance matri-
ces originating from the digital beamforming chain. To avoid complex arithmetic
inside the accelerator, the computation is implemented using a realified represen-
tation, resulting in an effective 16 x 16 real matrix.

The accelerator must also satisfy the strict real-time constraints per QRD
iteration as derived in (2.21).

The architecture must target a clock frequency of 491.52 MHz as an initial
goal, which is a sub-multiple of the sampling frequency for the system as shown
in Table 2.2.

3.2 Algorithm-to-Hardware Mapping

Since each Givens rotation acts on only two rows, multiple levels of parallelism can
be exposed if algorithmic dependencies between rotations are respected. There-
fore, GR is well-suited for parallel hardware implementation.

In GR, a single elimination step consists of two distinct phases. First, generate
rotation parameters from the pivot and target elements. Second, apply the rotation
parameters to zero out the target element. The same rotation is also applied to
the trailing-row elements.

In this work, both phases are implemented using CORDIC to avoid expensive
division and square-root operations. This also results in a regular, deeply pipelined
datapath which makes the compute datapath structurally capable of streaming.
The achieved throughput is then determined by scheduling dependencies and by
the memory behaviour.

15
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Figure 3.1: Dependency graph for fixed-pivot and tree-based
scheduling for QRD.

As referenced in 2.1.2, CORDIC is used in vectoring mode to derive the rota-
tion control sequence needed to annihilate the selected target element. In rotation
mode, the same control sequence is applied across trailing elements to update Q
and R. When CORDIC is implemented as fully-unrolled pipelined hardware, the
resulting datapath has a fixed latency, L and can support a sustainable initiation
interval, I at its streaming interface. In this thesis, the achieved I7 is ultimately
bounded by the on-chip memory bandwidth and write-back policy.

3.3 Elimination schedule in Givens rotation

A key architectural decision in a Givens-rotation QRD accelerator is the order of
elimination of sub-diagonal elements. The selection directly determines

1. the algorithmic dependency depth inside a pivot column.
2. how much parallelism is actually exploitable in hardware, and

3. memory traffic to be sustained by the memory system to support the par-
allelism.

To make this concrete, we first look at the classical Fixed-pivot (FP) elim-
ination schedule. The main point is that FP scheduling creates a loop-carried
dependency due to requiring the updated pivot value for successive elimination
steps. This forces serialization within a column and ties the initiation interval to
the datapath latency. This is captured in Section 3.3.1. To overcome the loop car-
ried dependencies of FP, we introduce BT elimination schedule. The BT schedule
reduces the dependency depth by grouping independent eliminations into stages,
thereby allowing higher parallelism.
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3.3.1 Why Fixed-Pivot Scheduling Forces I = L within a Pivot Column

The key limitation in FP scheduling is simple - within a pivot column, every elim-
ination depends on the updated pivot value produced by the previous elimination.
Even if the datapath is fully pipelined, this loop-carried dependency forces the
issue interval to match the pipeline latency plus memory overheads.

Consider pivot column j. Let R*) denote the matrix state after k eliminations
in this column. Also, let the current pivot and target entries be defined respectively
as

i = RM™[j, 4] (3.1)
z = R [y, 41; ire{j+1,...,N—1} (3.2)

The k-th Givens rotation parameters are computed from the current pivot-target
pair:
(ks sk) = G(rg, zk) (3.3)

and the pivot-column update produces the next pivot value:

Tk+1| _ | ¢k Sk| |Tk
)=l sl o0
This creates a dependency chain 7511 — (¢k+1,Sk+1) for the next elimina-
tion. Therefore, the next elimination must compute new parameters using the
updated pivot value 741, yielding a true dependence chain rg41 — (Ckt1, Skpt1)-
Figure 3.1a shows this dependency chain as a graph.
Let t; 5 denote the cycle index at which the k-th elimination in pivot column
j is issued into the compute datapath (i.e., when the pivot/target pair for elim-
ination k is accepted for parameter-generation). Let L denote the fixed pipeline
latency (in cycles) from this issue event to the time the updated pivot value 711
becomes available. Since elimination (k+1) requires 7,11 to compute the rotation
parameters (cg41, Sk+1), it cannot be issued before 71 is available. This results
in a scheduling constraint defined as:

tik+1 = i+ L. (3.5)

From (3.5), it follows that the minimum spacing between two consecutive
eliminations within the same pivot column is L cycles at best. Using the standard
definition IT = t;41 — ) for a steady stream of dependent operations, the fixed-
pivot schedule forces the following constraint within a pivot column:

IIﬁxed—pivot =L (36)
Equation (3.6) imposes a lower bound on the IT for FP scheduling and does not

consider memory overheads.

3.3.2  Cycle Count Versus Matrix Dimension for Fixed-Pivot Scheduling

For an N x N matrix, pivot column j requires elimination of (N — j — 1) sub-
diagonal entries. Let ¢;; denote the cycle at which the k-th elimination in pivot
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column j is issued into the datapath, where k € {0,..., N — j — 2}. From (3.6),
the next elimination in the same pivot column must satisfy (3.5). Therefore, the
cycle cost per pivot column scales as

Ci=(N—-j—-1)L (3.7)
and summing over 7 = 0,..., N — 2 gives the total cycle count for one QRD
iteration:
N-2
Cqro(N)~ Y (N—j—1)L
j=0
N—-1
N(N -1
=1L m=1L ( 5 ) (3.8)
m=1

Equation (3.8) isolates the scheduling-driven serialization that forces I7= L in
the FP scheduling. In practice, the latency that limits progress is not only the com-
pute pipeline latency, but also the time required for the updated pivot to become
usable by the next elimination (e.g., memory read latency, writeback draining, and
stage-visibility constraints). These effects can be captured by replacing L with an
effective latency Leg, yielding

N(N - 1)
——.

This linear scaling in cycle count, along with quadratic scaling of the number of
computations, is the main reason to explore schedules that reduce dependency
depth in Section 3.3.3.

CQrD(N) ~ Legr (3.9)

3.3.3  Reducing dependency depth : Binary-tree based scheduling(BT)

The algorithmic dependency limitations imposed by the FP scheduling on ex-
ploiting the parallelism inherent in GR make it necessary to explore a BT-based
schedule. A BT schedule avoids the long dependency chain by changing the de-
pendency structure itself. Figure 3.1b shows the dependency graph generated by
BT scheduling. This scheduling offers higher levels of parallelism by breaking the
elimination into dependent stages. Within a stage, there is no dependence and
therefore the eliminations can run in parallel.

Consider the same pivot column j, for an N x N matrix of Section 3.3.2
with an active column segment length M = N — j i.e. M rows. In fixed-pivot
scheduling, the eliminations form a single chain of length (M — 1) (Figure 3.1a),
so the dependency depth is O(M). In a binary-tree schedule, eliminations are
grouped such that:

e in stage s, independent row-pairs are eliminated in parallel (no intra-stage
edges),

e each next stage s+ 1, combines the remaining rows, reducing the active set
by roughly a factor of two.
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As a result, the number of stages needed to reduce M rows to one updated
pivot row is:

stagesyree(J) = [logo(N — 7)] = [logy M1 . (3.10)

This reduces the dependency depth in the pivot column from O(M) in FP
scheduling to O(log, M), while preserving the total number of eliminations (M —1).
The key point is that the tree schedule does not remove work; it reduces how long
the longest dependence chain is. This exposes higher levels of parallelism as many
eliminations become eligible for issue before the updated pivot value becomes the
bottleneck.

3.4 Mapping Scheduling to Hardware Architecture

The BT-based scheduling reduces dependency depth (Section 3.3.3) and exposes
parallelism, especially in the early stages where up to |M/2| row-pairs can be
independent. In theory, this parallelism can be used to increase throughput (issue
more row-pairs per cycle) and to reduce latency (finish a stage using multiple
lanes). In practice, however, both are limited by system-level constraints as below:

1. Triangular utilization. The workload profile of QRD is inherently trian-
gular and cannot be avoided. As j increases, M = N — j decreases and the
available parallelism |M/2| diminishes. In a BT-based schedule, the early
stages can contain many disjoint row-pairs, but reducing latency using this
parallelism requires a datapath with multiple parallel lanes (up to [M/2] in
the best case). This is not scalable as the same lanes will become increas-
ingly underutilized in later stages and later pivot columns, while the total
hardware cost grows rapidly with N. This leads to significant degradation
in hardware efficiency as the matrix dimension increases.

2. Memory bandwidth requirements. A row-pair elimination step con-
sumes two row reads (pivot and target) and produces two row writes (up-
dated pivot and target). Therefore, increasing the number of parallel lanes
increases both read and write demand. Designing the memory system for
peak early-stage parallelism results in an over-designed system. This is par-
ticularly true for QRD workloads with triangular work profiles, where the
available parallelism drops, and the extra bandwidth cannot be used effi-
ciently.

3. Inter-stage synchronization. Even with a fully parallel datapath, the
eliminations in stage s+1 are only legal once the updated rows from stage
s are visible according to the chosen memory model. This is due to true
data dependencies between consecutive stages and can result in a Read-after-
Write (RAW) hazard. If visibility is enforced through a hard commit barrier,
then the start of the next stage depends not only on compute completion, but
also on draining writeback and completing memory commits. This means
stage-to-stage throughput becomes a function of writeback /commit behavior
in addition to the compute latency.
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3.4.1 Chosen Architecture: 1D Pipelined Compute With Explicit Mem-
ory Commit

As elucidated in section 3.4, the peak parallelism offered by BT scheduling requires
a full parallel datapath. This imparts unrealistic demands on area/resources,
memory bandwidth, with very little justification on achieved speedup. Therefore,
in this thesis, we propose an accelerator design around a 1D array of fully pipelined
datapath that streams row-pairs at a fixed II. The on-chip memory system is
dimensioned to provide the required steady-state row read/write rates without
over-provision for early peak parallelism.

To keep handling of inter-stage dependencies simple and deterministic, we
propose a design which uses an explicit write-back policy as a hard barrier, outlined
below:

1. All rows updated in stage s are always written back to memory, and

2. Stage s+1 begins only after all write-back of stage s completes, i.e., updated
rows become visible in memory.

The above policy eliminates RAW hazards without complex forwarding or
scoreboarding logic, at the cost of an inter-stage write-back cycles penalty.
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Figure 3.2: Proposed QRD accelerator architecture .

3.5 Proposed Accelerator Architecture

Based on the discussions in the preceding sections 3.1-3.4, we propose an ac-
celerator architecture as shown in Figure 3.2. This architecture allows for higher
throughput, lower latency, lower resource/area utilizations, and the compute hard-
ware scales linearly with matrix dimension. The proposed accelerator design is
organized around three main blocks:

1. QR Engine. A fully pipelined 1D array of CORDIC-based PEs that sup-
ports rotation parameter generation and row updates in parallel, providing
a fixed compute latency L and a streaming interface with initiation inter-
val I1.

2. QRD Controller. A schedule-driven controller that issues row-pairs ac-
cording to the BT schedule. It also enforces the inter-stage RAW hazard
handling policy as outlined in 3.4.1.

3. Memory subsystem. A memory with independent One Read One Write
(IR1IW) ports for Q and R matrices, accessed through a Memory Access
Controller (MAC). The MAC handles row reads and writebacks and uses
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staging buffers to decouple memory traffic from the compute pipeline while
preserving in-order row fetches and write-back requests.



Chapter 4

Implementation

This chapter describes the Register-Transfer Level (RTL) implementation of our
proposed QRD accelerator. We keep the focus of our implementation on the
following defined constraints:

1. Functional Correctness: The hardware must maintain bit-exact equiva-
lence with the golden reference C model.

2. Execution Latency: The end-to-end QRD latency is targeted at < 50 us
per iteration.

3. Area Efficiency: Optimize PE utilization to minimize area footprint while
meeting the latency target.

Section 4.1 gives a system overview and the execution model of our proposed
accelerator. Section 4.2 specifies the fixed-point numerical formats used in the
proposed implementation. Section 4.3 details the stage scheduling logic and the
inter-stage-barrier policy. Section 4.4 details the building blocks of the accelera-
tor, analyzes the memory-bandwidth constraints and derives the pipeline timing.
Section 4.6 presents a stage-level timing model of the end-to-end execution. Sec-
tion 4.7 reports the synthesis results and resulting FPGA resource utilization.

23
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Figure 4.1: Top-level architecture of the QRD accelerator subsys-
tem.

4.1 System Overview and Execution Model

Figure 4.1 shows an overview of the implemented accelerator. The accelerator
performs QRD of an N x N real-valued matrix stored in on-chip memory. In this
thesis, N = 16 and hence the accelerator can operate on a matrix with a maximum
dimension of 16 x 16.

4.1.1 Execution Model

The accelerator is designed to be a fire-and-forget subsystem. A host can configure
the control registers in the accelerator, load the initial realified matrix A into
memory and issue a start signal. The accelerator accepts the job and, upon
completion of QRD, writes Q and R matrices back to on-chip memory. It then
asserts a sticky done signal, which can be captured by the host as an indication of
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Parameter Value (this implementation)

Matrix dimension (realified) N =16
CORDIC micro-iterations 12

Compute latency L =16

Sustained issue interval 11=2

Memory ports 1R1W; Block 0:A /R, Block 1:Q
Datapath clock fap = 245.76 MHz

Table 4.1: Implementation point used throughout Chapter 4.

job completion. This choice of execution model frees up the host for other tasks
and improves the overall performance of the system.

4.1.2 Implementation constraints

Table 4.1 summarizes the supported matrix dimension, the chosen CORDIC micro-
iterations, and the resulting datapath latency and sustained issue interval. These
parameters affect timing, memory bandwidth requirements, and resource utiliza-
tion for the implemented design.

All timing and bandwidth numbers in this chapter use the implemented dat-
apath clock fg, = 245.76 MHz. Though we set an initial target clock frequency
of 491.52 MHz in Chapter 3, limitations imposed by the target platform forced
timing closure at 245.76 MHz. Frequency scaling and its impact on accelerator
performance are discussed in Chapter 6.

4.2 Numerical Representation and Matrix Layout

4.2.1 Fixed-Point Format and Storage

The software reference model has been developed such that each matrix element
uses signed Q1.15. For simple addressing and simpler MAC design, this imple-
mentation stores each element as a sign-extended 32-bit word in memory, or 4
bytes/element. Internally, the datapath interprets the values as Q1. 15.

4.2.2 Rounding, Saturation, and Overflow

Because of fixed-point math operations, the intermediate results have to be scaled
back into Q1.15. This is achieved by:

1. Rounding: results are rounded when discarding fractional bits to reduce
systematic truncation bias.

2. Saturation: overflow never wraps around; values are clamped to maxi-
mum/minimum range representable in Q1.15.
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Also, as described in Section 2.1.2, the CORDIC datapath introduces a gain
factor. This implementation compensates for the gain using a single aggregate
scaling step applied at the end of the last micro-iteration.

4.2.3 Matrix Representation and Memory Layout

The accelerator operates on real matrices only. Therefore, the input complex-
valued matrix is transformed into its real-valued counterpart. This real-valued
matrix is stored in a row-major order in memory. Appendix A explains the con-
version process in detail.

4.3 Scheduling and Inter-stage-barrier Policy

This section defines the Givens elimination schedule policy implemented by the
controller. The accelerator processes the matrix column-wise from left to right. For
each pivot column j, eliminations are scheduled using the BT schedule introduced
in Section 3.3.3. The controller runs the schedule in stages and enforces a hard
visibility barrier between consecutive stages. Therefore, the datapath behaves like
a stream within a stage, but progress across stages is guarded by the inter-stage-
barrier policy. As an example the BT-scheduled elimination steps for a 6 X 6 matrix
are shown in Appendix C.

Stage definition For a pivot column j, a stage is one level of the binary-tree
schedule. Stage s contains P; , disjoint row-pairs that are independent within that
stage. The computation of P; ; (and the stage structure) follows directly from the
schedule definition in Section 3.3.3.

Memory visibility In this implementation, an updated row is considered visi-
ble only after it has been written back and committed to the on-chip memory. The
next stage is not allowed to consume updated rows directly from internal buffers
or from compute outputs. This enforces a full read—compute—writeback round-trip
at every stage boundary.

4.3.1 Intra-stage issue and completion

Within a stage, the controller issues P; ; row-pairs in order as soon as the required
rows are present in the feed buffer. Once issued, row-pairs stream through the
datapath at the sustained initiation interval 11 and exit after a fixed latency L as
defined in table 4.1.

A stage is marked complete only when all row-pairs issued in that stage have
exited the compute pipeline, been written back through the writeback path, and
been committed to memory via the MAC.

4.3.2 Inter-stage barrier and visibility

To handle inter-stage data dependencies, the controller enforces a hard inter-stage
barrier as below:
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Figure 4.2: On-chip memory organization.

Stage s+1 starts only after all updates from stage s are committed and visible
in memory.

This removes RAW hazards without forwarding or scoreboarding logic. The
trade-off, however, is an inter-stage flush penalty, since progress to the next stage
is gated by writeback and commit completion. This penalty is quantified by the
stage-level timing model in Section 4.6 and is shown in figure 4.4.

4.4  Accelerator Elements

4.4.1 Memory System and Data Movement

This section describes how rows move through the accelerator and why the memory
system sets the sustained throughput. In this implementation, a row is considered
the minimum unit of data transfer. This means that the memory system is organ-
ised to provide a full row upon a read request and accept a full row when a write
request is made.

On-Chip Memory Organization: Figure 4.2 shows the organization of the
on-chip memory. The memory is constructed out of two independent 1R1W blocks,
where Block 0 stores the initial input matrix A and the updated R matrix and
Block 1 stores the Q matrix. Such an organization avoids R/Q contention and
allows for parallel access.

Memory Line Width and Bandwidth-Limited II: As defined in 4.2.1,
each matrix element is stored as 4 bytes in memory. For a realified matrix of
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dimension N, the row size then becomes :
Srow = IN - 4 bytes. (4.1)

For a memory line width Wi,e (bytes/beat), transferring a full row takes:

Brow = P”W] = {N'ﬂ (4.2)

VVline VVline

beats per row.

With the full round-trip policy, each issued row-pair updates two rows. This
applies to both R and Q. Therefore, per memory block, one issued row-pair re-
quires: two row reads (pivot and target) and two row writes (updated pivot and
updated target). This corresponds to 2B read beats and 2By, write beats per
row-pair, per block.

A 1R1W block sustains one read beat/cycle and one write beat/cycle. There-
fore, the sustained initiation interval must satisfy the following:

2BI‘OW
11

<1 = II > 2Boy. (4.3)

In this implementation, N = 16 and we choose Wy, = 64 bytes, Byow = 1.
Therefore, the sustained interval is 11 = 2.
At fqp = 245.76 MHz, a 64-byte line corresponds to:

BWoort = Wiime - fap ~ 15.73 GB/s (4.4)

per read port and per write port, per block. In the current memory layout,
each 16-bit value is stored in a 32-bit word. Therefore, only half of the physi-
cal line bandwidth carries useful payload data, so the effective payload bandwidth
is &~ 7.86 GB/s. Even with this packing overhead, the bandwidth demand remains
reasonable for on-chip memories. Thus, equation (4.3) sets the lower bound on
achievable IT for the implemented accelerator.

4.42 Memory Access Controller

The MAC enforces an in-order, row-based service model. Read requests fetch row
lines into the feed buffer, while write requests commit updated row lines from the
writeback path back into memory. When all write requests of the current stage
have been serviced, the updated rows become visible for the next stage.

4.4.3 Decoupling Buffers

The implementation decouples the streaming compute core from the 1IR1W mem-
ory through various decoupling buffers. The Feed Buffer (FB) holds pivot and
target rows until issued by the controller. The Re-Order Buffer (ROB) reassem-
bles lane-wise output from the compute datapath into row-line order. The Write
Back Buffer (WBB) holds full row lines until the MAC commits them.
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Figure 4.3: QR engine datapath.

4.4.4 Compute Path: QR Engine

The QR Engine (QR ENGINE) applies GR on an issued row-pair and is the main
compute unit of the accelerator. Figure 4.3 shows the micro-architecture of the
QR ENGINE. The QR ENGINE employs two types of CORDIC-based PEs to
perform the required rotation on the rows in parallel. The Boundary Cell (BC)
runs CORDIC in vectoring mode and derives the rotation control sequence for the
pivot, target pair. The Rotation Sequence Broadcaster (RSB) aligns and broad-
casts these sequences to the R ENGINE (R Engine) and Q ENGINE (Q Engine).
Both R Engine and Q Engine each deploy N = 16 parallel rotation lanes. These
rotation lanes run CORDIC in rotation mode to update the trailing elements,
thereby updating R and Q in parallel. As a result of the chosen structure, the QR
ENGINE has a fixed compute latency of L.

445 Pipeline Timing: Latency and Sustained I/

This implementation uses fully unrolled and fully pipelined CORDIC-based PEs
in the QR ENGINE. Each lane implements a fixed 12 CORDIC micro-iterations
(Table 4.1). Another 4 cycles are added to account for alignment and CORDIC
scaling compensation. Therefore, the total QR ENGINE latency is given by:

L =12+4 =16 cycles.

Structurally, the compute core can accept Il = 1. However, as derived in
equation (4.3) in Section 4.4.1, the achievable IT is 2.

45 Theoretical Performance Bounds

This section establishes optimistic lower bounds for the proposed architecture.
The purpose is to separate limits imposed by the QR ENGINE pipeline from
limits imposed by the memory system and the execution contract.
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45.1 Compute-only lower bound

We first derive a compute-only bound. It assumes that row-pairs can be issued
into the QR ENGINE without stalls and that stage transitions have no drain
or commit overhead. This bound therefore excludes effects that dominate the
implemented design, such as MAC writeback/commit service, full read-compute-
writeback round-trips, and the hard inter-stage visibility barrier. These effects are
discussed in Chapter 6.

For a matrix of dimension N x N, consider a pivot column index j € {0,..., N—
1} with

mj; =N —j (4.5)

active rows. The stage-wise BT schedule reduces m; rows to one row over

S;j = [logy(m;)] (4.6)

stages. Let P; s denote the number of row-pairs processed in stage s. Under
the compute-only assumptions, stage (j, s) completes after

C N F50 =0 (4.7)
PO\L+ (P, -1II, P >1 '

where L is the fixed QR ENGINE latency in cycles and I7 is the initiation
interval in cycles/row-pair. The full-sweep compute-only bound is then given by

(comp) _ = e~

com

Ctotalp = Z Z Cj,s (48)
7j=0 s=0

From Table 4.1, N = 16 and L = 16 cycles and equation (4.8) evaluates to
Ct(gaff P) = 855 cycles, when IT = 1. This is the compute-only bound enforced
by the streaming QR ENGINE structure and assumes memory can supply the
required row-pairs per cycle.

Any real implementation that enforces visibility /commit and performs write-
back through the MAC must satisfy

Cmeasured 2 Ct(:;?;;p) (49)

Therefore, the gap Ceasured — Ct(f)f:f P)

duced by the chosen execution contract.

quantifies system-level overhead intro-

4.5.2 Memory bound throughput

Even if the QR ENGINE is fully pipelined, the sustained throughput is bounded
by the on-chip memory port constraints. Equation (4.2) shows that throughput
scaling is limited by line width. Increasing compute resources (e.g., more row-pair
lanes) does not translate to proportional end-to-end speedup unless the memory
system and the visibility /commit policy can supply and retire row-pairs at the
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Figure 4.4: Stage timeline under the hard visibility barrier between
consecutive stages.

higher rate. As derived in (4.3), the implemented 1IR1W memory system limits
the I to 2 when Wi,e = 64 bytes.

Therefore, the compute-only lower bound relevant for this implementation is
given by evaluating equation (4.8) with IT = 2 | which results in C’t(g:;l ) = 926
cycles.

4.6 Stage-Level Timing Model

This section states a compact timing model of execution of two stages under the
inter-stage-barrier policy outlined in Section 4.3. The full derivation and a worked
example are provided in Appendix D.

Let t4(s) denote the start cycle of stage s and P; ; denote the number of row-
pairs issued in the stage. As outlined in 4.4.5, the datapath has a fixed latency, L
and equation 4.3 sets the II for this thesis work. Therefore, the last compute
output of the stage, s exits at cycle tout 1ast, Which is given by:

tout,last(s) = ts(S) + (Pj,s - 1) IT+ L (410)

From section 4.3.2, the next stage can start only after the last updated rows
from stage s are committed to memory. The cycle at which the last row is com-
mitted to memory is modelled as tcommit,last and is given by:
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fcommit tast (5) = ts(s)—|—L—|—5—|—maX<(Pj7s—1)II, (2Pj7s—1)11w)+(w—1) (4.11)
where,

e 0 is the fixed offset in cycles from the first QR ENGINE output to the first
row-line write-start event,

e [, is the sustained write acceptance interval (cycles/row-line) at the MAC
write interface, and

e W is the commit-to-visibility latency in cycles from write-start/accept at
the MAC to the point where the updated row becomes visible in memory.

These parameters are tied to the writeback path and the behaviour of the
MAC as described in Section 4.4.2. Now, the earliest start cycle of the next stage
is given by:

ts(s + 1) 2 tcommit,last(s) + 1. (412)

If we define the inter-stage flush penalty, G s, as the difference between compute
completion of stage s and the next legal start cycle for stage s + 1:

Gs 2 ts(s+ 1) — tout tast (5)- (4.13)

Substituting (4.10)—(4.12) gives:

Gy=06+W+ max((QPj,s —1)I1, — (Pj, — 1)1, 0). (4.14)

In this implementation, we minimize the synchronization overhead by setting
W =1 and § = 1. These represent near-ideal synchronization overhead. However,
Equation (4.14) reveals that the total flush penalty G5 remains sensitive to the
throughput mismatch between the compute initiation interval (II) and the write-
back acceptance rate (II,,). Because P; ; decreases with each successive stage due
to the triangular workload, G4 creates a dynamic "pipeline bubble" that grows in
relative significance as the matrix is reduced. For NV = 16, the implemented design
still meets the latency budget comfortably, but the pipeline bubble contributes a
measurable overhead that becomes more relevant as N scales.

4.7 FPGA Implementation Summary
Table 4.2 reports the post-implementation resource utilization on the ZCU216

FPGA development board. The reported numbers include the QR engine datap-
ath, the controller, and the memory system.
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Name Utilization Available % Utilization
LUT 56720 425280 13.34
FF 65755 850560 7.73
DSP 132 4272 3.09
BRAM 30 1080 2.78

Table 4.2: Post-Implementation Resource utilization on ZCU216.

The utilization profile is consistent with the architecture choices -

e DSPs: Predominantly consumed by the N parallel rotation lanes within
the QR ENGINE as outlined in Section 4.4.4.

¢ BRAM: Primarily allocated to the independent memory blocks, as well as
the row-level staging buffers necessitated by the hard visibility and commit
policies.

e LUTs/FFs: Largely attributed to the stage-sequencing control logic, the
rotation sequence broadcast (RSB) network. The high LUT and FF count
also includes the shift-and-add logic inherent to the unrolled CORDIC iter-
ations.

A key observation is that for N = 16, the design is not area-constrained
as utilization < 15%. Instead, the design is memory-bound as established by
equation (4.3). Simply adding more parallel PEs will not reduce the initiation
interval below the II = 2 and, therefore will not decrease the measured latency
of the accelerator. Detailed throughput analysis and post-implementation timing
results are reported in Chapter 6.
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Chapter 5

Verification

This chapter describes how correctness is established for the implemented QRD
accelerator. The verification is reference-model driven: the implemented RTL is
checked for bit-exactness against a fixed-point golden reference C model. The
C model uses the same Q1.15 arithmetic and the same realified representation
as the RTL. Therefore, the target of this verification is deterministic equivalence
at the memory boundary, not “numerically close” behavior. We conducted the
verification in two phases:

e Simulation-based verification phase, which uses a SystemVerilog (SV) test-
bench and performs bit-exact checking of the produced Q and R matrices
against the golden reference model.

e FPGA Validation - A hardware-in-the-loop phase that extends bit-exact
checking to the target device. Beyond numerical correctness, this phase
utilizes embedded hardware cycle counters to capture execution behavior of
the accelerator.

5.1 FPGA Validation Setup and Test Flow

The FPGA validation environment is organized into three parts:
e reference generation on the software side,
e the host/test platform on ZCU216 (PS-side infrastructure), and

e the Design Under Test (DUT), i.e., the QRD accelerator as a subsystem in
PL.

Figure 5.1 shows the high-level arrangement.
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Figure 5.1: FPGA validation setup: reference generation, test plat-
form, and DUT.

5.1.1 Reference Generation (Software Side)

A Python-based test driver generates seeded random input matrices. For each
input, it executes the fixed-point C reference model and stores the expected Q
and R outputs. The expected results are written to disk as a binary file to keep
the checking policy deterministic and repeatable.

5.1.2 Test Platform (ZCU216 PS-Side Infrastructure)

The host-side processor system orchestrates accelerator runs and acts as the bridge
between software and the on-board memory system. The host writes the input
matrix into a staging memory and then triggers accelerator execution. After com-
pletion, the host initiates transfer of the produced Q and R matrices from the
accelerator on-chip memory into the staging memory. The staging memory is then
read back, and the retrieved contents are sent to the software side for comparison.

5.1.3 DUT (QRD Accelerator Subsystem)

The DUT is the QRD accelerator implemented as a subsystem in PL. It reads
the input matrix from its on-chip memory, executes QR decomposition under
the implemented schedule and commit policy, and writes back Q and R to the
same memory. The accelerator exposes control and performance counters through
memory-mapped Configuration and Status Registers (CSR) registers. These reg-
isters are used to configure execution parameters, start a run, detect completion,
and collect cycle counts across test runs.
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Figure 5.2: Validation Test flow

5.1.4 End-to-End Test Flow

Figure 5.2 shows the test flow for a single validation run. Each run follows the
same end-to-end flow as described below:

1.

Generate input matrix: A Python script generates a seeded random
matrix.

. Execute reference model: The fixed-point C model runs with the gen-

erated random matrix as input.

Store golden outputs: The reference Q and R matrices are stored as
binary files.

Send input to host: The input matrix is sent to the Zynq host, which
configures the accelerator and enables execution.

Host returns DUT outputs: After completion, the host reads back the
produced Q and R matrices from the accelerator memory.

Compare: The returned matrices are compared element-wise against the
stored golden reference.
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7. Pass/Fail: The run is marked as a pass if all elements match; otherwise
fail.

In addition, the reported CSR counters are logged per run to track end-to-end
cycles and per-column elimination cycles. These measurements are later used to
cross-check against the theoretical performance bounds derived in Section 4.5.



Chapter 6

Results and Conclusions

This chapter evaluates the implemented QRD accelerator against the design re-
quirements and summarizes the results. Results are reported for the thesis con-
figuration (N = 16 realified) at fa, = 245.76 MHz. Cycle counts are obtained
from the on-chip performance counters described in Chapter 5, and converted to
time using fg,. The main outcome is that the implemented system contract (tree
scheduling, bandwidth-limited issue, and a hard inter-stage commit barrier) meets
the real-time requirement with a substantial margin.

6.1 Target Versus Achieved

Table 6.1 summarizes the primary targets and measured outcomes for the thesis
configuration.

39
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Metric Target Achieved Performance Margin
fap (MHz) 491.52 245.76 Limited by Timing closure
Tqrp (s) <50 9.83 Met (5.1x)
Throughput > 20 101.8 Met (5.1x)

(kQRD/s)

Table 6.1: Target versus achieved performance results for N=16
(realified). Note that while the frequency target was not met,
the latency and throughput targets were exceeded by over 5x.

The measured cycle count is 2415 cycles per QRD. At fq, = 245.76 M H z, this
results in a latency of:

2415
245.76 x 106

This corresponds to 9.83/50 ~ 19.7% of the available latency budget of <
50 ps.

TQRD = ~ 9.83 HUS. (61)

6.2 Latency Analysis

To put the measured 2415 cycles in context, we compare the implemented de-
sign against the theoretical lower bounds derived in Section 4.5.2. The bound
assumes sufficient lane parallelism and no writeback/commit-induced inter-stage
gaps, meaning a new stage can start immediately when the previous stage finishes
its computation.

The cycle breakdown is as follows:

e Bandwidth-Limited Bound (1] = 2): 926 cycles.
e Measured Implementation: 2415 cycles.
e Synchronization Overhead: 1489 cycles.

The remaining gap of 1489 cycles is dominated by inter-stage commit gat-
ing—specifically, the MAC writeback service behavior under the hard inter-stage
barrier.

It is worth noting the progress made during the design phase: an early im-
plementation of the accelerator measured 3691 cycles per QRD. After redesigning
the MAC, the measured cycle count was reduced to 2415 cycles, achieving = 34%
reduction in latency.

6.2.1 Why data forwarding was not implemented

A straightforward way to reduce the 1489-cycle inter-stage gap is to add data
forwarding across stages. This would allow stage s+ 1 to consume rows produced
by stage s before they are committed to memory. Conceptually, this relaxes the
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hard visibility barrier and overlaps writeback with compute, which can lead to
reduced end-to-end latency.

In this thesis, forwarding is not implemented. The current design already
meets the real-time requirement with margin, and the hard-barrier contract keeps
the controller and memory system simple and deterministic while keeping a single
source and destination of data: the on-chip memory.

In contrast, forwarding would introduce multiple sources of data: on-chip
memory and bypass buffers. In order to maintain the correctness of eliminations,
additional control would be required. Specifically, a forwarding-capable design
would require tracking row-pairs across stages (especially when the number of
rows is odd), bypass logic to route the surviving rows for the next stage of compu-
tations, and redesigning the controller to reflect the new rules of stage completion.
Practically, this also increases buffering demand, such as requiring deeper feed
buffers to hold surviving row-lines across stages. Additionally, the row lines must
also be tagged to allow control of issue to the QR ENGINE.

A quantified trade-off between the added control and buffering complexity and
the achieved latency reduction is left for future work.

6.3 Throughput

The measured runtime is Torp ~ 9.83 us (Eq. (6.1)). Therefore, the sustained
throughput is:

1 1
Throughput ~ ~—— ~101.8 kKQRD/s. 6.2
OB~ kD 9.83 s QRD/s (6.2)

The achieved throughput is set by the same system contract as in Chapter 4:
a bandwidth-limited issue rate (I1 = 2) and a hard inter-stage commit barrier.

The results from (6.2) and Table 6.1 demonstrate that the accelerator com-
fortably exceeds the target requirement. It is also important to note that the
reported throughput of 101.8 kQRD/s is a serialized throughput, calculated di-
rectly as 1/Tqrp. This represents a "single-job" execution model where a new
QRD iteration only begins after the previous one has completely cleared the last
inter-stage commit barrier. There remains a significant opportunity to further
increase this throughput through two primary architectural enhancements:

1. Inter-job Pipelining: By relaxing the hard visibility barrier and allowing
the next matrix to enter the first stage while the current matrix is in the
final stages, the "dead time" between iterations can be eliminated.

2. Frequency Optimization: As the design currently meets all latency tar-
gets at 245.76 MHz, closing the timing gap toward the original 491.52 MHz
target would effectively double the throughput.
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6.4 Throughput sensitivity to Matrix Dimension and Memory
Line Width

As derived in Section 4.4.1 (Equation (4.3)), the sustained issue interval is bandwidth-
limited by the 1R1W memory system under the full round-trip policy. Because
the required beats-per-row (B,..,) depends on both the matrix dimension (V) and
the memory line width (Wj;,.), scaling the accelerator to larger matrices requires
a proportional scaling of the memory interface to maintain throughput.

Table 6.2 summarizes the scaling for representative configurations. The nor-
malized term highlights the throughput drop relative to the thesis configuration
(N = 16, Wiine = 64 B; Iem = 2)

N Wiine Beats per Memory- Throughput Normalized

(B/beat) row line bound (TP = throughput

(Brow) (IImcm) 1/IImcm) (TP/TPbase)
16 64 1 2 0.50 1.00
32 64 2 4 0.25 0.50
64 64 4 8 0.125 0.25
64 128 2 4 0.25 0.50
64 256 1 2 0.50 1.00

Table 6.2: Effect of memory line width on beats-per-row and the
bandwidth-limited initiation interval...

For the intended maximum dimension N = 64, sustaining I1 = 2 under the
same policy requires a row-sized line width of Wy, = 256 bytes. Smaller line
widths increase I I em, reducing throughput even if the BT scheduled QR ENGINE
provides independent row-pairs within a stage. This enforces the point that the
throughput for the implemented architecture is sensitive to memory system design.

6.5 Timing Closure and Clock Frequency

As established in Section 4.7, the accelerator footprint is small (all resources <
15%), meaning performance is not constrained by FPGA capacity. However, while
the initial target frequency was 491.52 MHz, the implemented design achieved
timing closure at 245.76 MHz.

To identify the maximum performance envelope of the current architecture, a
timing exploration was conducted by sweeping the clock frequency. The design
successfully closed timing at 300 MHz (T = 3.33 ns), but failed at 350 MHz.

Analysis of the post-implementation timing report and Worst Negative Slack
(WNS) identified two primary bottlenecks:

e Logic-Bound Paths (DSP Slices): A critical path was located within
the DSP48E2 slices used for the CORDIC scaling compensation logic. While
these primitives are high-performance, the current implementation uses them
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with minimal internal pipelining. Adding register stages within the DSP
slices would break this path, allowing for frequencies closer to 491.52 MHz,
but would increase the QR ENGINE latency L. The DSP48E2 slices are
capable of having 4 pipeline stages. The implemented design uses 1 of those
pipe stages, resulting in a latency of 16 cycles. Utilizing the remaining
pipeline stages will mean the QR ENGINE latency would increase to 19.
Such a trade-off will eventually be a net gain in the total execution time for
the accelerator as the higher frequency will offset the minimal increase in
latency.

¢ Routing-Bound Paths (Broadcasting Network): A second critical
path exists between the RSB and the inputs to the parallel rotation lanes.
Because the lanes are physically distributed across the FPGA fabric, this
path is dominated by long-wire routing delays. Since the architecture follows
a rigid dataflow model, every additional register slice used to break these
long paths would increase the total execution time Torp in terms of cycles.
Future iterations could mitigate this by utilizing manual floorplanning or
PBLOCK constraints to physically group the RSB and lanes.

For this thesis, the 300 MHz result demonstrates that the design has a 22%
timing margin over the required 245.76 MHz frequency without requiring these
additional latency penalties. This proves that the architecture is robust and capa-
ble of exceeding system requirements without requiring aggressive physical-layer
optimizations( such as manual floorplanning etc.).

6.6 Conclusions

This thesis demonstrated a QRD accelerator where scheduling and memory visi-
bility are treated as system-level design drivers rather than peripheral concerns.
The implemented design successfully integrates:

1. a deeply pipelined CORDIC-based compute core with a deterministic la-
tency of L = 16 cycles;

2. a bandwidth-limited initiation interval (IT = 2) determined by the 1R1W
on-chip memory subsystem; and

3. a hard inter-stage commit barrier that guarantees functional correctness by
simplifying hazard management.

For the thesis configuration (N = 16 realified), the accelerator achieves a
latency of 9.83 us per QRD at 245.76 MHz, exceeding the target requirement by
a 5.1x margin. The corresponding throughput of 101.8 kQRD/s is sufficient for
the real-time demands of 5G mmWave digital beamforming systems.

A primary finding of this work is that end-to-end performance is dominated by
the synchronization overhead and the memory service model (accounting for 61.7%
of the cycle count) rather than raw arithmetic computation. This motivates a focus
on data movement efficiency in future high-dimensional matrix scaling. Finally, the
novel architecture and scheduling methodology developed in this work have been
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filed for patent protection, acknowledging its contribution to the state-of-the-art
in digital beamforming hardware.

0.7

Future Work

The measured results for the current implementation show that throughput and
latency are primarily limited by system-level data movement: the memory-limited
issue rate (I7) and the hard inter-stage visibility barrier. Future work should
therefore target these limiters first, before scaling the compute core.

Inter-stage forwarding An extension of the current work could be to
introduce a controlled forwarding path so that stage s+1 can consume up-
dated rows without waiting for full writeback/commit. This will reduce the
inter-stage gap in Eq. (4.14), at the cost of additional hazard management
and bookkeeping resources.

Sustain low I for larger N. Redesigning the memory subsystem to sus-
tain multi-beat rows at low I (banking, wider ports, or multi-port SRAM).
This will target the bandwidth limiter derived in Section 4.4.1 and poten-
tially increase throughput if /1 = 1 is achieved for the datapath.

Timing closure towards 491.52 MHz. Investigate the critical paths that
prevented timing closure at the original target clock. Likely actions include
manual floorplanning of synthesized logic.

Power and energy analysis. Future work can also target measuring
the power on the FPGA prototype and deriving energy per QRD. Since
the current architecture is memory-movement dominated, an analysis of
energy consumption between compute and memory traffic can lead to data-
movement optimizations.

ASIC implementation study. Another area any future work may fo-
cus on is to translate the architecture to ASIC context and re-evaluate
the design trade-offs: longer logic depth vs register minimizations, SRAM
porting/banking/double-pumping, clock frequency targets, fixed-point scal-
ing choices, and the area/energy impact of adding forwarding or extra ports.

Support for rectangular matrices (m xn). The current implementation
is optimized for a square matrix. Future work may extend the architecture
to support rectangular matrices m # n.
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CVD to RVD

This appendix explains how an 8 x8 complex-valued covariance matrix is converted
into a real-valued representation. The process results in a realified matrix upon
which the QRD is performed.
A.1 Worked example: 8 x 8 complex matrix
Consider an 8 x 8 complex-valued matrix:

Ac Echg, Ac:AR+jA17

where
AR € R®*®  Ap e R®*8,

The realified matrix has dimension:
N=2N.=16 = A, e R!6*16
Using (2.13), the 16 x 16 matrix is constructed as a 2 x 2 block matrix:

so[R) - R e

A.2 Hardware Interpretation
With the mapping as shown in (A.1), the QR engine can run on A, using real

arithmetic only. In this thesis, A, is the matrix stored and processed by the
accelerator, and the resulting Q and R are produced in the same realified layout.
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Appendix B

QRD using Standard Givens rotation

This appendix presents the pseudocode for standard Givens rotation based QRD.
The standard form requires square-root and division operations for each rotation
operations.

Algorithm 1 QR Decomposition via Givens rotations

Require: A € RVXN

Ensure: Q orthogonal, R upper triangular
1 R+A Q<+ Iy
2: for k=1to N —1do bottom-up per column
3: for i = N down to £+ 1 do

4: x <+ R[i — 1,k], y < R[i, k], r + /2?2 + 92

5: if » # 0 then

6: czfr, s<y/r zero R[i, k] with G = {—(s :}

7: for n =k to N do row-rotate R: [i—1,7] <+ G[i—1,1]

8: t < cR[i—1,n] + sRJ[i,n]

9: R[i,n] < cR[i,n] — sR[i — 1,n]

10: R[i—1,n]«t

11: end for

12: for n=1to N do column-rotate Q:
[ {i—1,3}] < [, {i—1,i}]GT

13: t < cQ[n,i—1] — sQ[n,1 GT = {: (f}

14: Qn,i] + sQ[n,i — 1] + cQ[n, 1]

15: Qn,i—1] «t

16: end for

17: end if

18: end for

19: end for

20: return (Q,R)
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Appendix C

Binary tree scheduling of eliminations in
Givens rotation

This appendix illustrates the execution of the Binary-Tree (BT) scheduling al-
gorithm proposed in this thesis on a representative 6 x 6 square matrix. This
visualization demonstrates how the dependency depth is reduced compared to a
fixed-pivot schedule, as discussed in Section 3.3.

C.1 Notation and Setup

In the accompanying Figure C.1, the matrix is processed column by column to
annihilate sub-diagonal elements.

e X: Represents a non-zero element.
e 0: Represents an element that has been annihilated (zeroed out).

e G,,s (pivot,target): Denotes a set of Givens rotation applied for column j
in stage s, utilizing the specified pivot row to eliminate the element in the
target row.

C.2 Stage-wise Execution
The diagram tracks the transformation of the matrix A into the upper triangular

matrix R. The parallelism is explicit: operations listed within the same stage can
be executed simultaneously, provided sufficient hardware support is available.

C.2.1 Pivot Column j =0
For the first column, the algorithm pairs adjacent rows to maximize parallelism:

e Stage 1: Three independent row-pairs are processed in parallel:
Giy0: {(0’ 1)7 (2a 3)’ (47 5)}

This eliminates elements at indices 1, 3,5 simultaneously.
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e Stage 2: The surviving rows from Stage 1 are paired. One row-pair is
processed, as there is no target row for the surviving row index 4.

lel : {(01 2)}

e Stage 3: The final reduction for this column occurs, pairing the pivot row
(0) with the remaining candidate row (4) to complete the column.

G172 : {(0,4)}

This "tree" reduction reduces the dependency depth for the column from O(N)
to O(logy N).

C.3  Subsequent Columns

As the algorithm moves to Pivot Column j = 1 and beyond, the number of active
rows decreases (M = N — j).

e The schedule continues to identify disjoint row-pairs among the remaining
active rows.

e As M decreases, the available parallelism (number of pairs per stage) nat-
urally diminishes, reflecting the "triangular" workload profile described in
Section 3.4.

C.4 Conclusion

The final state shown at the bottom right of Figure C.1 is the upper triangular
matrix R, where all sub-diagonal entries are zero. This schedule confirms that
multiple eliminations per stage are possible, validating our architectural choices
for the datapath.



52

Binary tree scheduling of eliminations in Givens rotation




Appendix D

Derivation of Stage Timing

This appendix derives the stage timing model used in Section 4.6. The key point
is the same as in Section 4.3: the datapath streams within a stage, but the next
stage is gated by memory visibility. In this implementation, a row is visible only
after it is committed to on-chip memory via the MAC.

D.1 Definitions and assumptions
We consider one stage s of a fixed pivot column j.

e t,: start cycle of stage s (first legal issue time for this stage).
e P.: number of disjoint row-pairs in stage s.
e [I: sustained initiation interval for issuing row-pairs (cycles/row-pair).

e [: fixed compute latency from issue to the corresponding compute output
(cycles).

e §: fixed offset from the first compute output to the first write-start (ROB
reassembly + WBB staging + MAC request setup).

e [I,: write acceptance interval of the commit path (cycles/row). This models
how often the system can start a new row write transaction.

e WW: commit latency from write-start to memory-committed /visible (cycles).
Within a stage, row-pairs are disjoint. Therefore, stage s updates 2P distinct
rows for R, and 2P; distinct rows for Q. Since the barrier requires both memories
to be committed, we model commit time using the slowest effective write/commit
path.

D.2 Compute exit time

The controller issues the k-th row-pair of stage s at:

ts(s, k) =t +k-1I,  ke{0,1,...,P,—1}. (D.1)
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With fixed compute latency L, the corresponding compute output exits at:
tout(s, k) = tiss(s, k) + L=ts+ k- I+ L. (D.2)
Therefore, the last compute output of stage s exits at:

tout’last(s) = tout(sy PS — 1) = ts + (PS — 1) II + L. (D3)

D.3 From compute outputs to committed rows

The hard barrier (Section 4.3) requires stage s+1 to wait until all updated rows
from stage s are committed to memory (visible). We derive the time at which the
last updated row becomes committed.

First write-start. The first compute output of the stage exits at ¢, + L. The
earliest write-start is modeled as:

tw,ﬁrst(S) = ts + L+ 0. <D4)

Write-start spacing. Stage s produces 2P; updated rows that must be writ-
ten (per memory block). If the write path can start one row every I, cycles, then
the start time of the last row write is:

tw,last (5) - tw,ﬁrst (5) + (QPG - 1) IIw- (D5)

Row availability constraint. The write path cannot write data that has not
been produced yet. The last row-pair output exits at tout last(s), i-e., (Ps — 1) I1
cycles after the first output. Therefore, even if the write path is fast, the last
write-start cannot occur earlier than:

tw,last(s) > twﬁrst(s) + (PS — 1) II. (D.6)

Combining the two constraints (write acceptance rate and data availability),
we model the last write-start as:

tuvtast (8) = b sirst (8) + max((Ps 1)1, (2P, — 1) Hw). (D.7)

Commit (visibility) time. If W is the latency from write-start to memory-
committed /visible, the last commit time is:

tcommit,last(s) = tw,last(s) + (W - 1) (DS)

Substituting (D.4) and (D.7) into (D.8) gives:

teommittast(5) = b + L+ 6 + max((Py = ) 1, (2P, = 1) L, ) + (W = 1). (D.9)
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D.4 Hard barrier and inter-stage gap
The hard barrier enforces:
tor1 = teommit,last(5) + 1. (D.10)
We define the inter-stage gap as:
G £ to1 — toutlast(S). (D.11)

Using (D.3), (D.9), and (D.10):

Gs = (tcommit,last(s) + 1) - (ts + (Ps - 1) 1T+ L)
=5+ W+ max((PS —1)1I, (2P, — 1)Hw) (P~ 1)II
=5+ W+ max((QPS —1)II, — (P, — 1) II, 0). (D.12)

This is the same gap term used in Section 4.6. It makes the architectural point
explicit: even if compute finishes at tout 1ast (), the next stage is gated by commit
visibility.

D.5 Worked example: 16 x16 real matrix, pivot column j = 0

For the realified implementation, N = 16. For pivot column j = 0, the active
column segment length is:
M =N —j=16.

Under the binary-tree schedule, the number of stages is:
[logy M| = [log, 16] = 4,
and the stage row-pair counts are:
(Po, P1, Py, P3) = (8,4,2,1).

(Each stage halves the number of active rows; total eliminations remain M — 1 =
15.)
We use the validated implementation point:

IT=2 L=16.

For the write/commit side, we keep the parameters explicit as (8, IT,, W), and
then show the common fast-commit case at the end.

Stage-wise expressions. From (D.3) and (D.9), the per-stage offsets are:
e Compute completion (relative to ¢5):

tout,last(s) —ts = (Ps — 1) II+ L.
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e Last commit time (relative to t):
Feommit tast(3) — ts = L+ 6 + max((Py = 1) I1, (2P, = 1) IL, ) + (W = 1),
e Next stage start:
ts+1 — ts = (fcommit,last(s) — ts) + 1.

Numeric compute exits. With I7T =2 and L = 16:

tout st (0) —to = (8 — 1) - 2+ 16 = 30,
touttast(1) —t1 = (4 — 1) -2+ 16 = 22,
toutlast(2) —t2 = (2 —1) -2+ 16 = 18,
tout,last(3) —t3 = (1 —1) -2+ 16 = 16.

In the implemented design:

Then the gap term from (D.12) becomes:
Go=0+1+max((2P, —1) — (P, —1)-2, 0) =5 + 2,

so each stage-to-stage gap is § + 2 cycles.
Therefore, the stage durations (from ¢, to ts11) for pivot column j = 0 are:

tl—to—(?)()) +(0+2) =32+,

(6+2)
ta—t; = (22) + (6 +2) = 24 + 9,
ty —ta = (18) + (6 +2) = 20 + 4,
ty —t3 = (16) + (§ +2) = 18 + 4.

Summing these gives the total cycles to complete pivot column j = 0 (four
stages, including hard barriers between stages):

ty—to= (324244 20+ 18) + 46 = 94 + 44.

This example shows the intended behavior: compute runs as a stream inside each
stage, but the column-level progress is explicitly shaped by the per-stage com-
mit/visibility overhead through 4, II,,, and W.
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