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Abstract

We review groups acting on rooted trees and discuss their topological and measure-theoretic 
structure as compact topological groups using the theory of profinite groups and Haar 
measures. We introduce new notions of fractal-like structures for groups acting on rooted 
trees: shifted fractality and shifted super strong fractality, as generalisations of fractality and 
super strong fractality. These new notions generalise measure-theoretic results regarding 
the pushforward of measures and probabilistic independence. Furthermore, we review the 
fixed-point process, fixed-point proportion, and application of martingale processes in this 
context. We apply these theories to show that the fixed-point proportion of a level transitive 
shifted super-strongly fractal group acting on a bounded tree is zero; this gives a natural 
extension to the analogous result for super-strongly fractal groups.





Popular Scientific Summary

Group theory is the study of symmetries of objects and their interactions. The subject 
begins with the work of Galois in studying when a polynomial equation is solvable by 
radicals by exploiting the symmetries of solutions. Later on, the development in group 
theory over the centuries brings immense applications in various fields, from the basis of 
cryptography to the spin structure of particles in quantum mechanics.

A group acting on a rooted tree is a group of symmetries of an infinite tree fixing a special 
vertex called the root. This class of groups solves many longstanding open problems in 
group theory, such as Day’s, Milnor’s, and Burnside’s problems. In particular, we will study 
groups acting on rooted trees as topological groups. Roughly, we consider each symmetry 
on the infinite tree by stringing the same symmetry but only on the same tree with finitely 
many levels. This gives a meaningful geometric and probabilistic structure to the group.

The main result of this thesis concerns the fixed-point proportions of groups acting on 
rooted trees. This object captures the probability of finding a symmetry that fixes at least 
one infinite path on the whole tree. We exploit the fractal-like structure of a certain class 
of groups, in which the symmetries in the group repeat on all the subtrees, to show that 
the fixed-point proportion is always zero when each vertex in the tree does not have too 
many descendants, and the group is shifted super-strongly fractal and level-transitive. The 
fixed-point proportion is useful both within group theory and in complex and arithmetic 
dynamics, which have important applications in modelling dynamical systems that appear 
in ecology, economics, medicine, statistical mechanics, and so forth.
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Chapter 1

Introduction

A group acting on a rooted tree is simply a collection of symmetries of the infinite tree 
fixing a special vertex called the root, which forms a group under composition. The group 
consisting of all the root-fixing symmetries is called the full automorphism group of the 
tree 𝑇 , denoted by Aut(𝑇 ).

Some of the earliest works on groups acting on rooted trees were by Dark in the form of 
iterated wreath products; see [6] and [28]. The main novelty of groups acting on rooted 
trees was the first construction of a group of intermediate growth by Grigorchuk, which 
is also an example of an amenable but not elementary amenable group. The concept of 
amenability first arose from the famous Banach-Tarski paradox, where the unit sphere in ℝ3 
can be decomposed into two identical unit spheres. It was due to von Neumann in 1929 [23] 
that amenability can be rephrased in terms of the existence of translation-invariant finitely 
additive measures on groups. It was known that finite groups and abelian groups are 
amenable; moreover, their subgroups, quotients, extensions, and directed unions are all 
amenable as well. All of which are classified as elementary amenable groups. Hence, the 
question by Day in 1957 [7]: are all amenable groups elementary amenable? The celebrated 
result by Kesten in 1959 [19] said that all groups with subexponential growth are amenable; 
in particular, groups with intermediate growth are amenable. Another result by Chou [4] 
showed that an elementary amenable group must either have polynomial or exponential 
growth, so a group of intermediate growth must be amenable but not elementary amenable. 
Milnor asked in 1968 [21] whether there exists a group with intermediate growth. In 1984, 
Grigorchuk gave a positive answer to this by showing that the group acting on a rooted tree 
he constructed in [13] has intermediate growth, and is thus amenable but not elementary 
amenable; see [14]. This group is now recognised as the first Grigorchuk group, and it solves 
questions by Day and Milnor; moreover, it also gave a first concrete example of a Burnside 
group, i.e. an infinite finitely-generated torsion group. Due to these exotic properties, groups 
acting on rooted trees became a subject of interest in group theory.

The fixed-point proportion is an interesting tool for studying groups acting on rooted trees. 
Formally, the fixed-point proportion of a group 𝐺 ≤ Aut(𝑇 ) is defined as

FPP(𝐺) ≔ lim
𝑛→∞

#︎{𝑔 ∈ 𝐺𝑛 : 𝑔 fixes a vertex at level 𝑛}
|𝐺𝑛|

where 𝐺𝑛 is the quotient of 𝐺 by the 𝑛-level stabiliser, isomorphic to the action of 𝐺 down 
to the 𝑛th layer. As shown in Section 6.2, the fixed-point proportion of 𝐺 is precisely the 
probability of finding an element in closure 𝐺 that fixes an infinite rooted path in the 
tree 𝑇 .

The fixed-point proportion has its origin in arithmetic dynamics; see [24]. In particular, 
let 𝑎0 be a rational number and 𝑓 a polynomial with rational coefficients. We define the 
sequence ℐ︀𝑓,𝑎0

≔ {𝑓 ∘𝑛(𝑎0)}𝑛∈ℕ0
. Many interesting families of numbers can be described in 
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this fashion, for example, the Fermat numbers correspond to ℐ︀𝑧2−2𝑧+2,3 and the Mersenne 
numbers correspond to 𝐼2𝑧+1,1. One prominent open problem in arithmetic dynamics is to 
prove which of the terms in ℐ︀𝑓,𝑎 are primes. An easier related problem is to compute the 
density of the primes dividing some term in ℐ︀𝑓,𝑎0

, i.e.

lim
𝑘→∞

#︎{𝑝 prime : 𝑝 ≤ 𝑘 and 𝑝 divides some term in ℐ︀𝑓,𝑎0
}

#︎{𝑝 prime : 𝑝 ≤ 𝑘}
.

The fixed-point proportion may be used to provide an upper bound for the above density 
of primes, as shown by Odoni in [24] and later by Jones and Manes in [18]. Moreover, the 
fixed-point proportion is linked to the computation of the proportion of periodic points of 
𝑓 over residue fields; see [3].

Probabilistic tools of groups acting on rooted trees are key to calculating the fixed-point 
proportion. Probabilistic methods were proposed by Odoni [24]. Abért and Virág made 
explicit use of branching processes associated with iterated wreath products in their seminal 
paper [1] to prove properties of random elements, random subgroups, Hausdorff dimension, 
and many others.

In 2007, Jones studied martingales on iterated Galois towers; see [16]. Fariña-Asategui 
and Radi utilised Jones’ martingale strategy in [10] to provide sufficient conditions for 
the fixed-point proportion to be zero. Furthermore, they have shown that super-strongly 
fractal groups have fixed-point proportion zero by combining the above strategy with a 
new ergodic theory for fractal groups.

The notion of super-strong fractality belongs to the family of properties describing the 
fractal-like structure of groups acting on rooted trees. Self-similarity is the weakest notion 
of fractality on groups acting on rooted trees; it allows an action on the subtree to be 
described as an action on the whole tree itself. As described by Nekrashevych in his book 
on self-similar groups, self-similarity was originally defined as automata groups back in 
the 1980s [22]. It was only after his works on iterated monodromy groups in complex 
dynamics that self-similarity could be naturally presented in the language of groups acting 
on rooted trees. The construction of iterated monodromy groups in a discrete analogue of 
Pink’s construction of profinite iterated monodromy groups. An iterated monodromy group 
is a group acting on the tree of preimages of a transcendental element of a partial self-
covering map via its iterated monodromy action, i.e. the action of the first fundamental 
group on the preimages according to the lifting correspondence. As shown by Nekrashevych, 
iterated monodromy groups are the prototype of self-similar groups; moreover, they exhibit 
a stronger fractal-like structure called fractality or recurrence. With fractality, one can 
obtain the whole group by simply looking at the actions of the vertex stabilisers on any 
subtrees.

Super-strong fractality is a more recent notion in this family. Roughly speaking, it describes 
a stronger version of fractality, where the groups can be fully obtained by looking at 
the actions of level stabilisers on any subtree. Fractal and super-strongly fractal groups 
exhibit strong links between the group-theoretic notions and probabilistic notions, such as 
a pushforward property and probabilistic independence, as illustrated by Fariña-Asategui 
in [8]. There, he also developed an ergodic theory for these groups. We will explore a 
generalised version of these connections in great detail in Section 5.
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Returning to the problem of zero fixed-point proportion, many interesting subgroups are far 
from being fractal or super-strongly fractal, so one cannot directly apply [10, Theorem 1] 
to calculate the fixed-point proportion of these groups. This motivates us to find a suitable 
generalisation of super-strong fractality such that the theorem in [10] holds for a larger class 
of groups. Indeed, we defined these new properties in Chapter 5 and set out to establish 
them, along with some other natural assumptions, as a sufficient condition for zero fixed-
point proportion. Note that, related to our result, Fariña-Asategui and Radi also proved a 
generalisation amongst fractal groups to the class of mixing groups; see [11].

The work in this thesis will be used in an upcoming paper [27] to show the independence 
of positive or zero fixed-point proportion, and the Hausdorff dimension.

Overview. In Chapter 2, we will look at the basic definitions related to groups acting on 
rooted trees, such as iterated wreath products and several examples.

Chapter 3 introduces basic notions of profinite groups and profinite topologies. This topo
logical perspective is crucial for developing a measure-theoretic framework, thus enabling 
the use of probabilistic tools.

We dedicate Chapter 4 to realising groups acting on rooted trees as topological groups with 
the congruence topology and discussing preliminary results and definitions from measure 
theory.

In Chapter 5, we generalise the notions of fractality and super-strong fractality and show 
some relation with measure-theoretic properties. In fact, we will show in Theorem 5.6 
(shifted probabilistic independence theorem) that generalised super-strong fractality is 
equivalent to probabilistic independence. We note that the focus of this chapter is also quite 
fascinating on its own as a link between algebra and analysis. For the interested reader, we 
suggest a paper by Fariña-Asategui and Radi [12], which discusses an even stronger form 
of probabilistic independence for branch groups.

Lastly, we will use the shifted notions of fractality to develop the tools needed to generalise 
a sufficient condition for the fixed-point proportion to be zero in Chapter 6. We first discuss 
fixed-point processes and martingales, and then define the fixed-point proportions and prove 
the aforementioned result.

Notation. We denote by 𝒫︀(𝑆) the power set of a set 𝑆. We denote by #︎𝑆 the cardinality 
of a finite set 𝑆. We use the convention that the set of natural numbers ℕ does not include 
zero, and we write ℕ0 for the set of non-negative integers.
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Chapter 2

Groups acting on rooted trees

In this chapter, we introduce the notions of rooted trees and their automorphism groups. 
We shall fix some notation to aid us in the coming parts. Lastly, we give a few concrete 
examples of groups acting on rooted trees arising in group theory and related fields.

2.1. Rooted trees
A tree 𝑇  is a connected graph that contains no cycle, and it is rooted if there is a marked 
vertex; the marked vertex is called the root of 𝑇  and is commonly denoted by ∅𝑇  or ∅ for 
simplicity.

For every vertex 𝑣 ∈ 𝑇 \ {∅} except for the root, there is a unique vertex adjacent to 𝑣 that 
lies in the path between the root ∅ and 𝑣; we call this vertex the predecessor of 𝑣. The 
remaining vertices adjacent to 𝑣 are called the descendants of 𝑣. All the vertices adjacent 
to the root ∅ are also said to be the descendants of ∅. We shall assume throughout that 
each vertex has only finitely many descendants. A vertex 𝑤 ∈ 𝑇  is said to be below 𝑣, if the 
unique path between the root ∅ and 𝑤 contains 𝑣.

A rooted tree admits a natural metric space structure given by the distance function

𝑑 : 𝑇 × 𝑇 → [0, ∞)

with 𝑑(𝑣, 𝑤) ≔ #︎{edges in the unique path between 𝑣 and 𝑤}. We denote by |𝑣| the length 
or the level of the vertex 𝑣 ∈ 𝑇 , i.e. |𝑣| ≔ 𝑑(∅, 𝑣). For 𝑛 ∈ ℕ0, the 𝑛th layer of 𝑇  is the set

ℒ︀𝑛 ≔ {𝑣 ∈ 𝑇 : |𝑣| = 𝑛}

of vertices at distance 𝑛 from the root.

For each vertex 𝑣 ∈ 𝑇 , we denote by 𝑇𝑣 the subtree of 𝑇  rooted at 𝑣, i.e. the rooted tree 
containing the root 𝑣 and all the vertices below 𝑣. We note that 𝑇∅ = 𝑇 . Furthermore, for 
each 𝑛 ∈ ℕ ∪ {∞}, we define the 𝑛-truncated tree 𝑇 𝑛 as the finite connected subgraph of 𝑇  
containing the root and all the vertices at level no greater than 𝑛. Note that we regard 𝑇 𝑛 
as a rooted tree with the same root ∅, and 𝑇 ∞ = 𝑇 .

Lastly, a rooted tree 𝑇  is infinite if it contains infinitely many vertices, and it is called 
spherically homogeneous, if every vertex at the same distance from the root ∅ has the same 
number of descendants. Assuming spherical homogeneity, for 𝑛 ∈ ℕ, we define 𝑑𝑛 to be the 
common number of descendants of the vertices at level 𝑛 − 1, i.e. 𝑑𝑛 ≔ #︎ℒ︀𝑛/#︎ℒ︀𝑛−1. In 
what follows, we shall assume that 2 ≤ 𝑑𝑛 < ∞.
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𝑇 3

𝑑1 = 2

𝑑2 = 3

𝑑3 = 2

Figure 1: The 3rd level truncation of a spherically homogeneous rooted tree.

A certain kind of rooted trees called regular rooted trees are especially well behaved and 
often encountered in complex and arithmetic dynamics. A rooted tree 𝑇  is regular if every 
vertex has the same number of descendants. In particular, we say that 𝑇  is a 𝑑-adic tree or 
a 𝑑-ary rooted tree if 𝑑 is the common number of descendants.

2.2. Groups acting on rooted trees
Let 𝑇  be a rooted tree, finite or infinite. Recall that a graph automorphism of 𝑇  is 
a permutation of the vertices of 𝑇  that preserves adjacency. The set Aut(𝑇 ) of graph 
automorphisms on 𝑇  fixing the root forms a group under composition. The group Aut(𝑇 ) 
acts on 𝑇  via a right action, which we denote via exponential notation, with composition 
given by

𝑣𝑔ℎ = (𝑣𝑔)ℎ.

It is easy to see that the action of Aut(𝑇 ) on 𝑇  preserves the levels, i.e. |𝑣𝑔| = |𝑣| for 
every 𝑣 ∈ 𝑇  and 𝑔 ∈ Aut(𝑇 ).

Let 𝐺 be a subgroup of Aut(𝑇 ). As Aut(𝑇 ) acts on the rooted tree 𝑇 , every vertex 𝑣 ∈ 𝑇  
gives a vertex stabiliser subgroup in 𝐺 given by

st𝐺(𝑣) ≔ {𝑔 ∈ 𝐺 : 𝑣𝑔 = 𝑣}.

When 𝐺 = Aut(𝑇 ), we write st(𝑣) instead. For each 𝑛 ∈ ℕ0 no larger than the maximum 
level of the tree, we define the 𝑛th level stabiliser subgroup, denoted by St𝐺(𝑛), as the 
intersection of all the vertex stabilisers in 𝐺 of vertices at level 𝑛, i.e.

St𝐺(𝑛) ≔ ⋂
𝑣∈ℒ︀𝑛

st𝐺(𝑣).

When 𝐺 = Aut(𝑇 ), we write St(𝑛) instead. Clearly, St𝐺(𝑛) is normal in 𝐺 and of finite 
index. We write 𝐺𝑛 ≔ 𝐺/St𝐺(𝑛) for the 𝑛th congruence quotient of 𝐺. Furthermore, we 
can identify the group 𝐺𝑛 with a subgroup of Aut(𝑇 𝑛) by considering the induced action 
of 𝐺 on the 𝑛-truncated tree 𝑇 𝑛. Note that st𝐺(𝑣) = st(𝑣) ∩ 𝐺 and St𝐺(𝑛) = St(𝑛) ∩ 𝐺.

From this point onwards, let us assume further that 𝑇  is spherically homogeneous. We may 
treat the vertices of 𝑇  as words in the following manner:
1. let 𝐿𝑛 = {1, 2, . . . , 𝑑𝑛} for 𝑛 ∈ ℕ;
2. for each 𝑣 ∈ 𝑇 , make a correspondence between the descendants of 𝑣 and the letters 

in 𝐿|𝑣|+1;
3. identify each vertex 𝑣 in 𝑇  by a word obtained from the unique (directed) path from the 

root to 𝑣, where, for every 𝑛 ∈ ℕ, the 𝑛th letter of the word is given by the corresponding 
letter in 𝐿𝑛.
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Let 𝑣 and 𝑢 be words in the above alphabets where 𝑣 = 𝑥1𝑥2 ⋅ ⋅ ⋅ 𝑥𝑟 with 𝑥𝑖 ∈ 𝐿𝑖 and 
𝑢 = 𝑦1𝑦2 ⋅ ⋅ ⋅ 𝑦𝑙 with 𝑦𝑖 ∈ 𝐿𝑟+𝑖. We can see that 𝑣 corresponds to a vertex in 𝑇  and 𝑢 
corresponds to a vertex in 𝑇𝑣. Observe that the concatenation 𝑣𝑢 = 𝑥1 ⋅ ⋅ ⋅ 𝑥𝑟𝑦1 ⋅ ⋅ ⋅ 𝑦𝑙 is a 
word obtain from the above procedure, and thus corresponds to a vertex on 𝑇 , we denote the 
corresponding vertex also by 𝑣𝑢. When this is the case, we say that 𝑣 and 𝑢 are compatible 
(with respect to the tree 𝑇 ).

For 𝑛 ∈ ℕ ∪ {∞} and a vertex 𝑣 ∈ 𝑇 , we define the section of 𝑔 at 𝑣 of depth 𝑛 as the 
unique automorphism 𝑔|𝑛𝑣 ∈ Aut(𝑇 𝑛

𝑣 ) such that

(𝑣𝑢)𝑔 = 𝑣𝑔𝑢𝑔|𝑛𝑣

for every compatible word 𝑢 of length at most 𝑛. Set 𝑔|𝑣 ≔ 𝑔|∞𝑣 . One can derive that

(𝑔ℎ)|𝑛𝑣 = (𝑔|𝑛𝑣 )(ℎ|𝑛𝑣𝑔).

For every 𝑣 ∈ 𝑇 , define the functions 𝜑𝑛
𝑣 : 𝐺 → Aut(𝑇 𝑛

𝑣 ) as 𝜑𝑛
𝑣 (𝑔) ≔ 𝑔|𝑛𝑣  and 𝜑𝑣 ≔ 𝜑∞

𝑣 . 
These functions, upon restriction to the vertex stabiliser of 𝑣 in 𝐺, are group homomor
phisms.

We call a subset 𝐴 ⊆ ⟨𝜑𝑛
𝑣 (𝐺)⟩ ≤ Aut(𝑇 𝑛

𝑣 ) a set of 𝑛-patterns. For any set 𝐴 of 𝑛-patterns 
in a group ⟨𝜑𝑛

𝑣 (𝐺)⟩ ≤ Aut(𝑇 𝑛
𝑣 ) acting on 𝑇 𝑛

𝑣 , the set

𝐶𝑣
𝐴 ≔ {𝑔 ∈ 𝐺 : 𝑔|𝑛∅𝑇𝑣

∈ 𝐴} ⊆ 𝐺 ≤ Aut(𝑇𝑣)

is called the cone over 𝐴 in 𝐺, where ∅𝑇𝑣
 is the root of 𝑇𝑣 and 𝑔|𝑛∅𝑇𝑣

 is the section of 𝑔 

at ∅𝑇𝑣
 in 𝑇𝑣. When 𝑣 is the root of 𝑇 , we write 𝐶𝐴 instead of 𝐶∅

𝐴 for simplicity. Note also 
that 𝐶𝐺𝑛

= 𝐺 and 𝐶1𝑛
= St𝐺(𝑛) for all 𝑛 ∈ ℕ.

𝑔|3∅ ∅

𝑣 •

𝑢 •

• • • •

• •

• • • •

𝑔|2𝑣 𝑣

𝑢 •

• • • •

𝑔|1𝑢 𝑢

• •

Figure 2: Sections of 𝑔 at different vertices and of different depths.

The wreath product of a group 𝐴 by a group 𝐻 acting on a set 𝑆 by permutations is 
denoted 𝐴 ≀𝑆 𝐻 and given by

𝐴 ≀𝑆 𝐻 ≔ 𝐴𝑆 ⋊ 𝐻,

where the action of 𝐻 is extended to an action on 𝐴𝑆 = ∏𝑠∈𝑆 𝐴 given by

((𝑎𝑠)𝑠∈𝑆)
ℎ

= (𝑎ℎ−1⋅𝑠)𝑠∈𝑆.

We shall drop 𝑆 from the notation for the wreath product when it is clear from context.

The group of symmetries of the square 𝐷8 is an example of a wreath product, as it is 
isomorphic to 𝐶2 ≀{1,2} 𝐶2 = (𝐶2 × 𝐶2) ⋊ 𝐶2 where 𝐶2 = ⟨(1 2)⟩ acts on {1, 2} by permuta
tion. To see this, we consider a square in the ℝ2 plane with the centre at the origin. Denote 
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(𝐶2 × 𝐶2) ⋊ 𝐶2 = (𝐴 × 𝐵) ⋊ 𝐶 where 𝐴 = 𝐵 = 𝐶 = 𝐶2 are the corresponding groups in the 
wreath product. By letting 𝐴 and 𝐵 act on the square by reflections along the horizontal and 
vertical axes, respectively and observing that reflections along the two axes commute, we 
obtain that 𝐴 × 𝐵 is the group of reflections of the square. Now, 𝐶 acts on the set {1, 2} =
{x-axis, y-axis} by switching the two axes, and hence rotating the square. Therefore, we 
have 𝐷8 = 𝐶2 ≀ 𝐶2.

We define an isomorphism 𝜓 : Aut(𝑇 ) → ∏𝑣∈𝐿1
Aut(𝑇𝑣) ⋊ 𝑆𝑑1

 via 𝜓 : 𝑔 ↦ (𝑔𝑣)𝑣∈𝐿1
⋅ 𝑔|1∅ . 

Hence

Aut(𝑇 ) ≅ ∏
𝑣∈𝐿1

Aut(𝑇𝑣) ⋊ 𝑆𝑑1
≅ Aut(𝑇𝑣)

𝑑1 ⋊ 𝑆𝑑1
= Aut(𝑇𝑣) ≀ 𝑆𝑑1

.

If 𝑇  is infinite, we obtain by induction an isomorphism between Aut(𝑇 ) and the infinite 
iterated wreath product

Aut(𝑇 ) ≅ ⋅ ⋅ ⋅ ≀ 𝑆𝑑𝑛
≀ ⋅ ⋅ ⋅ ≀ 𝑆𝑑2

≀ 𝑆𝑑1
.

This leads to the fact that we can identify every automorphism of a rooted tree by labelling 
each vertex 𝑣 of the tree with the permutation 𝑔|1𝑣 that acts on its descendants. We call 𝑔|1𝑣 
the label of 𝑔 at 𝑣. The set of all labels of an element 𝑔 ∈ Aut(𝑇 ) is called the portrait of 𝑔, 
and it uniquely determines the element 𝑔.

2.3. Examples
To conclude the chapter, we give a few examples of group acting on rooted trees.

Example 2.1 (Dihedral Groups).  The dihedral group

𝐷2𝑛 ≔ ⟨𝑟, 𝑠 | 𝑟𝑛 = 𝑠2 = 1, 𝑠𝑟𝑠 = 𝑟−1⟩ ≅ 𝐶𝑛 ⋊ 𝐶2

can be realised as a group acting on a finite rooted tree 𝑇  of 2 levels with 𝑑1 = 2, 𝑑2 = 𝑛. 
We define via 𝜓 the elements 𝑎, 𝑏 ∈ Aut(𝑇 ) by

𝜓(𝑎) = 𝜏 and 𝜓(𝑏) = (𝜎, 𝜎−1)

where 𝜏 = (1 2) and 𝜎 = (1 2 ⋅ ⋅ ⋅ 𝑛). One can check that 𝑎 corresponds to the reflection 𝑠, 
and 𝑏 corresponds to the rotation 𝑟.

Example 2.2 (Infinite Dihedral Group).  The infinite dihedral group

𝐷∞ ≔ ⟨𝑥, 𝑦 | 𝑥2 = 𝑦2 = 1⟩

admits a faithful action on the binary rooted tree 𝑇  where the actions 𝑥 and 𝑦 correspond 
to the respective element 𝑎 and 𝑏 in Aut(𝑇 ) given by

𝜓(𝑎) = (1, 1)𝜎 and 𝜓(𝑏) = (𝑎, 𝑏),

where 𝑏 is recursively defined. Observe that 𝑎 and 𝑏 both have order 2, and one can check 
that 𝐺 ≔ ⟨𝑎, 𝑏⟩ is indeed isomorphic to 𝐷∞.
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⋅ ⋅ ⋅

𝑎 : 𝜎

1 1

𝑏 : 1

𝜎 1

1 1 𝜎

1 1

1

𝜎 ——

1 1

Figure 3: The portraits of 𝑎 and 𝑏 on the binary rooted tree.

The group 𝐺 is linked to the dynamics of the Chebyshev polynomial 2𝑧2 − 1. It is worth 
noting that the infinite dihedral group can also be embedded into the group of automor
phisms of the 𝑑-adic tree, for any integer 𝑑 ≥ 2, by considering the 𝑑th degree Chebyshev 
polynomial instead. For a reference, we refer the reader to [22, Section 6.11.2].

Example 2.3 (Basilica Group).  The Basilica group 𝐵 is a subgroup of Aut(𝑇 ) with 𝑇  the 
binary rooted tree 𝑇 . It was first introduced by Grigorchuk and Żuk in [15]. The group 𝐵 
is generated by 𝑎 and 𝑏 given by

𝜓(𝑎) = (1, 𝑏)𝜎 and 𝜓(𝑏) = (1, 𝑎).

The group 𝐵 is connected to the dynamics of the polynomial 𝑧2 − 1, and it takes its name 
from the shape of the Julia set of 𝑧2 − 1, which resembles the basilica of San Marco mirrored 
in the water; see [22, Section 6.11.1].

⋅ ⋅ ⋅
⋅ ⋅ ⋅

𝑎 : 𝜎

1 1

1 𝜎

1 1

1

𝑏 : 1

1 𝜎

1 1

1 𝜎

1 1

Figure 4: The portraits of 𝑎 and 𝑏 on the binary rooted tree.
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Chapter 3

Profinite groups

The goal of this section is to study the structure of certain groups acting on rooted trees 
by realising them as profinite groups. The advantage is that profinite groups have rich 
algebraic and topological structures, which allow us to study subgroups and finite quotients 
comprehensively. We will go through the general construction of profinite groups and 
profinite topologies, and a few results on them. We will apply these results to groups acting 
on rooted trees in Section 4.1. We refer the reader to [5, Chapter 9] and [26] for in-depth 
expositions on topological groups and profinite groups, respectively.

3.1. Preliminaries on topological groups
A group 𝐺 equipped with a topology is called a topological group if the following maps are 
continuous:
(a) the map 𝐺 × 𝐺 → 𝐺 given by (𝑔, ℎ) ↦ 𝑔ℎ, where 𝐺 × 𝐺 is equipped with the product 

topology;
(b) the map 𝐺 → 𝐺 given by 𝑔 ↦ 𝑔−1.

Essentially, a topological group is a set equipped with compatible group and topological 
space structures. We call an isomorphism between topological groups that is also a 
homeomorphism a topological isomorphism, i.e. an isomorphism preserving both the group 
structure and the topology.

Lemma 3.1 (see [5, Theorem 9.12]).  Let 𝐺 be a topological group and ℎ ∈ 𝐺. Then, the 

following holds:

(a) the maps 𝑔 ↦ 𝑔ℎ, 𝑔 ↦ ℎ𝑔, and 𝑔 ↦ 𝑔−1 are homeomorphisms from 𝐺 → 𝐺;

(b) if 𝒰︀ is a base of open neighbourhoods of the identity in 𝐺, then

{ℎ𝑈 : 𝑈 ∈ 𝒰︀}  and {𝑈ℎ : 𝑈 ∈ 𝒰︀}

are bases of open neighbourhoods of ℎ.

The proof of the above result is standard, and it follows directly from the definition of 
topological groups.

A collection of sets 𝒮︀ is said to be filtered from below if for 𝑆1, 𝑆2 ∈ 𝒮︀, there exists 𝑆 ∈ 𝒮︀ such 
that 𝑆 ⊆ 𝑆1 ∩ 𝑆2. The following lemma is a standard result; see [2, Chapter 3, Proposition 1] 
We provide a proof here for the convenience of the reader.

Lemma 3.2.  Let 𝒩︀ be a collection of normal subgroups of 𝐺 filtered from below. Then the 

topology on 𝐺 generated by the right (or left) cosets of normal subgroups in 𝒩︀ endows 𝐺 

with a topological group structure.

Proof.  Let 𝑔, ℎ ∈ 𝐺 be arbitrary and 𝑁  be a normal subgroup in the collection 𝒩︀. First, 
the preimage of 𝑁𝑔 under inversion is 𝑔−1𝑁 = 𝑁𝑔−1, which is open. Second, we will show 
that the preimage of the open set 𝑁𝑔ℎ under the multiplication map is open with respect 
to the product topology on 𝐺 × 𝐺. If 𝑥 and 𝑦 are elements of 𝐺 such that their product 
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is in 𝑁𝑔ℎ, we observe that the open set 𝑁𝑥 × 𝑁𝑦 is contained in the preimage of 𝑁𝑔ℎ 
because

𝑁𝑥𝑁𝑦 = 𝑁𝑥𝑦 = 𝑁𝑔ℎ.

Thus, the preimage of 𝑁𝑔ℎ under multiplication is simply the union of 𝑁𝑥 × 𝑁𝑦 for every 
pair (𝑥, 𝑦) such that 𝑥𝑦 ∈ 𝑁𝑔ℎ, which is open. ∎

Due to Lemma 3.2, it suffices to define a base of neighbourhoods of the identity consisting of 
normal subgroups filtered from below to endow a group with a topological group structure. 
The most intuitive and relevant example is when we have a (descending) filtration {𝑁𝑖}𝑖∈ℕ,

𝑁1 ≥ 𝑁2 ≥ 𝑁3 ≥ ⋅ ⋅ ⋅ ≥ ⋂
𝑖∈ℕ

𝑁𝑖 = 1.

It is plain that the intersection 𝑁𝑖 ∩ 𝑁𝑗 is precisely the smaller normal subgroup amongst 𝑁𝑖 
and 𝑁𝑗.

The following lemma allows one to connect topological information about the “shape”, 
openness and closedness, of a subgroup to the group-theoretic information about the “size”, 
particularly the index, of it. This lemma is a modification of [26, Lemma 2.1.2]. We add 
the proof for the reader’s convenience.

Lemma 3.3.  Let 𝐺 be a topological group. Then

(a) every open subgroup is closed;

(b) every finite-index closed subgroup is open;

(c) if 𝐺 is compact, then a subgroup is open if and only if it is closed and of finite index.

Proof.  Let 𝐻 be an open subgroup for part (a). Then 𝐻 is closed because 𝐺 = ∪𝑔∈𝐺 𝐻𝑔 
and thereby 𝐺 \ 𝐻 = ∪𝑔∈𝐺\𝐻 𝐻𝑔, a union of open sets 𝐻𝑔. In part (b), we assume that 𝐻 
is a closed finite-index subgroup. Partitioning 𝐺 into a finite number of cosets of 𝐻, we 
obtain 𝐺 = ⊍𝑛

𝑖=1 𝐻𝑔𝑖 where 𝑔1, . . . , 𝑔𝑛 form a transversal and choose 𝑔1 = 1 without loss 
of generality. This implies that 𝐻 = 𝐺 \ ⊍𝑛

𝑖=2 𝐻𝑔𝑖 = ∩𝑛
𝑖=2 (𝐺 \ 𝐻𝑔𝑖) is a finite intersection 

of open sets, and thus it is open. To conclude part (c), we are left to show that under the 
extra compactness assumption, any open subgroup 𝐻 has finite index. Consider the open 
cover {𝐻𝑔 : 𝑔 ∈ 𝐺} of 𝐺; we can choose a finite subcover by compactness, i.e. for some 𝑛 
and 𝑔𝑖, we have 𝐺 = ∪𝑛

𝑖=1 𝐻𝑔𝑖 . Then the index of 𝐻 is at most 𝑛. ∎

3.2. Inverse limits
The exposition in this section and the next is mostly based on [26, Sections 1.1, 2.1, 3.1, 3.2].

Let 𝐼 = (𝐼, ⪯) be a directed partially-ordered set (poset), i.e. 𝐼 is a set equipped with a 
binary relation ⪯ such that:
(a) 𝑖 ⪯ 𝑖, for 𝑖 ∈ 𝐼 ;
(b) if 𝑖 ⪯ 𝑗 and 𝑗 ⪯ 𝑘 then 𝑖 ⪯ 𝑘, for 𝑖, 𝑗, 𝑘 ∈ 𝐼 ;
(c) if 𝑖 ⪯ 𝑗 and 𝑗 ⪯ 𝑖 then 𝑖 = 𝑗, for 𝑖, 𝑗 ∈ 𝐼 ;
(d) if 𝑖, 𝑗 ∈ 𝐼 , there exists 𝑘 ∈ 𝐼 such that 𝑖, 𝑗 ⪯ 𝑘.

An inverse system (projective system) of topological groups over a poset 𝐼 consists of
(a) a collection {𝑋𝑖 : 𝑖 ∈ 𝐼} of topological groups indexed by the poset 𝐼 ;
(b) for every pair 𝑖 ⪰ 𝑗, a continuous homomorphism

𝜋𝑖,𝑗 : 𝑋𝑖 → 𝑋𝑗
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such that the following diagrams commute whenever 𝑖 ⪰ 𝑗 ⪰ 𝑘,

𝜋𝑖,𝑘

𝜋𝑖,𝑗

𝜋𝑗,𝑘

𝑋𝑖

𝑋𝑘

𝑋𝑗

i.e. 𝜋𝑖,𝑘 = 𝜋𝑗,𝑘 ∘ 𝜋𝑖,𝑗;
(c) 𝜋𝑖,𝑖 = id𝑋𝑖

 for all 𝑖 ∈ 𝐼 .

This system is denoted by {𝑋𝑖, 𝜋𝑖,𝑗, 𝐼} or {𝑋𝑖, 𝜋𝑖,𝑗} if 𝐼 is unambiguous.

Let 𝑌  be a topological group and {𝑋𝑖, 𝜋𝑖,𝑗, 𝐼} be an inverse system of topological groups. 
Let 𝜃𝑖 : 𝑌 → 𝑋𝑖 be a continuous homomorphism for each 𝑖. These homomorphims 𝜃𝑖 are 
said to be compatible if

𝜋𝑖,𝑗 ∘ 𝜃𝑖 = 𝜃𝑗

whenever 𝑖 ⪰ 𝑗.

A topological group 𝑋 with compatible continuous homomorphisms 𝜋𝑖 : 𝑋 → 𝑋𝑖 is an in

verse limit (projective limit) of an inverse system {𝑋𝑖, 𝜋𝑖,𝑗, 𝐼}, denoted by lim
⟵
𝑖∈𝐼

𝑋𝑖 (or lim
⟵

𝑋𝑖 

if 𝐼 is understood from the context), if the following universal property holds:

∃!𝜃

𝜋𝑖𝜃𝑖

𝑌 𝑋

𝑋𝑖

i.e. whenever 𝑌  is a topological group and {𝜃𝑖 : 𝑌 → 𝑋𝑖}𝑖∈𝐼 is a set of compatible continuous 
homomorphisms, there exists a unique continuous homomorphism 𝜃 : 𝑌 → 𝑋 such that

𝜋𝑖 ∘ 𝜃 = 𝜃𝑖

for all 𝑖 ∈ 𝐼 . The above two diagrams can be merged into the following commutative diagram 
whenever 𝑖 ⪰ 𝑗

∃!𝜃

𝜋𝑖 𝜋𝑗

𝜋𝑖,𝑗

𝜃𝑖 𝜃𝑗

𝑌

𝑋 = lim
⟵

𝑋𝑖

𝑋𝑖 𝑋𝑗.

We say that 𝜃 is induced or determined by the compatible homomorphisms {𝜋𝑖}𝑖∈𝐼 . The 
homomorphisms 𝜋𝑖 : 𝑋 → 𝑋𝑖 are called projections. Note that, in general, they need not 
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be surjective, but in our setting, they will be the natural projections onto quotient groups, 
which are surjective.

Proposition 3.4 (see [26, Proposition 1.1.1]).  Let {𝑋𝑖, 𝜋𝑖,𝑗, 𝐼} be an inverse system of 

topological groups. Then there exists an inverse limit of this system that is unique up to a 

unique topological isomorphism.

Proof.  For the existence, we define 𝑋 as the topological subspace of the Cartesian 
product ∏𝑖∈𝐼 𝑋𝑖 consisting of those tuples (𝑥𝑖)𝑖∈𝐼 satisfying

𝜋𝑖,𝑗(𝑥𝑖) = 𝑥𝑗

whenever 𝑖 ⪰ 𝑗; these are called coherent tuples. Observe that 𝑋 is a subgroup of the 
group ∏𝑖 𝑋𝑖 since (1𝑋𝑖

) is coherent, and is closed under inversion and multiplication 
because each 𝜋𝑖,𝑗 is a homomorphism. Since the multiplication map on the aforementioned 
Cartesian product ∏𝑖 𝑋𝑖 × ∏𝑖 𝑋𝑖 = ∏𝑖(𝑋𝑖 × 𝑋𝑖) → ∏𝑖 𝑋𝑖 is made up of continuous mul
tiplication maps in each component, itself is also continuous. By the same token, the 
inverse map on the product is continuous. Upon restricting to 𝑋, we conclude that 𝑋 
is a topological group with the topology induced from ∏𝑖 𝑋𝑖. Consider the continuous 
projection 𝑝𝑖 : ∏𝑖∈𝐼 𝑋𝑖 → 𝑋𝑖; their restrictions 𝜋𝑖 = 𝑝𝑖|𝑋 are continuous homomorphisms 
which make the above diagram commute. Suppose that 𝑌  is a topological group and the 
maps 𝜃𝑖 : 𝑌 → 𝑋𝑖 are the compatible continuous homomorphisms. We define 𝜃 : 𝑌 → 𝑋 
by letting 𝜃(𝑦) ≔ (𝜃𝑖(𝑦))𝑖∈𝐼 a candidate for the induced continuous homomorphism. We 
see that

𝜃𝑖(𝑦) = 𝜋𝑖((𝜃𝑗(𝑦))
𝑗∈𝐼

) = 𝜋𝑖 ∘ 𝜃(𝑦),

thus the above diagram commutes. If 𝜃′ is another induced map, then

𝜃′(𝑦) = (𝜋𝑖 ∘ 𝜃′(𝑦))𝑖∈𝐼 = (𝜃𝑖(𝑦))𝑖∈𝐼 = 𝜃(𝑦).

Hence, the induced map 𝜃 is unique. This concludes the existence part.

For the uniqueness, let (𝑋, 𝜋𝑖) and (𝑌 , 𝜃𝑖) be two inverse limits of the inverse 
system {𝑋𝑖, 𝜋𝑖,𝑗, 𝐼}. By applying the universal property of inverse limits to 𝑋 and 𝑌 , we 
then have the following commutative diagram where 𝜋 : 𝑋 → 𝑌  and 𝜃 : 𝑌 → 𝑋 are the 
unique induced continuous homomorphisms:

𝜋

𝜃𝑖𝜋𝑖

𝜃

𝜋𝑖

id𝑋

𝑋 𝑌

𝑋𝑖.

𝑋

However, the identity homomorphism id𝑋 : 𝑋 → 𝑋 on 𝑋 also makes this new diagram 
commute. Thus 𝜃 ∘ 𝜋 is the identity map on 𝑋 by the uniqueness. Similarly, 𝜋 ∘ 𝜃 is the 
identity map on 𝑌 . Hence 𝜋 is a topological isomorphism between 𝑋 and 𝑌  since 𝜃 is the 
continuous inverse. ∎

14



As the inverse limit lim
⟵

𝑋𝑖 of a given inverse system of topological groups is unique up to 

topological isomorphism, we may realise lim
⟵

𝑋𝑖 as the explicit construction in the above 

proof, and write 𝑋 ≅ lim
⟵

𝑋𝑖 for other topological groups that satisfy the same universal 

property.

Recall that the product topology on ∏𝑖∈𝐼 𝑋𝑖 is defined to be the weakest (coarsest) topology 
such that all the projections 𝑝𝑖 : ∏𝑖∈𝐼 𝑋𝑖 → 𝑋𝑖 are continuous. This induces a base of open 
sets consisting of finite intersections of sets 𝑉𝑖 = 𝑝−1

𝑖 (𝑈𝑖) for 𝑈𝑖 open in 𝑋𝑖. Now, the basic 
open sets in lim

⟵
𝑋𝑖 of an inverse system {𝑋𝑖, 𝜋𝑖,𝑗, 𝐼} consists of the finite intersections of

𝑉𝑖 ∩ lim
⟵

𝑋𝑖 = 𝜋−1
𝑖 (𝑈𝑖).

As 𝐼 is directed, we may choose a base of open neighbourhoods of the identity consisting of 
just 𝜋−1

𝑖 (𝑈𝑖) = 𝑉𝑖 ∩ lim
⟵

𝑋𝑖 without the need for intersections. Suppose that 𝑖 ⪰ 𝑖1, . . . , 𝑖𝑛, 

then 𝜋𝑖𝑗
= 𝜋𝑖,𝑖𝑗

∘ 𝜋𝑖 and hence

⋂
𝑛

𝑗=1
(𝑉𝑖𝑗

∩ lim
⟵

𝑋𝑖) = ⋂
𝑛

𝑗=1
𝜋−1

𝑖𝑗
(𝑉𝑖𝑗

) = ⋂
𝑛

𝑗=1
𝜋−1

𝑖 (𝜋−1
𝑖,𝑖𝑗

(𝑉𝑖𝑗
)) = 𝜋−1

𝑖 (𝑈)

with 𝑈 = ⋂𝑛
𝑗=1 𝜋−1

𝑖,𝑖𝑗
(𝑉𝑖𝑗

) open in 𝑋𝑖.

Proposition 3.5 (see [26, Proposition 1.1.2]).  Let {𝑋𝑖, 𝜋𝑖,𝑗} be an inverse system of 

Hausdorff topological groups. Then lim
⟵

𝑋𝑖 is a closed subgroup of ∏ 𝑋𝑖.

Proof.  To show that the inverse limit is closed in the product topology, we shall show 
that every point in the complement has an open neighbourhood that does not intersect 
the inverse limit; thus the union of such open neighbourhoods give the open complement 
of the inverse limit. For every (𝑥𝑖) ∈ ∏ 𝑋𝑖 \ lim

⟵
𝑋𝑖, there exist 𝑟, 𝑠 ∈ 𝐼 with 𝑟 ⪰ 𝑠 such 

that 𝜋𝑟,𝑠(𝑥𝑟) ≠ 𝑥𝑠. Using the Hausdorff property of 𝑋𝑠, we choose two disjoint open neigh
bourhoods 𝑈  and 𝑉  of 𝜋𝑟,𝑠(𝑥𝑟) and of 𝑥𝑠, respectively. Let 𝑈 ′ ≔ (𝜋𝑟,𝑠)

−1(𝑈) be an open 
neighbourhood of 𝑥𝑟 in 𝑋𝑟. Consider the open neighbourhood 𝑊 ≔ ∏ 𝑉𝑖 of (𝑥𝑖) in ∏ 𝑋𝑖 
where 𝑉𝑟 = 𝑈 ′, 𝑉𝑠 = 𝑉 , and 𝑉𝑖 = 𝑋𝑖 otherwise. The open set 𝑊  is disjoint from lim

⟵
𝑋𝑖 

since 𝜋𝑟,𝑠(𝑉𝑟) ∩ 𝑉𝑠 = 𝜋𝑟,𝑠(𝑈 ′) ∩ 𝑉 = ∅. Since this holds for any arbitrary element (𝑥𝑖) 
outside of lim

⟵
𝑋𝑖, the set ∏ 𝑋𝑖 \ lim

⟵
𝑋𝑖 is open. ∎

Proposition 3.6 (see [26, Proposition 1.1.3]).  Let {𝑋𝑖, 𝜋𝑖,𝑗} be an inverse system of 

compact Hausdorff topological groups. Then lim
⟵

𝑋𝑖 is a compact Hausdorff topological group.

Proof.  It is also easy to see that taking products and subspaces preserves the Hausdorff 
property, so the inverse limit is Hausdorff. Next, the product of compact spaces is compact 
by Tychonoff’s theorem. Since the inverse limit is a closed subspace of the product ∏ 𝑋𝑖 
by Proposition 3.5, it is also compact. ∎

An inverse system {𝑋𝑖, 𝜋𝑖,𝑗} is called a surjective inverse system if 𝜋𝑖,𝑗 is surjective for 
every 𝑖 ⪰ 𝑗. The proof of the following lemma requires several lengthy constructions, so we 
omit it and instead refer the reader to [26, Corollary 1.1.6]:

Lemma 3.7 (see [26, Corollary 1.1.6]).  Let {𝑋𝑖, 𝜋𝑖,𝑗} be a surjective inverse system 

of compact Hausdorff groups and 𝑋 be a compact Hausdorff group with the compatible 

homomorphisms 𝜃𝑖 : 𝑋 → 𝑋𝑖. Then the corresponding induced homomorphism 𝜋 : 𝑋 →
lim
⟵

𝑋𝑖 is surjective.
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Lastly, we should remark that the results in Section 3.2 are also valid more generally for 
inverse limits of topological spaces.

3.3. Profinite groups
A profinite group is the inverse limit lim

⟵
𝐺𝑖 of a surjective inverse system {𝐺𝑖, 𝜋𝑖,𝑗} of finite 

groups 𝐺𝑖 each endowed with the discrete topology.

Let 𝐺 be a group and let 𝒩︀ be a collection of finite-index normal subgroups that is filtered 
from below. This collection of subgroups 𝒩︀ forms a base for open neighbourhoods of the 
identity in 𝐺. We refer to the corresponding topology as the profinite topology generated by 

the collection 𝒩︀. Note that 𝐺 is a topological group with respect to this topology.

Although it is tempting to say that a group 𝐺 equipped with a profinite topology is the 
profinite group lim

⟵
𝐺/𝑁 , it is not the case unless 𝐺 is compact and Hausdorff with respect to 

the profinite topology. We will see in Theorem 3.9 and Theorem 3.11 when this is the case.

The following result is based on the comment in [26, page 75]. We add the proof for the 
convenience of the reader.

Lemma 3.8.  A topological group 𝐺 with the profinite topology generated by a collection 𝒩︀ 

is Hausdorff if and only if ∩𝑁∈𝒩︀ 𝑁 = 1.

Proof.  Suppose that 𝐺 is Hausdorff, then for every non-trivial element 𝑔 ∈ 𝐺, there is 
a subgroup 𝑁 ∈ 𝒩︀ such that 𝑁𝑔 ∩ 𝑁 = ∅; therefore 𝑔 ∉ 𝑁 . Hence, the intersection of all 
sets in 𝒩︀ must be trivial. For the converse, if 𝐺 is not Hausdorff, there exist two distinct 
elements 𝑔 and ℎ such that 𝑁𝑔 ∩ 𝑁ℎ ≠ ∅ for all subgroups 𝑁 ∈ 𝒩︀. Hence, 𝑁𝑔 = 𝑁ℎ and 
thereby 1 ≠ 𝑔ℎ−1 ∈ ⋂𝑁∈𝒩︀ 𝑁 . ∎

Let 𝐺 be a group with a profinite topology generated by a collection 𝒩︀. The completion 
of 𝐺 with respect to this profinite topology is the profinite group given by the inverse limit 
of the inverse system {𝐺/𝑁, 𝜋𝑁,𝐾 , 𝒩︀} where 𝑁 ⪰ 𝐾 if 𝑁 ≤ 𝐾 and 𝜋𝑁,𝐾 are the natural 
continuous projections 𝐺/𝑁 → 𝐺/𝐾.

The following result is modified from [26, Theorem 3.3.2], which was shown for the full 
profinite topology. The result is restated and proved for a more general profinite topology.

Theorem 3.9.  Let 𝐺 be a topological group admitting a collection 𝒩︀ of finite-index normal 

subgroups such that ∩𝑁∈𝒩︀ 𝑁 = 1. Then 𝐺 is compact if and only if 𝐺 is topologically 

isomorphic to its own completion, i.e.

𝐺 ≅ lim
⟵

𝑁∈𝒩︀

𝐺/𝑁.

Proof.  The converse follows from Proposition 3.6, so it suffices to show the forward direc
tion. Since the continuous surjective homomorphisms 𝜋𝑁 : 𝐺 → 𝐺/𝑁  are compatible with 
the surjective inverse system {𝐺/𝑁, 𝜋𝑁,𝐾 , 𝒩︀}, they induce a continuous homomorphism

𝜃 : 𝐺 → lim
⟵

𝑁∈𝒩︀

𝐺/𝑁.

Using Lemma 3.8 along with Lemma 3.7, we deduce that 𝜃 must be surjective. Because 
𝜋𝑁 ∘ 𝜃 = 𝜃𝑁 , we get

ker(𝜃) ≤ ⋂
𝑁∈𝒩︀

ker(𝜋𝑁 ∘ 𝜃) = ⋂
𝑁∈𝒩︀

ker(𝜃𝑁) = ⋂
𝑁∈𝒩︀

𝑁 = 1,
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hence, 𝜃 is injective. Lastly, the continuous bijection 𝜃 is a homeomorphism since both 
spaces are compact and Hausdorff. ∎

This means that a topological group 𝐺 with a profinite topology is topologically isomorphic 
to its own completion whenever 𝐺 is compact and Hausdorff. The following result gives a 
formula for the closure of a subgroup in a profinite topology; it is a modification of the 
observation in [26, Theorem 3.1.2(b)], which was shown for the full profinite topology.

Proposition 3.10.  Let 𝐻 be a subgroup in a topological group 𝐺 with a profinite topology 

generated by a collection 𝒩︀. Then the closure of 𝐻 in 𝐺 is

𝐻 = ⋂
𝑁∈𝒩︀

𝑁𝐻.

Proof.  First, suppose that 𝐻 is a closed subgroup of 𝐺. For each 𝑥 ∈ 𝐺 − 𝐻, there is a 
finite-index normal subgroup 𝑁 ∈ 𝒩︀ such that 𝑁𝑥 ⊆ 𝐺 − 𝐻 as the latter set is open. This 
means that 𝑥 ∉ 𝑁𝐻 as otherwise, 𝑥 = 𝑛ℎ and so 𝑛−1𝑥 = ℎ for some 𝑛 ∈ 𝑁  and ℎ ∈ 𝐻. 
Therefore, 𝐻 = ∩𝑁∈𝒩︀ 𝑁𝐻. Now, if 𝐻 is an arbitrary subgroup, we have 𝐻 = ∩𝑁∈𝒩︀ 𝑁𝐻. 
Since 𝑁𝐻 = ∪ℎ∈𝐻 𝑁ℎ, the subgroup 𝑁𝐻 is open. It follows from Lemma 3.3(a) that 𝑁𝐻 
is closed, for each 𝑁 ∈ 𝒩︀. Because ∩𝑁∈𝒩︀ 𝑁𝐻 is also a closed set containing 𝐻 and is 
contained in ∩𝑁∈𝒩︀ 𝑁𝐻, then 𝐻 = ∩𝑁∈𝒩︀ 𝑁𝐻. ∎

For the following result, we modify the [26, Theorem 3.3.2(d)], which was proven for the 
full profinite topology.

Theorem 3.11.  Let 𝐺 be a topological group with a profinite topology generated by a 

collection 𝒩︀. If 𝐻 is a subgroup of 𝐺, then

𝐻/(𝐻 ∩ 𝑁) ≅ 𝐻/(𝐻 ∩ 𝑁)

and hence

lim
⟵

𝑁∈𝒩︀

𝐻
𝐻 ∩ 𝑁

≅ lim
⟵

𝑁∈𝒩︀

𝐻
𝐻 ∩ 𝑁

.

In other words, the completion of 𝐻 with respect to the topology induced from 𝐺 is 

topologically isomorphic to the completion of 𝐻 with the induced topology from 𝐺.

Proof.  First, we observe the following identity:

𝑁𝐻 = 𝑁( ⋂
𝐾∈𝒩︀

𝐻) ⊆ 𝑁( ⋂
𝐾∈𝒩︀

𝐾𝐻) ⊆ 𝑁(𝑁𝐻) ⊆ 𝑁𝐻

whenever 𝑁 ∈ 𝒩︀ and 𝐻 ≤ 𝐺. Now, we can deduce the first isomorphism in the statement:

𝐻/(𝐻 ∩ 𝑁) ≅ 𝑁𝐻/𝑁 = 𝑁( ⋂
𝐾∈𝒩︀

𝐾𝐻)/𝑁 = 𝑁𝐻/𝑁 ≅ 𝐻/(𝐻 ∩ 𝑁),

where the isomorphisms are given by the second isomorphism theorem and the first equality 
is given by Proposition 3.10. It follows directly from the above identification that the inverse 
limits are topologically isomorphic. ∎
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Chapter 4

Topological and measure-theoretic 

aspects of groups acting on rooted 

trees

From this chapter onwards 𝑇  shall denote an infinite spherically homogeneous rooted tree, 
unless stated otherwise.

4.1. Topological properties of groups acting on rooted trees
The results in this section are widely known, and we refer to [9] as a reference. We provide 
the proofs for the convenience of the reader.

For a rooted tree 𝑇 , let us consider its automorphism group Aut(𝑇 ) as a topological group 
with the topology given by declaring the level stabilisers to be a neighbourhood basis of 
the identity. We call this the congruence topology on Aut(𝑇 ). The induced topology on any 
subgroup 𝐺 ≤ Aut(𝑇 ) has the level stabilisers St𝐺(𝑛) in 𝐺 as a neighbourhood basis of the 
identity. We call this the congruence topology on 𝐺.

Note that the level stabilisers are filtered from below because

St𝐺(1) ≥ St𝐺(2) ≥ St𝐺(3) ≥ ⋅ ⋅ ⋅ ≥ St𝐺(𝑛) ≥ ⋅ ⋅ ⋅ .

Moreover, all congruence quotients 𝐺𝑛 = 𝐺/St𝐺(𝑛) are finite. It is now plain that the 
congruence topology on 𝐺 is a profinite topology. Observe that the congruence topology 
on any subgroup 𝐺 satisfies

⋂
𝑛∈ℕ

St𝐺(𝑛) = 1

as the identity is the only automorphism that fixes every vertex in 𝑇 . Hence, the group 𝐺 
is a Hausdorff topological group with respect to the congruence topology by Lemma 3.8.

Proposition 4.1.  Every closed subgroup 𝐺 ≤ Aut(𝑇 ) with the congruence topology is 

topologically isomorphic to its own completion lim
⟵

𝐺𝑛.

Proof.  First, we prove that 𝐺 = Aut(𝑇 ) is compact. We claim that for every cover 
of Aut(𝑇 ) consisting of cosets of level stabilisers, there is a number 𝑛 ∈ ℕ such that all the 
cosets of level stabilisers of level at most 𝑛 in this covering cover Aut(𝑇 ). Indeed, let us 
assume by contradiction that for every 𝑛, there is a coset St(𝑛)𝑔𝑛 not covered by cosets of 
the level stabilisers of lower or equal levels in the covering. It is easy to see that {St(𝑛)𝑔𝑛}𝑛∈ℕ 
can be chosen to be a descending nested sequence of sets and have the intersection being 
a singleton {𝑔} ⊆ Aut(𝑇 ) since ∩𝑛∈ℕ St(𝑛) is trivial. However, this means that 𝑔 is not 
covered by the covering, hence a contradiction. Since open sets in Aut(𝑇 ) are simply unions 
of cosets of level stabilisers in Aut(𝑇 ), then Aut(𝑇 ) is compact by our claim as every open 
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cover admits a finite sub-cover. Now every closed subgroup 𝐺 is compact in the compact 
group Aut(𝑇 ), thus by Theorem 3.9, we get 𝐺 ≅ lim

⟵
𝐺𝑛. ∎

Proposition 4.2.  Let 𝐺 ≤ Aut(𝑇 ). Then 𝐺/St𝐺(𝑛) = 𝐺/St𝐺(𝑛) where 𝐺 is the closure 

of 𝐺 with respect to the congruence topology in Aut(𝑇 ).

Proof.  This follows directly from Theorem 3.11. ∎

Proposition 4.3.  Let 𝐺 ≤ Aut(𝑇 ). For each vertex 𝑣 ∈ 𝑇 , and 𝑘 ∈ ℕ ∪ {∞}, the section 

map 𝜑𝑘
𝑣 : 𝐺 → Aut(𝑇 𝑘

𝑣 ) is continuous.

Proof.  Fix 𝑘 ∈ ℕ ∪ {∞}, a group 𝐺 ≤ Aut(𝑇 ), and a vertex 𝑣 ∈ 𝑇  at level 𝑛. Recall that 
the cosets of the level stabilisers form a base of open sets in Aut(𝑇 𝑘

𝑣 ). For any positive 
integers 𝑚 ≤ 𝑘 and ℎ ∈ Aut(𝑇 𝑘

𝑣 ), the preimages of basic open sets in Aut(𝑇 𝑘
𝑣 ) are precisely

𝐴 ≔ (𝜑𝑘
𝑣)−1(StAut(𝑇 𝑘

𝑣 )(𝑚)ℎ) ⊆ St(𝑛 + 𝑚)𝐴 = ⋃
𝑔∈𝐴

St(𝑛 + 𝑚)𝑔 ⊆ 𝐴,

where the last inclusion follows from 𝑙|𝑘𝑣 ∈ StAut(𝑇 𝑘
𝑣 )(𝑚) whenever 𝑙 ∈ St(𝑛 + 𝑚). Therefore, 

the preimages of open sets are open, and hence 𝜑𝑘
𝑣 is continuous. ∎

We remark that the projections for the inverse limit lim
⟵

𝐺𝑛 are 𝜑𝑛
∅ : 𝐺 ≅ lim

⟵
𝐺𝑛 → 𝐺𝑛.

4.2. Measure-theoretic properties of groups acting on rooted trees
We recall some definitions related to measure spaces and Haar measures on topological 
groups. For the full details, we refer the reader to [5].

A measurable space consists of a pair (𝑋, 𝒜︀) where 𝑋 is a set, and 𝒜︀ is a 𝜎-algebra, i.e. a 
subcollection of 𝒫︀(𝑋) satisfying the following conditions:
(a) ∅, 𝑋 ∈ 𝒜︀;
(b) if 𝐴 ∈ 𝒜︀, then 𝐴𝑐 ∈ 𝒜︀;
(c) if {𝐴𝑖}𝑖∈ℕ is a countable collection of sets in 𝒜︀, then ∪𝑖∈ℕ 𝐴𝑖 ∈ 𝒜︀.

We call the sets in 𝒜︀ measurable sets. If 𝒜︀ is understood by context, we may write simply 
𝑋 for the measurable space.

A measure 𝜇 : 𝒜︀ → [0, ∞] is a set-function satisfying:
(a) 𝜇(∅) = 0;
(b) if {𝐴𝑖}𝑖∈ℕ is a countable collection of disjoint sets in 𝒜︀, then ∑𝑖∈ℕ 𝜇(𝐴𝑖) = 𝜇(⊍𝑖∈ℕ 𝐴𝑖).

We call a measurable space a measure space upon equipping it with a measure 𝜇 and denote 
it by (𝑋, 𝒜︀, 𝜇), or simply (𝑋, 𝜇) if 𝒜︀ is understood by context. We say that a measure 
space is a probability space if 𝜇(𝑋) = 1. In this case, we call 𝜇 a probability measure.

We say that a property 𝑃  holds 𝜇-almost everywhere (𝜇-almost surely) or simply almost 

everywhere (almost surely) in 𝑋 if 𝐸 ≔ {𝑥 ∈ 𝑋 : 𝑃 does not hold} is contained in a mea
surable set 𝐹 ∈ 𝒜︀ with measure zero.

When 𝑋 and 𝑌  are two measurable spaces, a function 𝑓 : 𝑋 → 𝑌  is said to be measurable 
if all the preimages of measurable sets in 𝑌  are measurable in 𝑋, i.e. 𝑓−1(𝐵) is measurable 
in 𝑋 whenever 𝐵 is measurable in 𝑌 . Note that the characteristic function 𝜒𝐸 of a 
measurable set 𝐸 is measurable. For the definitions of integrable functions and integration 
against a measure, we refer the reader to [5, Chapter 2].

If 𝑋 is a topological space, then we can choose the 𝜎-algebra 𝒜︀ to be the (smallest) 𝜎-algebra 
generated by the open sets in 𝑋; this is called the Borel 𝜎-algebra on 𝑋. Note that all open 
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and closed sets are contained in the Borel 𝜎-algebra, and if the space 𝑋 is Hausdorff, then 
all compact sets are closed and hence measurable. If 𝑋 and 𝑌  are topological spaces, then 
every continuous function 𝑓 : 𝑋 → 𝑌  is measurable. We take ℝ with the Borel 𝜎-algebra 
generated by the Euclidean metric on ℝ as our canonical measure-theoretic structure on ℝ.

If 𝑋 is Hausdorff and equipped with the Borel 𝜎-algebra, we say that a measure 𝜇 is 
regular if
(a) for every compact subset 𝐾, we have 𝜇(𝐾) < ∞; fffffffffffffffffffffffffffffffffffffffffffffffffffffffff
(b) (outer regular) for every measurable subset 𝐴, we have

𝜇(𝐴) = inf{𝜇(𝑈) : 𝐴 ⊆ 𝑈, with 𝑈 open};
(c) (inner regular) for every open subset 𝑈 , we have

𝜇(𝑈) = sup{𝜇(𝐾) : 𝐾 ⊆ 𝑈, with 𝐾 compact}.

If 𝑋 is a compact Hausdorff topological group (compact group in short), then we say that 𝜇 
is a left Haar measure if 𝜇 is regular and left-translation invariant, i.e. 𝜇(𝑥𝐴) = 𝜇(𝐴) for 
every Borel measurable set 𝐴 and 𝑥 ∈ 𝑋. Similarly, a right Haar measure is a regular 
measure that is right-translation invariant.

It can be shown that left and right Haar measures exist for every compact group, albeit 
with a lengthy proof; see [5, Theorem 9.2.2]. One can also show the uniqueness of a left (and 
right) Haar measure up to a constant multiple. Furthermore, the compactness assumption 
yields that every left Haar measure on a compact group is also a right Haar measure and 
thus there is a unique probability Haar measure; see [5, pages 293-295]. We will use the 
following result for calculating the measures of subgroups of compact groups:

Proposition 4.4.  Let 𝐺 be a compact group and 𝜇 be the unique Haar probability measure 

on 𝐺. Then 𝐻 is an open subgroup in 𝐺 if and only if 𝐻 is a closed subgroup with positive 

measure. Furthermore, if the above hold, then the measure of the subgroup 𝐻 is given by

𝜇(𝐻) = |𝐺 : 𝐻|−1.

Proof.  Suppose that 𝐻 is an open subgroup, then it is closed and has finite index in 𝐺 by 
Lemma 3.3(c). If 𝒯︀ is a right transversal of 𝐻, then we have

1 = 𝜇(𝐺) = 𝜇( ⨃
𝑔∈𝒯︀

𝐻𝑔) = ∑
𝑔∈𝒯︀

𝜇(𝐻𝑔) = ∑
𝑔∈𝒯︀

𝜇(𝐻) = |𝐺 : 𝐻| ⋅ 𝜇(𝐻).

Hence, the measure of 𝐻 is 𝜇(𝐻) = |𝐺 : 𝐻|−1 > 0.

For the converse, suppose that 𝐻 is a closed subgroup with positive measure. Let 𝒯︀ be a 
right transversal of 𝐻 in 𝐺 and let 𝒯︀′ be any finite subset of 𝒯︀. Then

1 = 𝜇(𝐺) = 𝜇( ⨃
𝑔∈𝒯︀

𝐻𝑔) ≥ 𝜇( ⨃
𝑔∈𝒯︀′

𝐻𝑔) = ∑
𝑔∈𝒯︀′

𝜇(𝐻𝑔) = ∑
𝑔∈𝒯︀′

𝜇(𝐻) = #︎𝒯︀′ ⋅ 𝜇(𝐻).

Since 𝜇(𝐻) > 0, then 𝜇(𝐻)−1 > 0. If 𝒯︀ were to be infinite, then we can choose 𝒯︀′ to have 
cardinality ⌈𝜇(𝐻)−1⌉ + 1, which yields a contradiction as #︎𝒯︀′ ⋅ 𝜇(𝐻) > 1. Hence 𝒯︀ must 
be finite, i.e. |𝐺 : 𝐻| < ∞. The subgroup 𝐻 is open according to Lemma 3.3(b). ∎

Note that the result above is widely known, and we provide the proof for the convenience 
of the reader.
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In the case of groups acting on rooted trees, if 𝐺 is a subgroup of Aut(𝑇 ), recall that the 
closure 𝐺 of 𝐺 in Aut(𝑇 ) is a compact group by Proposition 4.1 and Theorem 3.9, and 
thus we can equip 𝐺 with the Borel 𝜎-algebra and the unique Haar probability measure. 
We denote the unique Haar probability measure on 𝐺 by 𝜇𝐺.

Let 𝐺 ≤ Aut(𝑇 ) be a closed subgroup. Then, clearly 𝐺𝑛 is a finite group. It is plain 
that (𝐺𝑛, 𝒫︀(𝐺𝑛)) is a discrete measurable space, i.e. every subset of 𝐺𝑛 is measurable. 
This 𝜎-algebra is also the Borel 𝜎-algebra generated by the discrete topology. Note that 
the normalised discrete (counting) measure is the unique Haar probability measure on this 
group, which we denote by 𝜇𝐺𝑛

.

Let 𝑋 be a measure space with a measure 𝜇 and 𝑌  a measurable space. Given a measurable 
function 𝑓 : 𝑋 → 𝑌 , we define the pushforward measure 𝑓#︎𝜇 of 𝜇 by 𝑓 on 𝑌  by

𝑓#︎𝜇(𝐵) ≔ 𝜇(𝑓−1(𝐵))

for each 𝐵 measurable in 𝑌 .

Let 𝑛 ∈ ℕ and recall that 𝜑𝑛
∅ : 𝐺 → 𝐺𝑛 is a continuous map, hence measurable. Further

more, the pushforward measure (𝜑𝑛
∅ )

#︎
𝜇𝐺 coincides with 𝜇𝐺𝑛

 on 𝒫︀(𝐺𝑛). To see this, observe 

that if 𝐴 ⊆ 𝐺𝑛 ≤ Aut(𝑇 𝑛), then

𝜇𝐺𝑛
(𝐴) = 1

|𝐺𝑛|
⋅ #︎𝐴 = |𝐺 : St𝐺(𝑛)|−1 ⋅ #︎𝐴

= ∑
𝐴

𝜇𝐺(St𝐺(𝑛)) = 𝜇𝐺((𝜑𝑛
∅ )−1(𝐴)) = (𝜑𝑛

∅ )
#︎

𝜇𝐺(𝐶𝐴).

Therefore, the following equality holds as a result of [5, Theorem 2.6.8]:

∫
𝐺

(𝑓 ∘ 𝜑𝑛
∅ ) 𝑑𝜇𝐺 = ∫

𝐺𝑛

𝑓 𝑑((𝜑𝑛
∅ )

#︎
𝜇𝐺) = ∫

𝐺𝑛

𝑓 𝑑𝜇𝐺𝑛
= 1

|𝐺 : St𝐺(𝑛)|
∑

𝑔∈𝐺𝑛

𝑓(𝑔)

for any function 𝑓 : 𝐺𝑛 → [−∞, ∞] that may attain +∞ or −∞, but not both. We collect 
these facts in the following proposition.

Proposition 4.5.  Let 𝐺 ≤ Aut(𝑇 ) be a closed subgroup, and 𝑛 ∈ ℕ. For any set 𝐴 ⊆ 𝐺𝑛 

of 𝑛-patterns, we have

𝜇𝐺𝑛
(𝐴) = #︎𝐴

|𝐺 : St𝐺(𝑛)|
= (𝜑𝑛

∅ )
#︎

𝜇𝐺(𝐴) = 𝜇𝐺(𝐶∅
𝐴),

where ∅ is the root of 𝑇 . Moreover, if a function 𝑓 : 𝐺𝑛 → [−∞, ∞] does not attain both +∞ 

and −∞, then

∫
𝐺

(𝑓 ∘ 𝜑𝑛
∅ ) 𝑑𝜇𝐺 = 1

|𝐺 : St𝐺(𝑛)|
∑

𝑔∈𝐺𝑛

𝑓(𝑔).
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Chapter 5

Fractality

5.1. Fractality
The exposition in this chapter starts from the notions of self-similarity, fractality, and 
super-strong fractality, which capture different degrees of similarity between actions on the 
subtrees and the whole tree. Self-similar groups were first studied as automata groups, 
dating back at least to the early 1980s. Nekrashevych introduced the term self-similar and 
fractal groups as these properties naturally arise in the study of iterated monodromy groups 
in complex dynamics; see [22]. Fractality also yields the measure-preserving property of 
certain dynamical systems; see [8, Theorem A]. Furthermore, in the view of dynamical 
systems, super-strongly fractal is another natural notion as it leads to probabilistic inde
pendence, ergodicity, and a strong mixing property; see [8, Lemma 4.2 and Theorem A].

Let 𝑇  be a regular rooted tree. A group 𝐺 ≤ Aut(𝑇 ) is said to be:
(a) self-similar if for every 𝑣 ∈ 𝑇 , we have —————————————————–

𝜑𝑣(𝐺) ⊆ 𝐺;
(b) fractal if 𝐺 is self-similar and for every 𝑣 ∈ 𝑇 , we have

𝜑𝑣(st𝐺(𝑣)) = 𝐺;
(c) super-strongly fractal if 𝐺 is self-similar and for every 𝑣 ∈ 𝑇 , we have

𝜑𝑣(St𝐺(|𝑣|)) = 𝐺.

The first Grigorchuk group, the Gupta-Sidki 𝑝-groups for any odd primes 𝑝, and the iterated 
monodromy group of the complex polynomial 𝑧2 − 1, also known as the Basilica group, are 
some examples of self-similar, fractal, and super-strongly fractal groups. Self-similarity can 
be easily verified as all the sections of the generators at the first-level vertices are contained 
in the original group. The verification for fractality and super-strong fractality involves the 
same observation, but with generators and their conjugates that fix the first level.

It is essential in these definitions that the tree is regular because a section of an element 
in 𝑔 ∈ 𝐺 ≤ Aut(𝑇 ) may not be identified with an element of Aut(𝑇 ) otherwise. We remark 
that since self-similarity is assumed in the last two notions, we have

𝜑𝑣(st𝐺(𝑣)) = 𝜑𝑣(𝐺) and 𝜑𝑣(St𝐺(|𝑣|)) = 𝜑𝑣(𝐺)

respectively. The above equations tell us that the fractality/super-strong fractality enables 
the vertex/level stabilisers to see the same sections at each 𝑣 ∈ 𝑇  as the whole group 𝐺. 
However, observe that it is not necessary to require self-similarity to set these two equalities. 
This observation motivates us to define the following generalised notions of fractality and 
super-strong fractality.
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Definition 5.1 (shifted fractal and shifted super-strongly fractal).  Let 𝑇  be a spherically 
homogeneous rooted tree, not necessarily regular. A group 𝐺 ≤ Aut(𝑇 ) is said to be shifted 
fractal if

𝜑𝑣(st𝐺(𝑣)) = 𝜑𝑣(𝐺)

for every 𝑣 ∈ 𝑇  and shifted super-strongly fractal if

𝜑𝑣(St𝐺(|𝑣|)) = 𝜑𝑣(𝐺)

for every 𝑣 ∈ 𝑇 .

As 𝜑𝑣(St𝐺(|𝑣|)) ≤ 𝜑𝑣(st𝐺(𝑣)) ⊆ 𝜑𝑣(𝐺) for any vertex 𝑣 ∈ 𝑇  and any group 𝐺 ≤ Aut(𝑇 ), 
every shifted super-strongly fractal group is shifted fractal. Note that since 𝜑𝑣 is a homo
morphism when restricted to st𝐺(𝑣), if 𝐺 is shifted fractal, then 𝜑𝑣(𝐺) is also a group.

We should emphasise here that 𝜑𝑣(𝐺) is not a subgroup of Aut(𝑇 ), but rather of Aut(𝑇𝑣). 
Hence, we do not require 𝑇  to be regular. We call these new notions shifted as 𝜑𝑣(𝐺) is 
no longer acting on 𝑇  like elements of 𝐺, but the action is “shifted” to act on 𝑇𝑣 as 𝜑𝑣(𝐺) 
instead.

Note that each of these five definitions implies that the same condition holds for every 
finite-depth section and congruence quotient, e.g. if 𝐺 is self-similar, then 𝜑𝑛

𝑣 (𝐺) ⊆ 𝐺𝑛 for 
every 𝑣 ∈ 𝑇  and 𝑛 ∈ ℕ. However, the converse only implies that the closure 𝐺 has such a 
property due to Propositions 4.1 and 4.2.

For 𝐺 ≤ Aut(𝑇 ), we shall write 𝐺𝑣 ≔ 𝜑𝑣(𝐺) from this point onwards to simplify the 
notation. Furthermore, for any 𝑣 ∈ 𝑇  and 𝑚 ∈ ℕ, we note that the kernel ker 𝜑𝑚

𝑣  is the 
kernel of 𝜑𝑚

𝑣  restricted to st𝐺(𝑣), i.e.

ker 𝜑𝑚
𝑣 ≔ {𝑔 ∈ st𝐺(𝑣) : 𝑔|𝑚𝑣 = 1𝑚}.

Recall that for a given set of 𝑚-patterns 𝐴 ⊆ (𝐺𝑣)𝑚, the cone over 𝐴 in 𝐺𝑣 is defined 
as 𝐶𝑣

𝐴 ≔ {𝑔 ∈ 𝐺𝑣 : 𝑔|𝑚𝑣 ∈ 𝐴}. The following lemma shows that the cones are open.

Lemma 5.2.  Let 𝐺 ≤ Aut(𝑇 ). For any 𝑛 ∈ ℕ, the cones over the sets of 𝑛-patterns are 

open. Moreover, if 𝑔 ∈ 𝐺, then St𝐺(𝑛)𝑔 = 𝐶{𝑔|𝑛∅ }, i.e. all basic open sets are cones.

Proof.  We start with the second statement. The section of any element in the coset St𝐺(𝑛)𝑔 
at depth 𝑛 is precisely 𝑔|𝑛∅ , thus the cone contains the coset. Conversely, if ℎ ∈ 𝐶{𝑔|𝑚∅ }, 
then ℎ = ℎ𝑔−1𝑔 where ℎ𝑔−1 fixes level 𝑛 as (ℎ𝑔−1)|𝑛∅ = ℎ|𝑛∅ 𝑔−1|𝑛∅ = 𝑔|𝑛∅ (𝑔|𝑛∅ )−1 = 1|𝑛∅ . Since 
the cosets of the level stabilisers are open, and an arbitrary cone is a union of cones of 
singleton sets, the first statement follows from the second. ∎

5.2. Pushforward of measures and shifted fractality
In this section, we show that the unique Haar probability measure on 𝐺𝑣 is simply the 
pushforward measure of the unique Haar probability measure on 𝐺 by the section map 𝜑𝑣 
whenever 𝐺 ≤ Aut(𝑇 ) is a closed shifted fractal group. For self-similar groups, this reduces 
to the Haar probability measure being invariant under projection, as proven by Farina-
Asategui in [8, Theorem A]

We start by generalising [8, Lemma 4.1(i)] to shifted fractal groups:

Lemma 5.3.  Let 𝐺 ≤ Aut(𝑇 ) be shifted fractal. Then for any 𝑣 ∈ 𝑇  at level 𝑛 ∈ ℕ and a 

set of 𝑚-patterns 𝐴 ⊆ (𝐺𝑣)𝑚, we have
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#︎𝜑𝑛+𝑚
∅ ((𝜑𝑣)

−1(𝐶𝑣
𝐴)) = #︎𝐴 ⋅ |𝐺 : st𝐺(𝑣)| ⋅ | ker 𝜑𝑚

𝑣 : St𝐺(𝑛 + 𝑚)|.

Proof.  Throughout this proof, we work in Aut(𝑇 𝑛+𝑚) ≅ Aut(𝑇 )/ St(𝑛 + 𝑚) to simplify the 
notation. It suffices to show that for each 𝜎 ∈ 𝐴, every coset of st𝐺(𝑣) has precisely | ker 𝜑𝑚

𝑣 | 
distinct elements 𝑔 in (𝜑𝑣)

−1(𝐶𝑣
𝐴) such that

𝑔|𝑚𝑣 = 𝜎. (1)

Since 𝐺 is shifted fractal, there exists 𝑎 ∈ st𝐺(𝑣) such that 𝑎|𝑚𝑣 = 𝜎.

First, we show that the intersection of each right coset of st𝐺(𝑣) with (𝜑𝑣)
−1(𝐶𝑣

𝐴) contains 
an element satisfying Equation 1. Fix an arbitrary right coset st𝐺(𝑣)ℎ. Since

(ℎ|𝑚𝑣 )−1 = (ℎ−1)|𝑚𝑣ℎ ∈ 𝜑𝑚
𝑣ℎ(𝐺),

by shifted fractality, there exists 𝑙 ∈ st𝐺(𝑣ℎ) such that 𝑙|𝑚𝑣ℎ = (ℎ|𝑚𝑣 )−1. Now

(𝑎ℎ𝑙)|𝑚𝑣 = 𝑎|𝑚𝑣 ℎ|𝑚𝑣 𝑙|𝑚𝑣ℎ = 𝑎|𝑚𝑣 ℎ|𝑚𝑣 (ℎ|𝑚𝑣 )−1 = 𝜎,

so the element 𝑎ℎ𝑙 is contained in (𝜑𝑣)
−1(𝐶𝑣

𝐴) and satisfies Equation 1. Furthermore, the 
element 𝑎ℎ𝑙 is contained in the coset st𝐺(𝑣)ℎ as

𝑣𝑎ℎ𝑙ℎ−1 = 𝑣ℎ𝑙ℎ−1 = (𝑣ℎ)ℎ−1
= 𝑣.

Next, we compute the number of elements in each coset of st𝐺(𝑣) which satisfy Equation 1. 
For each right coset of st𝐺(𝑣), we choose a coset representative 𝑔 satisfying Equation 1. 
If ̃𝑔 ∈ (𝜑𝑣)

−1(𝐶𝑣
𝐴) ∩ st𝐺(𝑣)𝑔 also satisfies Equation 1, we have ̃𝑔 = 𝑥𝑔 for some 𝑥 ∈ st𝐺(𝑣). 

We show further that 𝑥 stabilises the 𝑚-truncated tree rooted at 𝑣 as well, i.e. 𝑥 ∈ ker 𝜑𝑚
𝑣 . 

For this, we use 𝑥 = ̃𝑔𝑔−1 ∈ st𝐺(𝑣) and see that

𝑥|𝑚𝑣 = ̃𝑔|𝑚𝑣 (𝑔−1)|𝑚𝑣𝑔̃ = ̃𝑔|𝑚𝑣 (𝑔−1)|𝑚𝑣𝑔 = ̃𝑔|𝑚𝑣 (𝑔|𝑚𝑣 )−1 = 𝜎𝜎−1 = 1.

Hence, the subset of (𝜑𝑣)
−1(𝐶𝑣

𝐴) that satisfies Equation 1 can be partitioned into the parts 
of the cosets of st𝐺(𝑚) that lie in (𝜑𝑣)

−1(𝐶𝑣
𝐴), each part containing precisely | ker 𝜑𝑚

𝑣 | 
elements. ∎

Instead of viewing Lemma 5.3 as a combinatorial counting result, we shall look at it from 
a measure-theoretic perspective. Indeed, the left-hand side in Lemma 5.3 resembles the 
pushforward of the Haar probability measure of a cone 𝐶𝑣

𝐴 whilst the right-hand side is 
related to the Haar probability measure on 𝐺𝑣. We make this intuition precise in the 
following theorem:

Recall that a closed subgroup 𝐺 ≤ Aut(𝑇 ) is compact, since Aut(𝑇 ) is compact and 
Hausdorff; thus, the group 𝐺𝑣 = 𝜑𝑣(𝐺) is compact as a continuous image of 𝐺. Hence, 
both 𝐺 and 𝐺𝑣 admit unique Haar probability measures 𝜇𝐺 and 𝜇𝐺𝑣

 respectively.
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∅𝑇𝑣

𝐴

Figure 5: An intuition behind Theorem 5.4

Theorem 5.4 (shifted pushforward theorem).  Let 𝐺 ≤ Aut(𝑇 ) be a closed shifted fractal 
subgroup. Then, for any vertex 𝑣 ∈ 𝑇  we have the equality of measures

𝜇𝐺𝑣
= (𝜑𝑣)#︎𝜇𝐺.

Proof.  Let 𝑚 ∈ ℕ, 𝑣 ∈ 𝑇 , and 𝐴 ⊆ (𝐺𝑣)𝑚 be a set of 𝑚-patterns. We make three observa
tions. First, since 𝐺𝑣 = 𝜑𝑣(st𝐺(𝑣)) by shifted fractality, we get 𝜑𝑚

𝑣 (st𝐺(𝑣)) ≅ 𝐺𝑣/St𝐺𝑣
(𝑚). 

Second, since the map 𝜑𝑚
𝑣 : st𝐺(𝑣)𝑛+𝑚 → Aut(𝑇 𝑚

𝑣 ), induced from 𝜑𝑚
𝑣 : st𝐺(𝑣) → Aut(𝑇 𝑚

𝑣 ), 
has image 𝜑𝑚

𝑣 (st𝐺(𝑣)) and kernel (ker 𝜑𝑚
𝑣 )𝑛+𝑚, the first isomorphism theorem yields

|𝜑𝑚
𝑣 (st𝐺(𝑣))| = |st𝐺(𝑣)𝑛+𝑚| / | ker 𝜑𝑚

𝑣 : St𝐺(𝑛 + 𝑚)|.

Note that St𝐺(𝑛 + 𝑚) ≤ ker 𝜑𝑚
𝑣 . Then, as the (𝑛 + 𝑚)th level stabiliser of st𝐺(𝑣) is 

simply St𝐺(𝑛 + 𝑚), the third isomorphism theorem implies that

|𝐺𝑛+𝑚| / |st𝐺(𝑣)𝑛+𝑚| = |𝐺/st𝐺(𝑣)| = |𝐺 : st𝐺(𝑣)|.

Now, we deduce the statement of the theorem upon taking measures of a cone as follows:

𝜇𝐺𝑣
(𝐶𝑣

𝐴) = #︎𝐴
|𝐺𝑣 : St𝐺𝑣

(𝑚)|

= #︎𝐴
|𝜑𝑚

𝑣 (st𝐺(𝑣))|

= #︎𝐴 ⋅ | ker 𝜑𝑚
𝑣 : St𝐺(𝑛 + 𝑚)|

|st𝐺(𝑣)𝑛+𝑚|

= #︎𝐴 ⋅ | ker 𝜑𝑚
𝑣 : St𝐺(𝑛 + 𝑚)| ⋅

|𝐺𝑛+𝑚|
|st𝐺(𝑣)𝑛+𝑚|

⋅ 1
|𝐺𝑛+𝑚|

= #︎𝐴 ⋅ | ker 𝜑𝑚
𝑣 : St𝐺(𝑛 + 𝑚)| ⋅ |𝐺 : st𝐺(𝑣)| ⋅ 1

|𝐺𝑛+𝑚|

=
#︎𝜑𝑛+𝑚

∅ ((𝜑𝑣)
−1(𝐶𝑣

𝐴))
|𝐺𝑛+𝑚|

= 𝜇𝐺((𝜑𝑣)
−1(𝐶𝑣

𝐴)),

where the first equality follows from Proposition 4.5, the second, third, and fifth equalities 
follow from the earlier observations, and the second-to-last equality is due to the computa
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tion in Lemma 5.3. Therefore, the pushforward (𝜑𝑣)#︎𝜇𝐺 agrees with the Haar measure 𝜇𝐺𝑣
 

on every basic open set in 𝐺𝑣 by Lemma 5.2.

Denote the Borel 𝜎-algebra generated by the congruence topology on 𝐺𝑣 by ℬ︀(𝐺𝑣). Let 𝒜︀ 
be the sub 𝜎-algebra of ℬ︀(𝐺𝑣) generated by the Borel measurable sets for which the 
pushforward (𝜑𝑣)#︎𝜇𝐺 agrees with 𝜇𝐺𝑣

. We see that these two 𝜎-algebras must agree as 𝒜︀ 

contains all the basic open sets, thus all the open sets and ℬ︀(𝐺𝑣). Hence, the pushforward 
formula holds for all Borel measurable sets in 𝐺𝑣. ∎

The above result is analogous to [8, Theorem A(i)] by Fariña-Asategui for fractal groups.

5.3. Probabilistic independence and shifted super-strong fractality
Next, we shall show that shifted super-strongly fractality is closely linked to a measure-
theoretic property: probabilistic independence. We start by generalising the counting result 
[8, Lemma 4.1(ii)] to the shifted super-strongly fractal case:

Lemma 5.5.  Let 𝐺 ≤ Aut(𝑇 ) be shifted super-strongly fractal. Then, for any 𝑛, 𝑚 ∈ ℕ, 

a vertex 𝑣 ∈ 𝑇  at level 𝑛, we have

#︎𝜑𝑛+𝑚
∅ (𝐶𝐴 ∩ (𝜑𝑣)

−1(𝐶𝑣
𝐵)) = #︎𝐴 ⋅ #︎𝐵 ⋅ |St𝐺(𝑛) ∩ ker 𝜑𝑚

𝑣 : St𝐺(𝑛 + 𝑚)|,

for any sets of 𝑛-patterns 𝐴 ⊆ 𝐺𝑛, and a set of 𝑚-patterns 𝐵 ⊆ (𝐺𝑣)𝑚.

Proof.  Throughout this proof, we work in Aut(𝑇 𝑛+𝑚) ≅ Aut(𝑇 )/ St(𝑛 + 𝑚) to simplify 
the notation. It is sufficient to show that for each pair 𝜎 ∈ 𝐴 and 𝜏 ∈ 𝐵, there are 
exactly |St𝐺(𝑛) ∩ ker 𝜑𝑚

𝑣 | many distinct elements 𝑔 ∈ 𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵) such that

𝑔|𝑛∅ = 𝜎 and 𝑔|𝑚𝑣 = 𝜏. (2)

First, we show the existence of such 𝑔 ∈ 𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵) for each pair 𝜎 and 𝜏 . By 
definition of the cone 𝐶𝐴, there exists ℎ ∈ 𝐶𝐴 ⊆ 𝐺 such that ℎ|𝑛∅ = 𝜎. Note that as there 
exists 𝑡 ∈ (𝜑𝑣)

−1(𝐶𝑣
𝐵) ⊆ 𝐺 such that 𝑡|𝑚𝑣 = 𝜏 ∈ 𝐵 ⊆ (𝐺𝑣)𝑚, this leads to the fact that

(ℎ|𝑚𝑣 )−1𝜏 = (ℎ−1)|𝑚𝑣ℎ 𝑡|𝑚𝑣 = (ℎ−1𝑡)|𝑚𝑣ℎ ∈ (𝐺𝑣ℎ)𝑚.

By shifted super-strong fractality, we have 𝜑𝑚
𝑣ℎ(St𝐺(𝑛)) = (𝐺𝑣ℎ)𝑚. Therefore, there exists 

an element 𝑙 ∈ St𝐺(𝑛) such that

𝑙|𝑚𝑣ℎ = (ℎ|𝑚𝑣 )−1𝜏 ∈ (𝐺𝑣ℎ)𝑚.

Hence, the element 𝑔 ≔ ℎ𝑙 ∈ 𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵) satisfies Equation 2 as

(ℎ𝑙)|𝑛∅ = ℎ|𝑛∅ 𝑙|𝑛∅ = 𝜎 ⋅ 1 = 𝜎 and (ℎ𝑙)|𝑚𝑣 = ℎ|𝑚𝑣 𝑙|𝑚𝑣ℎ = ℎ|𝑚𝑣 (ℎ|𝑚𝑣 )−1𝜏 = 𝜏.

For each pair 𝜎, 𝜏 , we fix an element 𝑔 ∈ 𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵) satisfying Equation 2. For any 
𝑥 ∈ St𝐺(𝑛) ∩ ker(𝜑𝑚

𝑣 ), the element ̃𝑔 ≔ 𝑥𝑔 satisfies the same conditions as 𝑔 since

̃𝑔|𝑛∅ = 𝑥|𝑛∅ 𝑔|𝑛∅ = 1 ⋅ 𝑔|𝑛∅ = 𝜎 and ̃𝑔|𝑚𝑣 = 𝑥|𝑚𝑣 𝑔|𝑚𝑣𝑥 = 1 ⋅ 𝑔|𝑚𝑣 = 𝜏.

Note that if 𝑥 and 𝑦 are two different elements in St𝐺(𝑛) ∩ ker(𝜑𝑚
𝑣 ), then 𝑥𝑔 ≠ 𝑦𝑔. On 

the other hand, if 𝑔 and ̃𝑔 are two elements satisfying Equation 2, then ̃𝑔𝑔−1 is contained 
in St𝐺(𝑛) ∩ ker(𝜑𝑚

𝑣 ). Hence there are exactly |St𝐺(𝑛) ∩ ker 𝜑𝑚
𝑣 | many distinct elements 

satisfying Equation 2 in 𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵) for each pair 𝜎 and 𝜏 . ∎
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As in Lemma 5.3, the equality in Lemma 5.5 can also be viewed from a probabilistic 
perspective where one side of the equation is the counting measure of an intersection of two 
cones, whilst the other side is a product of the sizes of two different sets of 𝑛- and 𝑚-patterns 
corresponding to the cones and some other quantities; see Figure 6. This formulation hints 
at a probabilistic independence between the cones 𝐶𝐴 and 𝐶𝑣

𝐵.

(𝜑𝑣)
−1(𝐶𝑣

𝐵)

𝐶𝑣
𝐴

idid

𝐶𝑣
𝐵

(𝜑𝑣)#︎(𝜑𝑣)#︎

∅𝑇

𝑣

∅𝑇

𝐴

∅𝑇𝑣

𝐵

Figure 6: An intuition behind Theorem 5.6

It has been shown in [8, Lemma 4.2] that probabilistic independence can be obtained for 
super-strongly fractal groups. We will follow the same strategy as in [8] to establish it for 
shifted super-strongly fractal groups. We further show that it is also necessary that the 
group is shifted super-strongly fractal to obtain this independence, hence establishing an 
equivalence between shifted super-strong fractality and probabilistic independence:

Theorem 5.6 (shifted probabilistic independence theorem).  Let 𝐺 ≤ Aut(𝑇 ) be a closed 
subgroup. Then 𝐺 is shifted super-strongly fractal if and only if for any 𝑛, 𝑚 ∈ ℕ and a 

vertex 𝑣 ∈ 𝑇  at level 𝑛, we have

𝜇𝐺(𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵)) = 𝜇𝐺(𝐶𝐴) ⋅ 𝜇𝐺𝑣
(𝐶𝑣

𝐵),

for any sets 𝐴 ⊆ 𝐺𝑛 of n-patterns and 𝐵 ⊆ (𝐺𝑣)𝑚 of m-patterns.

Proof.  The forward direction can be deduced as follows:

𝜇𝐺(𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵)) = 𝜇𝐺𝑛+𝑚
(𝜑𝑚+𝑛

∅ (𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵)))

=
#︎𝜑𝑚+𝑛

∅ (𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵))
|𝐺𝑛+𝑚|

= #︎𝐴 ⋅ #︎𝐵 ⋅ |St𝐺(𝑛) ∩ ker 𝜑𝑚
𝑣 : St𝐺(𝑛 + 𝑚)|

|𝐺𝑛+𝑚|

= #︎𝐴
|𝐺𝑛|

⋅ #︎𝐵 ⋅ |St𝐺(𝑛) ∩ ker 𝜑𝑚
𝑣 : St𝐺(𝑛 + 𝑚)|

|St𝐺(𝑛) : St𝐺(𝑛 + 𝑚)|

= #︎𝐴
|𝐺𝑛|

⋅ #︎𝐵
|St𝐺(𝑛) : St𝐺(𝑛) ∩ ker 𝜑𝑚

𝑣 |

= #︎𝐴
|𝐺𝑛|

⋅ #︎𝐵
|𝜑𝑚

𝑣 (St𝐺(𝑛))|
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= #︎𝐴
|𝐺𝑛|

⋅ #︎𝐵
|(𝐺𝑣)𝑚|

= 𝜇𝐺(𝐶𝐴) ⋅ 𝜇𝐺𝑣
(𝐶𝑣

𝐵).

Note that the first, second, and last equalities follow from Proposition 4.5 and that the 
intersection 𝐶𝐴 ∩ (𝜑𝑣)

−1(𝐶𝐵) is the cone of 𝜑𝑛+𝑚
∅ (𝐶𝐴 ∩ (𝜑𝑣)

−1(𝐶𝑣
𝐵)) ⊆ 𝐺𝑛+𝑚. The third 

equality follows directly from Lemma 5.5. The fourth and fifth equalities follow from a 
direct application of the third isomorphism theorem. The third-to-last equality is deduced 
using the first isomorphism theorem on 𝜑𝑚

𝑣  restricted to St𝐺(𝑛). The second-to-last equality 
is given by the shifted super-strong fractality.

For the converse, we start by showing that 𝜇𝐺𝑣
(𝜑𝑣(St𝐺(𝑛))) = 1. For any 𝑚 ∈ ℕ, we 

set 𝐵𝑚 ≔ 𝜑𝑚
𝑣 (St𝐺(𝑛)). Observe that {𝐶𝑣

𝐵𝑚
}

𝑚∈ℕ
 is a descending sequence in 𝑚 ∈ ℕ and

⋂
𝑚∈ℕ

𝐶𝑣
𝐵𝑚

= {ℎ ∈ 𝐺𝑣 : ℎ|𝑚∅𝑇𝑣
∈ 𝜑𝑚

𝑣 (St𝐺(𝑛)), for all 𝑚 ∈ ℕ}

= {ℎ ∈ 𝐺𝑣 : ℎ = ℎ|∅𝑇𝑣
∈ 𝜑𝑣(St𝐺(𝑛)), for all 𝑚 ∈ ℕ}

= 𝜑𝑣(St𝐺(𝑛)),

where the second equality holds because 𝐺𝑣 is compact with respect to the congruence 
topology. For 𝐴 ≔ 1𝑛, we have 𝐶𝐴 = St𝐺(𝑛). We conclude that

𝜇𝐺𝑣
(𝜑𝑣(St𝐺(𝑛))) = 𝜇𝐺𝑣

( ⋂
𝑚∈ℕ

𝐶𝑣
𝐵𝑚

)

= lim
𝑚→∞

𝜇𝐺𝑣
(𝐶𝑣

𝐵𝑚
)

= lim
𝑚→∞

𝜇𝐺(𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵𝑚
))/𝜇𝐺(𝐶𝐴)

= 𝜇𝐺( ⋂
𝑚∈ℕ

𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐶𝑣

𝐵𝑚
))/𝜇𝐺(𝐶𝐴)

= 𝜇𝐺(𝐶𝐴 ∩ (𝜑𝑣)
−1( ⋂

𝑚∈ℕ
𝐶𝑣

𝐵𝑚
))/𝜇𝐺(𝐶𝐴)

= 𝜇𝐺(𝐶𝐴 ∩ (𝜑𝑣)
−1(𝜑𝑣(St𝐺(𝑛))))/𝜇𝐺(𝐶𝐴) = 𝜇𝐺(𝐶𝐴)/𝜇𝐺(𝐶𝐴) = 1,

where the third equality is given by the assumption in the theorem and the second-to-last 
equality follows from 𝐶𝐴 ⊆ (𝜑𝑣)

−1(𝜑𝑣(St𝐺(𝑛))).

We now obtain that 𝜇𝐺𝑣
-almost every element of 𝐺𝑣 belongs to 𝜑𝑣(St𝐺(𝑛)). As 𝜑𝑣(St𝐺(𝑛)) 

is a continuous image of a compact set, it is compact in 𝐺𝑣. The group 𝐺𝑣 is compact and 
so 𝜑𝑣(St𝐺(𝑛)) is a closed subgroup in 𝐺𝑣. By Proposition 4.4, it follows that 𝜑𝑣(St𝐺(𝑛)) is 
open and has index |𝐺𝑣 : 𝜑𝑣(St𝐺(𝑛))| = 1/𝜇𝐺𝑣

(𝜑𝑣(St𝐺(𝑛))) = 1. Hence,

𝜑𝑣(St𝐺(𝑛)) = 𝐺𝑣. ∎

In the following corollary, we show that Theorem 5.6 can be strengthened further. However, 
the version stated in the theorem will still be more convenient later.

Corollary 5.7.  Let us assume the same conditions as in Theorem 5.6. Then 𝐺 is shifted 

super-strongly fractal if and only if for any 𝑛 ∈ ℕ, and a vertex 𝑣 ∈ 𝑇  at level 𝑛, we have
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𝜇𝐺(𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐸)) = 𝜇𝐺(𝐶𝐴) ⋅ 𝜇𝐺𝑣

(𝐸) = 𝜇𝐺(𝐶𝐴) ⋅ 𝜇𝐺((𝜑𝑣)
−1(𝐸)),

for any sets 𝐴 ⊆ 𝐺𝑛 of 𝑛-patterns and any measurable set 𝐸 in 𝐺𝑣.

Proof.  Assuming the first equality, the second equality in the statement follows from 
Theorem 5.4.

Theorem 5.6 yields the probabilistic independence formula

𝜇𝐺(𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐸)) = 𝜇𝐺(𝐶𝐴) ⋅ 𝜇𝐺𝑣

(𝐸)

for 𝐸 a basic open set, i.e. a cone of a singleton set in 𝐺𝑣. For any fixed cone 𝐶𝐴, we show 
that the formula holds for any measurable set 𝐸. Denote the Borel 𝜎-algebra generated by 
the congruence topology on 𝐺𝑣 by ℬ︀(𝐺𝑣). Let 𝒜︀ be the sub 𝜎-algebra of ℬ︀(𝐺𝑣) generated 
by the collection

{𝐸 ∈ ℬ︀(𝐺𝑣) : 𝜇𝐺(𝐶𝐴 ∩ (𝜑𝑣)
−1(𝐸)) = 𝜇𝐺(𝐶𝐴) ⋅ 𝜇𝐺𝑣

(𝐸)}.

We see that these two 𝜎-algebras must agree as 𝒜︀ contains all the basic open sets, thus all 
the open sets and ℬ︀(𝐺𝑣). Hence, the independence formula holds for all Borel measurable 
sets 𝐸 in 𝐺𝑣. ∎

We note that we cannot replace 𝐶𝐴 in Corollary 5.7 with any Borel measurable set in 𝐺 
because 𝐴 should not impose constraints below level 𝑛. Therefore, one cannot replace 𝐶𝐴 
with any basic open set which is a coset of a level stabiliser of level larger than 𝑛. Intuitively, 
if we were able to replace 𝐶𝐴 with a cone in 𝐺 of 𝑘-patterns such that 𝑘 > 𝑛, then this cone 
would overlap with the measurable set 𝐸 in 𝐺𝑣. Hence, one should not expect probabilistic 
independence in this case.
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Chapter 6

Fixed-point proportion

6.1. Fixed-point processes and martingales
In this section, we examine properties of the fixed-point process, a stochastic process 
counting the number of fixed points of an automorphism at each level of the tree. This 
process was first introduced by Jones in [16]. We follow his strategy to show that if the 
process is a martingale and satisfies a uniform bound on its conditional probability, then 
it converges to zero almost everywhere, i.e. such groups fix no points on the boundary of 
the tree almost surely.

A (real) stochastic process is a collection {𝑌𝑛}𝑛∈ℕ of real-valued measurable functions on a 
common probability space.

Let 𝐺 ≤ Aut(𝑇 ) be a closed subgroup. For every 𝑛 ∈ ℕ, we define 𝑋𝑛 : 𝐺 → ℕ0 by

𝑋𝑛(𝑔) ≔ #︎{𝑣 ∈ ℒ︀𝑛 : 𝑣𝑔 = 𝑣}.

In other words, for 𝑛 ∈ ℕ and 𝑔 ∈ 𝐺, the number 𝑋𝑛(𝑔) is simply the number of 
vertices fixed by 𝑔 at level 𝑛. This function is measurable because, for 𝑚 > #︎ℒ︀𝑛, we 
have 𝑋−1

𝑛 ({𝑚}) = ∅, and for 𝑚 ≤ #︎ℒ︀𝑛, we have

𝑋−1
𝑛 ({𝑟}) = {𝑔 ∈ 𝐺 : 𝑔 fixes 𝑟 vertices at level 𝑛}

= (𝜑𝑛
∅ )−1({𝑔|𝑛∅ ∈ 𝐺𝑛 : 𝑔|𝑛∅ fixes 𝑟 vertices at level 𝑛}).

Indeed, as 𝐺𝑛 is equipped with the discrete topology and 𝜑𝑛
∅  is continuous, so 𝑋−1

𝑛 ({𝑟}) 
is a Borel measurable set. These functions define a stochastic process {𝑋𝑛}𝑛∈ℕ called the 
fixed-point process of 𝐺. For each 𝑛 ∈ ℕ, the preimage 𝑋−1

𝑛 (ℕ) is the set of all elements 
in 𝐺 that fix at least one vertex at level 𝑛. Since if 𝑔 ∈ 𝐺 fixes a vertex 𝑣 ∈ 𝑇  at level 𝑛, 
it must fix the predecessor of 𝑣 at level 𝑛 − 1 as well, we obtain the following descending 
sequence of nested sets:

𝑋−1
1 (ℕ) ⊇ 𝑋−1

2 (ℕ) ⊇ ⋅ ⋅ ⋅ ⊇ 𝑋−1
𝑛 (ℕ) ⊇ ⋅ ⋅ ⋅ .

Let us recall the following notions from probability theory. Let (𝑋, 𝜇) be a probability 
space. The conditional probability of a measurable set 𝐴 given another measurable set 𝐵 of 
positive measure is defined to be

𝜇(𝐴 | 𝐵) ≔ 𝜇(𝐴 ∩ 𝐵)/𝜇(𝐵),

i.e. it is the normalised measure of the projection of 𝐴 onto 𝐵 as a subspace of the probability 
space 𝑋. If 𝑓 : 𝑋 → ℝ is a real measurable function (random variable), then the conditional 

expectation of 𝑓 on a measurable set 𝐴 of positive measure is given by

𝔼(𝑓 | 𝐴) ≔ 1
𝜇(𝐴)

∫
𝐴

𝑓 𝑑𝜇.
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Amongst stochastic processes, we are interested in the following class. A martingale is a 
stochastic process {𝑌𝑛}𝑛∈ℕ in a measure space (𝑋, 𝜇) such that for all 𝑛 ∈ ℕ we have:
(a) 𝔼(𝑌𝑛) < ∞;
(b) 𝔼(𝑌𝑛 | 𝑌1 = 𝑡1, . . . , 𝑌𝑛−1 = 𝑡𝑛−1) = 𝑡𝑛−1 for every 𝑡1, . . . , 𝑡𝑛−1 ∈ ℝ satisfying

𝜇(𝑌1 = 𝑡1, . . . , 𝑌𝑛−1 = 𝑡𝑛−1) > 0.

The following is an example of a martingale. Let 𝑍1, 𝑍2, . . . , 𝑍𝑛, . . .  be inde
pendent and identically distributed Bernoulli random variables on the 𝜎-algebra
{∅, {tail}, {head}, {tail, head}} with 𝑍𝑛(tail) = −1, 𝑍𝑛(head) = 1, and

𝜇(𝑍𝑛 = −1) = 𝜇(𝑍𝑛 = 1) = 1/2

for each 𝑛. Each random variable represents the gain/loss from the 𝑛th round of an infinite 
sequence of independent games of a fair coin toss; a gambler gains 1 krona if the coin lands 
on a head and loses 1 krona otherwise. It is clear that each 𝑍𝑛 has a finite expectation. 
Since each toss is independent,

𝔼(𝑍𝑛 | 𝑍1 = 𝑡1, 𝑍2 = 𝑡2, . . . , 𝑍𝑛−1 = 𝑡𝑛−1) = 𝑡𝑛−1 = 0.

Furthermore, the sum 𝑌𝑛 = ∑𝑛
𝑘=1 𝑍𝑛 representing the net gain/loss of a gambler also forms 

a martingale. This is because

𝔼(𝑌𝑛 | 𝑌1 = 𝑡1, . . . , 𝑌𝑛−1 = 𝑡𝑛−1)

=
∑𝑘∈{0,1}(𝑡𝑛−1 + (−1)𝑘) ⋅ 𝜇( 𝑌1 = 𝑡1, . . . , 𝑌𝑛 = 𝑡𝑛−1 + (−1)𝑘)

𝜇( 𝑌1 = 𝑡1, . . . , 𝑌𝑛−1 = 𝑡𝑛−1)

= ∑
𝑘∈{0,1}

(𝑡𝑛−1 + (−1)𝑘) ⋅ 1
2

= 𝑡𝑛−1.

In other words, a gambler is expected to have the same capital as in the previous round.

Theorem 6.1 (see [5, Theorem 10.4.8]).  If {𝑌𝑛}𝑛∈ℕ is a non-negative martingale, then 

the limit

lim
𝑛→∞

𝑌𝑛(𝑔)

exists almost everywhere with a finite value.

This is a special case of Doob’s martingale convergence theorem.

As the fixed-point process is non-negative, if it is a martingale, then it converges almost 
everywhere. In fact, as it only takes discrete values, it becomes eventually constant almost 
everywhere. Jones has shown in [17, pages 128-129] that under the two conditions in 
Theorem 6.2, if the group 𝐺 ≤ Aut(𝑇 ) is an iterated wreath product, the limit of 𝑋𝑛(𝑔) 
must be zero for almost every 𝑔 ∈ 𝐺. A general proof for groups acting on regular rooted 
trees can be found in [10]. As we shall see below, the proof still holds without such a 
regularity assumption on the tree.

First, let us recall the following notation. For a collection of sets {𝐸𝑛}𝑛∈ℕ with 𝐸𝑛 ⊆ 𝐸 for 
all 𝑛 ∈ ℕ, we define

lim inf
𝑛

𝐸𝑛 ≔ ⋃
𝑛∈ℕ

⋂
𝑗≥𝑛

𝐸𝑗.
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Intuitively, this is the set of elements in 𝐸 that are eventually contained in all the sets 𝐸𝑛 
for large enough indices 𝑛.

Theorem 6.2 (see [10, Theorem 3.2]).  Let 𝐺 ≤ Aut(𝑇 ) be a closed subgroup. Assume that:

(a) the fixed-point process {𝑋𝑛}𝑛∈ℕ of 𝐺 is a martingale;

(b) for any 𝑟 > 0, there exist 𝜀 > 0 and 𝑚 ∈ ℕ, both depending on 𝑟, such that for almost 

every 𝑛 ∈ ℕ we have

𝜇𝐺(𝑋𝑛+𝑚 = 𝑟 | 𝑋𝑛 = 𝑟) ≤ 1 − 𝜀.

Then, the fixed-point process of 𝐺 is eventually zero for almost every 𝑔 ∈ 𝐺.

Proof.  By assumption (a) and Theorem 6.1, the fixed-point process of 𝐺 is eventually 
constant for some constant 𝑟 depending on 𝑔 for almost all 𝑔 ∈ 𝐺. Let

Λ ≔ {𝑔 ∈ 𝐺 : 𝑋𝑛(𝑔) becomes eventually constant}

and for every 𝑟 ≥ 0, let us further define

Λ𝑟 ≔ {𝑔 ∈ 𝐺 : 𝑋𝑛(𝑔) becomes eventually 𝑟}.

It is clear that Λ = ⊍𝑟≥0 Λ𝑟. We also define, for every 𝑟 ≥ 0 and any 𝑛 ∈ ℕ, the measurable 
subset 𝐸𝑟

𝑛 ≔ {𝑔 ∈ Λ : 𝑋𝑛(𝑔) = 𝑟}. One then has that Λ𝑟 = lim inf𝑛 𝐸𝑟
𝑛. With this notation, 

the inequality in condition (b) can be rewritten as 𝜇𝐺(𝐸𝑟
𝑛+𝑚 | 𝐸𝑟

𝑛) ≤ 1 − 𝜀, as 𝜇𝐺(Λ) = 1.

We claim that for any 𝑟 > 0 and any 𝑚 ∈ ℕ, we have

lim
𝑛→∞

𝜇𝐺(𝐸𝑟
𝑛) = lim

𝑛→∞
𝜇𝐺(𝐸𝑟

𝑛+𝑚 ∩ 𝐸𝑟
𝑛) = 𝜇𝐺(Λ𝑟).

Therefore for 𝑟 > 0, if 𝜇𝐺(Λ𝑟) > 0, we get

lim
𝑛→∞

𝜇𝐺(𝐸𝑟
𝑛+𝑚 | 𝐸𝑟

𝑛) = lim
𝑛→∞

𝜇𝐺(𝐸𝑟
𝑛+𝑚 ∩ 𝐸𝑟

𝑛)
𝜇𝐺(𝐸𝑟

𝑛)
= 𝜇𝐺(Λ𝑟)

𝜇𝐺(Λ𝑟)
= 1,

which contradicts assumption (b). Thus 𝜇𝐺(Λ𝑟) = 0 for every 𝑟 > 0 and thereby

𝜇𝐺(Λ0) = 𝜇𝐺(Λ) = 1.

Let us prove the claim. We will show that lim𝑛→∞ 𝜇𝐺(𝐸𝑟
𝑛) = 𝜇𝐺(Λ𝑟) and the other equality 

follows in the same manner. Intuitively, an element 𝑔 ∈ Λ such that either 𝑋𝑛(𝑔) converges 
to 𝑟 or is already 𝑟 should dwindle in measure to 0 as 𝑛 grows larger. Indeed

|𝜇𝐺(Λ𝑟) − 𝜇𝐺(𝐸𝑟
𝑛)| = |𝜇𝐺((Λ𝑟 \ 𝐸𝑟

𝑛) ⊍ (Λ𝑟 ∩ 𝐸𝑟
𝑛)) − 𝜇𝐺((𝐸𝑟

𝑛 \ Λ𝑟) ⊍ (Λ𝑟 ∩ 𝐸𝑟
𝑛))|

= |𝜇𝐺(Λ𝑟 \ 𝐸𝑟
𝑛) + 𝜇𝐺(Λ𝑟 ∩ 𝐸𝑟

𝑛) − 𝜇𝐺(𝐸𝑟
𝑛 \ Λ𝑟) − 𝜇𝐺(Λ𝑟 ∩ 𝐸𝑟

𝑛)|
= |𝜇𝐺(Λ𝑟 \ 𝐸𝑟

𝑛) − 𝜇𝐺(𝐸𝑟
𝑛 \ Λ𝑟)|

≤ 𝜇𝐺(Λ𝑟 \ 𝐸𝑟
𝑛) + 𝜇𝐺(𝐸𝑟

𝑛 \ Λ𝑟)
= 𝜇𝐺(Λ𝑟 △ 𝐸𝑟

𝑛),

so if suffices to show that lim𝑛→∞ 𝜇𝐺(Λ𝑟 △ 𝐸𝑟
𝑛) = 0. Now, observe that

𝐸𝑟
𝑛 \ Λ𝑟 = {𝑔 ∈ Λ : 𝑋𝑛(𝑔) = 𝑟 but lim

𝑛→∞
𝑋𝑛(𝑔) ≠ 𝑟} ⊆ ⨃

𝑟′∈ℕ0\{𝑟}
Λ𝑟′ \ 𝐸𝑟′

𝑛

for any 𝑟 ∈ ℕ0. Thus, we have Λ𝑟 △ 𝐸𝑟
𝑛 = (Λ𝑟 \ 𝐸𝑟

𝑛) ⊍ (𝐸𝑟
𝑛 \ Λ𝑟) ⊆ ⊍𝑟′∈ℕ0

Λ𝑟′ \ 𝐸𝑟′

𝑛 .
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Since 𝜇𝐺 is a finite measure and Λ𝑟′ \ 𝐸𝑟′

𝑛  are pairwise disjoint, by the dominated conver
gence theorem on ℕ0, we interchange the summation and the limit to obtain

lim
𝑛→∞

𝜇𝐺(Λ𝑟 △ 𝐸𝑟
𝑛) ≤ lim

𝑛→∞
∑

𝑟′∈ℕ0

𝜇𝐺(Λ𝑟′ \ 𝐸𝑟′

𝑛 ) = ∑
𝑟′∈ℕ0

lim
𝑛→∞

𝜇𝐺(Λ𝑟′ \ 𝐸𝑟′

𝑛 ).

Hence, it suffices to show that lim𝑛→∞ 𝜇𝐺(Λ𝑟′ \ 𝐸𝑟′

𝑛 ) = 0 for every non-negative integer 𝑟′. 
Let us write 𝐹 𝑟′

𝑘 ≔ ∩𝑙≥𝑘 𝐸𝑟′

𝑙  for 𝑘 ∈ ℕ and 𝐹 𝑟′

0 = ∅. Note that 𝐹 𝑟′

𝑘 ⊆ 𝐸𝑟′

𝑘 . Then

Λ𝑟′ = lim inf
𝑘

𝐸𝑟′

𝑘 = ⋃
𝑘∈ℕ

𝐹 𝑟′

𝑘 = ⨃
𝑘∈ℕ

𝐹 𝑟′

𝑘 \ 𝐹 𝑟′

𝑘−1 = 𝐹 𝑟′

𝑛 ⊍ ( ⨃
𝑘≥𝑛+1

𝐹 𝑟′

𝑘 \ 𝐹 𝑟′

𝑘−1).

One can deduce from the definition that 𝐹 𝑟′

𝑘 \ 𝐹 𝑟′

𝑘−1 ⊆ Λ𝑟′ \ 𝐸𝑟′

𝑘−1, and therefore

⋂
𝑛∈ℕ0

⋃
𝑘≥𝑛+1

(𝐹 𝑟′

𝑘 \ 𝐹 𝑟′

𝑘−1) ⊆ ⋂
𝑛∈ℕ0

⋃
𝑘≥𝑛+1

(Λ𝑟′ \ 𝐸𝑟′

𝑘−1) = Λ𝑟′ \ lim inf
𝑘

𝐸𝑟′

𝑘−1 = Λ𝑟′ \ Λ𝑟′ = ∅.

We use the measure continuity and the above deduction to conclude the claim as follows

0 ≤ lim
𝑛→∞

𝜇𝐺(Λ𝑟′ \ 𝐸𝑟′

𝑛 ) ≤ lim
𝑛→∞

𝜇𝐺(Λ𝑟′ \ 𝐹 𝑟′

𝑛 ) = lim
𝑛→∞

𝜇𝐺( ⨃
𝑘≥𝑛+1

𝐹 𝑟′

𝑘 \ 𝐹 𝑟′

𝑘−1)

= 𝜇𝐺( ⋂
𝑛∈ℕ0

⨃
𝑘≥𝑛+1

𝐹 𝑟′

𝑘 \ 𝐹 𝑟′

𝑘−1) = 𝜇𝐺(∅) = 0. ∎

We proceed to find natural sufficient assumptions on a group that make the fixed-point 
process a martingale. The following theorem characterises when the fixed-point process of 
a group is a martingale. It was shown in [3] by Bridy, Jones, Kelsey, and Lodge in the 
case where 𝑇  is regular. With minor adjustments, the result can be generalised to any 
spherically homogeneous rooted tree 𝑇 :

Theorem 6.3 (see [3, Theorem 5.7]).  Let 𝐺 ≤ Aut(𝑇 ) be a closed subgroup. Then, 

the fixed-point process of 𝐺 is a martingale if and only if for all 𝑛 ∈ ℕ, the level 

stabiliser St𝐺(𝑛 − 1) acts on 𝑇 1
𝑣  transitively for any 𝑣 ∈ ℒ︀𝑛−1.

Proof.  We make some comments before proceeding with the actual proof. Set

𝑆 ≔ {𝑔 ∈ 𝐺𝑛 : 𝑔 fixes 𝑡𝑖 vertices at level 𝑖 for 1 ≤ 𝑖 ≤ 𝑛 − 1}.

We derive an alternative formula from the definition of the conditional expectation involved 
in condition (b) of the definition of martingales via the pushforward measures as follows

𝔼(𝑋𝑛 | 𝑋1 = 𝑡1, . . . , 𝑋𝑛−1 = 𝑡𝑛−1) = 1
𝜇𝐺(𝐶𝑆)

∫
𝐶𝑆

𝑋𝑛 𝑑𝜇𝐺

= 1
𝜇𝐺(𝐶𝑆)

∫
𝐺

𝜒𝐶𝑆
⋅ 𝑋𝑛 𝑑𝜇𝐺

= 1
𝜇𝐺(𝐶𝑆)

∫
𝐺

(𝜒𝑆 ⋅ #︎ fix) ∘ 𝜑𝑛
∅ 𝑑𝜇𝐺

= 1
𝜇𝐺(𝐶𝑆)

∫
𝐺𝑛

(𝜒𝑆 ⋅ #︎ fix) 𝑑𝜇𝐺𝑛
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= 1
𝜇𝐺(𝐶𝑆)

∑
𝑔∈𝑆

#︎ fix(𝑔)
|𝐺 : St𝐺(𝑛)|

= 1
#︎𝑆

∑
𝑔∈𝑆

#︎ fix(𝑔),

where we define fix(𝑔) ≔ {𝑤 ∈ ℒ︀𝑛 ⊆ 𝑇 𝑛 : 𝑤𝑔 = 𝑤} for 𝑔 ∈ 𝐺𝑛 and the third-to-last equality 
follows from Proposition 4.5.

Let us begin with the backward direction. Firstly, condition (a) of martingales is obtained 
for every 𝑛 ∈ ℕ as

𝔼(𝑋𝑛) = ∫
𝐺

𝑋𝑛 𝑑𝜇𝐺 = ∑
𝑟∈ℕ

𝑟𝜇𝐺(𝑋𝑛 = 𝑟) = ∑
#︎ℒ︀𝑛

𝑛=1
𝑟𝜇𝐺(𝑋𝑛 = 𝑟) < ∞.

Now, let 𝑣 ∈ ℒ︀𝑛−1. Assume that St𝐺(𝑛 − 1) acts transitively on the 1-truncated tree 𝑇 1
𝑣  

rooted at 𝑣. We need to show that

1
#︎𝑆

∑
𝑔∈𝑆

#︎ fix(𝑔) = 𝑡𝑛−1

for any 𝑡1, . . . , 𝑡𝑛−1 ∈ ℝ such that 𝜇𝐺(𝑋1 = 𝑡1, . . . , 𝑋𝑛−1 = 𝑡𝑛−1) > 0. Each group 
𝐻𝑛−1 ≔ St𝐺(𝑛 − 1)/St𝐺(𝑛) acts trivially on ℒ︀𝑛−1, so 𝑆 is invariant under multiplication 
by elements in 𝐻𝑛−1, whence 𝑆 is a union of cosets of 𝐻𝑛−1. For 𝑔𝐻𝑛−1 ⊆ 𝑆, define

𝑅 ≔ {𝑣𝑥 ∈ ℒ︀𝑛 : 𝑣 ∈ ℒ︀𝑛−1, 𝑣𝑔 = 𝑣, and 𝑥 ∈ 𝑇 1
𝑣 }.

Note that as 𝑔 ∈ 𝑆, we have #︎𝑅 = 𝑡𝑛−1 ⋅ 𝑑𝑛; recall that 𝑑𝑛 is the common number of 
descendants of every vertex at level 𝑛 − 1. For every 𝑣𝑥 ∈ 𝑅, there exists a unique 𝑣𝑦 ∈ 𝑅 
such that (𝑣𝑦)𝑔 = 𝑣𝑥, i.e. 𝑦 = 𝑥(𝑔|𝑣)−1

. Due to the transitivity of the action of 𝐻𝑛−1 on 𝑇 1
𝑣 , 

the set

𝑄𝑣𝑥 ≔ {ℎ ∈ 𝐻𝑛−1 : (𝑣𝑦)ℎ = 𝑣𝑥}

is non-empty for every pair 𝑥, 𝑦 ∈ 𝑇 1
𝑣 . Moreover 𝑄𝑣𝑥 is a coset of st𝐻𝑛−1

(𝑣𝑥) in 𝐻𝑛−1. By 
the orbit-stabiliser theorem, we obtain that

𝑑𝑛 = #︎ orb𝐻𝑛−1
(𝑣𝑥) = |𝐻𝑛−1 : st𝐻𝑛−1

(𝑣𝑥)| = |𝐻𝑛−1|
|st𝐻𝑛−1

(𝑣𝑥)|
= |𝐻𝑛−1|

|𝑄𝑣𝑥|
.

Observe also that 𝑄𝑣𝑥 = {ℎ ∈ 𝐻𝑛−1 : (𝑣𝑥)𝑔ℎ = 𝑣𝑥}, so we have

𝑡𝑛−1 = #︎𝑅 ⋅ 𝑑−1
𝑛 = ∑

𝑣𝑥∈𝑅

|𝑄𝑣𝑥|
|𝐻𝑛−1|

= ∑
𝑣𝑥∈𝑅

∫
𝐻𝑛−1

𝜒𝑄𝑣𝑥
𝑑𝜇𝐻𝑛−1

= ∫
𝐻𝑛−1

∑
𝑣𝑥∈𝑅

𝜒𝑄𝑣𝑥
𝑑𝜇𝐻𝑛−1

= ∫
𝐻𝑛−1

#︎ fix(𝑔ℎ) 𝑑𝜇𝐻𝑛−1
(ℎ) = 1

|𝐻𝑛−1|
∑

ℎ∈𝐻𝑛−1

#︎ fix(𝑔ℎ).

If 𝒯︀ is a transversal of 𝐻𝑛−1 in 𝑆, then

𝑡𝑛−1 = 1
#︎𝒯︀

∑
𝒯︀

𝑡𝑛−1 = 1
#︎𝒯︀ ⋅ |𝐻𝑛−1|

∑
𝑔∈𝒯︀

∑
ℎ∈𝐻𝑛−1

#︎ fix(𝑔ℎ) = 1
#︎𝑆

∑
𝑔∈𝑆

#︎ fix(𝑔),

as wanted.

For the forward direction, we make the following observation. If the action of St𝐺(𝑛 − 1) 
on 𝑇 1

𝑣  is transitive, the number 𝑘 of 𝐻𝑛−1-orbits on 𝑇 𝑛 cannot exceed 𝑑 ≔ 𝑑1 ⋅ 𝑑2 ⋅ ⋅ ⋅ 𝑑𝑛−1. 
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Suppose that the action is not transitive on some 𝑇 1
𝑣  for some vertex 𝑣 at level 𝑛 − 1, 

then 𝑘 > 𝑑. By Burnside’s lemma, we have

1
|𝐻𝑛−1|

∑
ℎ∈𝐻𝑛−1

#︎ fix(ℎ) = 𝑘 > 𝑑.

Since 𝑆 = 𝐻𝑛−1 if and only if every ℎ ∈ 𝑆 fixes all vertices at levels no greater than 𝑛 − 1, 
i.e. 𝑋𝑖(ℎ) = 𝑑1 ⋅ 𝑑2 ⋅ ⋅ ⋅ 𝑑𝑖 for every ℎ ∈ 𝑆 and 𝑖 = 1, . . . , 𝑛, we have

𝔼(𝑋𝑛 | 𝑋1 = 𝑑1, 𝑋2 = 𝑑1 ⋅ 𝑑2, . . . , 𝑋𝑛−1 = 𝑑) = 1
|𝐻𝑛−1|

∑
ℎ∈𝐻𝑛−1

#︎ fix(ℎ) = 𝑘 > 𝑑

proving that the fixed-point process of 𝐺 is not a martingale. ∎

A group 𝐺 ≤ Aut(𝑇 ) is said to be level-transitive if for each 𝑛 ∈ ℕ, the group 𝐺 acts 
transitively on ℒ︀𝑛, i.e. for every vertices 𝑢, 𝑣 ∈ ℒ︀𝑛 there exists 𝑔 ∈ 𝐺 such that 𝑢𝑔 = 𝑣. We 
give a characterisation of level-transitivity of shifted super strongly fractal groups as follows:

Lemma 6.4.  Let 𝐺 ≤ Aut(𝑇 ) be shifted super-strongly fractal. Then the following are 

equivalent:

(a) 𝐺 is level-transitive;

(b) for every 𝑛 ∈ ℕ0, the 𝑛th level stabiliser acts transitively on every subtree rooted at 

level 𝑛, i.e. the subgroup St𝐺(𝑛) acts transitively on 𝑇𝑣 for every 𝑣 ∈ ℒ︀𝑛;

(c) for every 𝑛 ∈ ℕ0, the subgroup St𝐺(𝑛) acts transitively on 𝑇 1
𝑣  for every 𝑣 ∈ ℒ︀𝑛.

Proof.  Suppose that 𝐺 is level-transitive. Fix 𝑛 ∈ ℕ0, and a vertex 𝑣 at level 𝑛. Then 
for any two vertices 𝑢, 𝑤 ∈ 𝑇𝑣 at the same level, there exists 𝑔 ∈ 𝐺 such that (𝑣𝑢)𝑔 = 𝑣𝑤. 
Thus 𝑔 stabilises the vertex 𝑣 and 𝑔𝑣 : 𝑢 ↦ 𝑤. As 𝐺 is shifted super-strongly fractal, there 
exists ℎ ∈ St𝐺(|𝑣|) such that 𝜑𝑣(ℎ) = 𝜑𝑣(𝑔). Hence (a) implies (b) since

(𝑣𝑢)ℎ = 𝑣ℎ𝑢ℎ|𝑣 = 𝑣𝑢𝑔𝑣 = 𝑣𝑤.

It is trivial that (b) implies (c). Lastly, assuming condition (c), we will prove that 𝐺 is 
transitive on every level by induction on the level 𝑛. It is plain that 𝐺 = St𝐺(0) acts 
transitively on level 1. Suppose that 𝐺 acts transitively on levels 1, 2, . . . , 𝑛 − 1, and 
let 𝑣1𝑢, 𝑣2𝑤 be any two vertices at level 𝑛 in 𝑇  with 𝑣1 and 𝑣2 at level 𝑛 − 1. By induction, 
there exists 𝑔 ∈ 𝐺 sending 𝑣1 to 𝑣2, and so 𝑢𝑔|𝑣1 ∈ 𝑇 1

𝑣2
. Now, by (c), we may pick ℎ ∈

St𝐺(𝑛 − 1) that sends 𝑢𝑔|𝑣1  to 𝑤 ∈ 𝑇 1
𝑣2

. Hence, the transitivity of 𝐺 on level 𝑛 follows from

(𝑣1𝑢)𝑔ℎ = (𝑣𝑔
1𝑢

𝑔|𝑣1)
ℎ

= (𝑣2𝑢
𝑔|𝑣1)

ℎ
= 𝑣2(𝑢𝑔|𝑣1)

ℎ
= 𝑣2𝑤. ∎

Lemma 6.5.  If 𝐺 ≤ Aut(𝑇 ) is closed, shifted super-strongly fractal, and level-transitive, 

then the fixed point process {𝑋𝑛}𝑛∈ℕ is a martingale.

Proof.  This follows directly from Lemma 6.4 and Theorem 6.3. ∎

6.2. Fixed-point proportion
Motivated by several problems in arithmetic dynamics, we will be interested in the number 
of elements in a group 𝐺 ≤ Aut(𝑇 ) that have many fixed points in 𝑇 . However, as 𝐺 is 
usually an infinite group, we need a notion that makes this rigorous.

Let 𝐺 ≤ Aut(𝑇 ). The fixed-point proportion FPP(𝐺) of 𝐺 is given by

36



FPP(𝐺) ≔ lim
𝑛→∞

#︎{𝑔 ∈ 𝐺𝑛 : 𝑔 fixes a vertex at level 𝑛}
|𝐺𝑛|

.

Denote 𝐹𝑛 ≔ {𝑔 ∈ 𝐺𝑛 : 𝑔 fixes a vertex at level 𝑛}, and observe that 𝐹𝑛+1 ⊆ 𝐹𝑛. Note that 
as the sequence {#︎𝐹𝑛/ |𝐺𝑛|}𝑛∈ℕ satisfies

#︎𝐹𝑛+1
|𝐺𝑛+1|

≤
#︎𝐹𝑛+1 ⋅ |St𝐺(𝑛) : St𝐺(𝑛 + 1)|

|𝐺𝑛+1|
=

#︎𝐹𝑛+1
|𝐺𝑛|

≤ #︎𝐹𝑛
|𝐺𝑛|

,

it is monotone decreasing and bounded below by 0, thereby FPP(𝐺) exists for every 
subgroup 𝐺 ≤ Aut(𝑇 ). Furthermore, as 𝐺𝑛 and (𝐺)

𝑛
 are isomorphic by Theorem 3.11, then

FPP(𝐺) = FPP(𝐺).

Thus, in what follows, we shall assume 𝐺 is closed.

From the above fact about the fixed-point proportion of the group and its closure, we can 
derive another strategy for proving the existence of FPP(𝐺). This will also lead to a more 
geometric interpretation of FPP(𝐺) as we shall see below.

When 𝐺 is closed, we recall that the fixed-point process of 𝐺 is well defined and that

𝐹𝑛 = {𝑔 ∈ 𝐺𝑛 : 𝑔 fixes a vertex at level 𝑛} = 𝜑𝑛
∅ (𝑋−1

𝑛 (ℕ)).

The following lemma relates this fact to the Haar probability measure on 𝐺. The statement 
of this lemma was given in [9], and we expand on the proof below:

Lemma 6.6.  Let 𝐺 ≤ Aut(𝑇 ) be a closed subgroup, then

#︎{𝑔 ∈ 𝐺𝑛 : 𝑔 fixes a vertex at level 𝑛}/ |𝐺𝑛| = 𝜇𝐺(𝑋−1
𝑛 (ℕ)).

Proof.  Let 𝒯︀ be a transversal of 𝑁 ≔ St𝐺(𝑛) in 𝐺. Note that if an element in a coset of 𝑁  
fixes a vertex at level 𝑛, then all elements in that coset fix the same vertex. Therefore, the 
section 𝑔|𝑛∅  of 𝑔 ∈ 𝒯︀ is either not in 𝐹𝑛 or is a unique element in 𝐹𝑛. From 𝐺 = ⨃𝑔∈𝒯︀ 𝑁𝑔, 

we have

𝜇𝐺(𝑋−1
𝑛 (ℕ)) = 𝜇𝐺( ⨃

𝑔∈𝒯︀
(𝑁𝑔 ∩ 𝑋−1

𝑛 (ℕ))) = 𝜇𝐺

(




⨃
𝑔∈𝒯︀

𝑔|𝑛∅ ∈𝐹𝑛

𝑁𝑔

)




= ∑
𝑔∈𝒯︀

𝑔|𝑛∅ ∈𝐹𝑛

𝜇𝐺(𝑁𝑔) = ∑
𝑔∈𝒯︀

𝑔|𝑛∅ ∈𝐹𝑛

𝜇𝐺(𝑁)

= #︎𝐹𝑛 ⋅ |𝐺 : 𝑁|−1 = #︎{𝑔 ∈ 𝐺𝑛 : 𝑔 fixes a vertex at level 𝑛}/ |𝐺𝑛|. ∎

It follows from the descending property of {𝑋−1
𝑛 (ℕ)}

𝑛∈ℕ
 and Lemma 6.6 that

FPP(𝐺) = lim
𝑛→∞

𝜇𝐺(𝑋−1
𝑛 (ℕ)) = 𝜇𝐺( ⋂

𝑛∈ℕ
𝑋−1

𝑛 (ℕ)).

Note that ∩𝑛∈ℕ 𝑋−1
𝑛 (ℕ) is measurable and the fixed-point proportion of 𝐺 is simply the 

measure of this set. In fact, this set is heavily linked to the behaviour of the action of 𝐺 
on 𝑇  as we shall see in the following result:
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Note that we write 𝜕𝑇  for the boundary of 𝑇 , i.e. the set of infinite rooted paths in 𝑇 .

Lemma 6.7.  Let 𝑔 ∈ Aut(𝑇 ), then the following are equivalent:

(a) 𝑔 fixes infinitely many vertices on 𝑇 ;

(b) 𝑔 fixes at least a vertex on every level of 𝑇 ;

(c) 𝑔 fixes an end 𝛾 ∈ 𝜕𝑇 .

Proof.  It is trivial that (c) implies (a).

Now, assuming (a), i.e. that 𝑔 fixes infinitely many vertices on 𝑇 , then for any level 𝑛, we 
can find a vertex 𝑣 at a level deeper than 𝑛 fixed by 𝑔 as each level of 𝑇  has finitely many 
vertices. Therefore, the vertex at level 𝑛 lying on the path between 𝑣 and the root must be 
fixed by 𝑔 as well, hence condition (b).

For 𝑛 ∈ ℕ, let 𝑃𝑛 be the set of all finite or infinite rooted paths 𝛾 such that 𝛾 is fixed 
by 𝑔 and 𝛾 passes through a vertex at level 𝑛. It is clear that 𝑃𝑛 is contained in 𝑃𝑛−1. 
By assuming (b), there exists a vertex for each level 𝑛 that is fixed by 𝑔; thereby, the 
unique path from this vertex to the root is fixed by 𝑔. Thus, each 𝑃𝑛 is non-empty. The 
intersection ∩𝑛∈ℕ 𝑃𝑛 must be non-empty and consists only of infinite rooted paths, hence 
condition (c). ∎

We note that the statement of Lemma 6.7 (a) and (c) was given in [9]. We give the proof 
above for the convenience of the reader.

Hence, the fixed-point proportion of a closed subgroup 𝐺 is simply the probability of finding 
an element in 𝐺 fixing an infinite rooted path in 𝑇 , i.e.

FPP(𝐺) = 𝜇𝐺( ⋂
𝑛∈ℕ

𝑋−1
𝑛 (ℕ)) = 𝜇𝐺({𝑔 ∈ 𝐺 : 𝑔 fixes some 𝛾 ∈ 𝜕𝑇}).

Let us divert our attention to the main theorem of this section, which shows that the 
assumption in Lemma 6.5 is sufficient to satisfy condition (b) in Theorem 6.2 if the tree is 
bounded. Hence, the fixed-point proportion of such groups is zero. We say that a spherically 
homogeneous rooted tree 𝑇  is bounded if the sequence {𝑑𝑛}𝑛∈ℕ is bounded. Furthermore, 
we say that the 𝑑-adic tree is the regular completion of a bounded tree 𝑇  if 𝑑 = max 𝑑𝑛. 
We denote the regular completion by 𝑇 . Furthermore, we note that 𝑇  can be embedded as 
a subtree of 𝑇  with the same root. We state and prove the following results on the nature 
of this embedding.

Lemma 6.8.  Let 𝑇  be a bounded tree, not necessarily regular. Then Aut(𝑇 ) can be 

continuously embedded into Aut(𝑇) by a homomorphism. Moreover, Aut(𝑇 ) is a closed and 

compact subgroup of Aut(𝑇).

Proof.  Let 𝜄 : 𝑇 → 𝑇  be a rooted embedding of 𝑇  in its regular completion 𝑇 . This induces 
a natural homomorphism ̂𝜄 : Aut(𝑇 ) → Aut(𝑇) where the labels of ̂𝜄(𝑔) are given by

̂𝜄(𝑔)|1𝑣 = {1 if 𝑣 ∈ 𝑇 \ 𝑇 ;
𝑔|1𝑣 if 𝑣 ∈ 𝑇 ,

for each 𝑔 ∈ Aut(𝑇 ). It is plain that the kernel of ̂𝜄 is trivial, hence it is an embedding. 
Furthermore, the congruence topology on Aut(𝑇 ) is precisely the induced topology inherited 
from the congruence topology on Aut(𝑇), thereby ̂𝜄 is continuous. The closeness of Aut(𝑇 ) 
in Aut(𝑇) follows from Aut(𝑇 ) being compact and Aut(𝑇) being Hausdorff. ∎
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We will only use the embedding above to bound the order of Aut(𝑇 𝑚
𝑣 ). Note that the fixed-

point proportions of 𝐺 and ̂𝜄(𝐺) ≤ Aut(𝑇) may differ. In particular, since the image of the 
embedding  ̂𝜄 is precisely

{𝑔 ∈ Aut(𝑇) : 𝑔|1𝑣 = 1 for 𝑣 ∈ 𝑇 \ 𝑇},

if 𝑑𝑛 < max 𝑑𝑚 for some level 𝑛, then each element in the finite-index subgroup St𝐺(𝑛) 
fixes an infinite path in 𝑇 . Hence 𝐺 has a positive fixed-point proportion as a subgroup 
of Aut(𝑇), regardless of its fixed-point proportion as a subgroup of Aut(𝑇 ). Bounded 
trees arise naturally in the study of specialisations of Galois groups of iterates of rational 
functions to post-critical points; see [20]. They also appear in the seminal work by Abért 
and Virág in [1] in the context of orbit trees.

The main result of this section is a generalisation of the main result of Fariña-Asategui and 
Radi in [10], where the regularity of the tree is not required, and the shifted counterpart 
of super-strong fractality is assumed:

Theorem 6.9.  Let 𝑇  be a bounded tree and 𝐺 ≤ Aut(𝑇 ) be shifted super-strongly fractal 

and level-transitive. Then

FPP(𝐺) = 0.

Proof.  Note that as the fixed-point proportions of 𝐺 and 𝐺 coincide, we may assume 
that 𝐺 is a closed subgroup of Aut(𝑇 ). It suffices to show that the fixed-point process of 𝐺 
is eventually zero for almost every 𝑔 ∈ 𝐺 because

FPP(𝐺) = 𝜇𝐺( ⋂
𝑛∈ℕ

𝑋−1
𝑛 (ℕ)) = 𝜇𝐺( lim

𝑛→∞
𝑋𝑛 > 0) = 1 − 𝜇𝐺( lim

𝑛→∞
𝑋𝑛 = 0),

where the second equality follows from Lemma 6.5 and Theorem 6.1. To show that the 
fixed-point process is eventually zero almost everywhere, we simply need to prove that the 
conditions for Theorem 6.2 are satisfied.

Condition (a) of Theorem 6.2 is fulfilled by Lemma 6.5. For condition (b), we proceed as 
follows. Let us fix any 𝑟 > 0, and choose 𝑚 ≔ ⌈log2(𝑟)⌉ + 1 depending only on 𝑟. Now, for 
any 𝑛 ∈ ℕ, we consider the subset of 𝑛-patterns

𝐴𝑛 ≔ {𝑔 ∈ 𝐺𝑛 : 𝑔 has exactly 𝑟 fixed points at ℒ︀𝑛} = 𝜑𝑛
∅ (𝑋−1

𝑛 ({𝑟})).

This means that 𝐶𝐴𝑛
= 𝑋−1

𝑛 ({𝑟}) = {𝑔 ∈ 𝐺 : 𝑋𝑛(𝑔) = 𝑟}. Note that for any 𝑎 ∈ 𝐴𝑛, there 
exists a vertex 𝑣𝑎 ∈ ℒ︀𝑛 fixed by 𝑎 as 𝑟 ≥ 1. By Theorem 5.6, we obtain that

𝜇𝐺(𝐶{𝑎} ∩ (𝜑𝑣𝑎
)

−1
(𝐶𝑣𝑎

1𝑚
)) = 𝜇𝐺(𝐶{𝑎}) ⋅ 𝜇𝐺𝑣𝑎

(𝐶𝑣𝑎
1𝑚

) = 𝜇𝐺(𝐶{𝑎}) ⋅ |(𝐺𝑣𝑎
)

𝑚
|−1,

as 𝐺𝑣𝑎
= 𝜑𝑣𝑎

(𝐺) ≤ Aut(𝑇𝑣𝑎
) and 1𝑚 = {1} ≤ (𝐺𝑣𝑎

)
𝑚

. The shifted super-strong fractality 

of 𝐺 yields that 𝐺𝑣𝑎
= 𝜑𝑣𝑎

(St𝐺(𝑚)). Observe that 𝜑𝑚
𝑣 (St𝐺(𝑛)) ≤ 𝜑𝑚

𝑣 (St(𝑛)) = Aut(𝑇 𝑚
𝑣 ) 

for any vertex 𝑣 at level 𝑛. As Aut(𝑇 ) can be embedded into Aut(𝑇) with 𝑇  being the 
regular completion of 𝑇  to the 𝑑-adic tree with 𝑑 ≔ max 𝑑𝑛, we see that |Aut(𝑇 𝑚

𝑣𝑎
)| ≤

|Aut(𝑇 𝑚
𝑣𝑎

)| = 𝑑𝑚. We conclude that

|(𝐺𝑣𝑎
)

𝑚
| = |𝜑𝑚

𝑣𝑎
(St𝐺(𝑛))| ≤ |Aut(𝑇 𝑚

𝑣𝑎
)| ≤ |Aut(𝑇 𝑚

𝑣𝑎
)| = 𝑑𝑚.

We fix 𝜀 ≔ 𝑑−𝑚, which only depends on 𝑚 and thus on 𝑟.
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Now, for every 𝑎 ∈ 𝐴𝑛, each element 𝑔 ∈ 𝐶{𝑎} ∩ (𝜑𝑣𝑎
)

−1
(𝐶𝑣𝑎

1𝑚
) satisfies both that 

𝑋𝑛+𝑚(𝑔) ≥ 𝑑𝑛+1 ⋅ 𝑑𝑛+2 ⋅ ⋅ ⋅ 𝑑𝑛+𝑚 ≥ 2𝑚 > 𝑟 and 𝑋𝑛(𝑔) = 𝑟. Therefore,

𝜇𝐺(𝑋𝑛+𝑚 = 𝑟 | 𝑋𝑛 = 𝑟) = 1 − 𝜇𝐺(𝑋𝑛+𝑚 ≠ 𝑟 | 𝑋𝑛 = 𝑟)

≤ 1 − 𝜇𝐺(𝑋𝑛+𝑚 > 𝑟 | 𝑋𝑛 = 𝑟)

= 1 −
𝜇𝐺(𝑋𝑛+𝑚 > 𝑟, 𝑋𝑛 = 𝑟)

𝜇𝐺(𝑋𝑛 = 𝑟)

≤ 1 −
𝜇𝐺(⨃𝑎∈𝐴𝑛

𝐶{𝑎} ∩ (𝜑𝑣𝑎
)

−1
(𝐶𝑣𝑎

1𝑚
))

𝜇𝐺(𝐶𝐴𝑛
)

= 1 −
∑𝑎∈𝐴𝑛

𝜇𝐺(𝐶{𝑎} ∩ (𝜑𝑣𝑎
)

−1
(𝐶𝑣𝑎

1𝑚
))

𝜇𝐺(𝐶𝐴𝑛
)

= 1 −
∑𝑎∈𝐴𝑛

𝜇𝐺(𝐶{𝑎}) ⋅ |(𝐺𝑣𝑎
)

𝑚
|−1

𝜇𝐺(𝐶𝐴𝑛
)

≤ 1 −
∑𝑎∈𝐴𝑛

𝜇𝐺(𝐶{𝑎}) ⋅ 𝜀

𝜇𝐺(𝐶𝐴𝑛
)

= 1 −
𝜇𝐺(⨃𝑎∈𝐴𝑛

𝐶{𝑎}) ⋅ 𝜀

𝜇𝐺(𝐶𝐴𝑛
)

= 1 − 𝜀.

Hence, the condition (b) in Theorem 6.2 is fulfilled with 𝑚 ≔ ⌈log2(𝑟)⌉ + 1 and 𝜀 ≔ 𝑑−𝑚, 
as they are both independent of 𝑛. ∎

We remark that although the level transitivity of 𝐺 seems to not be used explicitly in the 
proof of Theorem 6.9, it is crucial for the fixed-point process to be a martingale as seen 
in Theorem 6.3. In fact, Radi has shown in [25, Theorem B] that even an iterated wreath 
product ⋅ ⋅ ⋅ ≀ 𝑃 ≀ 𝑃  acting on the 𝑑-adic tree, with 𝑃 ≤ 𝑆𝑑, has fixed-point proportion 1 
when every element of 𝑃  has a fixed point.

We stress that the boundedness of 𝑇  plays a big role in the proof, as otherwise, it is unclear 
whether one can obtain a uniform bound 1 − 𝜀. This motivates the following question:

Question. Let 𝑇  be a spherically homogeneous rooted tree which is not bounded and 
let 𝐺 ≤ Aut(𝑇 ) be shifted super-strongly fractal and level-transitive. Can FPP(𝐺) > 0?
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