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Abstract

We review groups acting on rooted trees and discuss their topological and measure-theoretic
structure as compact topological groups using the theory of profinite groups and Haar
measures. We introduce new notions of fractal-like structures for groups acting on rooted
trees: shifted fractality and shifted super strong fractality, as generalisations of fractality and
super strong fractality. These new notions generalise measure-theoretic results regarding
the pushforward of measures and probabilistic independence. Furthermore, we review the
fixed-point process, fixed-point proportion, and application of martingale processes in this
context. We apply these theories to show that the fixed-point proportion of a level transitive
shifted super-strongly fractal group acting on a bounded tree is zero; this gives a natural
extension to the analogous result for super-strongly fractal groups.






Popular Scientific Summary

Group theory is the study of symmetries of objects and their interactions. The subject
begins with the work of Galois in studying when a polynomial equation is solvable by
radicals by exploiting the symmetries of solutions. Later on, the development in group
theory over the centuries brings immense applications in various fields, from the basis of
cryptography to the spin structure of particles in quantum mechanics.

A group acting on a rooted tree is a group of symmetries of an infinite tree fixing a special
vertex called the root. This class of groups solves many longstanding open problems in
group theory, such as Day’s, Milnor’s, and Burnside’s problems. In particular, we will study
groups acting on rooted trees as topological groups. Roughly, we consider each symmetry
on the infinite tree by stringing the same symmetry but only on the same tree with finitely
many levels. This gives a meaningful geometric and probabilistic structure to the group.

The main result of this thesis concerns the fixed-point proportions of groups acting on
rooted trees. This object captures the probability of finding a symmetry that fixes at least
one infinite path on the whole tree. We exploit the fractal-like structure of a certain class
of groups, in which the symmetries in the group repeat on all the subtrees, to show that
the fixed-point proportion is always zero when each vertex in the tree does not have too
many descendants, and the group is shifted super-strongly fractal and level-transitive. The
fixed-point proportion is useful both within group theory and in complex and arithmetic
dynamics, which have important applications in modelling dynamical systems that appear
in ecology, economics, medicine, statistical mechanics, and so forth.
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Chapter 1

Introduction

A group acting on a rooted tree is simply a collection of symmetries of the infinite tree
fixing a special vertex called the root, which forms a group under composition. The group
consisting of all the root-fixing symmetries is called the full automorphism group of the
tree T, denoted by Aut(T).

Some of the earliest works on groups acting on rooted trees were by Dark in the form of
iterated wreath products; see [6] and [28]. The main novelty of groups acting on rooted
trees was the first construction of a group of intermediate growth by Grigorchuk, which
is also an example of an amenable but not elementary amenable group. The concept of
amenability first arose from the famous Banach-Tarski paradox, where the unit sphere in R?
can be decomposed into two identical unit spheres. It was due to von Neumann in 1929 [23]
that amenability can be rephrased in terms of the existence of translation-invariant finitely
additive measures on groups. It was known that finite groups and abelian groups are
amenable; moreover, their subgroups, quotients, extensions, and directed unions are all
amenable as well. All of which are classified as elementary amenable groups. Hence, the
question by Day in 1957 [7]: are all amenable groups elementary amenable? The celebrated
result by Kesten in 1959 [19] said that all groups with subexponential growth are amenable;
in particular, groups with intermediate growth are amenable. Another result by Chou [4]
showed that an elementary amenable group must either have polynomial or exponential
growth, so a group of intermediate growth must be amenable but not elementary amenable.
Milnor asked in 1968 [21] whether there exists a group with intermediate growth. In 1984,
Grigorchuk gave a positive answer to this by showing that the group acting on a rooted tree
he constructed in [13] has intermediate growth, and is thus amenable but not elementary
amenable; see [14]. This group is now recognised as the first Grigorchuk group, and it solves
questions by Day and Milnor; moreover, it also gave a first concrete example of a Burnside
group, i.e. an infinite finitely-generated torsion group. Due to these exotic properties, groups
acting on rooted trees became a subject of interest in group theory.

The fixed-point proportion is an interesting tool for studying groups acting on rooted trees.
Formally, the fixed-point proportion of a group G' < Aut(7T) is defined as

#{g € G, : g fixes a vertex at level n}

FPP(G) := lim
(G) n—00 |Gn’
where G, is the quotient of G by the n-level stabiliser, isomorphic to the action of G down
to the nth layer. As shown in Section 6.2, the fixed-point proportion of G is precisely the
probability of finding an element in closure G that fixes an infinite rooted path in the
tree T'.

The fixed-point proportion has its origin in arithmetic dynamics; see [24]. In particular,

let a, be a rational number and f a polynomial with rational coefficients. We define the

sequence J ¢ , = {fm (ao)}nGN . Many interesting families of numbers can be described in
’ 0



this fashion, for example, the Fermat numbers correspond to J,2_5, . 3 and the Mersenne
numbers correspond to Iy, ;. One prominent open problem in arithmetic dynamics is to
prove which of the terms in J; , are primes. An easier related problem is to compute the
density of the primes dividing some term in J iy 1€

i #{p prime : p < k and p divides some term in L7f7a0}.
k—o00 #{p prime : p < k}

The fixed-point proportion may be used to provide an upper bound for the above density
of primes, as shown by Odoni in [24] and later by Jones and Manes in [18]. Moreover, the
fixed-point proportion is linked to the computation of the proportion of periodic points of
f over residue fields; see [3].

Probabilistic tools of groups acting on rooted trees are key to calculating the fixed-point
proportion. Probabilistic methods were proposed by Odoni [24]. Abért and Virdg made
explicit use of branching processes associated with iterated wreath products in their seminal
paper [1] to prove properties of random elements, random subgroups, Hausdorff dimension,
and many others.

In 2007, Jones studied martingales on iterated Galois towers; see [16]. Farina-Asategui
and Radi utilised Jones’ martingale strategy in [10] to provide sufficient conditions for
the fixed-point proportion to be zero. Furthermore, they have shown that super-strongly
fractal groups have fixed-point proportion zero by combining the above strategy with a
new ergodic theory for fractal groups.

The notion of super-strong fractality belongs to the family of properties describing the
fractal-like structure of groups acting on rooted trees. Self-similarity is the weakest notion
of fractality on groups acting on rooted trees; it allows an action on the subtree to be
described as an action on the whole tree itself. As described by Nekrashevych in his book
on self-similar groups, self-similarity was originally defined as automata groups back in
the 1980s [22]. It was only after his works on iterated monodromy groups in complex
dynamics that self-similarity could be naturally presented in the language of groups acting
on rooted trees. The construction of iterated monodromy groups in a discrete analogue of
Pink’s construction of profinite iterated monodromy groups. An iterated monodromy group
is a group acting on the tree of preimages of a transcendental element of a partial self-
covering map via its iterated monodromy action, i.e. the action of the first fundamental
group on the preimages according to the lifting correspondence. As shown by Nekrashevych,
iterated monodromy groups are the prototype of self-similar groups; moreover, they exhibit
a stronger fractal-like structure called fractality or recurrence. With fractality, one can
obtain the whole group by simply looking at the actions of the vertex stabilisers on any
subtrees.

Super-strong fractality is a more recent notion in this family. Roughly speaking, it describes
a stronger version of fractality, where the groups can be fully obtained by looking at
the actions of level stabilisers on any subtree. Fractal and super-strongly fractal groups
exhibit strong links between the group-theoretic notions and probabilistic notions, such as
a pushforward property and probabilistic independence, as illustrated by Farina-Asategui
in [8]. There, he also developed an ergodic theory for these groups. We will explore a
generalised version of these connections in great detail in Section 5.



Returning to the problem of zero fixed-point proportion, many interesting subgroups are far
from being fractal or super-strongly fractal, so one cannot directly apply [10, Theorem 1]
to calculate the fixed-point proportion of these groups. This motivates us to find a suitable
generalisation of super-strong fractality such that the theorem in [10] holds for a larger class
of groups. Indeed, we defined these new properties in Chapter 5 and set out to establish
them, along with some other natural assumptions, as a sufficient condition for zero fixed-
point proportion. Note that, related to our result, Farina-Asategui and Radi also proved a
generalisation amongst fractal groups to the class of mixing groups; see [11].

The work in this thesis will be used in an upcoming paper [27] to show the independence
of positive or zero fixed-point proportion, and the Hausdorff dimension.

Overview. In Chapter 2, we will look at the basic definitions related to groups acting on
rooted trees, such as iterated wreath products and several examples.

Chapter 3 introduces basic notions of profinite groups and profinite topologies. This topo-
logical perspective is crucial for developing a measure-theoretic framework, thus enabling
the use of probabilistic tools.

We dedicate Chapter 4 to realising groups acting on rooted trees as topological groups with
the congruence topology and discussing preliminary results and definitions from measure
theory.

In Chapter 5, we generalise the notions of fractality and super-strong fractality and show
some relation with measure-theoretic properties. In fact, we will show in Theorem 5.6
(shifted probabilistic independence theorem) that generalised super-strong fractality is
equivalent to probabilistic independence. We note that the focus of this chapter is also quite
fascinating on its own as a link between algebra and analysis. For the interested reader, we
suggest a paper by Farina-Asategui and Radi [12], which discusses an even stronger form
of probabilistic independence for branch groups.

Lastly, we will use the shifted notions of fractality to develop the tools needed to generalise
a sufficient condition for the fixed-point proportion to be zero in Chapter 6. We first discuss
fixed-point processes and martingales, and then define the fixed-point proportions and prove
the aforementioned result.

Notation. We denote by P(S) the power set of a set S. We denote by #S the cardinality
of a finite set S. We use the convention that the set of natural numbers N does not include
zero, and we write N for the set of non-negative integers.






Chapter 2

Groups acting on rooted trees

In this chapter, we introduce the notions of rooted trees and their automorphism groups.
We shall fix some notation to aid us in the coming parts. Lastly, we give a few concrete
examples of groups acting on rooted trees arising in group theory and related fields.

2.1. Rooted trees

A tree T is a connected graph that contains no cycle, and it is rooted if there is a marked
vertex; the marked vertex is called the root of T' and is commonly denoted by (. or () for
simplicity.

For every vertex v € T'\ {0} except for the root, there is a unique vertex adjacent to v that
lies in the path between the root () and v; we call this vertex the predecessor of v. The
remaining vertices adjacent to v are called the descendants of v. All the vertices adjacent
to the root () are also said to be the descendants of (). We shall assume throughout that
each vertex has only finitely many descendants. A vertex w € T is said to be below v, if the
unique path between the root () and w contains v.

A rooted tree admits a natural metric space structure given by the distance function
d:TxT —[0,00)

with d(v, w) := #{edges in the unique path between v and w}. We denote by |v| the length
or the level of the vertex v € T, i.e. |v| := d((),v). For n € Ny, the nth layer of T is the set

L, ={veT:|v=n}
of vertices at distance n from the root.

For each vertex v € T, we denote by T, the subtree of T rooted at v, i.e. the rooted tree
containing the root v and all the vertices below v. We note that T = T'. Furthermore, for
each n € NU {oo}, we define the n-truncated tree T™ as the finite connected subgraph of T’
containing the root and all the vertices at level no greater than n. Note that we regard T™
as a rooted tree with the same root (), and T = T.

Lastly, a rooted tree T' is infinite if it contains infinitely many vertices, and it is called
spherically homogeneous, if every vertex at the same distance from the root () has the same
number of descendants. Assuming spherical homogeneity, for n € N, we define d,, to be the
common number of descendants of the vertices at level n — 1, ie. d,, :== #£, /#L,, 1. In
what follows, we shall assume that 2 < d,, < oco.
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Figure 1: The 3rd level truncation of a spherically homogeneous rooted tree.

A certain kind of rooted trees called regular rooted trees are especially well behaved and
often encountered in complex and arithmetic dynamics. A rooted tree T is reqular if every
vertex has the same number of descendants. In particular, we say that T is a d-adic tree or
a d-ary rooted tree if d is the common number of descendants.

2.2. Groups acting on rooted trees

Let T be a rooted tree, finite or infinite. Recall that a graph automorphism of T is
a permutation of the vertices of T that preserves adjacency. The set Aut(T') of graph
automorphisms on 7' fixing the root forms a group under composition. The group Aut(7)
acts on T via a right action, which we denote via exponential notation, with composition
given by

v = (v9)"

It is easy to see that the action of Aut(7) on T preserves the levels, i.e. [v9| = |v| for
every v € T and g € Aut(T).

Let G be a subgroup of Aut(7"). As Aut(T") acts on the rooted tree T', every vertex v € T
gives a vertex stabiliser subgroup in G given by

sta(v) =={g € G :v9 = v}.

When G = Aut(T'), we write st(v) instead. For each n € Ny no larger than the maximum
level of the tree, we define the nth level stabiliser subgroup, denoted by Sty (n), as the
intersection of all the vertex stabilisers in G of vertices at level n, i.e.

Ste(n) = ﬂ sta(v).
velL,
When G = Aut(T'), we write St(n) instead. Clearly, St;(n) is normal in G and of finite
index. We write G,, := G/Stz(n) for the nth congruence quotient of G. Furthermore, we
can identify the group G,, with a subgroup of Aut(7") by considering the induced action
of G on the n-truncated tree T™. Note that st (v) = st(v) NG and Stz (n) = St(n) N G.

From this point onwards, let us assume further that T is spherically homogeneous. We may

treat the vertices of T as words in the following manner:

1. let L, ={1,2,...,d,} forn € N;

2. for each v € T, make a correspondence between the descendants of v and the letters
in Ly

3. identify each vertex v in T" by a word obtained from the unique (directed) path from the
root to v, where, for every n € N, the nth letter of the word is given by the corresponding
letter in L,,.



Let v and v be words in the above alphabets where v =z 24 - - - x,, with z; € L; and
u=1YYy - -y with y; € L,.,. We can see that v corresponds to a vertex in 7" and u
corresponds to a vertex in 7T,. Observe that the concatenation vu = x; - - - z,y; - - -y, is a
word obtain from the above procedure, and thus corresponds to a vertex on T, we denote the
corresponding vertex also by vu. When this is the case, we say that v and u are compatible
(with respect to the tree T').

For n € NU{oo} and a vertex v € T', we define the section of g at v of depth n as the
unique automorphism g|; € Aut(7)') such that

(vu)9 = vIudlv
for every compatible word u of length at most n. Set g|, := g|3°. One can derive that
(gh)ly = (gl3)(R[5)-

For every v € T, define the functions ¢} : G — Aut(T}}) as ¢l (g) := gl and ¢, = @°.
These functions, upon restriction to the vertex stabiliser of v in GG, are group homomor-
phisms.

We call a subset A C (p7(G)) < Aut(T))') a set of n-patterns. For any set A of n-patterns
in a group (¢l (G)) < Aut(T)') acting on 7', the set

CY = {g eqG: g\gTv € A} C G <Au(T),)

is called the cone over A in G, where (5, is the root of T, and gly.. is the section of g

at @Tv in T,,. When v is the root of T', we write C4 instead of C’g for ;implicity. Note also
that C; =G and C; = Stg(n) for alln € N.

3 2 1
g ‘ 1] A g ‘ v v g ‘ u u

Figure 2: Sections of g at different vertices and of different depths.

The wreath product of a group A by a group H acting on a set S by permutations is
denoted A g H and given by

AZSHizASNH,

where the action of H is extended to an action on A% = Hse s A given by

h
((CLS)SES) - (ah71'3>ses'
We shall drop S from the notation for the wreath product when it is clear from context.

The group of symmetries of the square Dg is an example of a wreath product, as it is
isomorphic to Cy iy 91 Cy = (Cy x Cy) X Cy where Cy = ((12)) acts on {1,2} by permuta-
tion. To see this, we consider a square in the R? plane with the centre at the origin. Denote



(Cy x Cy) 1 Cy = (A x B)xC where A = B = C = C, are the corresponding groups in the
wreath product. By letting A and B act on the square by reflections along the horizontal and
vertical axes, respectively and observing that reflections along the two axes commute, we
obtain that A x B is the group of reflections of the square. Now, C acts on the set {1,2} =
{x-axis, y-axis} by switching the two axes, and hence rotating the square. Therefore, we
have Dg = Cy C,,.

We define an isomorphism v : Aut(7) — HUGL1 Aut(T,) xSy via g (gv)veL1 - gl5-
Hence

Aut(T) = J] Aut(T,) xS, = Aut(T,)™ xS, = Aut(T,)2 S, .

veL,

If T is infinite, we obtain by induction an isomorphism between Aut(7") and the infinite
iterated wreath product

Aut(T)gISdn225d22Sdl

This leads to the fact that we can identify every automorphism of a rooted tree by labelling
each vertex v of the tree with the permutation g|} that acts on its descendants. We call g|}
the label of g at v. The set of all labels of an element g € Aut(T') is called the portrait of g,
and it uniquely determines the element g.

2.3. Examples
To conclude the chapter, we give a few examples of group acting on rooted trees.
Example 2.1 (Dihedral Groups). The dihedral group

D,

n = (r, s | 7‘”:82:1,57“5:7“_1)%Cn>402

can be realised as a group acting on a finite rooted tree 1" of 2 levels with d; = 2, dy = n.
We define via 1 the elements a,b € Aut(7T') by

W(a) =7 and (b) = (o,07")

where 7= (12) and 0 = (12 - - - n). One can check that a corresponds to the reflection s,
and b corresponds to the rotation r.

Example 2.2 (Infinite Dihedral Group). The infinite dihedral group
Dy = (z,y|a?=y>=1)

admits a faithful action on the binary rooted tree T" where the actions x and y correspond
to the respective element a and b in Aut(7T') given by

Pla) = (1,1)o and  4(b) = (a,b),

where b is recursively defined. Observe that a and b both have order 2, and one can check
that G := (a, b) is indeed isomorphic to D _.
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Figure 3: The portraits of a and b on the binary rooted tree.

The group G is linked to the dynamics of the Chebyshev polynomial 222 — 1. It is worth
noting that the infinite dihedral group can also be embedded into the group of automor-
phisms of the d-adic tree, for any integer d > 2, by considering the dth degree Chebyshev
polynomial instead. For a reference, we refer the reader to [22, Section 6.11.2].

Example 2.3 (Basilica Group). The Basilica group B is a subgroup of Aut(7") with T the
binary rooted tree T'. It was first introduced by Grigorchuk and Zuk in [15]. The group B
is generated by a and b given by

¥(a) = (1,b)0 and (b) = (1,a).

The group B is connected to the dynamics of the polynomial 22 — 1, and it takes its name
from the shape of the Julia set of 22 — 1, which resembles the basilica of San Marco mirrored
in the water; see [22, Section 6.11.1].

/"\1

T, N

1/<\>1 1/ \
S /N

1 e 31

a: 1
1 1/ \a

Figure 4: The portraits of a and b on the binary rooted tree.



10



Chapter 3

Profinite groups

The goal of this section is to study the structure of certain groups acting on rooted trees
by realising them as profinite groups. The advantage is that profinite groups have rich
algebraic and topological structures, which allow us to study subgroups and finite quotients
comprehensively. We will go through the general construction of profinite groups and
profinite topologies, and a few results on them. We will apply these results to groups acting
on rooted trees in Section 4.1. We refer the reader to [5, Chapter 9] and [26] for in-depth
expositions on topological groups and profinite groups, respectively.

3.1. Preliminaries on topological groups

A group G equipped with a topology is called a topological group if the following maps are

continuous:

(a) the map G x G — G given by (g, h) > gh, where G x G is equipped with the product
topology;

(b) the map G — G given by g — g~ 1.

Essentially, a topological group is a set equipped with compatible group and topological
space structures. We call an isomorphism between topological groups that is also a
homeomorphism a topological isomorphism, i.e. an isomorphism preserving both the group
structure and the topology.

Lemma 3.1 (see [5, Theorem 9.12]). Let G be a topological group and h € G. Then, the
following holds:

(a) the maps g — gh, g+ hg, and g = g~ are homeomorphisms from G — G;

(b) if U is a base of open neighbourhoods of the identity in G, then

{RU:U €U} and {Uh:Ue€elU}
are bases of open neighbourhoods of h.
The proof of the above result is standard, and it follows directly from the definition of
topological groups.

A collection of sets § is said to be filtered from below if for S;, 5, € &, there exists S € § such
that S C S; NS,. The following lemma is a standard result; see [2, Chapter 3, Proposition 1]
We provide a proof here for the convenience of the reader.

Lemma 3.2. Let N be a collection of normal subgroups of G filtered from below. Then the
topology on G generated by the right (or left) cosets of normal subgroups in N endows G
with a topological group structure.

Proof. Let g,h € G be arbitrary and N be a normal subgroup in the collection N. First,
the preimage of Ng under inversion is !N = Ng~!, which is open. Second, we will show
that the preimage of the open set Ngh under the multiplication map is open with respect
to the product topology on G x G. If x and y are elements of G such that their product

11



is in Ngh, we observe that the open set Nz x Ny is contained in the preimage of Ngh
because

NxNy = Nxzy = Ngh.

Thus, the preimage of Ngh under multiplication is simply the union of Nz x Ny for every
pair (z,y) such that xy € Ngh, which is open. [ |

Due to Lemma 3.2, it suffices to define a base of neighbourhoods of the identity consisting of
normal subgroups filtered from below to endow a group with a topological group structure.

The most intuitive and relevant example is when we have a (descending) filtration {Ni}i€N7

ieN
It is plain that the intersection IV; N N, is precisely the smaller normal subgroup amongst V;
and V.

The following lemma allows one to connect topological information about the “shape”,
openness and closedness, of a subgroup to the group-theoretic information about the “size”,
particularly the index, of it. This lemma is a modification of [26, Lemma 2.1.2]. We add
the proof for the reader’s convenience.

Lemma 3.3. Let G be a topological group. Then

(a) every open subgroup is closed;

(b) every finite-index closed subgroup is open;

(c) if G is compact, then a subgroup is open if and only if it is closed and of finite index.

Proof. Let H be an open subgroup for part (a). Then H is closed because G = U, Hg
and thereby G \ H = Ugc i Hg, a union of open sets Hg. In part (b), we assume that H
is a closed finite-index subgroup. Partitioning G into a finite number of cosets of H, we
obtain G = U} ; Hg; where g;, . ..,g, form a transversal and choose g; = 1 without loss
of generality. This implies that H = G\ Ul', Hg; = N, (G \ Hg;) is a finite intersection
of open sets, and thus it is open. To conclude part (c), we are left to show that under the
extra compactness assumption, any open subgroup H has finite index. Consider the open
cover {Hg : g € G} of G; we can choose a finite subcover by compactness, i.e. for some n
and g;, we have G = Uj_; Hg; . Then the index of H is at most n. [

3.2. Inverse limits
The exposition in this section and the next is mostly based on [26, Sections 1.1, 2.1, 3.1, 3.2].

Let I = (I,<) be a directed partially-ordered set (poset), i.e. I is a set equipped with a
binary relation < such that:

(a) i <14, fori € I;

(b) ifi <jand j <k then i <k, for i,j,k € I;

(c) ifi <jand j <itheni=j, fori,j€ I;

(d) if i,75 € I, there exists k € I such that i,j < k.

An inverse system (projective system) of topological groups over a poset I consists of
(a) a collection {X, : i € I'} of topological groups indexed by the poset I;
(b) for every pair 7 > j, a continuous homomorphism

m X = X

12



such that the following diagrams commute whenever ¢ > j = k,

i.e. 7T7;,k3 = ﬂ’j,k o ﬂ-l,]’
(c) m;, =idy, forallie€ I.
This system is denoted by {X, i s I} or {X;, 7Ti7j} if I is unambiguous.

Let Y be a topological group and {Xw migd } be an inverse system of topological groups.
Let 0, : Y — X, be a continuous homomorphism for each i. These homomorphims 6, are

said to be compatible if

whenever ¢ = j.

A topological group X with compatible continuous homomorphisms 7, : X — X is an in-
verse limit (projective limit) of an inverse system {Xi, g d }, denoted by liirl X, (or lim X,
’ —
icl
if I is understood from the context), if the following universal property holds:

i.e. whenever Y is a topological group and {6, : ¥ — X i}ie ; is aset of compatible continuous
homomorphisms, there exists a unique continuous homomorphism 6 : Y — X such that

for all i € I. The above two diagrams can be merged into the following commutative diagram

whenever i > j

We say that 0 is induced or determined by the compatible homomorphisms {7;} . The

el
homomorphisms 7, : X — X, are called projections. Note that, in general, they need not

13



be surjective, but in our setting, they will be the natural projections onto quotient groups,
which are surjective.

Proposition 3.4 (see [26, Proposition 1.1.1]). Let {Xi,ﬂ'i’j,l} be an inverse system of
topological groups. Then there exists an inverse limit of this system that is unique up to a
unique topological isomorphism.

Proof. For the existence, we define X as the topological subspace of the Cartesian
product HZ,6 ; X; consisting of those tuples (l‘i>i€ , satisfying

T, j(xz) =y
whenever i = j; these are called coherent tuples. Observe that X is a subgroup of the
group HZ X, since (1 Xi) is coherent, and is closed under inversion and multiplication
because each 7; ; is a homomorphism. Since the multiplication map on the aforementioned
Cartesian product [[. X; x [T X; = [[.(X; x X;) — [], X; is made up of continuous mul-
tiplication maps in each component, itself is also continuous. By the same token, the
inverse map on the product is continuous. Upon restricting to X, we conclude that X
is a topological group with the topology induced from Hz X,. Consider the continuous
projection p; : Hie ; X,; — X;; their restrictions m; = p;|y are continuous homomorphisms
which make the above diagram commute. Suppose that Y is a topological group and the
maps 6, : Y — X, are the compatible continuous homomorphisms. We define 6 : ¥ — X
by letting 6(y) := (0;(y)),_, a candidate for the induced continuous homomorphism. We
see that

0) =i ((6,0), ) =m0 0(0)
thus the above diagram commutes. If § is another induced map, then
0'(y) = (mi 20 (y)),., = (0:(y)),., = 0(y).

Hence, the induced map 6 is unique. This concludes the existence part.

For the uniqueness, let (X,m;) and (Y,6,) be two inverse limits of the inverse
system {Xi, i } By applying the universal property of inverse limits to X and Y, we
then have the following commutative diagram where 7: X — Y and 6:Y — X are the
unique induced continuous homomorphisms:

id
//7r’ :9\\\4
X ----- »Y ----- s X

\ l@i
T Uy
X

However, the identity homomorphism idy : X — X on X also makes this new diagram
commute. Thus 6o 7 is the identity map on X by the uniqueness. Similarly, 7o 6 is the
identity map on Y. Hence 7 is a topological isomorphism between X and Y since 6 is the
continuous inverse. [

14



As the inverse limit lim X, of a given inverse system of topological groups is unique up to
pr
topological isomorphism, we may realise lim X, as the explicit construction in the above
pr

proof, and write X = lim X, for other topological groups that satisfy the same universal
pr
property.

Recall that the product topology on Hie s X is defined to be the weakest (coarsest) topology
such that all the projections p; : Hie ; X; — X are continuous. This induces a base of open
sets consisting of finite intersections of sets V;, = p;1(U,) for U, open in X,. Now, the basic

open sets in lim X; of an inverse system {X,, 7, ;, I} consists of the finite intersections of

¢ l’j’

—

As I is directed, we may choose a base of open neighbourhoods of the identity consisting of
no

just 77 1(U,) =V, N li;n X, without the need for intersections. Suppose that i« = 7;,...,¢

then m; = m,, om; and hence
J

Q<V limX;) = ﬁ”il (Vi) = _@ﬂ? (rik (vi,)) ==t )

j
with U = ﬂ?zl ﬂ;}j (VZJ) open in Xj.

Proposition 3.5 (see [26, Proposition 1.1.2]). Let {X;,m, ;} be an inverse system of
Hausdorff topological groups. Then lim X, is a closed subgroup of [ X;.
H

Proof. To show that the inverse limit is closed in the product topology, we shall show
that every point in the complement has an open neighbourhood that does not intersect
the inverse limit; thus the union of such open neighbourhoods give the open complement
of the inverse limit. For every (x;) € [[ X, \ lgn X;, there exist r,s € I with r > s such
that 7, . (7,) # x,. Using the Hausdorff property of X, we choose two disjoint open neigh-
bourhoods U and V of m, ((z,) and of z, respectively. Let U’ := (Wrys)_l(U) be an open
neighbourhood of z, in X,. Consider the open neighbourhood W :=[[V; of (z;) in [[ X,
where V, =U’, V, =V, and V;, = X, otherwise. The open set W is disjoint from liin X;
since m, (V,)NV,=m, (U)NV =0. Since this holds for any arbitrary element (x;)
outside of ligl X;, the set [T X, \ liin X, is open. [ ]

Proposition 3.6 (see [26, Proposition 1.1.3]). Let {X;,m ;} be an inverse system of
compact Hausdorff topological groups. Then lim X, is a compact Hausdorff topological group.
—

Proof. It is also easy to see that taking products and subspaces preserves the Hausdorff
property, so the inverse limit is Hausdorff. Next, the product of compact spaces is compact
by Tychonoff’s theorem. Since the inverse limit is a closed subspace of the product [ X;
by Proposition 3.5, it is also compact. [ ]

An inverse system {Xi,wi,j} is called a surjective inverse system if m, ; is surjective for
every i = j. The proof of the following lemma requires several lengthy constructions, so we

omit it and instead refer the reader to [26, Corollary 1.1.6]:

Lemma 3.7 (see [26, Corollary 1.1.6]). Let {Xi,wm-} be a surjective inverse system
of compact Hausdorff groups and X be a compact Hausdorff group with the compatible
homomorphisms 0; : X — X,. Then the corresponding induced homomorphism m: X —
li£1 X, 1is surjective.
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Lastly, we should remark that the results in Section 3.2 are also valid more generally for
inverse limits of topological spaces.

3.3. Profinite groups
A profinite group is the inverse limit hm G, of a surjective inverse system {Gl, ; J} of finite

groups G; each endowed with the dlscrete topology.

Let G be a group and let N be a collection of finite-index normal subgroups that is filtered
from below. This collection of subgroups N forms a base for open neighbourhoods of the
identity in G. We refer to the corresponding topology as the profinite topology generated by
the collection N'. Note that G is a topological group with respect to this topology.

Although it is tempting to say that a group G equipped with a profinite topology is the
profinite group lim G/ N, it is not the case unless G is compact and Hausdorff with respect to
—

the profinite topology. We will see in Theorem 3.9 and Theorem 3.11 when this is the case.

The following result is based on the comment in [26, page 75]. We add the proof for the
convenience of the reader.

Lemma 3.8. A topological group G with the profinite topology generated by a collection N
is Hausdorff if and only if Nycn N = 1.

Proof. Suppose that G is Hausdorff, then for every non-trivial element g € GG, there is
a subgroup N € N such that Ng N N = (); therefore g ¢ N. Hence, the intersection of all
sets in N must be trivial. For the converse, if G is not Hausdorff, there exist two distinct
elements g and h such that Ng N Nh # ) for all subgroups N € N. Hence, Ng = Nh and
thereby 1 # gh™! € ﬂNGN N. [

Let G be a group with a profinite topology generated by a collection N. The completion
of G with respect to this profinite topology is the profinite group given by the inverse limit
of the inverse system {G/N,TFNJ(, N} where N = K if N < K and Tx x are the natural
continuous projections G/N — G/K.

The following result is modified from [26, Theorem 3.3.2], which was shown for the full
profinite topology. The result is restated and proved for a more general profinite topology.

Theorem 3.9. Let G be a topological group admitting a collection N of finite-index normal
subgroups such that Nycn N =1. Then G is compact if and only if G is topologically
isomorphic to its own completion, i.e.
G = lim G/N.
—
NeN
Proof. The converse follows from Proposition 3.6, so it suffices to show the forward direc-
tion. Since the continuous surjective homomorphisms 7, : G — G /N are compatible with
the surjective inverse system {G [N, T i N }, they induce a continuous homomorphism
0:G— lim G/N.
H
NeN

Using Lemma 3.8 along with Lemma 3.7, we deduce that § must be surjective. Because
Ty o0 =0y, we get

ker(6 ﬂ ker(my 0 0) = m ker(0y) = m N =1,
NeN NeN NeN
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hence, 6 is injective. Lastly, the continuous bijection 6 is a homeomorphism since both
spaces are compact and Hausdorff. [ ]

This means that a topological group G with a profinite topology is topologically isomorphic
to its own completion whenever G is compact and Hausdorff. The following result gives a
formula for the closure of a subgroup in a profinite topology; it is a modification of the
observation in [26, Theorem 3.1.2(b)], which was shown for the full profinite topology.

Proposition 3.10. Let H be a subgroup in a topological group G with a profinite topology
generated by a collection N'. Then the closure of H in G is

H= ﬂ NH.
NeN

Proof. First, suppose that H is a closed subgroup of G. For each x € G — H, there is a
finite-index normal subgroup N € N such that Nx C G — H as the latter set is open. This
means that z ¢ NH as otherwise, x = nh and so n"'z = h for some n € N and h € H.
Therefore, H = Nycn NH. Now, if H is an arbitrary subgroup, we have H = Ny NH.
Since NH = Uy Nh, the subgroup N H is open. It follows from Lemma 3.3(a) that NH
is closed, for each N € N. Because Nyc5 NH is also a closed set containing H and is
contained in Nycn NH, then H = Nycn NH. [

For the following result, we modify the [26, Theorem 3.3.2(d)], which was proven for the
full profinite topology.

Theorem 3.11. Let G be a topological group with a profinite topology generated by a
collection N. If H is a subgroup of G, then

H/(HNON)=~H/(HNN)

and hence
i H ) H
im — ~ lim )

In other words, the completion of H with respect to the topology induced from G is
topologically isomorphic to the completion of H with the induced topology from G.

Proof. First, we observe the following identity:

NH:N(ﬂ H) gN(ﬂ KH) C N(NH)C NH

KeN KeN

whenever N € N and H < GG. Now, we can deduce the first isomorphism in the statement:

H/(HNN)=NH/N = N( N KH) /N =NH/N = H/(HNN),
KeN

where the isomorphisms are given by the second isomorphism theorem and the first equality
is given by Proposition 3.10. It follows directly from the above identification that the inverse
limits are topologically isomorphic. [ ]
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Chapter 4

Topological and measure-theoretic
aspects of groups acting on rooted
trees

From this chapter onwards T shall denote an infinite spherically homogeneous rooted tree,
unless stated otherwise.

4.1. Topological properties of groups acting on rooted trees
The results in this section are widely known, and we refer to [9] as a reference. We provide
the proofs for the convenience of the reader.

For a rooted tree T', let us consider its automorphism group Aut(7) as a topological group
with the topology given by declaring the level stabilisers to be a neighbourhood basis of
the identity. We call this the congruence topology on Aut(T'). The induced topology on any
subgroup G < Aut(7') has the level stabilisers St (n) in G as a neighbourhood basis of the
identity. We call this the congruence topology on G.

Note that the level stabilisers are filtered from below because

St (1) > Ste(2) > St(3) > - - > Ste(n) > - - - .

Moreover, all congruence quotients G, = G/Sts(n) are finite. It is now plain that the
congruence topology on G is a profinite topology. Observe that the congruence topology
on any subgroup G satisfies

ﬂ Stg(n) =1
neN

as the identity is the only automorphism that fixes every vertex in T'. Hence, the group G
is a Hausdorff topological group with respect to the congruence topology by Lemma 3.8.

Proposition 4.1. Every closed subgroup G < Aut(T') with the congruence topology is
topologically isomorphic to its own completion lim G,,.
—

Proof. First, we prove that G = Aut(7T") is compact. We claim that for every cover
of Aut(T") consisting of cosets of level stabilisers, there is a number n € N such that all the
cosets of level stabilisers of level at most n in this covering cover Aut(7"). Indeed, let us
assume by contradiction that for every n, there is a coset St(n)g,, not covered by cosets of
the level stabilisers of lower or equal levels in the covering. It is easy to see that {St(n)g, }, _
can be chosen to be a descending nested sequence of sets and have the intersection being
a singleton {g} C Aut(T) since N,y St(n) is trivial. However, this means that ¢ is not
covered by the covering, hence a contradiction. Since open sets in Aut(7") are simply unions
of cosets of level stabilisers in Aut(7"), then Aut(7") is compact by our claim as every open
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cover admits a finite sub-cover. Now every closed subgroup G is compact in the compact
group Aut(T'), thus by Theorem 3.9, we get G = limG,,. [ ]
«—

Proposition 4.2. Let G < Aut(T). Then G/Stg(n) = G/Stg(n) where G is the closure
of G with respect to the congruence topology in Aut(T).

Proof. This follows directly from Theorem 3.11. [ |

Proposition 4.3. Let G < Aut(T). For each vertex v € T, and k € NU {oo}, the section
map ¢% : G — Aut(TY) is continuous.

Proof. Fix k € NU {oo}, a group G < Aut(T"), and a vertex v € T at level n. Recall that
the cosets of the level stabilisers form a base of open sets in Aut(Tf). For any positive
integers m < kand h € Aut(Tf), the preimages of basic open sets in Aut (TJg ) are precisely

A= (‘P]zf)il (StAut(Tg)(m)h> C St(n+m)A = U St(n+m)g C A,
geA

where the last inclusion follows from /|¥ € St Aug(rk) (m) whenever [ € St(n + m). Therefore,
the preimages of open sets are open, and hence ¥ is continuous. [ ]

We remark that the projections for the inverse limit lim G, are ¢y : G =2 limG,, — G,,.
— —

4.2. Measure-theoretic properties of groups acting on rooted trees
We recall some definitions related to measure spaces and Haar measures on topological
groups. For the full details, we refer the reader to [5].

A measurable space consists of a pair (X, .4) where X is a set, and A is a o-algebra, i.e. a
subcollection of P(X) satisfying the following conditions:

(a) 0,X € A;

(b) if A € A, then A°¢ € A,

(c) if {A;},_ s a countable collection of sets in A, then Uy 4; € A.

We call the sets in A measurable sets. If A is understood by context, we may write simply
X for the measurable space.

A measure i : A — [0, 00] is a set-function satisfying:

(a) u(0) =0;
(b) if {A;},_ is a countable collection of disjoint sets in A, then }°._ pu(4;) = p(Uien A;).-

We call a measurable space a measure space upon equipping it with a measure p and denote
it by (X, A, p), or simply (X, u) if A is understood by context. We say that a measure
space is a probability space if 1(X) = 1. In this case, we call p a probability measure.

We say that a property P holds p-almost everywhere (u-almost surely) or simply almost
everywhere (almost surely) in X if F:= {x € X : P does not hold} is contained in a mea-
surable set F' € A with measure zero.

When X and Y are two measurable spaces, a function f: X — Y is said to be measurable
if all the preimages of measurable sets in Y are measurable in X, i.e. f~}(B) is measurable
in X whenever B is measurable in Y. Note that the characteristic function xp of a
measurable set E is measurable. For the definitions of integrable functions and integration
against a measure, we refer the reader to [5, Chapter 2].

If X is a topological space, then we can choose the o-algebra A to be the (smallest) o-algebra
generated by the open sets in X; this is called the Borel o-algebra on X. Note that all open
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and closed sets are contained in the Borel g-algebra, and if the space X is Hausdorff, then
all compact sets are closed and hence measurable. If X and Y are topological spaces, then
every continuous function f: X — Y is measurable. We take R with the Borel o-algebra
generated by the Euclidean metric on R as our canonical measure-theoretic structure on R.

If X is Hausdorff and equipped with the Borel o-algebra, we say that a measure p is
reqular if

(a) for every compact subset K, we have u(K) < oo;

(b) (outer regular) for every measurable subset A, we have

pu(A) =inf{u(U) : A C U,with U open};

(c) (inner regular) for every open subset U, we have
p(U) =sup{u(K) : K C U,with K compact}.

If X is a compact Hausdorff topological group (compact group in short), then we say that u
is a left Haar measure if p is regular and left-translation invariant, i.e. p(xA) = p(A) for
every Borel measurable set A and x € X. Similarly, a right Haar measure is a regular
measure that is right-translation invariant.

It can be shown that left and right Haar measures exist for every compact group, albeit
with a lengthy proof; see [5, Theorem 9.2.2]. One can also show the uniqueness of a left (and
right) Haar measure up to a constant multiple. Furthermore, the compactness assumption
yields that every left Haar measure on a compact group is also a right Haar measure and
thus there is a unique probability Haar measure; see [5, pages 293-295]. We will use the
following result for calculating the measures of subgroups of compact groups:

Proposition 4.4. Let G be a compact group and i be the unique Haar probability measure
on G. Then H is an open subgroup in G if and only if H is a closed subgroup with positive
measure. Furthermore, if the above hold, then the measure of the subgroup H is given by

W(H) = |G« HI.

Proof. Suppose that H is an open subgroup, then it is closed and has finite index in G by
Lemma 3.3(c). If T is a right transversal of H, then we have

1= u(G) :H<U Hg) = u(Hg) =Y u(H)=|G: H|- p(H).
geT geT geT
Hence, the measure of H is u(H) = |G : H|™! > 0.

For the converse, suppose that H is a closed subgroup with positive measure. Let 7 be a
right transversal of H in G and let 7’ be any finite subset of 7. Then

1:M<G):M(U Hg) zu(U Hg) = u(Hg) =Y p(H)=#T" - u(H).
geT geT’ geT’ geT’

Since u(H) > 0, then u(H)™! > 0. If T were to be infinite, then we can choose 7’ to have
cardinality [pu(H)™'] + 1, which yields a contradiction as #J - u(H) > 1. Hence 7 must
be finite, i.e. |G : H| < co. The subgroup H is open according to Lemma 3.3(b). [

Note that the result above is widely known, and we provide the proof for the convenience
of the reader.
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In the case of groups acting on rooted trees, if G is a subgroup of Aut(7T), recall that the
closure G of G in Aut(T) is a compact group by Proposition 4.1 and Theorem 3.9, and
thus we can equip G with the Borel o-algebra and the unique Haar probability measure.
We denote the unique Haar probability measure on G by ta-

Let G < Aut(T") be a closed subgroup. Then, clearly G,, is a finite group. It is plain
that (G,,,P(G,,)) is a discrete measurable space, i.e. every subset of G,, is measurable.
This o-algebra is also the Borel g-algebra generated by the discrete topology. Note that
the normalised discrete (counting) measure is the unique Haar probability measure on this
group, which we denote by p¢ .

Let X be a measure space with a measure p and Y a measurable space. Given a measurable
function f: X — Y, we define the pushforward measure f,p of by f onY by

fan(B) = u(f~(B))

for each B measurable in Y.

Let n € N and recall that ¢f : G — G, is a continuous map, hence measurable. Further-
more, the pushforward measure (@8)# fi coincides with i on P(G,,). To see this, observe

that if A C G,, < Aut(T"), then

‘ -

e, (A) = A =G : Stgm)| ™ - #A

>Plﬂﬁ

He(Stam) = ne((95) 7 () = (¢) 16 (Ca):

Therefore, the following equality holds as a result of [5, Theorem 2.6.8]:

[esirine= [ 1a(() 00) = [ Fdve, = g 3 10

for any function f : G,, — [—00, 00| that may attain +oo or —oo, but not both. We collect
these facts in the following proposition.

Proposition 4.5. Let G < Aut(T") be a closed subgroup, and n € N. For any set A C G,
of n-patterns, we have

A
o, (4) = (e = (44 ia(4) = e (Ch),

where () is the root of T. Moreover, if a function f : G,, — [—00, 0] does not attain both +oo
and —oo, then

7= e = (g 3 S0

gEG
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Chapter 5

Fractality

5.1. Fractality

The exposition in this chapter starts from the notions of self-similarity, fractality, and
super-strong fractality, which capture different degrees of similarity between actions on the
subtrees and the whole tree. Self-similar groups were first studied as automata groups,
dating back at least to the early 1980s. Nekrashevych introduced the term self-similar and
fractal groups as these properties naturally arise in the study of iterated monodromy groups
in complex dynamics; see [22]. Fractality also yields the measure-preserving property of
certain dynamical systems; see [8, Theorem A]. Furthermore, in the view of dynamical
systems, super-strongly fractal is another natural notion as it leads to probabilistic inde-
pendence, ergodicity, and a strong mixing property; see [8, Lemma 4.2 and Theorem A].

Let T be a regular rooted tree. A group G' < Aut(7T) is said to be:
(a) self-similar if for every v € T, we have

©,(G) C G;

(b) fractal if G is self-similar and for every v € T', we have

Py (stq(v)) = G;
(c) super-strongly fractal if G is self-similar and for every v € T, we have

P, (Sta(lv])) = G.

The first Grigorchuk group, the Gupta-Sidki p-groups for any odd primes p, and the iterated
monodromy group of the complex polynomial 22 — 1, also known as the Basilica group, are
some examples of self-similar, fractal, and super-strongly fractal groups. Self-similarity can
be easily verified as all the sections of the generators at the first-level vertices are contained
in the original group. The verification for fractality and super-strong fractality involves the
same observation, but with generators and their conjugates that fix the first level.

It is essential in these definitions that the tree is regular because a section of an element
in g € G < Aut(7T') may not be identified with an element of Aut(7") otherwise. We remark
that since self-similarity is assumed in the last two notions, we have

Py (sta(v)) = ¢, (G)  and ¢, (Stg([v]) = ¢,(G)

respectively. The above equations tell us that the fractality /super-strong fractality enables
the vertex/level stabilisers to see the same sections at each v € T as the whole group G.
However, observe that it is not necessary to require self-similarity to set these two equalities.
This observation motivates us to define the following generalised notions of fractality and
super-strong fractality.
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Definition 5.1 (shifted fractal and shifted super-strongly fractal). Let T be a spherically
homogeneous rooted tree, not necessarily regular. A group G < Aut(7) is said to be shifted
fractal if

SOU(StG(U» = SOU(G)
for every v € T and shifted super-strongly fractal if
0, (St ([v]) = ¢, (G)

for every v € T.

As ¢, (Sta(|v])) < @, (sta(v)) C v, (G) for any vertex v € T and any group G < Aut(7),
every shifted super-strongly fractal group is shifted fractal. Note that since ¢, is a homo-
morphism when restricted to st (v), if G is shifted fractal, then ¢, (G) is also a group.

We should emphasise here that ¢, (G) is not a subgroup of Aut(7"), but rather of Aut(T,).
Hence, we do not require 7' to be regular. We call these new notions shifted as ¢, (G) is
no longer acting on T like elements of G, but the action is “shifted” to act on T, as ¢,(G)
instead.

Note that each of these five definitions implies that the same condition holds for every
finite-depth section and congruence quotient, e.g. if G is self-similar, then ¢'(G) C G,, for
every v € T and n € N. However, the converse only implies that the closure G has such a
property due to Propositions 4.1 and 4.2.

For G < Aut(T'), we shall write G, := ¢,(G) from this point onwards to simplify the
notation. Furthermore, for any v € T' and m € N, we note that the kernel ker " is the
kernel of ¢ restricted to stg(v), i.e.

ker i := {g € stg(v) 1 g[7" = 1,,}.

Recall that for a given set of m-patterns A C (Gv)m’ the cone over A in G, is defined
as CY :={g € G, : g|)} € A}. The following lemma shows that the cones are open.

Lemma 5.2. Let G < Aut(T'). For any n € N, the cones over the sets of n-patterns are
open. Moreover, if g € G, then Stg(n)g = C{HW}’ i.e. all basic open sets are cones.

Proof. We start with the second statement. The section of any element in the coset St (n)g
at depth n is precisely g[y, thus the cone contains the coset. Conversely, if h € C{g|6n},
then h = hg~'g where hg™* fixes level nas (hg™)|j = Al 97§ = glf (g|$)_1 = 1|j. Since
the cosets of the level stabilisers are open, and an arbitrary cone is a union of cones of
singleton sets, the first statement follows from the second. [ |

5.2. Pushforward of measures and shifted fractality

In this section, we show that the unique Haar probability measure on G, is simply the
pushforward measure of the unique Haar probability measure on G by the section map ¢,
whenever G < Aut(T) is a closed shifted fractal group. For self-similar groups, this reduces
to the Haar probability measure being invariant under projection, as proven by Farina-
Asategui in [8, Theorem A]

We start by generalising [8, Lemma 4.1(i)] to shifted fractal groups:

Lemma 5.3. Let G < Aut(T) be shifted fractal. Then for any v € T at leveln € N and a
set of m-patterns A C (G,) , we have
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#or ™ ((0,)7H(C%)) = #A - |G = st (V)] - | ker @I = St (n +m)].

Proof. Throughout this proof, we work in Aut(7™"™) = Aut(T)/ St(n + m) to simplify the
notation. It suffices to show that for each o € A, every coset of st (v) has precisely |ker 7|
distinct elements g in (p,)” (CY) such that

gly =0 (1)
Since G is shifted fractal, there exists a € st (v) such that a|]' = o.

First, we show that the intersection of each right coset of st (v) with (¢,)” (C4) contains
an element satisfying Equation 1. Fix an arbitrary right coset st (v)h. Since

ma—1
(Rl = (B7HI5 € (@),
by shifted fractality, there exists [ € st (v") such that {|;, = (h|vm)_1. Now

U7 = al bl (h) ™ =0,

oh

(@[3 = ali* A3

so the element ahl is contained in (cpv)_l (C%) and satisfies Equation 1. Furthermore, the
element ahl is contained in the coset st (v)h as

1

pahth™ _ hiht (Uh)h’ — .

Next, we compute the number of elements in each coset of st (v) which satisfy Equation 1.
For each right coset of st (v), we choose a coset representative g satisfying Equation 1.
If § € (p,) " (CY) Nste(v)g also satisfies Equation 1, we have § = g for some = € sty (v).
We show further that x stabilises the m-truncated tree rooted at v as well, i.e. x € ker "
For this, we use = g~ € st (v) and see that

al? =gm ()M =g (e )m=gm (g7 =00 = 1.

Hence, the subset of (gov)_l(C’fj‘) that satisfies Equation 1 can be partitioned into the parts
of the cosets of st (m) that lie in (gpv)_l(Cf‘) each part containing precisely |ker ¢7"|
elements. n

Instead of viewing Lemma 5.3 as a combinatorial counting result, we shall look at it from
a measure-theoretic perspective. Indeed, the left-hand side in Lemma 5.3 resembles the
pushforward of the Haar probability measure of a cone C'%} whilst the right-hand side is
related to the Haar probability measure on G,. We make this intuition precise in the
following theorem:

Recall that a closed subgroup G < Aut(7T) is compact, since Aut(7T') is compact and
Hausdorff; thus, the group G, = ¢,(G) is compact as a continuous image of G. Hence,
both G and G,, admit unique Haar probability measures pg and pg, = respectively.
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Figure 5: An intuition behind Theorem 5.4

Theorem 5.4 (shifted pushforward theorem). Let G < Aut(T") be a closed shifted fractal
subgroup. Then, for any vertex v € T' we have the equality of measures

kg, = (<Pv>#ﬂc-

Proof. LetmeN,veT,and A C (G'U)m be a set of m-patterns. We make three observa-
tions. First, since G, = ¢, (st (v)) by shifted fractality, we get 3" (st (v)) = G, /Ste, (m).
Second, since the map @} : st (v),,1m — Aut(7}"), induced from ¢}" : st (v) — Aut(71,"),
has image @' (st (v)) and kernel (ker i) . the first isomorphism theorem yields

03" (st (V)] = [stG(V)paml| / [ker i St (n +m)|.

Note that Sty (n+m) < ker¢l'. Then, as the (n+m)th level stabiliser of st (v) is
simply St (n + m), the third isomorphism theorem implies that

’Gn+m| / |StG(U>n+m| = ’G/StG<v)| = ’G : StG<U)|‘

Now, we deduce the statement of the theorem upon taking measures of a cone as follows:
#A
ta, (Ch) = a7
G |Gv : StGU (m)|
__ #A
o3 (st (v))]
e | ker " : St (n + m)|

|StG <U)n+m|

Gl 1
=#A - |kerpl" : Sta(n+m)|- .
“ |StG<U)n+m’ ’Gn+m‘

1
|Gn+m’

=#A - |ker ¢ : Stg(n+m)| - |G :stg(v)] -
_#ep " ()N (CR)

a ’Gn+m|

= na((e,) 1 (CH),

where the first equality follows from Proposition 4.5, the second, third, and fifth equalities
follow from the earlier observations, and the second-to-last equality is due to the computa-
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tion in Lemma 5.3. Therefore, the pushforward (¢,) uHG agrees with the Haar measure pi

on every basic open set in G, by Lemma 5.2.

Denote the Borel o-algebra generated by the congruence topology on G, by B(G,). Let A
be the sub o-algebra of B(G,) generated by the Borel measurable sets for which the
pushforward (¢,) LHG agrees with pg . We see that these two o-algebras must agree as A

contains all the basic open sets, thus all the open sets and B(G,,). Hence, the pushforward
formula holds for all Borel measurable sets in G,. [ |

The above result is analogous to [8, Theorem A(i)] by Farifia-Asategui for fractal groups.

5.3. Probabilistic independence and shifted super-strong fractality
Next, we shall show that shifted super-strongly fractality is closely linked to a measure-
theoretic property: probabilistic independence. We start by generalising the counting result
[8, Lemma 4.1(ii)] to the shifted super-strongly fractal case:

Lemma 5.5. Let G < Aut(T') be shifted super-strongly fractal. Then, for any n,m € N,
a vertex v € T at level n, we have

#0)™ (Can (o) (Cp) = #4- #B - [Sta(n) Nker ' : St(n +m)),

for any sets of n-patterns A C G,,, and a set of m-patterns B C (Gv>m

ns

Proof. Throughout this proof, we work in Aut(7"*™) = Aut(T")/ St(n + m) to simplify
the notation. It is sufficient to show that for each pair ¢ € A and 7 € B, there are
exactly Sty (n) Nker ™| many distinct elements g € C, N (¢,) " (C%) such that

gly =0 and glm=r. (2)

First, we show the existence of such g€ C, N (p,) " (CY) for each pair o and 7. By
definition of the cone C, there exists h € Uy C G such that h[j = 0. Note that as there
exists t € (¢,) " (C%) C G such that t| =7 € B C (G,), . this leads to the fact that

(hlg) " = (W[t = (B0 € (Gun),,

By shifted super-strong fractality, we have ¢} (Stg(n)) = (G,»), . Therefore, there exists
an element [ € St (n) such that

U = (hl) '€ (Gn)

m

Hence, the element g := hl € C, N (¢,) " (CY) satisfies Equation 2 as

(M)y =hlylly =0-1=0 and (RO = R U7 = A" (h\{,”)flT =T

vh

For each pair o, 7, we fix an element g € C 4 N (¢,)” (CY) satisfying Equation 2. For any
x € St (n) Nker(¢l?), the element g := xg satisfies the same conditions as g since

glg = =ly 9lg =1-9lg =0 and g ==[]" gt =1-g[7" = 7.

Note that if x and y are two different elements in St (n) Nker(¢}"), then xg # yg. On
the other hand, if g and § are two elements satisfying Equation 2, then gg—! is contained
in Stg(n) Nker(¢)'). Hence there are exactly [Sts(n) Nker ¢l*| many distinct elements
satisfying Equation 2 in C, N ()" (CY) for each pair o and 7. [
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As in Lemma 5.3, the equality in Lemma 5.5 can also be viewed from a probabilistic
perspective where one side of the equation is the counting measure of an intersection of two
cones, whilst the other side is a product of the sizes of two different sets of n- and m-patterns
corresponding to the cones and some other quantities; see Figure 6. This formulation hints
at a probabilistic independence between the cones C'y and C3.

Figure 6: An intuition behind Theorem 5.6

It has been shown in [8, Lemma 4.2] that probabilistic independence can be obtained for
super-strongly fractal groups. We will follow the same strategy as in [8] to establish it for
shifted super-strongly fractal groups. We further show that it is also necessary that the
group is shifted super-strongly fractal to obtain this independence, hence establishing an
equivalence between shifted super-strong fractality and probabilistic independence:

Theorem 5.6 (shifted probabilistic independence theorem). Let G < Aut(T') be a closed

subgroup. Then G is shifted super-strongly fractal if and only if for any n,m € N and a
vertex v € T at level n, we have

MG (CA N (%)71@%)) = pa(Ca) - be, (Cp),

for any sets A C G,, of n-patterns and B C (G'U)m of m-patterns.

Proof. The forward direction can be deduced as follows:

e (Can () (CR)) = pa,,. (0™ (Can(p,) " (CB)))
_# (Can () (Ch)

[ep

_ #A-#B-[Stg(n) Nker o) : Stg(n +m)|
B |Gl
_ #A #B-[Stg(n) Nker o' : Stg(n +m)|
G, [Ste(n) : Stg(n +m)

#A #B
" |G,] [Sta(n) : Stg(n) Nker g
_ #A #B

TGl e (Sta(n)]
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_ #A  #B
G G,

m

= pe(Cy) 'MGU(CE>-

Note that the first, second, and last equalities follow from Proposition 4.5 and that the
intersection €, N (¢,)” " (Cp) is the cone of gongm(CA N(p,) " (C};)) C G, - The third
equality follows directly from Lemma 5.5. The fourth and fifth equalities follow from a

direct application of the third isomorphism theorem. The third-to-last equality is deduced
using the first isomorphism theorem on ¢} restricted to St (n). The second-to-last equality
is given by the shifted super-strong fractality.

For the converse, we start by showing that uq (¢,(Stg(n))) =1. For any m € N, we

set B,, = ¢ (Ste(n)). Observe that {C’f3 } N is a descending sequence in m € N and
™2 me

Ney = {h € G, :hly. €@l (Stg(n)), for all m € N}

meN

- {h €G,:h=hly, €p,(Stg(n)),forallm e N}

= ¢y (Stg(n)),

where the second equality holds because G, is compact with respect to the congruence
topology. For A :=1,,, we have C 4 = St (n). We conclude that

te, (p(Ste(n)) = pe, < ﬂ Cjém>

meN

= lim pg (C’};m)

m—0oQ

= 1im pe(Can(e,) " (Ch,)) /1e(Ca)

= ug ( [ Can(e,)™! (C}ém)> /1a(Cy)
= pg (CA N (p,) " ( M C}ém) ) /1a(Ca)

= 116 (Ca N (00) " (20 (Sta(m)))) /16 (Ca) = 1 (Ca) /e (Ca) = 1,
where the third equality is given by the assumption in the theorem and the second-to-last

equality follows from C, C (¢,) " (¢,(Stg(n))).

We now obtain that 11 -almost every element of G,, belongs to ¢, (St (n)). As ¢, (Ste(n))
is a continuous image of a compact set, it is compact in G,. The group G, is compact and
50 ¢, (Stg(n)) is a closed subgroup in G,,. By Proposition 4.4, it follows that ¢, (Stg(n)) is
open and has index |G, : ¢,(St(n))| = 1/pg (0,(Ste(n))) = 1. Hence,

Pu(Stg(n)) = G, =

In the following corollary, we show that Theorem 5.6 can be strengthened further. However,
the version stated in the theorem will still be more convenient later.

Corollary 5.7. Let us assume the same conditions as in Theorem 5.6. Then G is shifted
super-strongly fractal if and only if for any n € N, and a vertex v € T at level n, we have
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Ha (CA N (SOU)_l(E)) = pc(Cy) "Ha, (E) = pe(Cy) - MG((%)_l(E))»
for any sets A C G,, of n-patterns and any measurable set E in G.,,.

Proof. Assuming the first equality, the second equality in the statement follows from
Theorem 5.4.

Theorem 5.6 yields the probabilistic independence formula
K (CA N (SOv)_l(E)) = p1a(Ca) - pg, (E)

for E a basic open set, i.e. a cone of a singleton set in GG,,. For any fixed cone C,, we show
that the formula holds for any measurable set . Denote the Borel o-algebra generated by
the congruence topology on G, by B(G,,). Let A be the sub o-algebra of B(G,,) generated
by the collection

{E € B(G,) : pa (CA N (SOv)_l(E)) =ng(Ca) - e, (E)}'

We see that these two o-algebras must agree as A contains all the basic open sets, thus all
the open sets and B(G,,). Hence, the independence formula holds for all Borel measurable
sets I in G,. |

We note that we cannot replace C'y in Corollary 5.7 with any Borel measurable set in G
because A should not impose constraints below level n. Therefore, one cannot replace C 4
with any basic open set which is a coset of a level stabiliser of level larger than n. Intuitively,
if we were able to replace C'y with a cone in G of k-patterns such that £ > n, then this cone
would overlap with the measurable set E in GG,,. Hence, one should not expect probabilistic
independence in this case.
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Chapter 6
Fixed-point proportion

6.1. Fixed-point processes and martingales

In this section, we examine properties of the fixed-point process, a stochastic process
counting the number of fixed points of an automorphism at each level of the tree. This
process was first introduced by Jones in [16]. We follow his strategy to show that if the
process is a martingale and satisfies a uniform bound on its conditional probability, then
it converges to zero almost everywhere, i.e. such groups fix no points on the boundary of
the tree almost surely.

A (real) stochastic process is a collection {Y, } _ of real-valued measurable functions on a
common probability space.

Let G < Aut(T') be a closed subgroup. For every n € N, we define X,, : G — N, by
X,(9) =##{ve L, v = v}

In other words, for n € N and g € G, the number X, (g) is simply the number of
vertices fixed by ¢ at level n. This function is measurable because, for m > #.,,, we
have X, 1({m}) =0, and for m < #4,,, we have

X 1({r}) = {g € G : g fixes r vertices at level n}

= (cpg)fl({gw € G, : g|j fixes r vertices at level n}).

Indeed, as G,, is equipped with the discrete topology and ¢y is continuous, so X, L)
is a Borel measurable set. These functions define a stochastic process {X”}nEN called the
fized-point process of G. For each n € N, the preimage X, 1(N) is the set of all elements
in G that fix at least one vertex at level n. Since if g € G fixes a vertex v € T at level n,
it must fix the predecessor of v at level n — 1 as well, we obtain the following descending
sequence of nested sets:

XTHN) 2 X7 (N) 2 - 2 XN 2 - -

Let us recall the following notions from probability theory. Let (X, u) be a probability
space. The conditional probability of a measurable set A given another measurable set B of
positive measure is defined to be

u(A| B) := n(ANB)/u(B),

i.e. it is the normalised measure of the projection of A onto B as a subspace of the probability
space X. If f: X — R is a real measurable function (random variable), then the conditional
expectation of f on a measurable set A of positive measure is given by

B 1 4) =~ [
A
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Amongst stochastic processes, we are interested in the following class. A martingale is a
stochastic process {Y,,} _ in a measure space (X, u) such that for all n € N we have:
(a) E(Y,) < oo;

(b) EY, |Y,=¢ty,...,Y,_ 1 =t,4)=t,_; forevery t;,...,t, ; € R satisfying
p(Yy =ty ... Y, =1, 1) >0.
The following is an example of a martingale. Let Z,,Z,,...,Z,,... be inde-

pendent and identically distributed Bernoulli random variables on the o-algebra
{0, {tail}, {head}, {tail, head}} with Z,, (tail) = —1, Z, (head) = 1, and

Wz, =-1)=u2z,=1)=1/2

for each n. Each random variable represents the gain/loss from the nth round of an infinite
sequence of independent games of a fair coin toss; a gambler gains 1 krona if the coin lands
on a head and loses 1 krona otherwise. It is clear that each Z, has a finite expectation.
Since each toss is independent,

EB(Z, | Zy=t,Zy =1y, ..., Z, 1 =1, )=t

Furthermore, the sum Y,, = ZZ: | £y, representing the net gain/loss of a gambler also forms
a martingale. This is because

E(Y, |Y,=t,...,Y,  =t, )
Zke{o,l}@nfl + (=R (Y, =ty, ... Y, =t + (=1)F)
- (Y, =ty ..., Y, 1 =t, 1)
- Z (tpy + (=D)) - %
k€{0,1}
=t,_,.

In other words, a gambler is expected to have the same capital as in the previous round.

Theorem 6.1 (see [5, Theorem 10.4.8]). If{Y,} _ is a non-negative martingale, then
the limit

lim Y, (g)

n—oo
exists almost everywhere with a finite value.
This is a special case of Doob’s martingale convergence theorem.

As the fixed-point process is non-negative, if it is a martingale, then it converges almost
everywhere. In fact, as it only takes discrete values, it becomes eventually constant almost
everywhere. Jones has shown in [17, pages 128-129] that under the two conditions in
Theorem 6.2, if the group G < Aut(7) is an iterated wreath product, the limit of X ,(g)
must be zero for almost every g € G. A general proof for groups acting on regular rooted
trees can be found in [10]. As we shall see below, the proof still holds without such a
regularity assumption on the tree.

First, let us recall the following notation. For a collection of sets {En}neN with E, C FE for
all n € N, we define

lin}linfEn = U m E;.

neN j>n
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Intuitively, this is the set of elements in E that are eventually contained in all the sets E,,
for large enough indices n.

Theorem 6.2 (see [10, Theorem 3.2]). Let G < Aut(T') be a closed subgroup. Assume that:

(a) the fixed-point process {Xn}neN of G is a martingale;

(b) for any r > 0, there exist € > 0 and m € N, both depending on r, such that for almost
every n € N we have

po(Xpom =7|X,=r)<1—c
Then, the fixed-point process of G is eventually zero for almost every g € G.

Proof. By assumption (a) and Theorem 6.1, the fixed-point process of G is eventually
constant for some constant r depending on ¢ for almost all g € G. Let

A:={g e G:X,(g) becomes eventually constant}

and for every r > 0, let us further define

A, :={g € G: X, (g) becomes eventually r}.

It is clear that A = U,y A,.. We also define, for every r > 0 and any n € N, the measurable
subset E) :={g € A : X, (9) = r}. One then has that A, = liminf, E]. With this notation,
the inequality in condition (b) can be rewritten as pug(En,,, | El) <1—¢, as ug(A) = 1.

We claim that for any » > 0 and any m € N, we have

lm pg(By) = lm pug(EL ., 0 EL) = pg(A,).

n—,oo

Therefore for r > 0, if px(A,) > 0, we get

L NE! A
lim pg(EL,,. | EL) =1 ta (B ym n) e 1,
n—oo

n—00 pa(En) pa(A,)

which contradicts assumption (b). Thus pug(A,.) = 0 for every r» > 0 and thereby
fg(Ag) = pg(A) = 1.

Let us prove the claim. We will show that lim,,_,  uo(E}) = pa(A,) and the other equality
follows in the same manner. Intuitively, an element g € A such that either X, (g) converges
to r or is already r should dwindle in measure to 0 as n grows larger. Indeed

e (Ay) = ne(ER)l = lug (A \ ER) U (A, N ER)) — ne((EL\A,) U (A, N EL))

= lug (A \ ER) + g (A N EY) — ne(ER \ Ay) — pe (A, N EL)|
= lna(A\ Ey) — pg (B \ AL
< pg(A\ ER) + pg(EG\ A)
= ng(A, A EY),

so if suffices to show that lim,, ., us (A, A El) = 0. Now, observe that

E'\A, = {g €A:X,(g9) =rbut JLIEOXn(g) +* r} - /@L{J\{ }AT, \ B
' €No\{r

for any r € Ny. Thus, we have A, A B} = (A, \ E}) U (E}R \ A,) C Uy, Ay \ Er.
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Since pi is a finite measure and A,, \ E are pairwise disjoint, by the dominated conver-
gence theorem on N, we interchange the summation and the limit to obtain

lim pg (A, A EN) < lim Z Le (Ar/ \EZ;) = Z lim pg <AT/ \E:L/)
n—oo n—oo T/ENO W ENO n—oo

Hence, it suﬂices to show that lim,, , . pa (A \ . ) = 0 for every non-negative integer r’.
Let us write F} = = N>k E} for k€ N and Fj = (. Note that F}' C E} . Then

A,_hmmek =R =R \F.,=F; u( g F,g’\F,;“’_l).

keN keN k>n+1

One can deduce from the definition that Fj' \ Fy , C A, \ E}_,, and therefore

N U EVED) S U (VB = A\ limint B, = A\ Ay =0

neNy k>n+1 neNy k>n+1

We use the measure continuity and the above deduction to conclude the claim as follows

0< lim pg(Ay \E}) < lim pg(Ay\Fy) = lim ug< ) B \F;:’_1>

k>n+1

:Mc<ﬂ U Fl:/\Fl:/1>:MG(®>:0' u
neNy k>n+1

We proceed to find natural sufficient assumptions on a group that make the fixed-point
process a martingale. The following theorem characterises when the fixed-point process of
a group is a martingale. It was shown in [3] by Bridy, Jones, Kelsey, and Lodge in the
case where T is regular. With minor adjustments, the result can be generalised to any
spherically homogeneous rooted tree T

Theorem 6.3 (see [3, Theorem 5.7]). Let G < Aut(T) be a closed subgroup. Then,
the fized-point process of G is a martingale if and only if for all n €N, the level
stabiliser St (n — 1) acts on T} transitively for any v € £,

Proof. We make some comments before proceeding with the actual proof. Set
S:={g € G, : g fixes t; vertices at level i for 1 <i<mn —1}.
We derive an alternative formula from the definition of the conditional expectation involved

in condition (b) of the definition of martingales via the pushforward measures as follows

E(X, | X, =t,...,X, =t

n—1 n—1

MG(CS> / s’ ¢

1

= WL(XS # fix) o oy dpg

(Xs - # fix) dug,
G

n
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where we define fix(g) := {w € £,, CT" : w9 = w} for g € G,, and the third-to-last equality
follows from Proposition 4.5.

Let us begin with the backward direction. Firstly, condition (a) of martingales is obtained
for every n € N as

#£7L

E(X,) = / X, dpe = ZTNG(Xn =r)= Z rpa (X, =r) < oc.
G n=1

reN

Now, let v € £,_;. Assume that St;(n — 1) acts transitively on the 1-truncated tree T}
rooted at v. We need to show that

Z# fix(g

geS

for any t¢,,...,t,_; € R such that pu (X, =t,,...,X,_1=t,_1)>0. Each group
H, ,:=Stg(n—1)/Stg(n) acts trivially on £,,_;, so S is invariant under multiplication
by elements in H,,_;, whence S is a union of cosets of H,_;. For gH,,_; C S, define

Ri={vze L, veL, ,v=vandz T}

Note that as g € S, we have #R =1t,_; -d,;

ni recall that d,, is the common number of

descendants of every vertex at level n — 1. For every vx € R, there exists a unique vy € R
-1

such that (vy)9 = vz, i.e. y = £9) . Due to the transitivity of the action of H, , on T},

the set

@ *= {h € anl : (Uy)h = ’U$}

is non-empty for every pair z,y € Ti'. Moreover Q,,

is a coset of sty (vx) in H,_,. By
the orbit-stabiliser theorem, we obtain that

=#orby (vr) =|H, ;: st . (vz)| = - =

Observe also that Q,, = {h € H,_; : (vz)%" = vz}, so we have

=R = 3 el oS [ g du
H

va:GR vreR

_ / S xo dun = / 4 fix(gh) dpu;

H, ; vzeR H, n—1| heH,

If T is a transversal of H,,_; in S, then
tho1 = Z el = Z Z # fix(gh) = Z# fix(g
#:T #:T |Hn 1| geT heH,,_, S ges

as wanted.

For the forward direction, we make the following observation. If the action of Sto(n —1)

on T is transitive, the number k of H, ;-orbits on T cannot exceed d :=d; -dy - - - d,,_;.
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Suppose that the action is not transitive on some T)! for some vertex v at level n — 1,
then k£ > d. By Burnside’s lemma, we have
! > #fix(h) =k>d
ix(h) = .
]H

n— 1|h€H .

Since S = H,,_, if and only if every h € S fixes all vertices at levels no greater than n — 1,

ie. X;(h)=dy-dy---d; forevery h€ Sandi=1,...,n, we have
1 )
E(X,|X,=d,Xy=d;-dy, ..., X, ,=d) = > #fix(h)=k>d
|Hn71| heH,,
proving that the fixed-point process of G is not a martingale. [ |

A group G < Aut(T) is said to be level-transitive if for each n € N, the group G acts
transitively on £,,, i.e. for every vertices u,v € £,, there exists g € G such that u9 = v. We
give a characterisation of level-transitivity of shifted super strongly fractal groups as follows:

Lemma 6.4. Let G < Aut(T) be shifted super-strongly fractal. Then the following are

equivalent:

(a) G is level-transitive;

(b) for every n € Ny, the nth level stabiliser acts transitively on every subtree rooted at
level n, i.e. the subgroup Sts(n) acts transitively on T, for every v € £,,;

(c) for every n € Ny, the subgroup St (n) acts transitively on T} for every v € £,,.

Proof. Suppose that G is level-transitive. Fix n € Ny, and a vertex v at level n. Then
for any two vertices u,w € T, at the same level, there exists g € G such that (vu)? = vw.
Thus g stabilises the vertex v and g, : u = w. As G is shifted super-strongly fractal, there
exists h € Stg(|v]) such that ¢, (h) = ¢,(g). Hence (a) implies (b) since

(vu) = vhulle = vude = vw.

It is trivial that (b) implies (c). Lastly, assuming condition (c), we will prove that G is
transitive on every level by induction on the level n. It is plain that G = St~(0) acts
transitively on level 1. Suppose that G acts transitively on levels 1,2,...,n—1, and
let v, u, vyw be any two vertices at level n in T" with v, and v, at level n — 1. By induction,
there exists g € G sending v, to v,, and so udl € T1 Now, by (c), we may pick h €
Sto(n — 1) that sends ul to w e T1 Hence, the tran81t1V1ty of G on level n follows from

(Ulu)gh = (vfug‘vl) = (’Ung‘”l) = v, (ug|“1> = vyw. [ ]
Lemma 6.5. If G < Aut(T) is closed, shifted super-strongly fractal, and level-transitive,
then the fized point process {X”}nEN is a martingale.
Proof. This follows directly from Lemma 6.4 and Theorem 6.3. [ |
6.2. Fixed-point proportion
Motivated by several problems in arithmetic dynamics, we will be interested in the number

of elements in a group G < Aut(T") that have many fixed points in 7. However, as G is
usually an infinite group, we need a notion that makes this rigorous.

Let G < Aut(T). The fized-point proportion FPP(G) of G is given by
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FPP(G) := lim #{g € G,, : g fixes a vertex at level n}.

n—300 |G,

Denote F, := {g € G,, : g fixes a vertex at level n}, and observe that F,; C F,,. Note that
as the sequence {#F,/ |G, [} _ satisfies

#L < #F, 11 - [Stg(n) : Stg(n + 1) _ #F, 11 < #F,
|Gn+1‘ N |Gn+1| ’Gn‘ - |Gn|,

it is monotone decreasing and bounded below by 0, thereby FPP(G) exists for every
subgroup G < Aut(7T"). Furthermore, as G,, and (é) are isomorphic by Theorem 3.11, then

FPP(G) = FPP(G).

Thus, in what follows, we shall assume G is closed.

From the above fact about the fixed-point proportion of the group and its closure, we can
derive another strategy for proving the existence of FPP(G). This will also lead to a more
geometric interpretation of FPP(G) as we shall see below.

When G is closed, we recall that the fixed-point process of G is well defined and that
F,={g9 € G, : g fixes a vertex at level n} = ¢ (X, *(N)).

The following lemma relates this fact to the Haar probability measure on GG. The statement
of this lemma was given in [9], and we expand on the proof below:

Lemma 6.6. Let G < Aut(T') be a closed subgroup, then
#{g € G,, : g fixes a vertex at level n}/ |G, | = pe (X, (N)).

Proof. Let T be a transversal of N := St (n) in G. Note that if an element in a coset of N
fixes a vertex at level n, then all elements in that coset fix the same vertex. Therefore, the
section g[j of g € T is either not in F,, or is a unique element in F,,. From G = Ugej Ny,

we have

MG(an(N))=MG<U(NgﬂXn1(N))>=MG ) Ny

geT geT
gly €F,
= E pa(Ng) = E pa(N)
geT geT
gly €F, gly €F,

=#F, -|G: N7t = #{g € G, : g fixes a vertex at level n}/ |G,|. =
It follows from the descending property of {X,* (N)}neN and Lemma 6.6 that
FPP(G) = lim ug (X, (N)) = ug (ﬂ an(N)> :

Note that N,,.y X, *(N) is measurable and the fixed-point proportion of G is simply the
measure of this set. In fact, this set is heavily linked to the behaviour of the action of G
on 1" as we shall see in the following result:
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Note that we write 9T for the boundary of T, i.e. the set of infinite rooted paths in T.

Lemma 6.7. Let g € Aut(T), then the following are equivalent:
(a) g fizes infinitely many vertices on T';

(b) g fizes at least a vertex on every level of T';

(c) g fizres an end vy € OT.

Proof. 1t is trivial that (c) implies (a).

Now, assuming (a), i.e. that g fixes infinitely many vertices on T, then for any level n, we
can find a vertex v at a level deeper than n fixed by ¢ as each level of T has finitely many
vertices. Therefore, the vertex at level n lying on the path between v and the root must be
fixed by g as well, hence condition (b).

For n € N, let P, be the set of all finite or infinite rooted paths 7 such that v is fixed
by g and v passes through a vertex at level n. It is clear that P, is contained in P, ;.
By assuming (b), there exists a vertex for each level n that is fixed by g; thereby, the
unique path from this vertex to the root is fixed by g. Thus, each P, is non-empty. The
intersection N, ¢y P, must be non-empty and consists only of infinite rooted paths, hence
condition (c). [

We note that the statement of Lemma 6.7 (a) and (c) was given in [9]. We give the proof
above for the convenience of the reader.

Hence, the fixed-point proportion of a closed subgroup G is simply the probability of finding
an element in G fixing an infinite rooted path in T, i.e.

neN

FPP(G) = ug ( m X;l(N)) = ug({g € G : g fixes some v € 9T'}).

Let us divert our attention to the main theorem of this section, which shows that the
assumption in Lemma 6.5 is sufficient to satisfy condition (b) in Theorem 6.2 if the tree is
bounded. Hence, the fixed-point proportion of such groups is zero. We say that a spherically
homogeneous rooted tree 1" is bounded if the sequence {d"}nEN is bounded. Furthermore,
we say that the d-adic tree is the reqular completion of a bounded tree T' if d = maxd,,.
We denote the regular completion by T'. Furthermore, we note that 7' can be embedded as
a subtree of T with the same root. We state and prove the following results on the nature
of this embedding.

Lemma 6.8. Let T be a bounded tree, not necessarily regular. Then Aut(T) can be
continuously embedded into Aut(T) by a homomorphism. Moreover, Aut(T) is a closed and
compact subgroup of Aut (T)

Proof. Let ¢ :T — T be arooted embedding of T in its regular completion 7. This induces
a natural homomorphism 7 : Aut(T) — Aut(T') where the labels of Z(g) are given by

1)1 ifveT\T;
L(g)”_{g\}] ifveT,

for each g € Aut(7T). It is plain that the kernel of 7 is trivial, hence it is an embedding.
Furthermore, the congruence topology on Aut(7") is precisely the induced topology inherited
from the congruence topology on Aut (T), thereby 7 is continuous. The closeness of Aut(7)
in Aut(T) follows from Aut(T') being compact and Aut(T') being Hausdorff. [ ]
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We will only use the embedding above to bound the order of Aut(7)"). Note that the fixed-
point proportions of G and 7(G) < Aut (T) may differ. In particular, since the image of the
embedding 7 is precisely

{g€Auwt(T) : g|i =1forveT\T},

if d,, < maxd,, for some level n, then each element in the finite-index subgroup St (n)
fixes an infinite path in 7. Hence G has a positive fixed-point proportion as a subgroup
of Aut(T), regardless of its fixed-point proportion as a subgroup of Aut(7"). Bounded
trees arise naturally in the study of specialisations of Galois groups of iterates of rational
functions to post-critical points; see [20]. They also appear in the seminal work by Abért
and Virdg in [1] in the context of orbit trees.

The main result of this section is a generalisation of the main result of Farifia-Asategui and
Radi in [10], where the regularity of the tree is not required, and the shifted counterpart
of super-strong fractality is assumed:

Theorem 6.9. Let T be a bounded tree and G < Aut(T') be shifted super-strongly fractal
and level-transitive. Then

FPP(G) = 0.

Proof. Note that as the fixed-point proportions of G and G coincide, we may assume
that G is a closed subgroup of Aut(T"). It suffices to show that the fixed-point process of G
is eventually zero for almost every g € G because

FPP(G) :MG<ﬂ X;l(N)) :MG<TLILrgoXn > 0) - 1—uc( lim X, :0),

n—o0
neN

where the second equality follows from Lemma 6.5 and Theorem 6.1. To show that the
fixed-point process is eventually zero almost everywhere, we simply need to prove that the
conditions for Theorem 6.2 are satisfied.

Condition (a) of Theorem 6.2 is fulfilled by Lemma 6.5. For condition (b), we proceed as
follows. Let us fix any r > 0, and choose m := [log,(r)] + 1 depending only on r. Now, for
any n € N, we consider the subset of n-patterns

A, :={g € G, : g has exactly r fixed points at £, } = ¢ (X, ' ({r})).

This means that C, = X' ({r}) = {g € G': X,,(g) = r}. Note that for any a € A,,, there
exists a vertex v, € £,, fixed by a as r > 1. By Theorem 5.6, we obtain that

pe(Cla 0 (0,) 7 (612)) = 1(Clar) s, (C17) = e (Cray) - 1(6,) 17

as G, =g, (G) < Aut (Tva> and 1, = {1} < (Gva> . The shifted super-strong fractality
of G yields that G, = ¢, (Stg(m)). Observe that gglgl(StG(n)) < @™(St(n)) = Aut(T)")
for any vertex v at level n. As Aut(7T") can be embedded into Aut(7T) with T being the
regular completion of T' to the d-adic tree with d := maxd,,, we see that |Aut (TJ:)] <

|Aut (Tfj)\ = d™. We conclude that

(G,,) 1=l (Sta(m)] < [Aut(Ty1)] < [Aue(Tyr )| = d™.

We fix € := d7™, which only depends on m and thus on 7.
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-1 v .
Now, for every a € A,, each element g€ Ci,y N (S%a) (len) satisfies both that
Xpim(g) > dyiy - dyig---dyyy, >2™ >r and X, (g) = r. Therefore,

MG(Xn+m:T|Xn:r):17N’G<Xn+m7é’r|Xn:T)
S1—pe(Xpm >r| X, =7)

n+m
_ MG(Xn+m > T7Xn - T’)
MG(Xn = T)

Ha (UaeAn C{a} N (@va)_l (Cf:; ))
Ha (CAn)
 Dpea Mo (Cray ()" (Cfi)>
276} (CA,)
B ZaeAn 2% (C{a}) : |(Gva)7n|_1
Ha (CAn)
ZaeAn Pa (C{a}) "€
Ha (CA”)
16 (Upen, Cray) -
Ha (CA")

Hence, the condition (b) in Theorem 6.2 is fulfilled with m := [logy(r)] + 1 and € :=d™",
as they are both independent of n. [ ]

=1

<1l-

<1-—

=1- =1-—e.

We remark that although the level transitivity of G seems to not be used explicitly in the
proof of Theorem 6.9, it is crucial for the fixed-point process to be a martingale as seen
in Theorem 6.3. In fact, Radi has shown in [25, Theorem B]| that even an iterated wreath
product - -0 PP acting on the d-adic tree, with P < S, has fixed-point proportion 1
when every element of P has a fixed point.

We stress that the boundedness of T" plays a big role in the proof, as otherwise, it is unclear
whether one can obtain a uniform bound 1 — . This motivates the following question:

Question. Let T be a spherically homogeneous rooted tree which is not bounded and
let G < Aut(T) be shifted super-strongly fractal and level-transitive. Can FPP(G) > 07
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