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Abstract

The thesis aims to characterize the scenario in which the non-locality of an entan-
gled state shared between sequential observers can be recycled utilizing as few re-
sources as possible. This is accomplished by stochastically combining standard pro-
jective measurements using locally generated randomness. Using an entangled two-
qubit state, we analytically minimize the number of parameters necessary to specify
two Clauser-Horne-Shimony-Holt inequalities. Moreover, employing the Collins-Gisin-
Linden-Massar-Popescu inequality, the protocol is then further extended to the higher-
dimensional case in which the non-locality of pair of entangled qutrits is recycled. The
trade-off in the violation magnitudes between Bell parameters is then investigated nu-
merically, both for qubits and qutrits, and it is found that the optimal trade-off is
enabled by non-maximally entangled states and that qutrits allows for larger sequential
violations than does qubits.
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[. INTRODUCTION

A central goal of quantum information science is to study how the quantum mechanical
behavior of matter on the smallest scales can be exploited in order to gain an advantage in
information processing tasks. The crucial resource utilized in all such quantum information
schemes are quantum states, in which data can be encoded (Long 2025; Ramya et al. 2025).
In this text we will investigate a method that permits certain properties of a single quantum
state to be recycled, allowing it to be repurposed in various quantum information protocols.

In 1935, Einstein, Podolsky and Rosen (EPR) published a paper (Einstein et al. 1935)
in which they argued for the incompleteness of quantum mechanics. In their efforts, they
introduced the notion of elements of reality: a quantity that can be predicted with certainty
without in any way disturbing the system. According to their reasoning, not all elements
of reality have a counterpart in quantum mechanics and the description of objective reality
as provided by this theory must therefore be incomplete. The thought experiment that
allowed for this incorrect conclusion was later reformulated by (Bohm 1951), wherein a pair
of spatially separated spin-1/2 particles prepared in an entangled state (Schrodinger 1936)
serves as the centerpiece of the argument. The nature of this state makes it so that, if the spin
of one particle is measured to be in one direction, the spin of other particle will, with complete
certainty, be found to be in the opposite direction. Therefore, a measurement on one particle
instantly affects the state of the other particle, regardless of how far apart they are. Further,
according to quantum mechanics, measuring the spin of a particle along one direction will
destroy information about its spin along any other direction, having complete simultaneous
knowledge about the two is impossible (Heisenberg 1927). Consequently, since no signal can
travel faster than the speed of light, and the direction in which the particles are measured
is freely chosen, the EPR argument ruled that the spin of a particle must have a definite
value prior to any measurement. That is to say, there are elements of reality which have no
counterpart in quantum mechanics. For this reason, EPR deemed quantum mechanics to be
incomplete and concluded that another theory, offering a complete description of objective
reality, was in need (Harrigan and Spekkens 2010).

The publication of the EPR paper certainly sparked controversy, with mixed reactions
from the physicists of the day. Most notably, (Bohr 1935) contended that quantum mechanics,
in fact, was complete, an opinion not shared by (Schrodinger 1935) who asserted that the
dominating interpretation of quantum mechanics, the so-called Copenhagen interpretation,
was flawed.

The ideas of EPR was later formalized by (Bell 1964; Bell 1966), who devised a test with
which the completeness of quantum mechanics could be experimentally investigated. In his
paper, Bell showed that the dual assumptions of determinism and locality, meaning that
measurements performed on one part of an entangled state cannot be used to communicate
with the party in possession of the other part of the state, are incompatible with statistical
predictions made by quantum mechanics. Mathematically, determinism is closely related with
the idea of hidden variables, the hypothesized source of indeterminacy in quantum mechanics.
Then, in particular, Bell provided a means, so-called Bell inequalities, by which it could be
experimentally tested whether quantum mechanics could be described using hidden variables
obeying the locality principle. In (Clauser et al. 1969) a Bell inequality more suitable
for experimental considerations was presented, the so-called Clauser-Horne-Shimony-Holt



(CHSH) inequality. Using this inequality, it was then experimentally verified by (Freedman
and Clauser 1972), and also (Aspect et al. 1982), that quantum mechanics indeed allows for
the violation of Bell inequalities. Thus, one has to conclude that it is possible for matter to
display non-local behavior. It should be stressed, however, that by no means do quantum
mechanics permit information to be transmitted faster than the speed of light, as convincingly
shown by (Ghirardi et al. 1980).

Any state violating a Bell inequality is said to be Bell non-local. In modern times, non-
locality is considered an indispensable resource in many quantum information processing
tasks, such as communication complexity (Buhrman et al. 2010), information theory (Cubitt
et al. 2011) and quantum cryptography (Herbert 1975; Ekert 1991). Furthermore, the degree
to which a Bell inequality is violated can be used to quantify how non-local a state is (Brunner
et al. 2014). Therefore, studying the violations of Bell inequalities is of great importance in
modern physics.

The analysis of non-locality is, however, not limited to two dimensional quantum systems.
In fact, the correlations displayed by higher-dimensional quantum systems have proven to
result in larger violations of local realism than possible using two qubits (Kaszlikowski et al.
2000). As such, using higher-dimensional quantum systems typically offers greater advan-
tages in many quantum information protocols, such as higher noise tolerance and larger
information capacity. One downside, however, of using higher-dimensional quantum states
is that they are generally more challenging to realize experimentally than qubits (Cozzolino
et al. 2019). Further, since the maximum violation of the CHSH inequality can be attained
using qubits only (Cirel’son 1980), it is not a Bell inequality suitable for investigating higher-
dimensional non-locality. In (Collins et al. 2002), a Bell inequality tailored for this purpose
was introduced, the so-called Collins-Gisin-Linden-Massar-Popescu (CGLMP) inequality. To
be precise, the CGLMP inequality constitutes a family of Bell inequalities, valid for quantum
systems with an arbitrary number of dimensions.

In (Silva et al. 2015) it was shown that several independent and non-communicating
observers can violate the CHSH inequality using a single two-qubit entangled state. This was
accomplished using so-called unsharp measurements, which permits an observer to measure
a quantum system without completely disturbing it, at the cost of less information gain
(Zhou et al. 2025). Thus, measuring on a system using such measurements it is therefore
possible to preserve some entanglement. It has since been demonstrated experimentally
that it is possible to recycle non-locality according to this procedure (Foletto et al. 2020;
Feng et al. 2020). Hence, non-locality is a resource that can be shared amongst multiple
observers. Extensions of this protocol to higher-dimensional quantum systems have also been
theoretically investigated by (Roy et al. 2024).

The sharing of non-local correlations is not only a scientific curiosity, it has far reaching
implications for many different areas in quantum information science (Huang et al. 2023).
From a resource perspective, being able to recycle a quantum state in order to perform various
information processing tasks is clearly of great practical use. Further, applications of this
scheme to a number of different quantum information protocols has also been demonstrated,
such as quantum steering (Shenoy H. et al. 2019; Choi et al. 2020), quantum coherence
(Datta and Majumdar 2018) and quantum networks (Mao et al. 2023).

The recycling of non-locality according to the protocol introduced in (Silva et al.2015) is
enabled by the non-invasive nature of unsharp measurements. However, schemes based on



sharp measurement, i.e. projective measurements, have also been developed by (Steffinlongo
and Tavakoli 2022). By leveraging classical randomness, different projective measurement
strategies can be stochastically combined in order to achieve sequential violations of the
CHSH inequality. This protocol, too, has been experimentally realized by (Xiao et al. 2024),
and projective measurements have therefore been proven to be sufficient for recycling non-
locality. Admittedly, the double CHSH violations achievable using projective measurements
are smaller than what is possible with unsharp measurements. However, performing unsharp
measurements requires entangling the target system with an ancilla system, on which a
projective measurement is subsequently performed. Such a procedure typically requires more
complex experimental setups than what is needed for standard projective measurements
(Choudhary et al. 2013; Adam and Diosi 2023). In this sense, recycling non-locality using
projective measurement is not only easier in practice, it is also less resource demanding.

In (Steffinlongo and Tavakoli 2022) it was also demonstrated, via an explicit measurement
strategy, that it is possible to recycle non-locality by stochastically combining projective
measurements using only locally generated classical randomness. This way of recycling non-
locality demands the least possible amount of resources. Indeed, locally generated classical
randomness requires no quantum technology, not to mention any form of communication
between the measuring parties. The investigation into this protocol by (Steffinlongo and
Tavakoli 2022) is, however, quite limited, and it is not yet fully understood to what extent
the resources can be minimized or what the optimal scheme is. Also, so far the scenario have
not been treated in full generality.

The main objective of this thesis is to further investigate how projective measurements
and local randomness can be utilized in order to share non-locality. More specifically, we
will explore the performance of this method in the context of recycling a two-qubit entangled
state using the CHSH inequality. Further, making use of the CGLMP inequality, we will then
extend this protocol to the higher-dimensional case in which a two-qutrit state is recycled.
In both cases, we find that the optimal state, leading to the largest double violation, is
not maximally entangled. Moreover, the two-qutrit case leads to substantially larger double
violations than does the two-qubit case.

The outline of this text is as follows. In Sec. II we provide a comprehensive overview of
the physical concepts needed to fully appreciate the results. This section is further divided
into several smaller sections, each devoted to a single central topic. In Sec. I1.1 we briefly
introduce quantum states, with particular emphasis on the density matrix formulation of
quantum mechanics and higher-dimensional quantum systems. We then move on to quantum
measurements, a topic that is treated in Sec. 11.2. Afterwards, in Sec. I1.3, the evolution
of quantum states is addressed, especially, its modern formulation in terms of quantum
channels is treated. Lastly, in Sec. 1.5 we introduce the method of recycling non-locality
using projective measurements and local randomness more formally. The results are then
presented in Sec. III. This section is further divided into Secs. III.1 and II1.2, wherein the
results pertaining to the CHSH and CGLMP inequalities are treated separately. The text is
concluded in Sec. IV where we briefly summarize our findings and discuss how the work can
be further expanded.



II. THEORETICAL FRAMEWORK

II.1. Quantum states

Quite generally, a quantum state is a mathematical representation of a quantum system, and
from it, all information about the system can be obtained. The purpose of the following
sections is to give a comprehensive review of quantum states as a whole.

I1.1.1. Qubits

A qubit represents a quantum system that can exist in two distinct states, or in any superpo-
sition of these. It is the simplest possible system one can think of in quantum mechanics. It
should be emphasized, however, that a qubit does not have to represent any particular phys-
ical system, it is merely a mathematical construction that serves as a template for whatever
one might study. Though, imagining the two states as the energy levels in a two-level atom,
or the two spin states of a spin-1/2 particle, can sometimes be helpful.

Mathematically, a qubit can be written as

[Y) = al0) +b|1) a,be C, (1)

where |a|? 4+ [b]* = 1 and the two states |0) = (0,1) and |1) = (0,1) are orthogonal basis
vectors. Further, the two probability amplitudes a and b each requires two real numbers
to be fully specified. However, the normalization condition together with the freedom in a
global phase shift allows us to parametrize a qubit using only two real numbers. To see this,
consider writing the probability amplitudes as a = r,e'® and b = r,e’’. One parameter can
then be removed by simply multiplying [¢) by e™® (a global phase shift), and another by
utilizing normalization, the end result being

0 0 .
[¢)) = cos 5[0) + sin Ze*[1), (2)

where we have defined ¢ = f—a« € [0,27] and 6 € [0, 7]. Moreover, the two parameters € and
¢ both allows for a simple physical interpretation, the former being related to the probability
of finding the system in either |0) or |1), and the latter being the relative phase between the
two orthogonal states.

I1.1.2. Density matriz

The qubit state we saw above is an example of what is known as a pure state. In addition to
pure states there also exist mized states. From a physical standpoint, mixed states describes
quantum systems that are not completely known to the observer, the information about
the system is incomplete. In contrast, if everything is known about the system its state
representation is said to be pure. In order to better understand the distinction between the
two, let us consider the following scenario. Suppose we have a random number generator
which generates the value ¢ with probability p;, where ). p; = 1. Depending on the outcome
of the random number generator, a quantum system is prepared in the pure state |¢;). Since



we do not know which pure state the system is in, we can, at best, describe the system by
p= Zpilw»(@/}il, (3)

that is, as a convex combination of pure states. Any measurable quantity in nature can
be represented by an observable: a Hermitian linear operator O whose real eigenvalues are
the outcomes in experiments. Then, if a system is described by the state (3) and O is an
observable property of this system, the mean value (O) can be expressed as a weighted sum
of the mean values of O with respect to the ensemble {p;, |¢;)}, that is

Tx(Op) = D _ (Wil Ol), (4)

where the second equality follows from the cyclic and linear properties of the trace. Thus,
the description of the system as given by (3) is well motivated from a physical standpoint
since it leads to the correct statistics in experiments.

The quantity p is known as the density matriz and it represents the state of the system.
In particular, if all but one of the probabilities are zero, that is, p; = 1 for some 7, the system
is in a pure state. Conversely, if this is not the case, the system is in a mixed state. In fact,
any operator p that is (i) Hermitian p = p', (ii) positive semi-definite, and (iii) normalized
Tr(p) = 1 can be thought of as a state describing a quantum system (Nielsen and Chuang
2010). Moreover, the density matrix p generated by some ensemble {p;, [¢;)}, where |1);) €
H V i, for some Hilbert space H, is an element of the space of all positive linear operators.
This space is complete in the sense of the Hilbert Schmidt product (A, B) = Tr(A'B) and is
therfore also a Hilbert space. Hence, we denote this space also by H.

Further, we can determine the purity of any given state p by evaluating Tr(p?). If Tr(p?) =
1 the state is pure, however, if Tr(p?) < 1 the state is mixed. If we know absolutely nothing
about the system its state is said to be maximally mized and its density matrix is given by
p = 1/d, where d is the dimensionality of the system. On the other hand, if there is no
uncertainty about which state the system is in, we can assign to it a pure state.

11.1.3. Bloch sphere

In order to fully characterize a qubit we only need to specify two real numbers. As a con-
sequence, qubits can be visualized in three dimensions using a construction known as the
Bloch sphere, originally devised by (Bloch 1946). The idea is quite simple, we associate with
0 and ¢ in (2) the polar and azimuthal angles, respectively, defining the points on a unit
sphere. A pure state is therefore represented by a Bloch vector pointing to the surface of the
Bloch sphere. In this way, each point on the surface corresponds to a different pure state.
Importantly, two states are orthogonal if their Bloch vectors are anti-podal. The reason for
the half-angle in (2) can now also be understood. Had it not been included, states on the
upper and lower hemispheres of the Bloch sphere would have been the same, differing only
by a global phase.

Denoting by & = (01, 02, 03) the vector of Pauli matrices, where o is associated with the
X-direction, oy the Y-direction and o3 the Z-direction, the density matrix of a qubit can be



written in a particularity simple form
p==(1+7-7), (5)

where 7" = (r1, 5, 73) is the Bloch vector, the components of which are given by r; = Tr(o;p).
Thus, any qubit, pure or mixed, can be expanded in the matrix basis {1, 01, 09,03}. Using
the purity function Tr(p?) one can show that a state is pure if the corresponding Bloch vector
has unit length || = 1, and mixed if its length is less than one |] < 1. As such, mixed states
are represented by Bloch vectors directed towards points within the Bloch sphere. Notably,
the maximally mixed state corresponds to the center of the Bloch sphere since its Bloch
vector has length zero.

Moreover, one major advantage of working with qubits in the Bloch formalism is that the
action of some arbitrary unitary operator U, satisfying UTU = UUT = 1, on (5) can be viewed
as a rotation of the Bloch vector about some axis. Any unitary operator acting on qubits
is an element of the special unitary group SU(2), that is, all 2 X 2 unitary matrices U with
det(U) = 1. The set of Pauli matrices {01, 09, 03} acts as generators for this group, meaning
that any member of SU(2) can be written as a product of the elements in {0y, 09, 03}. Thus,
an arbitrary unitary operator acting on a qubit can be written as

U(#,w) = exp(i%ﬁ L), (6)
where 77 is a unit vector and w the angle of rotation. Any unitary transformation on a qubit
will result in a new state U(7,w)pUT (77, w) = p'. We can then relate the Bloch vector of p/
to that of p via Rodrigues’ formula (M. Barnett 2009)

7 =cosw 7+ (1 — cosw)i(n - ¥) + sinw 71 X 7. (7)

That is, rotating 7 about an axis 7 by an angle w gives us 7. To illustrate, in Fig. I we
have drawn the Bloch vectors corresponding to the eigenstates of oy and o3 with positive
eigenvalues, respectively. Also depicted is the rotation of the state |0) into (|0) + |1))/v/2 by
means of the unitary transformation U = exp(i%o2).



Figure I: The Bloch sphere. The red Bloch vector corresponds to the eigenstate of o1 with positive eigenvalue,
and similarly for the green Bloch vector but instead for o3. We can rotate the latter into the former by means
of the unitary transformation U = exp(ifo2), as indicated by the blue arc connecting the two.

1I.1.4. Higher-dimensional quantum states

Given a d-dimensional quantum system, we can represent its state, referred to as a qudit,
using a density matrix of dimension d x d. Similar to how a general qubit state can be written
as a linear combination of {1, 01, 09, 03}, a qudit can also be decomposed in terms of a suitable
matrix basis. Though there are many different such bases (Kryszewski and Zachcial 2006),
of particular interest to us is the generalized Gell-Mann basis (GGMB), which we can think
of as an extension of the Pauli matrices to arbitrary dimensions (Bertlmann and Krammer
2008). Explicitly, the GGMB consists of d* — 1 matrices, of which there are three different
kinds, namely, d(d — 1)/2 symmetric

A" =m)(n| +|n){m|, 0<m<n<d-1, (8)
d(d — 1)/2 anti-symmetric
A" = —ilm)(n| +iln)(m|, 0<m<n<d-1 9)

and d — 1 diagonal

l 2 l
AL = /m(mzzo\mxm—<z+1)|z+1><l+1|), 0<i<d-2  (10)

Note that for d = 2 these indeed becomes the Pauli matrices. By construction, these matrices
are all hermitian, traceless and mutually orthogonal. Specifically, they satisfy

Tr(A™"A%) = Tr(A™"AL) = Tr(A™"AL) =0 (11)



as well as
Tr(AAL) = Tr(AZ"AZE) = 20mo0np (12)
and
Tr(AYAR) = 20 (13)

As such, together with the d x d identity operator they constitute a valid matrix basis in
which we can expand any density matrix

p:é(”fﬁ), (14)

where 7 = ({rm™™}, {rm"},{r}}) and the components are retrieved from r™ = (d/2)Tr(pA™"),
rm = (d/2)Tr(pA™) and rY = (d/2)Tr(pAY). Further, since any state must satisfy Tr(p?) <
1, the generalized Bloch vector 7 is restricted to a d*> — 1 dimensional hyperball of radius
Vd(d—1)/2, ie. |F] < \/d(d—1)/2. It should be emphasized, however, that this is not a
sufficient condition for the density matrix to be positive, a valid state that is (Kimura 2003).
Thus, unlike the qubit case, not all points on this Bloch hyperball corresponds to physical
quantum states (Caves and Milburn 2000; Goyal et al. 2016).

Naturally, the GGMB acts as generators for the group SU(d), meaning that any unitary
d x d matrix with determinant one can be written in the form

U(P) = exp <i95- K>, (15)

for some d?> — 1 component vector @. In the case that d = 3, qutrit systems that is, the
GGMB becomes the so called Gell-Mann matrices, the matrix representation of which are
given explicitly in Appendix E.

1I.1.5. DBi-partite quantum states

In order to describe a system consisting of two interacting particles we need a way to relate
the spaces of each separate particle with that of the larger system. To this end, say we have
two particles interacting via their spin, each residing in Hilbert spaces denoted by H 4 and
‘H g, respectively. Then, the joint state space of both particles is related to H, and Hp via
a tensor product structure Hap = Ha @ Hp (Nielsen and Chuang 2010). The joint state of
both particles pap is therefore an element of H4p. Although, in many situations we might
only have access to one particle, i.e. a sub-system of a larger system, for which we assign the
state p4, the so-called reduced state of pyp. We can relate p4 and pap via the partial trace

pa=Trp(pan) = Y (1@ (n)pap(l@|n)), (16)

n

where a similar relation also holds for pg. At first glance, this might seem rather arbitrary
and overly complicated. It is, however, motivated by the fact that the measurement statistics
retrieved from p4 and pap should be in agreement with one another. More specifically, if



we have some observable in system A denoted by Oj4, then, on purely physical grounds, we
require that Tr(paO4) = Tr(papOa). The partial trace indeed ensures that this requirement
is satisfied.

I1.2. Measurements

In this section we introduce the mathematical description of quantum measurements. We
focus on two different kinds of measurements and provide explicit examples for each in the
context of qubits.

I1.2.1. wvon Neumann measurements

The simplest type of measurements are so-called von Neumann measurements, also known
as projective measurements (Holevo 2001). Given a d-dimensional quantum system, say we
wish to measure some observable O having d possible outcomes labeled by i = 0,--- ,d — 1.
In the von Neumann formalism, such a measurement is represented by a set of orthogonal
projectors {Pi}f:_&, namely, operators satisfying P, P; = P;0;;. Then, given that the system is
represented by the state p, the associated probability p; of getting outcome 7 in an experiment
is given by Born’s rule p; = Tr(P;p). In order for the set {P;}%_} to constitute a measurement,
however, additional requirements must be satisfied. First, all members of the set must be
non-negative P; > 0. Second, the set must be complete, meaning that the members must
satisfy the completeness relation ), P, = 1. These restrictions ensures that the probabilities
are non-negative and sum to one. Further, if a measurement is performed on p, resulting
in outcome 7, the state is said to collapse to the projector associated with the outcome.
Therefore, after observing outcome i we assign the following state to the system (Liiders
2006)
,_ PpP!

¥ = TP a7)

where we divide by Tr(P;p) to make the post-measurement state normalized. Importantly,
any subsequent measurement of the state will yield the same outcome.

For qubits, projective measurements takes a particularly simple form. Using the com-
pleteness relation it is possible to represent any measurement with two outcomes using a
single Bloch vector. The observable relevant for qubits is 72 - &, that is, any qubit observable
can be expanded in terms of the Pauli matrices. Then, the projectors associated with the
two outcomes ¢ = 0 and ¢« = 1 are given by

P %(1 +(=1)7- &). (18)

Note that the two projectors P, and P; have Bloch vectors that are anti-podal. This is a
consequence of the orthogonality constraint P;P; = P;0;;.
11.2.2. Generalized measurements

The operators constituting a measurement are not required to be projectors, since this limita-
tion do not have a counterpart in the real world. In fact, any set of operators { £, },, for which



E,>0and ) FE, =1 are both satisfied is also a valid measurement and is called a general-
ized measurements or a positive operator-valued measure (POVM). In contrast to projective
measurements, however, a POVM do not allow one to associate a unique post-measurement
state to any given outcome (Brandt 1999).

To illustrate the difference between POVMs and projective measurements, consider a
qubit measurement consisting of the following POVM elements

1 .

known as an unsharp measurement or weak measurement. As the name suggests, such mea-
surements do not fully disturb the state, rather, they only extract partial information from
the state depending on the sharpness parameter 7. Clearly, if » = 1 the measurement becomes
projective, corresponding to maximal information gain and the largest possible disturbance
to the state. On the other hand, if n < 1 the state is left with some coherence, at the cost of
not gaining full information about the system.

11.3.  FEvolution of quantum states

We provide the necessary mathematical tools for describing the evolution of quantum states
in the most general way possible. Additionally, we give some constructive examples that
are relevant not only for the results but also aids the reader in their understanding of the
concepts.

11.3.1. Quantum channels

The evolution of closed quantum systems is governed by the Schrodinger equation, as a conse-
quence, closed systems evolves according to unitary transformations, ensuring that purity is
preserved (Griffiths and Schroeter 2018). On the other hand, describing the evolution of open
systems, i.e. the system together with its environment, as well as other operations through
which a state can be transformed, for instance, state preparation, information loss, measure-
ments etc., requires a more general mathematical construction. Collectively, all imaginable
operations on states allowed by nature can be formulated in terms of quantum channels
(Bertlmann et al. 2008). Simply put, a quantum channel maps states from one Hilbert space
onto states in another Hilbert space p — Alp], where p € H4 and Alp] € Hp. However,
in order to ensure that an arbitrary quantum state is mapped onto another valid state, a
quantum channel has to fulfill a number of different conditions, namely, a quantum channel
has to be

(i) Linear:

A [ Z cipz} = Z cil\[pi], (20)

A 7

(ii) Trace-preserving:
Tr(Alp]) = Tr(p), (21)

(iii) Completely Positive:
(A®1)[pap] >0 Vpap > 0. (22)
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Linearity is motivated by the fact that quantum mechanics itself is a linear theory and that
the map must be well defined for both pure and mixed states. Further, the normalization
of the evolved state is ensured by requiring the quantum channel to be trace-preserving.
Lastly, we also have to take into consideration that the input state may be but a subsystem
of a larger system, for which the output state must still remain positive. This is guaranteed
by requiring the quantum channel to be completely positive. Thus, any quantum operation
can be described in terms of a linear map that is completely positive and trace-preserving
(CPTP).

The following theorem, due to (Kraus et al. 1983), provides an alternative, and equivalent,
way in which quantum channels can be represented:

Theorem 1 (Kraus decomposition theorem). A linear map A : Ha — Hp is CPTP if and
only if it admits a Kraus decomposition

where d < dim(H 4) dim(Hp) and the Kraus operators K; satisfy Zf;ol KJK,- =1.

11.3.2.  The measurement and depolarization channels

To demonstrate the utility of the Kraus operator formalism, consider the act of measuring
the state p using a POVM {E;};. This process can mathematically be described using the
measurement channel, which maps a quantum system into a classical one. It has the following

mathematical form
Alp] =) Te(Eip)|i)(il. (23)

Classical states can be considered as a sub-class of quantum states with the distinction
between the two being that the former is unable to exist in a coherent superposition. For
density matrices, any coherence in the state will enter as non-diagonal entries, thus, the
density matrix of a classical state will have diagonal entries only. This is indeed the case for
the output state from the channel above, which takes the outcome probabilities Tr(£;p) and
organizes them into a classical state. To find the Kraus decomposition of the measurement
channel we first write the elements FE; in spectral decomposition

o= 3" Agletol), (24)
J

which when inserted into (23) leads to the following
Aol = >V Aulid@glele) (il N (25)
i

Direct comparison with Thm. 1 suggests that the Kraus operators are Kj; = \/)\ji|i)(¢§|,

which certainly is the case since these indeed satisfy the condition ), K JjKij =1 and also,
by construction, implements the channel in (23).
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Further, given some qubit state p, consider the following CPTP map

1
py=vp+(1=v)Tr(p)7,

: (26)

known as the depolarization channel. Physically, this channel corresponds to preparing the
state p with probability v, the visibility, and the maximally mixed state 1/2 with probability
(1 — v), effectively introducing white noise into the state p. Geometrically, the effect of this
channel is to uniformly shrink the radius of the Bloch sphere, with » = 0 corresponding
to the extreme case in which the entire Bloch sphere have been reduced to a single point,
namely, the maximally mixed state. Furthermore, the Kraus operators corresponding to
the depolarization channel are given by Ky = /(1 +3v)/41 and K; = /(1 —v)/40;, for
t = 1,2,3, as can be easily verified by direct substitution into the definition in Thm. 1
(Wilde 2013).

11.5.3. Quantum instruments

If we also wish to take into consideration the quantum aspects of the post-measurement
state we need some other mathematical tool. This is made possible by quantum instruments
(Davies and Lewis 1970). By definition, a quantum instrument consists of a set of completely
positive maps {Z;}; that are trace non-increasing with the property that their sum ) .7, is
a quantum channel, i.e. a CPTP map. The concept of quantum instruments allows for a
more general description of measurements for which the quantum measurement channel and
CPTP maps are but special cases. Given some input state p, the state after a measurement
represented by the instrument {Z;}; is

Tl = S © Tl (27)

We can think of |)(i| as a classical register which records the outcome of the measurement and
Z;[p| as the quantum post-measurement state conditioned on observing the outcome . This
post-measurement state is sub-normalized in the sense that Z;[p] is the post-measurement
state times the probability of observing outcome i. Thus, if we take the partial trace of the
second register above we will simply retrieve (23), the measurement channel that is.

A special class of quantum instruments that frequently occur in quantum information
theory are so-called Liiders instruments. Consider a non-selective measurement, meaning
that the outcome is not recorded, of the state p using a general measurement represented by
the POVM {E;};. Then, the state we assign to the quantum system after the measurement
has been performed can then written as (Busch and Singh 1998)

= ZIL,M = Z VEpVE;, (28)

where the classical register is omitted since the outcome is never recorded. This instrument
has the special property that Tr(Z.[p]A) = Tr(pA), if A is some observable that commutes
with all E;. This result is known as Liiders generalized theorem and it tells us that if we
measure two commuting observables, then the resulting outcomes do not depend on the order
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in which we perform the two measurements (Luczak and Podsdkowska 2015).

11.4. Non-classical correlations

This section is devoted to describing the correlations that arises in a typical measurement
scenario featuring a bi-partite quantum state. We make the distinction between classical and
non-classical correlations clear and also discuss the EPR paradox in depth. Based on this
discussion we then provide a proper introduction to Bell inequalities.

I1.4.1. FEntanglement

Essentially, entanglement is a kind of correlation exhibited by some multipartite quantum
systems. In a sense, systems that are entangled with one another can only be fully described
as whole, information about the individual parts constituting a system do not allow one to
characterize the system entirely. This holistic view is indeed very much different from our
everyday experience and has no true classical analog.

To introduce the concept of entanglement, say we have two measuring parties, Alice and
Bob, which have access to one system each with respective Hilbert spaces H and Hp. The
Hilbert space of the joint system comprised of both Alice’s and Bob’s respective system is
then Hap = Ha ® Hp. Any pure state which resides in H 45 can in the most general way

be written as
da—1dg—1

[W)as =D > cyli)a®li)s € Has, (29)

i=0 ;=0

where dy = dim(H4) and dg = dim(Hp), respectively, with dim(# 4) not necessarily equal
to dim(Hp). By definition, if the coefficients ¢;; are factorizable in the two indices i and
J, i.e. ¢;; = a;b;, the state is said to be a product state. In this case the state can be
written in the form |¢)ap = |¢) ® |p), for some |¢) € Hy and |¢) € Hp. In contrast, if
the coefficients do not factorize, the state is said to be entangled (Bertlmann et al. 2023).
Note that entanglement in itself has no proper definition, it is simply defined as not being a
product state.

This rather simple distinction between product and entangled states has profound conse-
quences. To exemplify these, consider the state

1
V2

If Alice measures her part of the state and receives the outcome corresponding to |0) ® |0)
(or |1) ® |1)) she immediately knows that Bob will get the same outcome. Thus, a local
measurement of sub-system A permits the observer to make definitive predictions about the
outcome of a measurement on sub-system B. Such correlations are not exhibited by systems
in a product state, measuring on one part of a system do not allow the observer to make any
predictions about a measurement performed on the other system.

For bi-partite systems there exists a theorem which is useful for determining whether a
pure state is entangled or not. It is stated, without proof, as follows:

07) = —=(10) 4@ [0)5 + [1) 4 @ [1)p). (30)
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Theorem 2 (Schmidt decomposition theorem). Given any pure bi-partite state |)ap €
Has® Hp, we can write it as

Whan = 3 VIO © o) (31)

where {|¢;)a} and {|@;)p} are orthonormal bases of Ha and Hpg, respectively, and n; > 0,
where Y .n; = 1, are real numbers called Schmidt coefficients, of which there are at most k,
the smallest of dim(H 4) and dim(Hp).

Applications aside, this theorem has some quite interesting implications. A general bi-
partite state (29) requires dim(H 4) dim(H 4), potentially complex, numbers to fully specify
its coefficient matrix. However, from the above theorem we see that a pure bi-partite state
can be characterized using real numbers only, where we need at most the smallest of dim (7 4)
and dim(H ) such numbers.

Further, as mentioned above, any product state can be written on the form |¢)ap =
|p) ® |¢). From Thm. 2 we see that this corresponds to all but a single Schmidt coefficient
being zero, thus if a state has a Schmidt number £, the total number of non-zero Schmidt
coefficients, larger than one, the state must be entangled. Further the state in (30) is said to be
maximally entangled since its reduced states, the locally accessible states of each sub-system,
are maximally mixed. This means that neither observer gets any information whatsoever
about which state the system is in by performing a measurement on their respective sub-
systems. In other words, there exist no local orthogonal measurement bases {|i)4} € H and
{li)p} € Hp that allow Alice and Bob to improve their probability in correctly guessing which
state the system is in. This could only be accomplished by performing a measurement in
some joint orthogonal basis {|i)ap € Ha @ Hp}. In fact, the reduced states of any entangled
state will always be mixed. In this way, when dealing with entangled systems, knowledge
about the constituents of a system is not sufficient to characterize the system as a whole.

11.4.2. Entanglement of mized states

The definitions of entangled and non-entangled states are easily extended to density matrices,
allowing these concepts to be defined for mixed states as well. If a bi-partite state p4p can
be written as a convex combination of product states

PAB = Zpiﬂfl ® Psz (32)

where ) . p; = 1, then the state is said to be separable. In contrast, if the state do not admit
a decomposition in the above form, then it is entangled. Further, taking mixed states into
consideration, it is possible for quantum systems to be correlated without being entangled.
These correlations, however, are of classical flavor and should be distinguished from those
displayed by entangled systems.

With regards to correlations, states can be split into three distinct categories, namely,
uncorrelated, classically correlated and quantum correlated states. Uncorrelated states rep-
resents systems that have been independently prepared and any observation of one system
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cannot be used to make any useful predictions about the measurement outcomes of the other
system. These states are pure product states and corresponds to the case when p; = 1 for
some 7 in (32). Classically correlated states, on the other hand, we can think of as repre-
senting systems that have been prepared by some common, classical, influence. For instance,
this influence may be a random number generator, the output of which determines which
state Alice and Bob prepares their respective systems in. In this case, the joint state of Alice
and Bob can be written in the form of (32). Note that this scenario do not necessarily re-
quire a physical interaction between the systems. The last kind of correlated states are then
quantum correlated states. These are necessarily entangled and therefore require a coherent
physical interaction between systems to be produced. Therefore, a quantum correlated state
cannot be produced by local operations on a separable state.

Operationally, the distinction between classically and quantum correlated states is, how-
ever, a bit more nuanced than the above discussion suggests. Without going in too much
detail, classically correlated states differ from the correlations arising due to entanglement
in one important regard, namely, the former persists in several different measurement bases,
as long as the basis is the same for both parties and the settings are unaltered. The same
statement cannot be made about classically correlated states, however, which are typically
only correlated in a specific local measurement basis. In the next section, we will see how this
feature of quantum correlated states can be used to make predictions about the foundational
nature of quantum mechanics.

The different types of correlations that can be displayed by quantum systems is well
illustrated by the following example. Suppose we prepare a quantum system in |¢p1) (o™
with probability p or in 1/4 with probability 1 — p. The state describing the system is then

1
pw =ploT) (" + (1 -p)7, (33)
known as the two-qubit Werner state (Werner 1989), which can be shown to be entangled
for p > 1/3 and separable for p < 1/3.

11.4.3. The EPR paradox

Consider two parties, Alice and Bob, each having access to one part of a larger system in an
entangled state. For the sake of argument, assume that the shared state is the singlet state

) an = %(1 De|Ns—Na®| s), (34)

which has total orbital angular momentum equal to zero. This means that the state is
invariant with respect to rotations about an arbitrary axis. In other words, the state remains
in the form of (34) regardless of the basis in which it is expressed. By virtue of the state
being entangled, any measurement performed by Alice on her part of the state will inevitably
affect the system of Bob. This is true even if the measurements of Alice and Bob takes place
in such a way that no signal have time to reach one party before the other have had time
to perform their measurement, if they are spacelike separated that is. Though, this might
seem strange at first, we could easily explain this as the system always having been in the
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state observed by Alice, by which any measurement would then merely reveal this state.
However, if we take into consideration that Alice can perform measurements in any basis of
her choosing, the situation becomes a bit more peculiar. More specifically, Alice may choose
to measure her part of the state in one of two bases corresponding to two non-commuting
observables, for which there are no common eigenstates. For instance, if Alice chooses to
measure the spin of her qubit along the axis 77 and find the spin of her particle to be in the
positive direction, the spin of Bob’s particle will inevitably be found to be in the opposite
direction. Their measurements are perfectly anti-correlated. The same also holds if Alice were
to measure in some other direction 7’ instead. Thus, Alice is effectively able to realize one
of two incompatible properties of Bob’s system. Consequently, the measurement performed
by Alice seems to have instantaneously influenced Bob’s system. It should be emphasized,
however, that it is not possible to transmit information faster than light in this way. If Bob
performs a measurement on his system he cannot tell if Alice already collapsed his state or
if the state collapsed due to the act of his own measurement, the two are indistinguishable
from his perspective (Uola et al. 2020).

A similar situation as outlined above was considered by Einstein, Podolsky and Rosen
(EPR) in (Einstein et al. 1935) as a means to argue that quantum theory do not provide a
complete description of objective reality. In their work, they define an element of reality to be
a physical quantity that can be predicted with probability equal to unity without in any way
disturbing the system. The incompleteness of quantum theory is then demonstrated with
this definition in combination with one of the most venerable principles in physics, namely:

I Locality: The choice of measurement made by Alice do not affect the measurement
outcome on Bob’s side, and the other way around.

Via entanglement, Alice is able to establish elements of reality in Bob’s system, i.e. quantities
that can be predicted with certainty, without disturbing the system of Bob. However, these
elements of reality are not contained in the quantum state description. Thus, quantum
theory is incomplete in the sense that every element of reality do not have a counterpart in
the theory. Therefore, EPR concluded that there must be some yet undiscovered theory that
offers a more complete description of reality.

11.4.4. Bell inequalities

In (Bell 1964) the ideas formulated by EPR were put on more solid ground. In this paper the
notion of Bell inequalities was also introduced, providing a means by which the foundational
aspects of quantum theory could be experimentally tested. Central to the formulation of Bell
inequalities is:

IT Hidden Variables: Quantum systems are inherently deterministic, the inability to
exactly predict the outcome in any single measurement is merely due to incomplete
information about the system under observation.

The idea of hidden variables intends to put quantum mechanics on equal footing with the-
ories such as classical statistical mechanics. The latter is governed by more fundamental
mechanistic laws and, feasibility aside, any statistical description could be made completely
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deterministic if the degrees of freedom of an innumerable number of particles were known. In
the same way, hidden variables tries to explain the probabilistic nature of quantum mechanics
as being emergent from some more fundamental deterministic interactions beyond our con-
trol. The hypothetical source of the indeterminacy can be at the level of state preparation,
unknown properties of measurement devices and so on.

Any theory in which the dual assumptions of locality and hidden variables are assumed we
call a local hidden variable theory (LHVT). Without making any direct reference to what these
hidden variables might physically correspond to, it is still possible to make experimentally
testable predictions about such theories. With this intent, suppose that Alice and Bob each
have access to one part of a classically correlated system, that is, a system describable by a
LHVT. We collectively denote any source of indeterminacy, i.e. hidden variables, by A. Then,
the probability for Alice to observe outcome a € {0, 1} given that she measured with setting
x € {0,1} is denoted by p(a|z, A). In the same way, the probability of Bob getting outcome
b € {0,1} using measurement setting y € {0,1} is p(bly, A). Here we have already made the
assumption of locality since p(a|z,y, \) = p(a|x, ), and equivalently for Bob. Further, let
A be distributed according to g(A), where ), g(A) = 1, the correlations between Alice and
Bob as predicted by a LHVT can then be written on the form

prlable,y) = a(Nplalz, Np(bly, A). (35)

A

Importantly, the distributions p(a|z, \) and p(bly, A) can always be assumed to be determin-
istic since all sources of indeterminacy can be absorbed into ¢(A) (Werner and Wolf 2001).
On the other hand, if Alice and Bob each have access to one part of an entangled state pp,
the correlations as predicted by quantum mechanics are

po(a,blz,y) = Tr(Aue @ Byypas), (36)

where {Aq;}o and { By}, are the measurements of Alice and Bob, respectively.
Quite generally, a Bell inequality can be written as

B = Zwaba:yp(av b|$7y) S BLa (37)

abzry

where wgp,y are real numbers and By, is the so-called local bound. Any correlations that
can be described by a LHVT, written as (35) that is, respects this inequality. Thus, if any
p(a,blz,y) leads to a value of B larger than By, these correlations cannot be explained by
any LHVT.

I11.4.5. The CHSH inequality

To test whether quantum mechanics is underpinned by a LHV'T, consider the so-called CHSH
scenario, originally devised by (Clauser et al. 1969). Without communicating with eachother,
Alice and Bob are to partake in a game. Each have access to one part of a two-qubit system
on which they measure. They get a positive score if the quantity a + b + zy is even, or equal
to zero, and a negative score otherwise, see Fig. Il (a). The total score after many rounds
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can then be quantified by

S =Y (1) p(a, bz, y). (38)

abxy

We then compute the maximum possible score that can be achieved if the system on which
they measure admits a LHVT. Inserting (35) into the above we get that

§=3"5"(—1) rg(Nplale, Ap(Bly, A)

P [Z(—l)amam ][ X1y 0

=33 (-1)™a(N Az, \)Bly. V),

where we introduced the quantities A(x,\) € [—1,1] and B(y, \) € [—1,1]. If we then do the
sums over x and y we arrive at

=3 aNAON) [BOA) + BILA)| + 3 aMALN [BON) = BLA], (39

whereupon using the Cauchy-Schwarz inequality separately for each term above yields

s<Y qm]A(o, )\)HB(O, ) + B(1, A)) + Zq()\)‘A(l, )\)HB(O, N — B(1, A)). (40)

Clearly, the maximum occurs when |A| = |B| = 1, regardless of the measurement settings
and A. Thus, using the normalization of ¢(\) we then arrive at

S = Z 1)ty (a,blo, y) < 2, (41)

abxy

which is known as the Clauser-Horne-Shimony-Holt (CHSH) inequality.

Now, imagine that the shared system between Alice and Bob is represented by the max-
imally entangled state in (30). Suppose that Alice and Bob performs qubit measurements
along the directions i, and vy, respectively, which, without loss of generality, can be assumed
to be limited to the X Z-plane of the Bloch sphere only. In this event, it can be shown that

8 = 170 . (’(70 + 171) + ﬁl . (170 - 171) (42)

Then, if the shared state between Alice and Bob is maximally entangled, and Alice measures
the observables Ay = (01 + 03)/v/2 and A; = (0, — 03)/+/2, whereas Bob measures By = o3
and B; = oy, we get that S = 2v/2, which indeed violates the CHSH inequality. The
measurements that achieves this are illustrated in Fig. II (b). The violation of Bell inequalities
by quantum mechanics is aptly named Bell non-locality and it forces us to accept that
quantum mechanics is not underpinned by any LHVT and that non-local phenomena are an

18



integral part of the world we inhabit. Further, the largest possible value of S achievable by
quantum mechanics is in fact 2v/2, a result known as Tsirelson’s bound (Cirel’son 1980).

...... .
z€{0,1} y €{0,1}
............ 1 1 7o | ’
A —p— B \
_____________ I____________. ~..__.__.__.i___________..' L
ae{0,1} be{0,1}
(a) (b)

Figure II: (a) The CHSH scenario. A quantum source distributes one part of a two-qubit state p to two
distant parties, Alice and Bob, respectively. With equal probability, Alice chooses one of two measurements,
labeled by x € {0,1}, to perform on her part of the state and subsequently records the outcome a € {0,1}.
Similarly, Bob also performs one of two measurements y € {0,1} on his part of the state and records the
outcome b € {0,1}. The aim is for Alice and Bob to violate the CHSH inequality (41). (b) The relative
orientation of the observables of Alice, Ay = (0 + 03)/v/2 and A; = (01 — 03)/v/2, and Bob, By = o3 and
By = o1, respectively, that achieves Tsirelson’s bound, i.e. the largest possible value of the CHSH parameter
attainable by quantum mechanics.

The large difference between the local bound and Tsirelson’s bound is indicative of the vast
number of quantum states that are able to display non-local behavior. Further, entanglement
is a necessary but not sufficient condition for the violation of Bell inequalities. For instance,
the two-qubit Werner state in (33) only violates the CHSH inequality if p > 1/4/2. Since
entanglement is maintained only for p > 1/3, the state is entangled but incapable of violating
the CHSH inequality if 1/3 < p < 1/v/2 (Li et al. 2021).

I11.4.6. The CGLMP inequality

Since the maximum quantum bound of the CHSH inequality can be achieved using qubits
only, it is not an appropriate Bell inequality for studying higher-dimensional non-locality.
More suitable for this purpose is the Collins-Gisin-Linden-Massar-Popescu (CGLMP) in-
equality, which constitutes a family of Bell inequalities applicable to quantum systems of
arbitrary dimension. This inequality is specifically devised for the Bell scenario in which
Alice and Bob each have binary inputs, z € {0,1} and y € {0,1}, and an arbitrary number
of outputs a € {0,--- ,d—1} and b € {0,--- ,d — 1}, respectively. Optimally, the inequality
is violated by a d-dimensional quantum system. Originally devised by (Collins et al. 2002),
the CGLMP inequality was subsequently reformulated into a much simpler form in (Zohren
and Gill 2008) which is more apt for our investigations. Using the same notation for the
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correlations as above, the CGLMP inequality can be written as

Ag = di(zpamx_m_o) di(i ab|a;_0y_1)>

b=0 a=b b= a=b+1 (43)
d—2 [/ d—1 2 / d-1

—l—Z(Z ab|w—1y—1>+z<z ab[m—Oy—O))El.
=0 b=a+1 =0 b=a+1

This form of the CGLMP inequality has the benefit of not depending on the measurement
outcomes specifically, only the relative order of the outcomes is of significance. Further, note
that the local bound is equal to unity, thus, non-locality of a d-dimensional system is certified
whenever a value A; < 1 is measured.

In order to optimally violate this inequality, Alice and Bob can perform projective mea-
surements {Aq;}o and { By, }5, respectively, with eigenvectors on the form

1 & 2r
a) a0 = ﬁ Z exp [1?(@ n ax)} 1) (44)

By Z exp [1— —b+ 5y)] k) g. (45)

From a physical standpoint, these measurements are implemented in a series of different
steps. Depending on which measurement they wish to perform, Alice and Bob first applies
the variable phases o, and (3, to their respective measurement bases {|l)4} and {|k)p}.
Afterwards, Alice performs a unitary in the form of a Fourier transform and similarly for
Bob but with an inverse Fourier transform. It has been numerically shown that, whatever
the value of d, the measurements that achieves the largest violation are oy = 0, a1 = 1/2,
fo = 1/4 and B; = —1/4 (Chen et al. 2006). However, for any d > 2, this inequality is
not maximally violated by the maximally entangled state, as one would expect. Instead, the
maximally violating states are partially entangled and changes for different d. Only in the
case that d = 2 is the maximally violating state maximally entangled (Zohren et al. 2010).

11.5.  Recycling Bell non-locality using projective measurements and local randomness

We are now in a suitable position to introduce the main topic of this thesis, namely, violat-
ing Bell inequalities sequentially using minimal recources. For this purpose, consider three
spatially separated and non-communicating parties: Alice, Bob and Charlie. A quantum
source distributes one part of an bi-partite entangled state p to Alice and Bob, respectively.
On her part of the state, Alice performs one of two projective measurements labeled by
x € {0,1}, which she chooses from without bias. Resulting from these measurements are the
outputs a € {0,--- ,d — 1}. Bob also performs unbiased projective measurements, labeled
by y € {0, 1}, on his part of the system, giving the output b € {0,--- ,d — 1}. However, at
his disposal he has several different measurement strategies to employ. Depending on some
random variable A, distributed according to p(A|y), Bob will then execute one of these mea-
surement strategies. In particular, there are three different types of strategies Bob can apply.
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First, both of Bob’s measurements are non-trivial projective measurements. Second, one of
his measurements are non-trivial and the other is a trivial identity projection. Third, both
of his measurements are trivial identity projections. Importantly, any trivial measurement
performed by Bob do not require him to interact with the system. He merely determinis-
tically outputs b = 4, corresponding to the measurement {By,}, with B;, = 1 for some i
and By, = 0 for ¢ # 1. After Bob has performed his measurement, he subsequently sends
his post-measurement state to Charlie who performs ordinary unbiased projective measure-
ments, labeled by z € {0,1}, and produces the output ¢ € {0,---,d — 1}. The aim is for
the observer pairs Alice-Bob and Alice-Charlie to both violate a Bell inequality, respectively.
This scenario is illustrated in Fig. I1I.

x € {0,1} y 61{0, 1} z 61{0, 1}

aec{0,---,d—1} be{0,---,d—1} ce{0,---,d—1}

Figure III: Sequential Bell scenario using minimal resources. Two distant observers, Alice and Bob, share an
entangled state p. Bob employs one of the measurement strategies outlined in the main text according to
some rule p(A|y). The post measurement state is sequentially relayed to a third distant observer, Charlie.
The aim is for Alice to violate a Bell inequality with both Bob and Charlie, respectively.

We denote by {A,;}. the measurements of Alice and by {Bé@)}b the measurements of
Bob corresponding to the strategy A, respectively. Any general Bell parameter B between
Alice and Bob can then be written as

BAB = Z Wabzy Zp )‘|y TI‘ a|:v & B(S|y) ] (46)

abxy

with W,y being real numbers. To get the corresponding expression for Alice and Charlie
we first have to determlne the post-measurement state resulting from Bob’s measurements.

To this end, let K by be the Kraus operator representing the measurement operator BIE'y)
(K, b(ly))TK é‘y), where { K| b|y }b is the quantum instrument implementing the measurement. Since
all measurement operators are projective, the Kraus operators can be written as K (ﬁ) =

Upy (A) Béﬁ) , Where U ) is some unitary operation. Thus, depending on his outcome, Bob also

has the freedom to perform a post-measurement unitary on the state before he sends it to
Charlie. The average state shared by Alice and Charlie is then given by

P = 53 S (10 U)o (1 B (47

where we have employed Liiders instrument in (28) and used that (Béf\y))2 =B (| ). The factor
1/2 originates from the fact that Bob’s measurements are unbiased. Also, whenever Bob
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does a trivial measurement, he only performs a unitary transformation on his state before he
sends it to Charlie, in which case the unitary do not have to be conditioned on b. Denoting
by {C,.}. the measurements performed by Charlie, the Bell parameter between Alice and
Charlie can be expressed as

BAC = Z wacszr[(Aa\x & CC‘Z)ppOSt]‘ <48)

acxrz

To determine the optimal trade-off between the two CHSH parameters (46) and (48) we will
therefore have to solve an optimization problem on the form

max BAC
{paAa|sz]§|y) U Cc|z7p()‘|y)} (49)
given Bap = C,

where C' is some fixed constant greater than or equal to the local bound of B.

One could imagine a scenario in which Alice and Charlie also leverages local randomness.
It turns out, however, that this would lead to a sub-optimal trade-off. Since their systems
are never recycled, they can extract as much information from the state as possible during
each round since none have to be saved for any subsequent observers. Thus, their optimal
measurements are non-trivial projective measurements, which indeed will not be the case if
they leverage local randomness To see this, say Alice performs the measurement {Afl"\i}a,

where AWA ,|$ = Saa O AV o> With probability p(A|z). Then, the effective measurement she

performs will be
Agje = Z p(Alz) A, (50)

For this to be considered a projective measurement we require that A, Aw)e = 0garAgjes
which, from

AeAwte = Y pN)p(N[2) A AL =" [p(A[z)?AL)

ale alz?

AN A

(51)

is the case only if p(A|z) = 1, if one strategy is chosen with certainty that is.
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III. RESULTS

IIT.1. Recycling non-locality using the CHSH inequality

In the following we present the results related to recycling the non-locality in pairs of qubits.
In Secs. I11.1.1 and I11.1.2 we first prove some simplifications that can be made regarding the
measurements of Bob, after which we, in Sec. II1.1.3, introduce the measurement protocol
given that the shared state between Alice and Bob is maximally entangled. The numerical
results for this case is then treated in Sec. I11.1.4. Thereafter, in Sec. I11.1.5, we highlight the
dissimilarities in the measurement procedure when the shared state between Alice and Bob
instead is partially entangled. The numerical findings in this event are then presented and
quantitatively compared to the case of the maximally entangled state in Sec. I11.1.6. Lastly,
in Sec. [I1.1.7 we investigate the noise tolerance of the protocol by introducing white noise
into the state.

II1.1.1. Reducing the number of measurement strategies

Using an entangled pair of qubits, we wish to recycle non-locality via the procedure outlined
in Sec. I1.5. A suitable Bell inequality for this purpose is the CHSH inequality (41). In total,
there are four distinct strategies that Bob can utilize. Although, two of these are of the
same type, being strategies in which one measurement is trivial and the other non-trivial.
More specifically, in one of these the trivial measurement is associated with setting y = 0
and the non-trivial with y = 1, whereas in the other it is the other way around. It is,
however, redundant to include both of these. This is made possible by the fact that the
CHSH parameter is invariant under the permutation y — y if x =0, and y — y if x = 1 and
a — a, where the bar denotes the bit-flip operation (Steffinlongo and Tavakoli 2022).

Furthermore, assuming the shared state between Alice and Bob to be the a pair of max-
imally entangled qubits |¢*) = (]00) + |11))/+/2, it is possible to prove that a strategy in
which both Bobs measurements are trivial can be omitted since it do not contribute to any
double violation. The proof of this is presented in Appendix A. However, there is strong
numerical evidence suggesting that this strategy also can be disregarded when the shared
state between Alice and Bob is partially entangled. As such, we will assume that Bob only
have to consider the two strategies, labeled by A, in Tab. I for all states.

Table I: The combination of trivial and non-trivial measurements that Bob have to consider in order to
achieve a double CHSH violation. As argued in the main text, it can without loss of generality be assumed
that the trivial measurement is associated with y = 0 in strategy A = 1.

[ =0 -1

0 {Binh {Bh
1
1 {10y {B}
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II1.1.2. Reducing the number of measurement settings

Assuming that Bob only makes use of the measurement strategies A = 0 and A = 1 in Tab. I,
we prove that the two non-trivial measurements corresponding to y = 1 are optimally the
same, regardless of the state shared between Alice and Bob. To this end, assume 3 to be a
pure two-qubit state, performing the sum over a, b and x in the CHSH parameter between
Alice and Bob, that is, (46) using wepey = (—1)*T*¥, we arrive at

Sap = 32 32 p0) (o B+ (1P BO) = 303D pOSan B, 62)

SAB(Bl(IA))

where A, = Ay, — Ay, and By ) _ BO|y Bﬁ‘y) are the observables of Alice and Bob,

respectively, and (A, B@S )>¢ is the joint expectation value of these given that the shared
state is 1.

We define o4, = Tra[(Aqe ® 1)9] to be the sub-normalized state remotely prepared by
Alice on Bob’s side, meaning that Tr(o,,) = p(alz). With the shared state between Alice
and Charlie being (47), the correlations between the two can then be written as

pla,c|x, z) ZZP Aly) Tr[ b\yga\ 2 b|y)TCC‘ }
=3 Z Z p(Ay)Tr [F; [oa\x](/‘dz} :
Ay

where in the second line we defined the CPTP map Fy(j\) [Calz) = 2 Kzﬁ@,)aalx(Kzg\z))T corre-
sponding to the quantum instrument { X é@)}b employed by Bob. Inserting this into the CHSH

(53)

parameter between Alice and Charlie (48) and summing over all the outcomes, introducing
the notation o, = Y (—=1)%04,, we end up with

SAc—ZZpMy Z =T [1Vfo,]C| = ZZpMysAcrA). (54)

Sac (Fg(f‘))

We now expand both S, and Sy in terms of the functionals Sap and S AC, respectively.
Using that Bél) =1 we arrive at

Sap = p(0]0)Sap(BY) + p(1]0)Sa5(1) + p(0[1)San(BY”) + p(1[1)San(B"),  (55)
and similarly
Sac = p(0]0)Sac(T§”) + p(1]0)Sac(1) + p(0]1)Sac (L) + p(1[1)Sac(T),  (56)

where the notation S 4c(1) should be understood as Bob not using any quantum instrument.
Note that the functional forms of S AB(Bio)) and S AB(BS)) are the same, the only difference
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being that they are parametrized in terms of B§O) and B%l), respectively. Since 3AB(B§O))

and Sy B(Bfl)) both enter into S5 as a convex combination, maximizing S,p separately over
Bio) and Bg) it then follows that the optimal Bio) must be the same as the optimal Bil).
That is,
max  Sup = B\” = B, (57)
(BB}

By the same argument, selecting quantum instruments according to Fﬁ‘” = Fgl) must also be
optimal for S4¢. Since this choice of Bob’s measurements is optimal for both Sy and Sy
separately, this must also be optimal for their trade-off. Moreover, the result that the two
y = 1 measurement are optimally the same for both strategies further leads to the condition
p(Aly) = p(X). As such, the two CHSH parameters (55) and (56) are optimally be expressed

as

Sap = p(0)Sap(BS”) + p(1)San(1) + Sap(BY), (58)
and
Sac = p(O)SAC(F(()O)) +p(1)Sac(1) + S‘AC(FSO)). (59)

This result is perhaps not so surprising. After all, the CHSH scenario is devised under the
assumption that each measuring party only has two measurement settings at their disposal.
If Bob had employed three different non-trivial measurements, Alice and Charlie would have
to optimize their measurements with respect to one additional measurement setting of Bob,
which is clearly disadvantageous.

Based on the above considerations, it therefore suffices to treat the simplified scenario in
which Bob only makes use of two distinct measurement strategies, where the two measure-
ments labeled by y = 1 are the same. Moreover, the distribution determining the frequency
with which these strategies are employed do not have to be conditioned on the measurement
setting of Bob.

11.1.3. Measurement protocol using mazximally entangled qubits

Let the initial shared state between Alice and Bob be the maximally entangled state |¢pT) =
(|00) 4 |11))/v/2. We denote the observables of Alice by A, = i, - &, where i, is a Bloch
vector limited to the X Z-plane of the Bloch sphere. Since any local rotation performed by
Alice on her part of the system can be absorbed into Bob’s measurements using the action at
a distance principle R ® 1|¢T) = 1 @ RT|¢T), which holds for any linear operator R, we can
parametrize Alice’s Bloch vectors in terms of a single angle 0 as @, = (cos#,0, (—1)"sinf).
The measurements {A,; }, of Alice are therefore rank-1 projective qubit measurements given

by
1
Aoz = 5(1 + (—1)%, - 7). (60)

For any pair of A and y, Bob chooses his measurement strategy according to Tab. I. Since the
state remotely prepared by Alice on Bob’s side resides in the X Z-plane of the Bloch sphere,

it is optimal for Bob’s measurements to also be limited to this plane. Thus, the non-trivial
observables of Bob can be written as By‘) = @A) -0, with 171(,’\) = (cos B‘,SA), 0, sin 65‘)), and the
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: A
corresponding measurements {Bzg\y)}b are

By = %(1 + (=1 - 5). (61)
Furthermore, when Bob performs a trivial measurement he deterministically outputs b = 0.
After his measurement, Bob performs a local unitary transformation of the state. Since we
wish to remain in the same sub-space of the Bloch sphere, in which case the measurement
outcomes of the parties are most strongly correlated, this unitary is optimally chosen to be
a rotation about an axis orthogonal to the plane in which the parties measures. Thus, the
post-measurement unitary transformations are taken to be rotations about the Y-axis in the
Bloch sphere and are therefore given by

,u(’\)
Ub(;) = exp (i%@). (62)
Further, note that we have a global phase freedom in the unitaries, which allows us to set one
of the post-measurement unitaries to be trivial. Without loss of generality, we therefore set
the unitary performed after the trivial measurement {1,0} to be Uég) = 1. Lastly, Charlie
measures the observables C, = 1, - ¢, with corresponding measurements {Cq.}. given by

Cuo = %(1 +(=1)%. - 6), (63)

where W, = (cos~,,0,sin~,).
Using (58) together with the above measurements we straightforwardly compute the
CHSH parameter between Alice and Bob to be

Sap = 2p(0) cos 0 cos B + 2sin 0 sin BV, (64)

where we have used that BIS‘OI) = Béﬁl) . In the same way, the CHSH parameter between Alice
and Charlie (59) can be parametrized as follows

S — (cos&cos B(()O) cos( (()0) o+ M(()O)) 1 sinfsin 5((]0) cos( ((]0) -7+ ,u(()O))>P(0)
+ (cos@cosv() + Sinesin%)(l —p(0)) (65)
+ (cos 6 cos ﬂfl) cos(ﬁ%l) — % + uﬁ”) + sin ' sin ﬁfl) cos(ﬁfl) — 7+ ugl))).

Notice that the post-measurement unitaries do not depend on the outcome b, that is Nz(;;) =

,u?(f‘). This follows straightforwardly when computing Sac, see Appendix B for a detailed
derivation of (64) and (65). Though, we can understand this is a consequence of the initial
shared state between Alice and Bob being maximally entangled, from which it follows that
their reduced states have no local structure. This means that Bob gets no information
whatsoever by performing a measurement on his local system, in other words, the distribution

of his outcomes is completely uniform p(bly) = 1/2. Consequently, there is no benefit in
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choosing the post-measurement unitaries based on the outcomes b, since no information can
be exploited in order to rationalize such a choice.

I1I1.1.4. Optimal double violation using maximally entangled qubits

To determine the optimal value of S4¢ given some value of Sy > 2 we numerically solved the
optimization problem given in (49) using (64) and (65). This we did using the Optimization
Toolbox in Matlab, where we divided S4p5 into a meshline consisting of 20 datapoints in the
interval Syp € [2,2.1]. We then performed the optimization about 20-25 times for each single
datapoint in order to ensure that the optimal value indeed was established. The largest Ss¢
for a given Syp found through this iterative procedure is shown in Fig. IV below, where
we present the optimal trade-off between Syp and Sy in the region in which both CHSH
parameters surpasses the local bound (Sag, Sac) > (2,2).
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Figure IV: The optimal trade-off between two CHSH parameters Sap and Sac, in the double violation
region (Sap,Sac) > (2,2), using only projective measurements and local randomness. The initial shared
state between Alice and Bob is the two-qubit maximally entangled state. To achieve this, Bob need only
consider two strategies, one in which both measurements are non-trivial projections and the other consisting
of one trivial identity projection and one non-trivial projection.

Furthermore, we numerically found that the post-measurement unitaries are well approx-
imated by the relation

wn___¢ (’70+’Yl ()\)) 66

leading to deviations from the result shown in Fig. IV on the order of 10~* —1075. Moreover,
in Appendix D we present an explicit measurement strategy resulting in three sequential
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CHSH violations using the maximally entangled state. The measurements presented therein
yields the triple violation (Sap, Sac,Sap) =~ (2.0001,2.0001,2.0002).

II1.1.5. Measurement protocol using partially entangled qubits

We now wish to retrieve the optimal trade-off between S p and Sac given that the initial
shared state between Alice and Bob is the following partially entangled two-qubit state

1) = cos #|00) + sin ¢|11), (67)

where the restriction ¢ € [0, 7/4] ensures that the degree of entanglement of |¢,) increases
monotonically with ¢. Since the reduced states of Alice and Bob now features some local
structure, for which a local rotation of Alice’s system cannot be absorbed into the mea-
surements of Bob, Alice’s measurements can no longer be defined using a single param-
eter #. Thus, Alice now performs qubit measurements represented by the Bloch vectors
U, = (cos ay, 0,sin ay,), for = € {0, 1}.

Furthermore, the post-measurement unitaries performed by Bob are found to optimally
depend on the outcome of his measurements, i.e. Ué;‘) +# Ul(;\). In this scenario, the mea-
surement outcomes of Bob are no longer equally distributed, that is p(bly) # 1/2, and it is
therefore advantageous for Bob to choose the post-measurement unitaries based on the out-
come b. In Appendix C we present the explicit form of Syp and Sic when the initial state is
partially entangled, together with the algebraic computation leading up to this result. From
this derivation the condition Ué;‘) #+ Ul(;‘) also naturally emerge.

II1.1.6. Optimal double violation using partially entangled qubits

Below in Fig. V we present the result of numerically solving the optimization problem in (49)
using the state (67). This we did in two different ways. First we performed the optimization
for a selection of fixed partially entangled states, corresponding to ¢ = 7/5 and ¢ = 7/6 in
(67). Second, we left ¢ unspecified and included it as a variable to be optimized over. Either
way, the trade-off between Syp and S4¢ is notably enhanced in comparison to the case when
¢ = m/4, for the maximally entangled state that is. Clearly, the best trade-off is achieved
when optimizing over ¢. However, as Sap increases, the curves corresponding to ¢ = /5
and the optimal ¢ begins to converge.
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Figure V: Optimal trade-off between Sqp and Sa¢ in the double violation region (Sap,Sac) > (2,2) using
the partially entangled state |1)4) = cos ¢|00)+sin ¢|11). Shown are the optimal trade-off curves resulting from
performing the optimization using fixed ¢ € {w/4,7/5,7/6} and including ¢ in the optimization procedure,
respectively. In order to achieve this, Bob need only consider the same two measurement strategies as for
the case in which the maximally entangled state is used.

It is instructive to compare the results shown in Fig. V with what is possible using other
approaches. Using the maximally entangled state, a double violation with equal CHSH
parameters is attained around Spp = Sac ~ 2.046. If we instead use the optimal state
this value is somewhat increased to Sup = Sac ~ 2.064. In contrast, using projective
measurements and shared global randomness, for which the measurement strategies of all
observers can be collectively coordinated, it is possible to achieve even larger double violations
Sap = Sac ~ 2.108 (Steffinlongo and Tavakoli 2022). The largest double violations, however,
are made possible using weak measurements Sy = Sac &~ 2.263 (Silva et al. 2015).

Given that the maximally violating state in the usual CHSH scenario is maximally en-
tangled, it is quite curious that the optimal state is found to be partially entangled when
recycling non-locality using projective measurements. Why this is we can, in part, under-
stand from Fig. VI, where we have plotted the frequency p(0) with which Bob employs the
measurement strategy A\ = 0. This we have done both for the optimal state and for the
maximally entangled state. Since the strategy A = 0 is more invasive, in the sense that both
measurements are non-trivial, the post-measurement state shared between Alice and Charlie
must, on average, be more separable if this strategy is employed more frequently. Therefore,
we can think of p(0) as measure of the degree of disturbance induced to the state by the
measurements of Bob. As such, smaller p(0) must lead to larger attainable values of Sy¢,
or, equivalently, smaller S45. This behavior is clearly seen in both curves shown in Fig. VI.
However, as can also be seen in Fig. VI, when the optimal state is used, Bob need not employ
the strategy A = 0 as frequently as for the case in which the maximally entangled state is
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used, if the same value of Sy is to be achieved.
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Figure VI: The probability p(0) that Bob employs the measurement strategy A = 0, i.e. the strategy in
which both his measurements are non-trivial, when the optimal ¢ in the state shared between Alice and Bob
[thg) = cos ¢|00) + sin ¢|11) is used and for fixed ¢ = 7 /4.

To fully appreciate why the optimal state is partially entangled we must therefore under-
stand why Bob is able to employ A = 0 less frequently and still achieve the same violation
of Sap with Alice, as for the maximally entangled state, when they share partially entan-
gled qubits. An argument for why this is goes as follows. When Alice and Bob shares a
partially entangled state, their respective reduced states features some local structure. Since
no entanglement is required to achieve the local CHSH bound, they can leverage this locally
accessible information in order to get closer to this bound without having to expend any
entanglement. Thus, Bob no longer have to perform destructive non-trivial measurements
as frequently. This is also evident from the explicit forms of S4p and Sa¢, as presented in
Appendix C, since both of these features terms corresponding to the local states of Alice
and Bob. On the other hand, when the shared state between Alice and Bob is maximally
entangled, they have to utilize entanglement only in order to violate the CHSH inequality.
In this case, there will not be as much entanglement left for Alice and Charlie to utilize in
their violation as there would be for the partially entangled state.

In Fig. VII, we plot the value of the optimal ¢ against Syp. Evidently, the optimal ¢
decreases monotonically as Syp increases. Since the degree of entanglement of [i,) mono-
tonically increases with ¢, we conclude that the optimal state becomes less entangled as
the violation of Syp becomes larger. Given that the violation of Sy becomes smaller as
Sap increases, the amount of entanglement required to achieve this violations must decrease
together with S4c. The behavior displayed by ¢ in Fig. VII is therefore to be expected.
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This choice of ¢ given Syp > 2 leads to the largest possible violation of S4¢ using projective measurements
and local randomness.

II1.1.7. Robustness to noise

Given that every observer measures optimally, we can appreciate the noise tolerance of the
protocol by introducing white noise into the shared state by means of the depolarization
channel (26). This we do by computing the smallest possible visibility ™" which still leads
to a double violation. To this end, consider the CHSH parameter resulting from the initial
state p, =vp+ (1 —v)1/4

S(py) = vS(p) + (1 —v)S(1/4). (68)
We can then simply set S(p, ) = 2 and solve for v to get v™" and since the CHSH parameters
vanish for the maximally mixed state S(1/4) = 0 we get the simple relation

Vmin - _ - (69)

where S(p) is the CHSH value resulting from the optimal measurements. In Fig. VIII, we
show the minimum visibility ] in the shared state between Alice and Bob against that

of state shared between Alice and Charlie v;7'. Furthermore, for the optimal state, Sac
is more tolerant to noise than Sap in the sense that when vJ5' = 1 we find V& ~ 0.929
whereas if 7 = 1 we instead have v335 &~ 0.939. Thus, with regards to any experimental
considerations, it would be advantageous to measure a double violation for which Sy > Sap

rather than Sic < Sap.
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state between Alice and Charlie. The curves traced by the points (V35, v5&) corresponds to the critical
noise for which both S4p and Sac reaches the local bound. All points above each respective curve leads to
double violations whereas all points below do not.

To put things into perspective, using the maximally entangled state we have that Syp =
Sac ~ 2.046. In order to measure this violation experimentally the setup would need to have
a visibility around ™ =~ 0.978. In contrast, measuring the violation Syp = Sac ~ 2.064
using the optimal state requires a visibility v™* ~ 0.969. Considering the simplicity in
the setup required to realize the quantum instrument used by Bob this is within current
experimental capabilities. Further, producing non-maximally entangled states, in photonic
experiments, do not require a more sophisticated setup than what is needed to produce
maximally entangled states (White et al. 1999). Therefore, working with the optimal state
in favor of the maximally entangled state do not come at the expense of additional resources.

I1.2. Recycling non-locality using the CGLMP inequality

We present the results concerning the higher dimensional extension of the protocol in which
the shared state between the observers is a pair of entangled qutrits. In Sec. I11.2.1 we
introduce the measurement protocol employed by the measuring parties with the aim of
achieving two sequential CGLMP violations. It is then analytically proven in Sec. I11.2.2
that the optimal post-measurement unitaries in this case also are outcome independent when
the shared state between Alice and Bob is maximally entangled. The numerical results for
both the maximally and partially entangled states are then presented in Sec. I11.2.3. In
Sec. I11.2.4 we also conduct a quantitative comparison with the sequential protocol utilizing
unsharp measurements.
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I1I1.2.1. Measurement protocol

Using the CGLMP inequality, we now wish to extend the protocol to three-dimensional
systems, i.e. to the situation in which the shared state between Alice and Bob consists of
two entangled qutrits. For this purpose, let Alice and Bob share a general pure two-qutrit
state |¢). On her part of the state, Alice will perform projective measurements according to
the procedure outlined at the end of Sec. I11.4.6. That is, based on her binary measurement
choices € {0,1} she applies a variable phase «, to her measurement basis, on which she
subsequently performs a Fourier transform. The resulting measurement operators A,|,, where
a € {0,1,2}, will then have eigenvectors |a)4, given by (44). Using that A,, = |a)(a|as
together with the explicit form of the symmetric and anti-symmetric Gell-mann matrices, (8)
and (9) with d = 3, respectively, we can express the measurement operators of Alice as

Ao = = <1+Zcos j—i)eit] A”+ZSIH J—1) A]A;Js)y (70)

1<j 1<j

with ¢ = 27(a + a,)/3. Further, based on numerical investigations, Bob only have to
consider the same two strategies as in the qubit case. Then, whenever Bob performs a
non-trivial measurement, he will apply the variable phase ﬁl(,’\) to his measurement basis
and thereafter perform an inverse Fourier transform. Thus, Bob’s non-trivial measurements
{Bbw }b, with outcomes b € {0, 1,2}, consists of operators on the form

(1 + Z cos[(j — i)op JAY + Z sin|( gbby]/\;]s) : (71)

1<j 1<j

where qﬁg’(’\) = 27(—b+ BéA)) /3. On the other hand, whenever y and A corresponds to a
trivial measurement, Bob simply deterministically outputs b = 0. After his measurements,
Bob performs a post-measurement unitary on the state before he sends it to Charlie. Due to
the freedom in a global phase we may set the post-measurement unitary associated with the
trivial measurement to be the identity operator. Otherwise, the unitary is optimally chosen
to be expanded in a subspace orthogonal to the space in which the parties measures. This
ensures that the measurement bases of all parties remains in the same subspace, for which
the resulting outcomes will be most strongly correlated. Practically, what this means is that
the action of the unitary on a measurement operator should serve as to add a constant shift
to the measurement phase. Since the measurements are expressed in terms of the symmetric
and anti-symmetric Gell-Mann matrices only, the unitaries must be expansions of the two
remaining Gell-Mann matrices, i.e. the diagonal matrices in (10) for d = 3. Therefore, the
post-measurement unitaries are in the most general way expressed as

A 1, A
U = exp iwgymgwg;@ . (72)

However, as shown in Appendix E, it is optimal to set wby Vau be , for which the above
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reduces to
U = exp infy) s . (73)

where J3 = (A 4 v/3A1)/2 is the spin-1 operator associated with the Z-direction. After Bob
has performed this unitary on his part of the state he subsequently sends it to Charlie, who
performs the measurement {C,. }, resulting in the outcomes ¢ € {0, 1,2}, with measurement
operators given by

Celz = 3 <1+Zcos §—i)¢pS AT + Zsm Jj—1) C]A;]S), (74)

and ¢S = 2m(—c + v,)/3. Thus, using these measurements, Alice and Bob evaluates the
CGLMP inequality (43) for d =3

Aap =) Wabay ZP NTe[(Age ® By, (75)

abxy

where the components wg,, can be written in matrix representation as

011 1 00
Wpa01 = Wab1l = Wac00 = 0 01 y  Waelo = 110 (76)
0 0O 1 11

Similarly, with the shared state between Alice and Charlie being the average recycled state
n (47), evaluated using (71) and (73), their CGLMP parameter is given by

Aac = Z waca:zTr[(Aala: ® CC|Z)pp08t]' <77)

acrz

I11.2.2.  Post-measurement unitaries are optimally outcome independent when recycling maz-
mally entangled qutrits

Just like in the qubit case, the post-measurement unitaries do not have to depend on the
outcome b if the shared state between Alice and Bob is a pair of maximally entangled qutrits

1

\/§(|00> +|11) + |22)). (78)
Although this is expected, the formal proof is less straightforward compared to the qubit case.
However, we only have to show that this holds for the correlations between Alice and Charlie
originating from the non-trivial measurement of Bob, since no post-measurement unitary is
performed after his trivial measurement. As shown explicitly in Appendix F, the correlations
between Alice and Charlie whenever y and A\ corresponds to non-trivial measurements are
given by

|67) =
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1 1 < 1
p(aa CllL‘,Z) = 5 Z 2_7 ZCOSU@(QSfx + gbbBiy)] + 5| X

18
by L k=1

(79)

Y

B 2
342 coslh(0f — of, + )
L k=1

where the A label have been omitted for notational convenience. We associate with the
expressions in the first and second brackets in (79) with the functions f(a,b) and g(c, b, fuy),
respectively (omitting all other dependencies irrelevant for the proof). Thus we may write

pla,clz, z) = % > fla,b)g(e, b, ). (80)
by

We then define a new distribution according to

2

1
f)(a,c]x,z) :g Zp(a 693 l,C@g”ﬂj,Z), (81)
=0

where a @3 [ denotes addition modulus three. Since f(a,b) and g(c, b, ) only depends on
the differences a — b and b — ¢, respectively, these functions obey the following symmetries

fla@sl,bDsl) = f(a,b)

82
9(0653 l7b@3 laﬂby) :g(cvb7u’by)7 ( )

for some arbitrary integer . Using this we may rewrite (81) in terms of an auxiliary function
h(CL, C, y’by) = Zly f(CL, l)g(C, l7 Mby) as

- 1
p(a,c\x,z) :§Zh(a,c, :uby) (83)
b

where the above mentioned symmetries in f(a, ) and g(c, b, fu,) have been exploited in order
to rearrange the terms appropriately. Since the only dependence on b is found to be in ju,,
evaluating the CGLMP parameter A ¢ using this distribution we find that the optimal post-
measurement unitaries are chosen as 1, = (. To complete the proof, however, we also have
to show that the distribution (81) leads to the same value for A4¢ as does (80). To this end,
consider evaluating A4¢ using the correlations (81), for which we get

2
- 1
AAC = Zwaca:Cp(&’C’maZ) - gzzwacmp(a @3 l,C@S ”{E,Z)_ (84)

acrz =0 acxz

Since A 4¢ is only concerned about the relative order in which a and ¢ appears, we have the
symmetries Wam,i)(cosl)r: = Waerz aNA W(aosl)(cosl)ez = Waerz- Lhis is also evident from the
matrix representation of wy.,, in (76) since the elements along the diagonals are all the same.
Thus, performing the variable substitutions @’ = a ®3 1 and ¢ = ¢ @3 [, the above sum can
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be written as

2 2P®3l 23l

Auc = % Z Z Z Z Wareep(d, |z, 2). (85)

=0 a'=l =l =xz

Clearly, shifting the summation bounds of ¢’ and ¢ by a constant [ modulus three will
only alter the order in which the terms are added and have no impact on the resulting
CGLMP parameter value. Thus, this shift may be disregarded. Performing the sum over
[ and relabeling ¢’ — a and ¢ — ¢ then gives us the same value for for A, as does the
original correlations (80), which concludes the proof. Consequently, when Alice and Bob share
an entangled pair of maximally entangled qutrits, the optimal post-measurement unitaries
performed by Bob are independent of Bob’s outcome.

I111.2.3.  Optimal double violation using entangled pairs of qutrits

In order to find the optimal double violation, given that the shared state between Alice and
Bob is maximally entangled |¢+) = (]00) + |11) 4 [22))/v/3, we performed the optimization
procedure in (49) using the Bell expressions (75) and (77). The result of doing so is presented
in Fig. [X where we also show the trade-off curve for d = 2 when the optimal state is used.
Comparing the d = 2 and d = 3 curves, it is evident that a much larger double violation
is possible using entangled qutrits rather than qubits. This is to be expected considering
that greater violations of the local bound are successively shown as d increases in the usual
CGLMP scenario (Acin et al. 2002).

We also performed the optimization procedure with non-maximally entangled states. Us-
ing the Schmidt decomposition theorem provided in Section 1.4, we may write the shared
state between Alice and Bob as [¢)) = Y27 V/1ili4), where S22 ,nmi = 1. Doing so we nu-
merically find that the optimal Schmidt coefficients can be expressed in terms of a single
parameter w according to

0 = 5 2100) + Vel + /1222, (56)

This result is not very surprising, considering that the maximally violating state for d = 3
in the ordinary CGLMP scenario can be written in a similar way (Zohren and Gill 2008).
The state (86), however, do not result in the post-measurement unitaries being dependent
on the outcome of Bob’s measurements. Why this is the case we can understand from
the following. Computing the reduced state of Bob resulting from (86) we find that ¢¥p =
52(10)(0] 4 12)(2]) + w|1)(1], for which we still get p(bly) = 1/3. Therefore, even though
the state (86) is not maximally entangled, the reduced state of Bob still features no local
structure. As a consequence, no information on Bob’s side can be exploited in order to
warrant any outcome dependence in the post-measurement unitaries.

Since the optimal state should allow Alice and Bob to leverage local information in order
to enhance the double violation, the above observation suggests that the state (86) is sub-
optimal. We therefore also considered a more general state, expanded in an unspecified
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basis
) =D ViU @ V)lii), (87)

where U and V' are two unitary transformations. We then performed the optimization over
the basis by parameterizing U and V according to the procedure outlined in (Spengler et al.
2010). Not only do this state result in an enhanced double violation, we also get a dependence
on Bob’s outcome in the post-measurement unitaries. The optimal trade-off between A,p
and A4c, resulting from the states (86) and (87), is likewise presented in Fig. IX below.

1000 L Y. 1 o -=P-- O])tilll?\l state ((l = 2)
~-o. \"\,\’ ®-- maximally entangled (d = 3)
¥ u . \’\’\ m-- computational basis (d = 3)
0.990 . \’“\,\ ¥-- optimal basis (d = 3)
. B e >
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Figure IX: Optimal trade-off between A4p and Ao for d = 3 under projective measurements and local
randomness when the shared state between Alice and Bob is given by (78) (maximally entangled), (86)
(computational basis) and (87) (optimal basis), respectively, from the main text. For comparative reasons,
the optimal violation for d = 2 has also been included.

Moreover, the variation of w in (86) throughout the double violation is rather small, going
from w ~ 0.295 to w ~ 0.302, corresponding to Aap ~ 1 and Asp =~ 0.953, respectively. We
also find that the two unitaries U and V' are optimally the same U = V. Introducing this
new basis, however, makes it so that the Schmidt coefficients in (87) no longer can be written
in terms of a single parameter.

I11.2.4. Comparison with protocol using weak measurements

To gain some insights into how well the protocol performs we have made a quantitative
comparison with what is possible using weak measurements. In Fig. X we have plotted
the optimal trade-off using projective measurements and local randomness, with the shared
state between Alice and Bob being (87), together with the trade-off resulting from weak
measurements. The latter have been adapted from the the results retrieved by (Roy et al.
2024). Evidently, weak measurements offers greater non-locality sharing than does projective
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measurements and local randomness. However, as alluded to in the introduction, implement-
ing weak measurements in practice requires more advanced quantum technology than what
is needed for projective measurements. Therefore, recycling non-locality using projective
measurements is more favorable from a resource point of view.

1.000 N —-—- using weak measurements

N using projective measurements

0.977 | . \ J
0.954 N J
Eé 0.932 | N .
0.909 N .

0.886 N, 4

0.863 - >~ g

1 1 1 1 1 1 1
0.800 0.833 0.867 0.900 0.933 0.967 1.000
Aup

Figure X: The optimal trade-off between two CGLMP parameters Asp and Aa¢ for d = 3 using projective
measurements and local randomness as well as for weak measurements. The curve corresponding to weak
measurements have been analytically characterized using the result presented in (Roy et al. 2024).
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IV. OUTLOOK

We have explored a means with which one can recycle non-locality using nothing but projec-
tive measurements and local classical randomness. Using an explicit measurement strategy,
it was initially demonstrated by (Steffinlongo and Tavakoli 2022) that it is possible to recycle
non-locality in this way. We have advanced this work by numerically characterizing the op-
timal trade-off curve of two CHSH parameters in the double violation region. Moreover, we
analytically proved some useful assumptions that can be made in the scenario, which enables
one to reduce the number of measurement strategies and settings that have to be considered.
Thus, we have successfully characterized the scenario that requires the least possible amount
of resources necessary to experimentally recycle non-locality. It was also shown, by numerical
means, that the states leading to the largest double violations are partially entangled.

Motivated by the advantages offered by higher-dimensional quantum systems, for in-
stance, larger information capacity and higher noise tolerance, the protocol was then further
extended to the case in which a pair of entangled qutrits is shared amongst the observers.
This we did by explicitly introducing the measurement procedure employed by each mea-
suring party as well as identifying the optimal definition of the post-measurement unitaries.
We then applied this measurement procedure in order to numerically determine the opti-
mal trade-off curve between two CGLMP parameters. It was found that qutrits indeed offer
greater advantages in the sense that larger double violations are achievable. When the shared
state between Alice and Bob is maximally entangled, we also analytically proved that the
post-measurement unitaries are outcome independent. The largest possible double violations
was also found to be enabled by partially entangled states.

Furthermore, we performed a quantitative comparison between the different protocols
with which one can recycle non-locality. Despite the fact that using projective measurements
and local randomness leads to the smallest double violations of them all, this method requires
the least possible amount of resources and is also the simplest to implement experimentally.

Though we have attained the goals we initially set out to achieve, there are still many
questions that remain open. In particular, is it possible, assuming a general two-qubit state,
to analytically derive the optimal trade-off curve between two CHSH parameters? Consid-
ering the number of non-fixed variables in the CHSH parameters (e.g., see (64) and (65))
this task would very much be non-trivial. Moreover, in Appendix D we provide an explicit
measurement strategy resulting in three sequential CHSH violations. It would be interesting
to further investigate the entire triad of possible triple violations, essentially characterizing
the entire triple violation region. Related to this, it is not yet known how many sequential vi-
olations one can actually achieve using projective measurements and local randomness. From
a resource perspective, it is favorable to attain many sequential violations since this would
allow the state to be even further repurposed in quantum information protocols relying on
non-locality. In (Steffinlongo and Tavakoli 2022) it was proven that projective measurements
and shared randomness also allows for three sequential CHSH violations, however, from nu-
merical investigations no quadruple violation could be found. It would therefore be safe to
assume that this is not possible using local randomness either. Moreover, since the general-
ized Gell-Mann matrix basis is applicable to quantum systems of arbitrary dimensionality,
the measurement protocol provided for qutrits can easily be extended to also account for
quantum states in any dimension. As such, it would be interesting to further explore the
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protocol in even higher dimensions. Especially how much the double violation grows as the
number of dimensions are increased, but also what role the dimension plays for the number
of possible sequential violations.
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A. Proving that the completely trivial measurement strategy
can be disregarded when the maximally entangled state
is recycled

Given that the shared state between Alice and Bob is a pair of maximally entangled qubits, we wish
to prove that the completely trivial strategy, wherein both measurement settings corresponds to trivial
measurements, can be omitted since it do not contribute to the simultaneous violation of Syp and Sx¢
(see Tab. Al). In doing so we also find that the distribution of local randomness p(A|y) do not have to be
conditioned on the measurement setting of Bob, i.e. that p(Aly) = p(A).

Table Al: All the possible combinations of trivial and non-trivial measurements that Bob may consider.

[0 1]

0 {Bjoh {Bbu}b
1 {10} {BY}
2 {1,0} {1,0}

Performing the sum over a, b and x in the CHSH parameter between Alice and Bob (46), with
Wapzy = (—1)2TF2Y we arrive at

SAB—ZZpA\y(Ao, Mg + (—1)Y(Ar, B )ZZpMySAB V) (Ad)

where A, = Ag, — Ay, and Bé)‘) = Béf‘y) — Bﬁ‘y) are the observables of Alice and Bob, respectively,

and (A, Bg(f\)>¢+ is the joint expectation value of these given that the shared state is ¢*. Also, in the
(A) )

second line we defined the functional S AB(By ) to be the expression within the parenthesis in the first

equality. Further, note that S AB(BgS)\)) will vanish whenever y and A corresponds to Bob performing
trivial measurements. This follows from the fact that any qubit observable can be expanded in terms of
the Pauli matrices. Since these are traceless and Alice’s local state is maximally mixed, Sy B(Bz(,’\)) must
be zero whenever A and y correspond to a trivial measurement. This is also physically reasonable, if Bob
simply deterministically outputs b = 0 (or b = 1) this will clearly not be correlated with the measurement
outcomes of Alice.

Before we compute Sac we first have to retrieve the correlations between Alice and Charlie resulting
from their average shared state in (47). For this purpose, we define o4, = Tra[(Ay, ® 1)¢*] to be the
sub-normalized state remotely prepared by Alice on Bob’s side, meaning that Tr(o,,) = p(alr) = 1/2,
which is the probability of Alice observing outcome a. Then, using (47), with p = ¢T, the correlations
between Alice and Charlie can be written as

pla, cle, 2) Zszy [ Co K uga (K]

fZZpAIy r|Co TV o] .

(A.2)

where in the second line we defined the CPTP map Fgg)‘) corresponding to the quantum instrument { K IS\)\y)}b
employed by Bob. Inserting this into the CHSH parameter between Alice and Charlie (48) and summing



over all the outcomes, using the notation o, =, (—1)%0,,, we end up with

Sac = 3 Y sz ST [CTPlod] = 33 s Sac(iY) (A3)
Ay zz Ay
™

Y
We now expand both Syp and Ss¢ in terms of S AB(Bg(/)\)

where in the last equality we defined the functional Sac(I'y").
)and S Ac(Fg(;)\)), respectively, leading to

Sap = p(00)845(B) + p(0[1)San(B) + p(111)S45(BM) (A4)
and

Sac = p(0/0)Sac(Ty”) +p(1I0)Sac(D) +p(20)8ac(1)+ 45
( .

p(O)Sac (M) + p(111)Sac (M) + p(211)Sac(1),

where the notation S 4c(1) implies that Bob do not make use of any quantum instrument. Note that

the functional form of S AB(BEO)) and S AB(B%”) are the same, the only difference being that they are

functions of BEO) and B%l), respectively. Since S’AB(BEO)) and SAB(BF)) both enter into S4p as a convex

sum, maximizing Sap separately over B%O) and BEI) it then follows that the optimal Bgo) must be the
same as the optimal B%l). That is,

max  Sup = B” = B, (A.6)
(8",B{"}

The same argument can be utilized to show that equating the quantum instruments Fgo) =T gl) must
also be optimal for S4¢. Since this choice of Bob’s measurements is optimal for both Spp and Sxc¢
separately, this must also be optimal for their trade-off. This line of reasoning also allow us to set the
post-measurement unitaries corresponding to the trivial measurements to be equal.

We can now write Syp and S4¢ in a much simpler form. Let the distributions p(A|y) be parametrized
according to p(0|0) = s, p(1]0) + p(2|0) =1 — s, p(0|1) + p(1]|1) =t and p(2|1) = 1 — ¢, where s,t € [0, 1],
which allows us to write

Sup = SSAB(BéO)) + tSAB(B§1)) (A.7)

and

Sac = SSA0<F(()O)) + tS’Ac(Fgl)) —+ (2 — s — t)SAC(l). (A.S)

Our aim is to define a new distribution, not featuring the completely trivial strategy, in terms of s
and t that preserves the relative frequency by which Bob employs trivial and non-trivial measurements,
respectively, without altering the attainable values of Sy and Sa¢. To this end, we have to show that the
factor in front of Sqc (1) in (A.8) can be thought of as a probability, more specifically, that 0 < 2—s—t < 1.
The lower bound is clearly respected since s and ¢ themselves are probabilities. Thus, we have to show
that s +t > 1. By assumption, we have

sSas(B\) +t845(BY) > 2. (A.9)

The smallest possible value of s and t are attained when Alice and Bob measures optimally, without
any regards to the value of Sqc. This is achieved if Alice measures the observables Ay = (o1 + 03)/v/2
and A; = (01 — 03)/V/2, and Bob B(()O) = o3 and Bgl) = o1, see Fig. II (b) in the main text, for which
we get that SAB(B(()O)) = SAB(Bfl)) = /2. We therefore find s +t > /2, which in turn implies that
0<2—s—t<2—1/2. In other words, we can interpret 2 — s — t as the total frequency with which Bob
performs trivial measurements. As such, one may always construct some new distribution of measurements,
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according to Tab. A2 below, in which the relative frequency of trivial and non-trivial measurements is
preserved. The difference being that the conditional probability distribution corresponding to y = 1 is
deterministic. Then, if Bob performs his measurements in accordance with Tab. A2, the resulting CHSH
parameters becomes

Sap =p(0)San(B") + Sap(B) (A.10)
and
Sac = p(0)8acT?) + Sac(P) + (1 = p(0))8ac(1). (A.11)

Note that we, in effect, can achieve this by just setting ¢ = 1 in (A.7) and (A.8).

Table A2: The the frequency with which Bob performs trivial and non-trivial measurements remains invariant if
one defines a new set of measurements and distributions according to the table below.

H Probability Dist. Measurement of Bob H
pA=0ly=0)= (s +1) -1 {Byo b
pA=1y=0)=2—-(s+1) {1,0}

pA=1ly=1)=1 (B b

B. Derivation of the CHSH parameters when the maximally
entangled state is recycled

We analytically derive the CHSH parameters between Alice-Bob and Alice-Charlie when the shared state
between the former is maximally entangled. Furthermore, we assume that Bob only employs the strategies
given in Tab. I in the main text.

To begin, we can parametrize the observables of A as A, = i, - & = cosfo; + (—1)% sinfos, that
is, we assume Alice to measure in the X Z-plane only and that the two measurement Bloch vectors are
reflections about the X-axis in the Bloch sphere. This comes at no loss of generality since any global
rotation of Alice’s local system can be absorbed into the measurements of Bob via the so-called action at
a distance relation R ® 1|¢%) = 1 ® RT|¢*). Further, it is optimal for all parties to measure in the same
plane, as such, the observables of Bob corresponding to non-trivial measurements can be parametrized as
Bz(/)\) = 171(/)‘) -0 = cos 51(/)\)01 + sin ﬁ@(/)‘) o3. Writing the state |¢™) in Bloch form

1
¢5+ = 1<1®1+Ztiiai®ai)7 (Bl)
7

where t;; are elements of the corelation tensor T' = diag(1, —1, 1), one can straightforwardly compute
Tr[A; ® Bé’\)qﬁﬂ = cos 6 cos 579) + (—1)*sin# sin B?S)‘) = cos(Bé’\) + (=1)**t19), (B.2)

where we have used the identity Tr[(@-&)o;] = 2a;. Since the Pauli matrices are traceless, the contribution
from the trivial measurements performed by Bob will vanish. As such, performing the sum over x and y
using

2cosycosd = cos(y + &) + cos(y — 0) (B.3)
2sinysind = cos(y + 6) — cos(y — 9), .
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we arrive at
Sap = 2p(0) cos b cos 5(()0) + 2sin # sin B%l), (B.4)

where we have used that 6%0) = Bgl).
Moving on, it will be optimal for Charlie to also measure in the X Z-plane, as such, we can parametrize
their observable as C, = W, - @ = cos .01 + sinv,03. Writing out the state ¢ in Bloch form and using

LT 0005 (1 ), 5

as the shared state on which Alice and Charlie measures on, the joint expectation value between the two
can be seen to be

N B()‘)(U(/\))T]. (B.6)

Te[(As ® C.)pP*] ZZtup NTe[Az0; @ C.ULY By oy By

(2

Then, inserting A, = cosfo; + (—1)* sin fo3 and summing over ¢, the trace above can be written as

A A e A A
2cos 0T [(C.UL BOY o B (US)1] + (~1)"2sin 0Te (UL B 7 BLY (US))1].

Further, using the completeness relation we can write C, = 2Cj, — 1, for which the above instead becomes

4cosHTr[C’0|ZU( )B()‘) B( )(U( ))T] +4(-1)" smé?Tr[szUéy)B(

A
s o1 By Jos B UA)1]. (B.7)

bly bly

Here we have omitted the terms corresponding to 1 in C; = 2Cy|, — 1, this since the sum over b would
cause these terms to vanish, for instance

Z Tr[U, by BlE'y) le‘y by Z Tr[B bl 01 = Tr[o1] = 0. (B.8)
We then end up with

1 (A p(A) V) (77Nt
Sac = izzp()\)(— ? cos OTx[Cy. Uy, By o1 By (U, )]

e by Poly 71y
Tz Yy
1 z(z . A A A
=3 D> pA(=1)"E D sin QTY[CO\ZUb(y)Bli\IyO-?’BIE\;(Ub(y))T] (B.9)
Tz by

=" p(V) cos OTR[(US) 1 CooUs) B on By + S p(V) sin 0Tx[(US)) T Copn Up Bi oy By

by by

(A)

Moreover, whenever Bb|y corresponds to a non-trivial measurement we have

A N L ) =
ByouBi) = Sup) (1" + (12 - 5)). (B.10)
from which it follows
A A A A R
Te((U)) Co U By i B = 50 WU Gy U (TN - 7). (B.11)

()

Since the optimal unitaries aims to align the Bloch vector "’ with the Bloch vector corresponding to
Co|z, and neither of these depend on b, we may omit the dependence on b in the unitaries as well. From a
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physical standpoint this is reasonable since the local state of Bob is maximally mixed and no information
about the state can therefore be extracted on Bob’s side, that is, the distribution of outcomes is uniform.
Thus, conditioning the post-measurement unitaries on this distribution will not improve the trade-off.
Further, since every observer measures in the X Z-plane, the optimal unitaries must be rotations about
the Y-axis, consequently o

Hy

U = UP = et 502, (B.12)

Then, writing Cy|, = (1 + @, - 5)/2 and using Rodrigues’ rotation formula (7) we get that

—

oS! oS
et o22(q, . G)e M 02/2 = [cos ug)‘)ﬂfz + (1 = cos pM)iy (R, - 0,) — sin uMny, x @] - &

Y Y (B.13)

—aW .z

zy ’
where w,(z?) = (cos[y, — ,ug,/\) 1,0, sin[y, — Hz(,//\)])~ In the event that Bob performs an identity projection, we
may always associate the relevant outcome with b = 0, that is, if B@(,/\) = 1 we can choose B(()I)\y) =1 and

Bﬁ‘y) = 0. This is a consequence of the CHSH parameter being invariant under the coordinate permutation

b—bify=0,z— 7 and a — a.
We are now in a position to expand our expression for Sy in (E.9). The contribution from the terms
corresponding to non-trivial projective measurements takes the following form

p(A) ( cos 0 cos BZSA) u_i[(]z) : 17?(;’\) + sin # sin Bé)‘) w@) . 171(//\)) , (B.14)
where
u'ig‘/) . %A) = cos(y, — /{8)) cos Bz(//\) + sin(vy, — ,ué)‘)) sin 53(/)‘) = cos(ﬁy‘) -7+ ,uz(f‘)). (B.15)

On the other hand, the measurements corresponding to identity projections are effectively reduced to a
unitary acting on the measurement Bloch vectors of Charlie, accordingly, the contributions from these are
given as

p(A)(cos b cos(yo — Nz(//\)) + sinfsin(y; — ,uy(j‘))). (B.16)

Further, we can fix the unitary Uél) as a reference due to the freedom of a global shift in the unitaries,

ie, Uél) = 1. With the above considerations in mind the final expression for Sq¢ can be seen to be
Sac = (cos 6 cos ﬁ(()o) COS(B((]O) — Y + ,u(()o)) + sin # sin 5(()0) cos(ﬁéo) -7+ ,u((]o)))p(())
+ (cos@cos*yo —i—sianin’yl)(l —p(0)) (B.17)

+ ((cos 0cos B cos(BL) — 70 + t) + sin 0sin B cos(8{Y — 31 + ") ).

C. Derivation of the CHSH parameters when a partially en-
tangled state is recycled

We now wish to characterize the CHSH parameters of Alice-Bob and Alice-Charlie for the case in which
the initial shared state between the former is the partially entangled state [14) = cos ¢|00) + sin ¢|11),



¢ € [0,7/4]. We can write this state in Bloch form as

1
wd,:Z(1®1+COSQ¢(O’3®1+1®U3)—i—ztiiUi@Ji), (Cl)
7

where the elements of the correlation tensor now are given by 7' = diag(sin2¢, —sin2¢,1). Since the
local qubit states no longer are maximally mixed we cannot parametrize the measurements of Alice in
terms of a single angle . We therefore denote the observables of Alice by A, = cos a,01 + sin a, o3, while
otherwise using the same notation and assumptions as for the maximally entangled state. Whenever st)\)
is a non-trivial projector we get

1
Tr[(Az ® B:g’\))@%] =1 Z tii [(ﬂx c0)o; @ (170‘) . c_f)ai} = sin 2¢ cos 0, cos 59) + sin 0, sin B?S)‘). (C.2)

Whereas if Bg‘) is an identity projection
Tr[(Az ® 1)1)g] = cos2¢sin a,. (C.3)

Introducing the shorthand notation n = (g + @1)/2 and § = (g — a1)/2 we then straightforwardly

compute
Sap = (1 —p(0))2cos2¢sinn cos d

+ 2p(0) cos d ( sin 2¢ cos 1) cos BSO) + sin 7 sin B((]O)) (C.4)
+ 2sind ( cos n sin ﬂ%l) — sin 2¢ sin 7 cos 69))

This indeed reduces to (B.4) for ¢ = w/4, ap = 6 and oy = 27 — 6, as one would expect. Note that we
also get a contribution from the local term in ).

Using the same formula for the average state between Alice and Charlie as previously, the joint expec-
tation value between Alice and Charlie will be

Te[(A, ® C)pE™) = Z p(A) cos 20Tx[Az05 ® C.ULY B (US))1]

= bly
1y N 5O g (Nt (©5)
+3 Y o pN Y iAo @ CU, Y By o By (U,)1].
by i
The first trace evaluates into
Te[Agos © C2UL BY (USD)T] = 2(=1)Puy 50y - 7, (C.6)
where 11)2)‘; is defined in the same way as before, and the second trace becomes
Tr[Ae0; ® CUL By oiB)Y (U1 = 2ug ) - 7. (C.7)
At this point we have
Tr[(A, ® C. prSt Zp (cos 20(—1)"u, 3w£b; _’(/\) + Ztuuz ,v()‘) ib; _0‘)> (C.8)
by>\ i
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We then perform the sum over b using the relations

sinf + sin ¢ = 2sin — («9+go)cosf(0 ©)

sinf — sinp = 2008*(94‘90)8111 (0 ©)

(C.9)
cos 6 + cos p = 2 cos 7(9 + ¢) cos 7(0 — )
cosf — cosp = —2sin = (9 + ) sin = (9 ®),
where the relevant parts are
A . A
szby (cos[y, — ngy)] + cos[y, — ngy)], 0,sin[y, — 2,u((]y)] + sin[y, — 2,u( )])
(C.10)
A A . A A
= 2cosluiy) — ufy) ) (coslyz — s, — i), 0,sinlyz — ) — ),
and
. A . A A A A
> (1), = 2sinluyy) — Gy )(=sinby: — g, — 41,0, cosys — gy — uiy)). (C.11)
b
In order to abbreviate the notation somewhat we will define aé ) = (,u(()/;) + '“(12)) and wo‘) (“(();\/) — Mg;\,))~
Further, summing over ¢ we have
Z tiiux,ivz(/i-) = sin 2¢ cos a; cos ﬂy) 4 sin v sin 5;9)7 (C.12)

i
and, consequently, using the trigonometric angle sum formulas the expectation value Tr[(A, ® C )wp%t]

can be written as (whenever Bl§|y) is a non-trivial projector)

% Z p(A) ( cos 2¢ sin oy, sin wz(f‘) sin[ﬁl(/\) -+ Uz(//\)]+
y

(C.13)
cos wé)‘) cos[ﬁl([\) — v+ O'ZS)‘)] (sin 2¢ cos o cos 619) + sin a sin Bz,(/)\))) .
In the case that B(‘ ) is an identity projection, one instead get
1 . . .
B Zp(A)(sm 2¢ cos arz oSy, + sin ay sm'yz). (C.14)
A

Where we have set the corresponding unitary to be trivial. In the end, we can therefore write the joint
expectation value between Alice and Charlie Tr[(A, ® C. )wpm]
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1
5 cos 2¢ sin o sin w(()o) sin| (()0) — v+ 0(()0)]19(0)—1—

1
— cos w(()o) cos[ﬁéo) — 7 + U(()O)

2
— o8 2¢ sin ay sin wgl) sin[ﬁgl) -7+ 0_51)]+ (C.15)

| (sin 2¢ cos a; cos B(go) + sin a sin 5(()0) )p(0)+

I

— cos wgl) cos[ﬁil) -7+ a%l)] (sin 2¢ cos o, cos 651) + sin a, sin B%l))—l—

DN

i(sin 2¢ cos a, cos 7y, + sin ay siny, ) (1 — p(0)).

We can then retrieve Sy¢ from

Sac =Y _(—1)Tr[(4A, ® C)5™). (C.16)

xrz

which results in
Sac = { Sinw(()o) cos 2¢<Sinncosésin [680) — o+ U(()O)} + cos nsin & sin [5[()0) o U(()O)D—i-
cos w(()O) sin 6(()0) (sin 1 cos d cos [6(()0) — 7 + U[()O)} + cosnsin 6 cos [5(()0) — v+ U(()O)] ) 4
cos w'? cos 5(0) sin 2¢( cos 7 cos d cos 5(0) — o+ HOINS sinp sin & cos B(O) ot 5O D(0)+
0 0 0 y ( (

sin wgl) cos 2¢( sin 7 cos 4 sin [ﬁ%l) — Y + Ugl):| + cosnsin d sin [B%l) -7+ O'gl)} ) +

cos wg) sin 59) (sinn €Os 0 COos [BP — % + aﬂ + cos 7 sin d cos [ﬁgl) -7+ ail)] ) +

cos wgl) cos 5;1) sin 2(;5( €OS 1) oS J Cos [5%1) — Y + 0’%1)} — sin7nsin d cos { %1) -7+ 051)] ) +
( sin 2¢( COs 7 €os d o8 Y — Sin 7 sin d cos ’yl) + sin 7 cos d sin yg + cos 7 sin d sin 71> (1 — p(O)) .
(C.17)

D. Explicit measurement strategy resulting in three sequen-
tial CHSH violations

As it turns out, it is possible to have three sequential CHSH violations using projective measurements
and local randomness. In this extended sequential scenario, Charlie further relays her post-measurement
state to yet another observer, Dave, whom also performs a CHSH test with Alice, resulting in the CHSH
parameter S4p. The aim is then for all pairs of measurement parties to simultaneously violate the CHSH
inequality (Sap,Sac,Sap) > (2,2,2). We prove that this is possible using an explicit measurement
strategy.

Let Alice and Bob share a pair of maximally entangled qubits. On her part of the state, Alice mea-
sures the observables A, = cos[(2e(3 + €)/(9e — 5)]o1 + (—1)*sin[(2e(3 + e)/(9e — 5)]. Just as before,
Bob chooses between two measurement strategies, labeled by Ag € {0,1}. Then, with probability p(Ap =
0) = 0.2575, Bob measures the observables B(go) = cos(79997 /15 422)01 4 cos(79997 /15 422)05 and Bgo) =
c0s(99597 /19 868) 01 +cos(99597 /19 868) 03, after which he performs the unitary transformations Uéo) =1
and Ul(o) = expli(9e/3850)%/4)a9], respectively, on the post-measurement state. On the other hand, if
Ap = 1, he instead measures B\") = 1 and B{") = B\”) with probability p(Ag = 1) = 1—0.2575, and sub-
sequently performs the unitaries Uél) = exp|i(209¢/40 083)03] and Ul(l) = 1(0). In the same way, Charlie
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also leverages local randomness and chooses between two sets of measurements, labeled by A¢ € {0,1},
according to p(A¢). Then, with probability p(Ac = 0) = 0.4155, she measures the observables Céo) =
c0s(20 5697 /37 125)0, +sin(20 5697 /37 125)03 and CL¥ = cos(46 9797 /91 826)0y +sin(46 9797 /91 826) 03,
and likewise performs unitary transformations VO(O) = 1 and Vl(o) = exp[i(98337/459 698)03]. Fur-
ther, with probability p(Ac = 1) = 1 — 0.4155, she instead measures Co(l) =1 and C’{l) = C’%O), with
the corresponding post-measurement unitaries being Vo(l) = expl[i(h8137/485 823)02] and Vl(l) = Vl(o).
Lastly, Dave measures the two observables Dy = cos(33 7937/34 132)0; + sin(33 7937/34 132)03 and
Dy = cos(33 24371/62 008)0; + sin(33 2437 /62 008)o3. These measurements yields the triple violation
(SaB,Sac,Sap) ~ (2.0001,2.0001, 2.0002).

E. Optimal definition of the post-measurement unitary when
recycling entangled pairs of qutrits

As argued in the main text, the optimal post-measurement unitary should but add a constant shift to
the measurement phase when acting on a measurement operator. This ensures that we remain in the
same measurement sub-space. Since the measurement operators are all expanded in the symmetric and
anti-symmetric Gell-Mann matrices, the unitaries should be expressed in terms of the diagonal Gell-Mann
matrices. Thus, the most general post-measurement unitary should be on the form

1

U(@) = exp |5 (oA + o141 . (1)

for some g, 1 € R. Note that Ag and A(l1 commute since they are both diagonal. We then set out to
compute the action of this unitary on the measurement operators. For this we need the explicit form of
the Gell-Mann matrices. We have three symmetric

01 0 00 1 00 0
Al'=1|10 0], AP=(00 0], A®=(0 0 1], (E.2)
00 0 100 01 0

three anti-symmetric

0 —i 0 00 —i 00 0
Al=14i 0 o], AZ=100 0|, A2=|0 0 —il, (E.3)
0 0 0 i 0 0 0 i 0
and two diagonal
1 0 0 L (100
Aj=(0 -1 0], A}iz\ﬁ 01 0]. (E.4)
0 0 0 00 —2

The action of (E.1) on the symmetric and anti-symmetric Gell-Mann matrices is straightforwardly com-
puted using the above matrix representations together with the Baker-Hausdorff Lemma

(iA)?
2l

(i2)°
3!

eMBe=?M = B 4 i)\[A, B] + [A,[A, B]] + [A,[A,[A,B]]] +---, (E.5)

which holds for any two linear operators A and B. We can combine this Lemma together with the Taylor
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expansions of sinz and cosz

_1)n
sinx = nz% (2(71 +)1)' et (E.6)
cosT = HE_:O ((;TIL;:L zn (E.7)

to arrive at the rotations generated by Ag on the symmetric and anti-symmetric Gell-Mann matrices,

respectively, leading to
upA /2A01 —ipAY/2 _

echAd/QAgl —ipAY/2 _

67L<pA3/2 A(S)z —ipAY/2 _

upA /2A02 —ipAY/2 _
ei<pAg/2A;267wAg/2
eigoAg/QA(llQ —ipAY/2 _

and similarly for Aé1

igoA(li/ZA12 —ipAL/2

zgpA /2A12 —ipAL/2 _

zgoAd/2A02 —ipAL/2 _
'LgoA /2A13 —ipAL/2 _
zgoAd/2A23 —ipAL/2 _

zgoAd/QAlQ —ipAL/2 _

= A% cosp — A% sin ¢

_ AO1
_AS

= A cosp + A sinp
=A% co (5 A% sin g .
Agg cos 2 + ASQ sin 2 (E.8)
2 2
A12 cos A12 g
A12 cos Y A12 <P7
2
=AY
— A% ¢ f‘ﬂ A02 \/380
S
2
— A2 f‘P A02 \[‘P (E.9)
as 2
\f 3¢ _V3p
= A2 cos % — AlZsin —
3
Agc‘/¢+Am e

Since AY and A} commute we can combine (E.8) and (E.9) in order to compute the action of (E.1) on the
symmetric and anti-symmetric Gell-Mann matrices. This then leads to the following relations

etP-Ra/2 )01 o~ i7-Ra/2
e“P'Ad/2A2;e_'L<P'Ad/2
eup'Ad/2A(S)Qefzgo~Ad/2 _ Ag? cos
ew'Ad/QAgze_“"'Ad/2 = A2§ cos

ezgp~Ad/2As126—up~Ad/2 —

iGRNa/2 012 —i@-Aq/2 _
e Ale =

= A% cos g — A% sin g

A% cos g + A sin g

=

o V31 . (0 01
Sg) —ame (G5
©o \@wl) 02 (@ \/§s01> (E.10)
5 + > + A% sin 5 + 5
©o \/§<p1) A2 <<P0 \/3301)
— - s sin | — —
9 9 2 9
3 3
2o V1) gz (20 Y31y
9 9 2 9



from which we then get the result

1
UN(@)C:U (@) = (1 + cos 6L |[UTALZU + UTAZU | +sin oS [UTA2U + UTAZ U]

+ cos 26, [UT A;?’U} + sin 2¢C. [UT AL U} )

1 .
== (2 + At cosoC. — o] + A2 sin[6C. — o) (B.11)
3
+ A% cos [0 + 7 ﬁ“} + AZsin [0, + 22 - Vi)
2 2
13 c w0 V3pi 13 _@_\/3901
+ A cos[2¢cz 5 > ]+A [gzﬁ 5 ])

If we then set ¢ = v/3pg = ¢ we find that the action of U () on C,| results in ¢S — ¢S — ¢, as desired.
Furthermore, since
V3

1

the optimal definition of the post measurement unitary is on the form U = exp[ip.Js], which was to be
shown.

F. Derivation of correlations when recycling pairs of maxi-
mally entangled qutrits

We wish to compute the correlations between Alice-Bob and Alice-Charlie when y and A corresponds to
non-trivial measurements. For notational simplicity we will omit the A label in the measurements of Bob

since it is always assumed that his measurements are non-trivial. We can express the maximally entangled
qutrit state in terms of the GGMB (with d = 3) as

1 1
T=21®1+=-A F.1
¢T=glel+ A, (F.1)
where
2 2 1
A=) A @A - Y AT QAR+ > AT @AY (F.2)
m<n m<n m=0

In order to compute the correlations p(a,blz,y) = Tr[(Ag, ® By, )¢T] we first expand A, ® By, using
the measurements presented in the main text, this leads to the following expression

é(l 21+ cosl(k - Do 1@ A + 3 sin[(k — )¢f]1 @ AL

k<l k<l
+ Z cos[(j — 1) g ] AY ® 1 + Z Z cos|(j — i)¢] cos[(l — )d)g/]l\éj ® AM
1<j 1<j k<l
£33 cosl(j — i)l sinl( — K)6IAY @ AL .3
1<j k<l
+ Z sin( PAINT © 1+ Z Z sin|( ATcos|(l — k)qﬁﬁ]Ag ® AM
1<J 1<j k<l
+ 30D sinl(j - )] sinl(l - k)of 1AL @ A’;é).
i<j k<l

x1



We then treat the terms separately. The 1 ® 1 in ¢ will only contribute with a constant term equal to
1/9. Furthermore, we have that

D Te([Agje @ By AT @ AT =D ) > " cos[( di] cos[(l — k)f) | Tx (Am"A“ ® Am”A’“l)

m<n m<n i<j k<l

=4 Z Z Zcos j— i) ] cos(l — k)¢£]6mi6”j5mk5”l

m<n 1<j k<l

=4 cos[(n — m)gg,] cos[(n — m)ep ],

(F.4)
where we have made use of the orthogonality relations provided in the main text. In the same way we
have that

> Tr([Agpe ® By JAI" @ AI") =4 ) sin[(n — m)gy] sin[(n — m)¢f]. (F.5)

m<n m<n

The diagonal terms in ¢+ will not contribute. Then, using the angle sum relations cos(a=/3) = cos a cos BF
sin B sin v and sin(a £ ) = cos asin § & cos fsin @ we can add (F.4) and (F.5), leading to the final result

pla,ble,y) = ¢ + o (coslofh + 65 + cosl2(6, + of)])- (F.0)

Moving on to the correlations between Alice and Charlie. Their shared state is on the form

1 1 g g
PPt == 1@ U By, U, + 153 (D2 AV @ Uy, Byy AV By, U,
by by 1<j
1 (F.7)
— " A @ Uy, By, N By, Uf + 3 AR @ Ubbe|yAngb|yUbTy).
1<j m=0
The contribution from the first term above is
1
E Tr[(Aa|J: ® Cc| )1 @ Ubbe|y 18 Z Tl" | Ubbe|y]
by
1 3 C F.8
81 ( + Cos[éby (bcz + be] ( : )

by
+ cos[2(0f; — 6% + ny)]).

where we have used the definition of Uy, arrived at in Appendix E. The contribution from the second term
in pPost is

1 ij

5 T(Agl @ Co) > AT @ Uyy By A By, Uf ] = 5 Zcos § = )G Te(Uf Coy.Usy By, AY By, ). (F.9)

1<j 1<j

To continue, observe that

By A9 By, = Tr(By,AY) By, = Zcos — i)t | By (F.10)
z<j

x1i



therefore, we can write (F.9) as

1
277 Z COS[(j - Z)¢£a:] COS[(j - ’L)¢bB;]Tr (UgyCc|zUbbe|y)a (Fll)
1<j

where Tr[UJyCC‘ 2Uby By,y] was computed previously in (I.8). In the same way we compute the contribution
from the third term in pP°* to be

1
— o= > sinl(j — i)éck ) sinl(G — )6f T (U}, Coy- Uy By ) (F.12)
1<j

The joint contribution from the second and third term in pP°! can then compactly be written as
12
A
57 > coslk(&, + o4 Te{UY, CopoUsy By, | (F.13)
k=1

The last term in pP°* will not enter into p(a,c|z, z) since it features the diagonal Gell-Mann matrices.
Hence, in the end, we therefore get that

2
1 1
p(a,clz, z) = Z (27 Z cos[k(¢a, + ¢£I)]Tr[UgyCc|ZUbbe|y] + BTr[UJyCdZUbbew]), (F.14)
by k=1
where
1 2
Te{Uf, Cot-Uny By = 5 (3+2 ) coslk(ef), — 6 + pny)] ). (F.15)
k=1

which is what we wanted to arrive at.

xiii



	INTRODUCTION
	THEORETICAL FRAMEWORK
	Quantum states
	Qubits
	Density matrix
	Bloch sphere
	Higher-dimensional quantum states
	Bi-partite quantum states

	Measurements
	von Neumann measurements
	Generalized measurements

	Evolution of quantum states
	Quantum channels
	The measurement and depolarization channels
	Quantum instruments

	Non-classical correlations
	Entanglement
	Entanglement of mixed states
	The EPR paradox
	Bell inequalities
	The CHSH inequality
	The CGLMP inequality

	Recycling Bell non-locality using projective measurements and local randomness

	RESULTS
	Recycling non-locality using the CHSH inequality
	Reducing the number of measurement strategies
	Reducing the number of measurement settings
	Measurement protocol using maximally entangled qubits
	Optimal double violation using maximally entangled qubits
	Measurement protocol using partially entangled qubits
	Optimal double violation using partially entangled qubits
	Robustness to noise

	Recycling non-locality using the CGLMP inequality
	Measurement protocol
	Post-measurement unitaries are optimally outcome independent when recycling maximally entangled qutrits
	Optimal double violation using entangled pairs of qutrits
	Comparison with protocol using weak measurements


	OUTLOOK
	Acknowledgements
	References
	Appendix
	Proving that the completely trivial measurement strategy can be disregarded when the maximally entangled state is recycled
	Derivation of the CHSH parameters when the maximally entangled state is recycled
	Derivation of the CHSH parameters when a partially entangled state is recycled
	Explicit measurement strategy resulting in three sequential CHSH violations
	Optimal definition of the post-measurement unitary when recycling entangled pairs of qutrits
	Derivation of correlations when recycling pairs of maximally entangled qutrits

