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Abstract

Bell tests provide a suitable framework for investigating whether the correlations predicted by quantum
mechanics can be explained by local hidden-variable (LHV) theories. These tests are susceptible to loopholes,
among which the detection loophole has attracted considerable attention. This thesis investigates the detection
loophole in Bell tests, with a particular focus on the role of post-selection in the presence of outcome-dependent
detection efficiencies. The Bell violations obtained from both quantum-mechanical and local hidden-variable
models are quantified in post-selected scenarios. The detection efficiencies associated with outcomes 0

and 1 are denoted by 79 and 771, respectively. We encode the asymmetry in the detection efficiencies using
o=m
o+’

the Clauser—Horne—Shimony—Holt (CHSH) Bell inequality for R # 0. For sufficiently large asymmetry
(R 2 0.67), the maximal CHSH violation obtained from the post-selected LHV model exceeds that of a
two-qubit quantum model. This quantity follows the numerically observed relation Wepsy ~ 2R + 2, while

the parameter R = We show that post-selected LHV models can produce apparent violations of

the two-qubit quantum model reproduces an approximately quadratic dependence on R. This suggests that
the behavior of the LHV model is directly associated with the asymmetry between the detection efficiencies,
whereas the quantum behavior depends on a joint contribution of both efficiencies. Later, a post-selected
two-ququart quantum model was optimized, which scores a CHSH violation consistently higher than or equal
to that of a post-selected LHV model. The behavior of both the two-qubit quantum model and the LHV model
was also studied for the 3337 Bell inequality. This work also explores the relation between a post-selected LHV
model and a measurement-dependent hidden-variable (MDHV) model. The analysis includes a numerical
calculation of the measurement independence parameter M as a function of R, suggesting a numerically
observed relation of M ~ R.

Keywords: detection loophole, post-selection, detector inefficiencies, Bell inequalities, CHSH, local hidden
variable models, ququarts, qubits, local, nonlocal
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LHV: Local hidden variable model

POVM: Positive operator-valued measure

CHSH: Clauser—Horne—Shimony—Holt inequality
MDHYV: Measurement-dependent hidden-variable model
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1 Introduction 1

1 Introduction

Since the dawn of quantum mechanics, the interpretation of quantum phenomena has remained a central
challenge in physics. Although its mathematical formalism has been remarkably successful, the conceptual
foundations of the theory are yet to be properly understood, as they often conflict with classical intuitions.

One of the most important contexts in which the contrast between classical models and quantum mechanics
becomes evident is provided by Bell inequalities. These inequalities offer a rigorous framework for the study
of quantum correlations, and they allow for a clear comparison between the predictions of quantum theory
and those of classical theories. As quantum mechanics continued to raise questions about classical intuitions,
many physicists aimed to develop a more complete theory that resolves these conceptual problems. Among

them, Albert Einstein questioned whether quantum mechanics respects the principle of locality and realism. '

In 1935, Albert Einstein, with two other physicists, Boris Podolsky and Nathan Rosen, published a paper titled
“Can Quantum-mechanical Description of Physical Reality Be Considered Complete” [1]. In this paper, they
raised a paradox, now known as the EPR Paradox, providing a quantum-mechanical scenario in which two
particles are entangled, and measuring one particle allows prediction of the outcome of measurements on
the other, even when the particles are spatially separated. They concluded that quantum mechanics cannot
respect both locality and realism simultaneously. As a result, they proposed that quantum mechanics might
be incomplete, and that a more complete description can be a local hidden variable (LHV) theory, in which
measurement outcomes are determined by additional, unobserved parameters while preserving locality.

A breakthrough in this area was made by John Stewart Bell. In 1967, he introduced the Bell inequalities,
building upon the EPR Paradox. Bell then showed that quantum physics predicts correlations that violate
these inequalities [2], showing that no local hidden variable theory can reproduce all quantum predictions.
Although quantum mechanics does not allow faster-than-light communication, it violates the assumption of
local realism. For this reason, quantum mechanics is often described as "nonlocal". This refers to the failure
of local realism, rather than a violation of relativistic locality. Quantum nonlocality has also been successfully
tested in experiments, where many laboratory experiments [3, 4, 5] suggest that nature rules out local realism.

Bell inequalities in their simplest case build on a scenario in which an entangled quantum state is shared
between two parties, often called Alice and Bob. Then, Alice and Bob each perform their independent
measurements, denoted x and y, respectively, on the shared quantum state. These measurements lead to
outcomes a for Alice, and b for Bob. The inequality can then be constructed using a suitable combination of
the probabilities of observing each outcome. Although quantum predictions violate these inequalities, they
respect an upper bound called Tsirelson’s bound.

Measurements in Bell inequality experiments are subject to inefficiencies, meaning some particles go
undetected. If the detected particles do not constitute a fair sample of all emitted particles, any statistical
analysis, in particular Bell tests, could be regarded as unreliable. This issue is known as the detection loophole.
When only the detected events are included in the analysis (a procedure known as post-selection), it has been
shown that an LHV model can reproduce apparent violations of Bell inequalities in the post-selected data [6].
In this thesis, we further investigate the post-selected data under different assumptions. An earlier work in this
area is the paper “Bell and EPR experiments with signaling data” [7], where it is argued that such inefficiencies
can lead to an induced inflation of the observed correlations relative to Tsirelson’s bound. In addition, [8]
discusses how outcome and measurement dependent efficiencies can arise in photonic Bell experiments and
how they may affect the observed violation of the Bell inequality.

Initially, we assumed that the statistics of the underlying ensemble are governed by quantum mechanics.

'In this context, locality is understood as no information can propagate faster than the speed of light in vacuum, while realism
implies that the physical properties exist independently of measurements.
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We then examined how much the maximal Bell parameter in the post-selected analysis can be shifted by
introducing outcome-dependent efficiencies, 179 and 77;. This is done by maximizing the Bell parameter over
all possible measurements for a two-qubit system (and later extending the work to higher-dimensional systems).
We subsequently switched to an LHV model to determine the amount of Bell inequality violation observed
after post-selection. We performed these analyses for both the CHSH and /337, Bell inequalities.

The CHSH violation obtained from a two-qubit quantum model cannot consistently surpass that of an LHV
model in the presence of inefficiencies. Therefore, the work is extended to a two-ququart quantum model. The
CHSH violation achieved from this model does not fall below that of an LHV model. Additionally, an LHV
model with post-selection behaves similarly to a measurement-dependent hidden-variable (MDHV) model
2. Therefore, we investigated the numerical relationship between measurement independence and detection
efficiencies.

The technological relevance of this work is also significant. Quantum information plays a central role in a
range of growing technologies, such as quantum computing and quantum communication [9]. In this thesis, we
develop quantum information theory beyond idealized assumptions for measurement systems. By incorporating
these experimental inefficiencies, our models provide a more realistic framework for understanding and
interpreting quantum experiments. This study touches on one of the key assumptions of device-independent
protocols [10], where Bell violations are used to certify nonlocality, in the absence of significant experimental
loopholes.

2 Theoretical Framework

Quantum mechanics provides us with a rigorous mathematical framework to treat physical systems. This
framework revolves around a vector denoted as state vector |¢/), describing an isolated system. In a broader
context, this vector maps complex numbers to different system configurations.

2.1 Wavefunction and Density Operator

Every isolated system in quantum mechanics has an associated Hilbert space, where the normalized state
vector |) lives in. Hilbert space is a complex vector space equipped with an inner product. Let {|u;)} be an
orthonormal basis of the Hilbert space H, then any state ) € H can be expressed as

v = > eilui) suchthat () =1, @.1)

4

where ¢; € C. Although the state vector is a powerful tool for dealing with isolated systems, we require a
more general formalism to extend the theory beyond isolated systems. This is done with the density operator
formalism p. For a system with a known quantum state |¢), or otherwise known as a pure state, the density
operator is p = | )(¥|. However, in a more realistic situation, the quantum state is not completely known, and
instead we know that the system is in one of a number of states |y;) with the probability of p; > 0, the density
operator is then given by [9]

p= ) pilyi)wil, where ) p;=1 and p; >0 foralli (2.2)

2 A measurement-dependent hidden-variable model is a model in which the hidden variable distribution depends on the measurement
settings, or equivalently, the measurement settings are statistically correlated with the hidden variables.
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We now show that the density operator satisfies Tr(p) = 1 and is positive semi-definite, p > 0. To prove the
first property, we write

Tr(p) = Tr(Z pi W wil) = ZpiTr(|wi><wi|> = Zpi Wil = Zpl- = 1. 2.3)

In order to prove that the density operator is positive semi-definite, we verify that it is hermitian and that
(plp|g) > 0 for every |¢) € H \ {0}. Hermiticity follows immediately

pT = Q Pl i = > pi (wid(wil' = ) pilwawil = p. 24
Moreover,

(Blplg) = (4] Z pi Wi (Willg) = Zpl- (Blwi) (bild) = Zp,« I{plyi)lI* = 0. (2.5)

The discussion can be extended to a system composed of n independent and uncorrelated subsystems, denoted
by index i, each with density operator p;. In this scenario, the composite density operator is given by the
tensor product between individual density operators (p = p; ® p2 ® ... ® p,). Luckily, the mathematical
formalism is well-suited to reconstructing the individual density operators, i.e., the reduced density operators.
For a bipartite system given pZ, the reduced density operators can be written as

p? = Trg(pB), and p® = Tra(p?5). (2.6)

2.2 Quantum Measurements

Measurements play a central role in the construction of quantum mechanics. A general quantum mechanical
measurement is described by a set of { M, } measurement operators, where a corresponds to the measurement
outcome that can occur in the experiment. Then the probability of obtaining outcome a can be expressed as

p(a) = (WIMIMu|). (2.7)

Furthermore, the measurement operators satisfy the completeness relation };,, M}M, = I. We can define a
set of operators {E,} such that:
E,=MM,. (2.8)

Then the probability p(a) becomes
p(a) = WIEalY). (2.9)

The set {E,} is called POVM ( Positive Operator-Valued Measure). As the name suggests, its elements satisfy
the following conditions

* >.u Eq = I (completeness relation),

* E, > 0 (positivity condition).

Projective measurements are a special type of measurement operators that are mutually orthogonal, satisfying
I,11, = 6,4511,. These operators project the state vector onto an orthogonal basis {|a)}, and can be written
as I[1, = |a){a|. It can be shown that the projective operators are Hermitian, i.e., HZ = I1,. In this set-up, the
projective measurement is represented by an observable A, which, via the spectral decomposition [11], can be
written as
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A=) all, =) ala)al. (2.10)

The measurement outcomes correspond to the eigenvalues of A, which is why A is called an observable. One
of the important set of observables is the Pauli operators ox, oy, 0z (and the identity /), given by

0 1 0 —i 10
O'X:(l 0) 0'y=(i 0’) O'ZZ(O _1). 2.11)

2.3 Qubits and Bloch Sphere

A qubit (quantum bit) is one of the simplest quantum systems, consisting of two basis states |0) and |1). Its
Hilbert space is therefore two-dimensional, and a general qubit state is a superposition of these basis states

) = @|0) + B|1), where «,B€C and o+ pB*=1. (2.12)

Consequently, the state is fully described by two complex numbers a, 5. Since global phases are physically
irrelevant [11], the state can alternatively be parametrized using spherical coordinates 8 and ¢ as

ly) = cos(g)|0) +e'? sin(g)u), where 6 € [0, 7] and ¢ € [0, 27). (2.13)

2= 1)

Figure 2.1: Bloch sphere tik Z code adapted from TEX Stack Exchange [12].

This structure provides the convenience of representing the quantum state on a unit sphere, known as the
Bloch sphere, using the polar and azimuthal angles 6 and ¢, as shown in Figure 2.1. It can be shown that the
coordinate of the quantum state (sin(8) cos(¢), sin(8) sin(¢), cos(d)) corresponds to the expectation values
of the Pauli operators ox, oy, 0z, respectively [11]. In other words, if the quantum state |i/) is represented by
the unit vector §, on the Bloch sphere, we have

8y = (sin(0) cos(¢), sin(#) sin(¢), cos(0)) = ({ox), (oY), (0Z)). (2.14)

It is straightforward to show that any pair of orthogonal projectors {II.} can be represented on the Bloch
sphere with antipodal vectors [11]. Defining o = (ox, oy, 0z), any density state p takes the form of

p=%(1+s-0'), (2.15)

where s = |s]|(sin(0) cos(¢), sin(0) sin(¢), cos(6)) is called the Bloch vector and ||s|| < 1. A vector of length
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1 corresponds to pure states (the surface of the sphere), while mixed states correspond to ||5|| < 1 (points
inside the sphere). The density matrix formalism can be appropriately extended to a two-bipartite quantum
system.

We consider a bipartite system ! consisting of two parties, Alice and Bob, with associated Hilbert spaces
H and Hp, respectively. Then the Hilbert space for the joint system is given by H4 ® Hp. Thus, the joint
density matrix is a linear operator on this space, i.e.

0 Hys®Hg — Hp @ Hp, (2.16)

where for two qubits H, ® Hp = C*. Following this, a general two-qubit density operator can be expressed

as [13]
3

1
p:Z1®I+r-a-®l+1®s-(r+ZTijo-i®aj . 2.17)
i,j=1
Here T;; are the components of the correlation matrix, and r and s are the reduced Bloch vectors for subsystems
A and B, respectively, defined by

Tj=t|p(oi®c))|, r=Tglp(c®D], s=Tralp(I®0)]. (2.18)

This thesis mostly focuses on scenarios in which two parties, Alice and Bob, perform measurements labeled
by x,y € {0, 1} and obtain outcomes a, b € {0, 1}. The corresponding measurement operators are defined by
projective operators {A,|.} and {By|, }. The Bloch sphere representations are

1 1
Agpx = 5(1 +(=1)a, - 0'), Bpjy = 5(1 +(=1)Pb, - 0'). (2.19)
Here, a,, b, € R3 are unit vectors in the Bloch sphere that specify the direction of the measurement. Using
the expression for {A,|x} and {Bj), } in addition to the general two-qubit density operator expression, one can
derive the following relation for the joint probability P(a, b|x, y)

1
P(a,blx,y) = tr((Aax ® By|y) p) = Z(l +(=D%ay -r+ (=1)’by -s+ (=1)**" al Tby). (2.20)
This expression holds for any arbitrary two-qubit state p. We now consider a special case of states without
correlations between the subsystems, called product states, which can be written as p4 ® pp. A separable
bipartite state is then defined as a convex combination of product states, i.e.

p= qpi®ph, 2.21)
A

where g4 > 0 and ) ; g1 = 1. Any bipartite state that can not be written in this form is called entangled. We
discuss more about bipartite entangled states in the next section.

2.4 Entanglement

Entanglement and Bell nonlocality are closely related, and they underlie many quantum advantages in quantum
computing [13]. Entanglement describes a system in which the information contained in its individual
subsystems cannot fully account for the total information of the composed system [14]. Schrodinger (1935a),
in his paper entitled " The present situation in quantum mechanics” wrote

ITwo-party system
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“Maximal knowledge of a total system does not necessarily include total knowledge of all its parts,
not even when these are fully separated from each other and at the moment are not influencing
each other at all”’[14]

Let us consider an electron-positron pair, produced from a spinless light. The total spin of the system must
sum up to zero (angular momentum conservation). Therefore, if the positron is found to be spin up, then the
electron must have spin down, and vice versa. In other words, the wavefunction can be expressed with

1
V2

This state is a superposition of | T)¢| ), and | [)c| T),. In general, consider a quantum system composed of

) = — (1 Del Dp = Del Dp)- (2.22)

N subsystems, each associated with its own Hilbert space HH,,, such that the total Hilbert space is given by
(®nN:1 Hy =H @ H, ® --- ® Hy). A pure state is said to be entangled if it can not be written as a product
state,

N
Wy # @) @@ lun) = (X) [vn). (2.23)
n=1

By utilizing Schmidt Decomposition, any bipartite d-dimensional pure state can, up to local unitary
transformations 2, be written in the following form [13]

U

Wy = > cxlk)lk), xR, (2.24)

k=1

where, {|k)} denotes the bi-orthogonal basis states and ¢y are the non-negative coefficients sorted from the
largest c; to the smallest c4. This implies that the state is entangled if and only if ¢; # 0. A maximally
entangled state is a pure state for which all the Schmidt coeflicients are equal. In this thesis, we focus on
two qubits and, in a special case, on two ququarts (d = 4). A maximally entangled two-qubit state can be
represented as

1
= —(]00) +|11)). 2.25
) \/§(| ) +[11) (2.25)

A more general two-qubit state is a partially entangled state, which is defined as

W) = cos +sing11), 0<6<Z. (2.26)
6100 oI, 0<0<Z

Using the Equation 2.18 the correlation matrix for a partially entangled state is given by

T = diag(sin 26, —sin 26, 1). (2.27)

Moreover, according to Equation 2.18, the reduced bloch vectors are given as

r=s= (o 0 cos 29)? . (2.28)

2.5 Bell Inequalities and Local Hidden Variable Models

The EPR paper ([1]) introduced two conditions for a physical theory: initially, is the theory correct, and
secondly, is the theory complete. They argued that if the assumption of locality and realism holds, then quantum

2That is, for any bipartite pure state, there exists local unitary operators U and V such that (U ® V)|y) = ZL L cklk)|k). These
unitary transformations do not affect the entanglement properties of the state
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mechanics is incomplete. In 1964, John Bell introduced an inequality that draws the distinction between the
quantum theory and a theory that respects locality and realism at the same time, such as local hidden variable
(LHV) model [2]. Let us consider an entangled pair of photons. These photons are sent to Alice and Bob,
where they perform polarization measurements x, y € {0, 1} respectively. We denote the outcome of these
measurements by a, b € {0, 1}. Based on these assumptions, the expectation value of ab in the measurement
setting x, y, denoted by Ey can be expressed as (ab)yy = (AxBy) = Exy = X4 peq0,1) (=1)**PP(a, blx, y)
[11]. The simplest form of Bell inequalities is the CHSH inequality [15]:

S = (ApBo) + (AoB1) + (A1Bo) — (A1B1) = Eoo + Eo1 + E10 — E11 = Z (=D E., <2. (229
x,y € {0,1}

A bipartite Bell scenario is denoted by (ma, mp; da, dg), where m; and d; denote the number of settings and
outcomes for party i, respectively. We investigate this equation for LHV and quantum models. A Hidden
Variable model can be represented by a hidden variable A, which is passed to two photons (two parties), and
the statistics are produced based on this variable. This variable is stochastically distributed according to ¢, > ,
therefore the statistics of the measurements is described by

P(a,blx,y) = Zq,l Pi(a, blx,y), ga>0 and Zq,l =1. (2.30)
il Pl

In our model, A defines a mapping f,, used by each party to determine the outcome. This mapping can be
either local * or nonlocal:

Non-local Local
A A
X
A ) x —{ /> 7
y

In other words a local process is defined as a process for which [13]

Pa(a,blx,y) = Pa(alx)Pa(bly). (2.31)

We denote the statistics P,(a|x) and p,(b]|y) for a local hidden variable model by Df(a|x) and Df(b| y)
which is then given by

Di(alx) = 6(f(x) —a),  DE(bly) =6(fE(y) - b). (2.32)

For simplicity of notation, we sometimes drop the superscript A and B when no confusion arises. Nonlocality
is a necessary feature of quantum models that violate the CHSH inequality Equation 2.29; however, it is
not sufficient. Although quantum models can exhibit nonlocality, they still satisfy a constraint known as
the no-signaling condition. This condition states that the marginal probability distribution of one party is
independent from the other party’s choice of measurement. Marginal probabilities are obtained by summing
over the other party’s outcome

P(alx,y) = Y P(a,blx,y) Va,x,y and P(blx,y) = ) P(a,blx,y) Vb,x,y. (2.33)
b a

3For example 1, might appear more frequently than 1,

“In this context, "local" means the outcome of measurement x(y) only depends on the hidden variable 1 and the measurement
setting x(y), whereas "non-local" refers to the scenario in which the outcome of one party may depend on the distant measurement
setting and/or outcome. Note that here we are referring to individual outcomes, not the statistical correlations
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Subsequently, we define the signaling terms af}, . and af y which vanish in the no-signalling regime and are
given by

@l . = P(alx,0) - P(alx,1) =0 Va,x and ap, = P(b|0,y) - P(b|l,y) =0 Vb,y. (2.34)

Having established the key assumptions of locality, realism, and no-signaling, we now introduce the following
important statements:

* Any bipartite LHV model satisfies the CHSH inequality (Equation 2.29), the proof is provided in the
subsection 2.5.2.

* All pure entangled bipartite states violate the CHSH inequality (Gisin’s theorem [16]) (see appendix A).

* All separable states (Equation 2.21) produce local behavior (see appendix B).

2.5.1 Conceptual perspective on Bell Inequalities

“One should no more rack one’s brain about the problem of whether something one cannot know
anything about exists all the same, than about the ancient question of how many angels are able to

sit on the point of a needle..”>

One can approach the Bell inequalities through both mathematical and conceptual perspectives. Let us provide
a conceptual example motivated by the work presented in [18]. Consider an independent setup that generates
two sets of three quantum coins, each ordered by the colors red, green, and blue (see Figure 2.2). The first
set is sent to an observer called Alice, and the second set to an observer called Bob. Alice and Bob are then
allowed to examine the state of only one coin from their respective set. They may choose either a red, green,
or blue coin. Moreover, we assume that Alice’s and Bob’s measurements are spacelike separated events®. The
choices are random and independent. Surprisingly, the final measurement statistics obey two rules:

* (a) If Alice and Bob choose the same color, then they always observe the same outcome, Head (H) or
Tail (T).

* (b) If Alice and Bob choose different colors, they observe the same outcome in one quarter of the
measurements.

Now consider that the outcome of each coin is predetermined, and we associate a three-letter representation
with each set. For example, (HTT) means that the red coin will show Head, while the green and blue coins will
show Tail if measured. Rule (a) dictates that the two sets of coins must follow the same letter representation.
However, it can be shown that no assignment of predetermined letter representations satisfying rule (a) can
also satisfy rule (b) ( see appendix C). This implies that

1
P1 uv (same outcome | different colors) > Pgm(same outcome | different colors) = T (2.35)

W | —

Here, LHV denotes any local predetermined assignment method, and QM denotes the results of the current
setup. Therefore, these rules exclude any local pre-preparation of the coins. But at the same time, the two
coin sets have no way of signaling to each other in order to determine which measurement Alice or Bob has
chosen and accordingly adjust their statistical outcome. One possible explanation can be given by considering

SAttributed to O. Stern by W. Pauli in a letter to M. Born, [17], p. 223.
5Two events are spacelike separated if they are sufficiently far apart in space, but sufficiently close in time, that no signal traveling
at or below the speed of light could propagate from one event to the other, according to Special Relativity.
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quantum-mechanical analogue of this scenario. One might say that the coins are described by a joint state
vector, and once this state vector is measured by Alice/Bob on one set, it collapses accordingly for the other
set measured by Bob/Alice. On one hand, this may be interpreted as a violation of locality; on the other
hand, Alice and Bob can not use their measurement choices to communicate with each other. Thus, the
measurements influence one another while still preventing information transfer between the observers.

This device is an analogy to Bohm’s version [19] of the Einstein-Podolsky-Rosen experiment. The quantum
coin generator, corresponds to a source generating two spin—% particles in the singlet state. In our case, each
particle corresponds to a set of three coins. Alice and Bob each possess a detector with Stern-Gerlach magnets.
These magnets can measure the spin along three directions: one perpendicular to the plane and two at 120°
angles with respect to the plane’s vertical. Each direction corresponds to a choice of color in our example.
Furthermore, the measured spins are either aligned with or opposite to the magnetic field, corresponding to

the coins showing Head or Tail, respectively.

e < ®O® ®O®

Figure 2.2: Quantum coin generator sending coin triples to Alice and Bob.

Y

Bob

2.5.2 All LHV Models Satisfy the CHSH Inequality

Here we prove that any Local Hidden Variable (LHV) model satisfies the CHSH inequality (Equation 2.29),
given by

S= ) (- VEgy =Y (-1 Z};(—l)‘”bP(a, blx,y) <2. (2.36)
X,y X,y a,

An LHV model is described by combining the measurement statistics of a hidden-variable model given in
Equation 2.30 with the definition of a local process (Equation 2.31). Therefore, the CHSH parameter can be
written as

§ =D (=D Y (=D 3" qaPa(a, blx,y) (237)
X,y (l,b A
= > a1 ) (=)™ > (=) DY (alx) DX (bly). (2.38)
A X,y a,b

The last holds because ¢, is independent of the measurement settings and outcomes. Rearranging the CHSH
parameter gives

S= D a1 ) (1) (O (=)D} (alx) (O (-1’ D (bly)). (2.39)
A X,y a b

Consequently, we define the following deterministic response functions

Al = Z(—l)“Dg‘(apc) e-1,1, and B}= Z(—l)bDf(my) e-1,1. (2.40)
a b

Then, the CHSH expression becomes

S = Z qA(AJB) + ALBY + A3B! — AlB)) < mjlx(AgB(’} +A{B} + A{B! — A{B)). (2.41)
a
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The last inequality follows from the fact that ¢, > 0 and f gadAd = 1, implying that § is a convex combination
of the terms in the sum. Finally, it is evident that for any assignment of —1, 1 to A% and B;’ the expression is
bounded by

ALBY + A1B + AlB} - A1B! = A{(B} + BY) + AY(Bi - B]) < 2. (2.42)
Therefore, we established that any LHV model satisfies

Stav < 2. (2.43)

2.5.3 Maximum CHSH Violation in Quantum Mechanics

Here we provide a derivation of the maximal CHSH violation achievable within quantum mechanics; for a less
operator-heavy alternative derivation, see appendix D. Following a similar treatment to that presented in [13],
the CHSH parameter given in Equation 2.29 can be alternatively described using the operator S as

S =(WISlg) =Tr[Sp|]. where S=A;®Bo+Ao®Bi+A; ®By— A ®By. (2.44)

We assume that the observables are projective with the eigenvalues +1. Then A2 = ]IA,Bi = Ip, and
[Ax|lo = lIBylleo = 1. For simplicity we rewrite S as

S=Ap® (By+B1)+A; ® (By— By). (2.45)
To facilitate the estimation of the operator norm, we consider the square of the CHSH operator S

S? = A2® (Bo + B1)? + A’ ® (By — By)*
+ AgA; ® (Bg + B1)(By — By)
+A1A0®(Bo—Bl)(B()+Bl). (246)

Simplifying further and using the properties of projective observables gives
S? =41, ®15 — [Ao, A1] ® [Bo, Bi]. (2.47)

Using the triangle inequality, we obtain

18?0 < 1411l + [ A0, A1] ® [Bo, Bi]llo. <4+2-2=8. (2.48)

The last inequality follows from the standard properties of the operator norm. For example,

I[ Ao, A1]lleo = [A0A1 — A1 Aol
< [[A0A1lle + [[A1A0]le
< [l Aol llAtlleo + lAT][c0 | Aol 0
=2. (2.49)

Finally, it follows that |S| = [(|S|¥)] < [ISlle = VIIS?|lee < 2V2. It is important to note that this upper
bound is derived purely from the properties of quantum mechanical operators, in particular the fact that not all
operators commute in quantum mechanics. The LHV bound is recovered when the operators commute in
Equation 2.48, giving ||S?||. < 4. So far, we have only obtained an upper bound for the CHSH parameter;
however, it remains to show that this bound is achievable. This can be easily done by providing a quantum
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state and measurement settings that saturate the bound, such as those given in [11]:

1 o, +0 o, — 0O
|¢>=@(|00>+|11>), Aoy=0, Al=0y,  By= 2\5 =, By = Zﬁx. (2.50)

It can be verified that these choices achieve Tsirelson’s bound S = 2V2. One can show that the maximum
violation of the CHSH inequality achieved by a partially entangled state is given by 2+/1 + sin?(26), where
0 is the entanglement parameter of such a state. (for proof see appendix E where we also introduce the
Horodecki criterion [20]).

2.54 I33; Bell Inequality

Another well-studied Bell inequality is the /333, inequality. In this scenario, both Alice and Bob have three
possible inputs, x,y € {1,2,3}, corresponding to three different measurement settings for each party, as
opposed to two settings in the CHSH scenario. However, the number of outputs remains two, as in the CHSH
case, giving a (3, 3;2,2) configuration.” This inequality can be expressed as

Wz = =2P(0]1) = Pg(02) = PA(O]1) + > ¢4y P(0,0lx,) <0 (2.51)
X,y
where
1 1 1
c=|1 1 -1}{. (2.52)
1 -1 O

The quantum bound of /337, parameter is ‘W33 = 0.25 [21].

2.6 Detection Loophole and Post-selection

In Bell tests, as in most physical experiments, detectors are imperfect. Non-zero detector inefficiency implies
that some events remain undetected. Consequently, the detected events may not constitute a fair sample of the
total ensemble, giving rise to a detection loophole. This loophole was first pointed out in [22], where it was
shown that a LHV model can reproduce the quantum-mechanical correlations in the detected subset of events.
Restricting analysis to this subset is referred to as post-selection. One can follow two main strategies when
dealing with detector inefficiencies: either (i) assign an outcome to undetected events and include all runs in
the analysis, or (ii) post-select on the successful events. We begin with the first case.

Let us consider the (2,2;2,2) scenario, where both Alice and Bob have detection efficiency r. Suppose
that Alice and Bob aim to reach Tsirelson’s bound by sharing a maximally entangled state and performing
measurements, which would saturate the Tsirelson’s bound under perfect detection. However, in this case,
they reach S = 2V?2 with a probability of 52 corresponding to a successful detection on both sides. There is
no contribution to the Bell parameter when only one party registers a detection, since CHSH correlations
require joint outcomes. In such a case, the registered detection is a reduced state of a maximally entangled
state, namely, a maximally mixed state, producing completely random local outcomes. With a probability
of (1 — )2, both parties fail to register an outcome. In these runs, parties can only assign a predetermined
outcome, which can be described by a LHV model and therefore bounded by S = 2. Therefore, the resulting
CHSH parameter is

S=2V2n?+2(1-n)%. (2.53)

"This notation refers only to the number of measurement settings and outcomes per party and does not constrain the dimensionality
of the underlying quantum systems.
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A violation of the CHSH inequality happens when 17 > 7¢ritical With Dcriticar = 82.8% [6].

Although sharing a maximally entangled state results in a maximal violation of CHSH inequality under ideal
conditions, they are not the most optimal choice to minimize the critical efficiency 7¢riticar. In 1993, Philippe
Eberhard showed that the critical efficiency required for a loophole free Bell experiment ® can be reduced
below 82.8%, by using nonmaximally entangled states, provided that the signal-over-noise is very high [6].
He further, included that the critical efficiency can be as low as 66.7%.

A more complicated situation is when Alice’s and Bob’s detection efficiencies 14, 775, are not necessarily equal.
Brunner et al. [24] investigated this asymmetric scenario. The Bell expression can be written as a combination
of different sectors: joint detection, single detections, and no-detection events, weighted respectively by 471z,
(1 =na)np, (1 —=np)na, and (1 —n4)(1 —np). By sharing a maximally entangled state, following a similar
treatment as for the symmetric case, the Bell parameter in CHSH becomes

S =2V2 nans +2(1 = na)(1 = 7p). (2.54)

A relevant scenario studied in this paper corresponds to an atom-photon system, where the atom measurement
can be performed with near unit efficiency (74 ~ 1). This leads to a critical efficiency of n‘git ~ 70.7%.
However, it was shown that this efficiency can be reduced using a partially entangled state. In particular, a
weakly entangled state gives optimal values of n‘gitical ~ 50% for CHSH and r]%ri‘ical ~ 43% for I337.

The asymmetric scenario was also investigated by Branciard in [25], where, in contrast to the previous
treatment, the focus was on post-selected data. In his treatment, a no-detection event is regarded as a new
outcome, denoted by (). Consequently, the (2,2;2,2) scenario is extended to a (2,2;3,3) scenario, corresponding
to 2 measurement settings and 3 outcomes for both Alice and Bob . According to his work, to observe
non-locality, we need to satify the following condition on efficiencies

na+np <3nang. (2.55)

For the case n4 = np = 1, Equation 2.55 results in > 2/3 corresponding to the critical efficiency found by
Eberhard [6].

Let us further investigate the post-selection scenario by introducing outcome-dependent efficiencies. In
photonic Bell experiments, such efficiencies may depend on the measurement outcome or the setting due to
imperfections in the optical setup. Two examples of mechanisms leading to this dependence are discussed in
[8]. First the measurement setting is usually implemented using wave plates and polarizers. These optical
elements can produce small beam displacements that affect coupling efficiencies when Single-Mode Fibers
(SMFs) are used for photon collection. Second, fluctuations in the laser pump power can lead to variations in
the detected count rate, if the measurements are performed in sequential runs. This, in turn, violates the fair
sampling assumption.

We assume that the underlying model produces outcomes with the probabilities P(a, b|x, y), but since we
don’t observe all the outcomes, the post-selected probability is then P’ (a, b|x, y). We can then define outcome
and measurement dependent efficiency n, |, as

ny(a)

nc(a) +n.(0) 220

Na|x =

Where n, (a) is the number of photons detected with outcome a, and n,(0) is the number of photons that
were not detected (and analogously for 7,|,). To include no-detection events as possible outcomes, we define
an extended set of outcomes denoted by d (b), including both the standard outcomes a(b) and no-detection

8Using the Clauser-Horne (CH) inequality [23].
9For further discussion of Bell inequalities in (2,2;3,3) scenario, see [26]
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events 0. In this scenario, the POVMs corresponding to the measurements are given by

Ad|x _ {nalx Aalm
I- Za Na|x Aalxa

S
I

N
I

5 By, b,
o B ={m"y " 2.57)

L= 25 Mbly Boly. b=0

™
1]

Therefore, we can define the total probability of both Alice and Bob obtaining a successful event with [7]

Nyy= Z Na|x Mb|y P(a,blx,y).
a,be{0,1}

We denote quantities in the post-selected scenario, accounting for detector inefficiencies with a prime.
Therefore, the post-selected probabilities are defined as

Nalx Mb|y Na|x Mbly

P'(a,blx,y) = P(a,blx,y) =

tr[(Aa|x ® Bp|y) p], (2.58)
X,y Nx,y

where the 14|, and 7n;, are the detection efficiencies for Alice and Bob, respectively. In the case of
Na|x = NMp|y = N, it is clear that no-signaling principle Equation 2.34 holds. However, outside this regime,
there is no guarantee that the no-signaling principle will not be violated.

An example of violation of the no-signaling principle arising from post-selection with outcome-dependent
efficiency is given in [8]. In this scenario, Bob’s detector has a unit efficiency, while Alice’s detector has
efficiency n < 1 for outcome 1 and unit efficiency for outcome 0. Alice’s measurement settings are given

by o (o) for Ag and A}, respectively, while Bob’s measurement setting B is ‘TZ\ETZ. For this setup, the
no-signaling term becomes (Equation 2.34) a/f] y = \/g :—Z # 0 [8]. This demonstrates a violation of

no-signaling.

3 Model: Post-selection in Bell Inequality Scenarios

In this section, we investigate the post-selection effect on Bell inequalities and introduce the main models used
in this thesis. We denote the Bell parameter in the post-selected scenario by ‘W instead of S.

3.1 Post-selection in CHSH Inequality

To construct the CHSH inequality, we use the post-selected probabilities as defined in Equation 2.58. Thus,
the corresponding correlation function becomes

E,,= > ()" P'(a,blx,y) 3.1)
a,be{0,1}
— Z (_1)a+b r]alxnbly P(aa blxa y) (3 2)
a,be{0,1} Nx.y

For simplicity we choose: nax = ngly =10 and nﬁx = nﬁy = 11. Using the Equation 2.20 the CHSH
parameter becomes
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= _NYE = _1)\XY _1\atb nanp P(a, blx, y)
Wensn = ) (-1) Ex,y—xzyk 1) g 1) > (3.3)

X,y X,y

_1\a+b
_ Z(_l)xy 2 b (=D)Pnanp, P(a, blx,y) G
X,y

Yia.b Nallb P(a, blx,y)

The assumption of underlying model, whether quantum or LHV, determines the form of P(a, b|x, y) in
Equation 3.7. In a quantum mechanical scenario, the joint probabilities are given by P(a, b|x,y) =
Tr[(Aa| x ® Bp|y) p], where p denotes the quantum system of the bipartite state.

3.2 Bell Bound for Bipartite Product States under Post-selection

Here, we analytically prove that a bipartite product state, even in the presence of detection efficiency, cannot
violate the CHSH inequality. By substituting a product state p4 ® pp in the formula for the CHSH parameter
Equation 3.7, one gets

Za,b(_l)aernanb Tr[(Aalx ® Bb\y) (PA ® PB)]

Wensn = ) (=)™ 3.5
et ;( : Sab Natlp Tr[(Aajx ® Bpy) (pa ® pB)] G-2)
- Y Sap(D*nany Tr[Agjxpa| Tr[ Bpy p5] 56
X,y Za,b Nallb Tr[Aalpr]Tr[Bb\y pB]

Y (Xa(=1)na Tr[Agixpal) (Xp(=1)Pnp Tr[Byjypa]) a7)

X,y (Za Na Tr[Aalpr]) (Zb b Tr[BblypB])

Let us define
_1)¢ _1\b

o = 2a(=1) naTr[Aalpr]’ and By = 2(=1)"mp Tr[Bb|ypB]‘ 38

2ala Tr[Aa|pr] >bNb Tr[Bb|yp3]

First we prove that ., 8y € [—1, 1]. This step assumes the completeness of binary measurement Ag|,+A ;| = L.
Let us consider a,

3 noTr|Aojxpa] = mTr[Avxpal (3.9)
) noTr[Aojxpa] + mTr[Arxpa]
B noTr[Aojxpal = 11 (1 = Tr[Aoppal) (3.10)
noTr[Aojxpa] + 11 (1 = Tr[Aojepal)
Tr{Aoixpa|(mo+m1) —m
= [401+4] = ax(Tr[Agxpal)- (3.11)
Tr[Aopxpa] (no = m) +m
Where Tr [A0|pr] € [0, 1] We can show that the function a, (Tr[A0|pr]) is monotonic:
dax (Tr| A 2 -
x( [ lepA])) = sgn( 71070 = m) 2) = sgn(ng — 171) = constant. (3.12)
dTr[Agxpa| (Tr[Aojxpal 7o —m) +m)

Therefore, the upper and lower bounds correspond to the endpoint values a,(0) = —1 and a,(1) = 1, so
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€ [-1,1]. Similar argument holds for 3. Subsequently the CHSH parameter can be written as

WensH = Z(_nxyaxﬁy <2 for ay, By € [-1,1]. (3.13)
X,y

The last step follows from the fact that ‘Wcpsh is linear in @, and 3y, so its maximum over the domain [-1, 1]
is attained at the extremal points a,, 8y € {-1, 1}, where the standard CHSH bound equals to 2. Therefore,
inefficiencies do not affect the Bell bound for a product state.

3.3 Maximally and Partially Entangled States with Post-selection

For a bipartite entanlged state, the tr[(Aa|x ® Bp|y) p] can be substitued using Equation 2.20, then the CHSH
parameter becomes

2a.b Nallb [1 + (=DPayr + (=1)%bys + afTby]

Wansi = ) (-1 (3.14)
x.y 2ab nanb[l +a}r+b£s+a)Tchy]
_ Z(_l)xy (mo —n1)* + (7§ — ) (ayr +bls) + (qo +n1)*aL Thy -
oy (mo +n1)2 + (72 = ) (air + bls) + (7o —n1)2al Th,

We see only the difference and twice the average of efficiencies 179 and 171 appear in CHSH parameter formula,
therefore we define

2 2

A:770—771 7 no + M (3.16)

An important observation is that CHSH parameter ‘Wrpsy can be expressed as a function of a single
dimensionless parameter, the efficiency asymmetry R = %, which encapsulates the relevant information of
the system without any loss of generality. This allows us to construct the function “Weysy(R), which brings
almost all of the analysis in the single variable space; additionally, it leaves room for an extra parameter if
necessary (later we see for a partially entangled state we need a parameter 8) to make a 3D plot. Therefore, the
CHSH parameter can be written as

A% +nA (air +bs) +n*a, Th,

W = -1 3.17
st ;( ) 72 +nA (alr + bls) + A2al T, G17

R>+R(alr+bls)+ alThb
= Z(_l)xy = * - y - xT y . (3.18)

o~ 1+ R (ayr +bys) + R=a; Th,
Assuming a maximally entangled state » = s = 0 this expression simplifies to
R+ alTh

Wensn = ) (1) ———>. 3.19
CHSH Z( ) [+ R2alTh, (3.19)

X,y

For a partially entangled state, the reduced Bloch vectors and correlation matrix are given from Equation 2.28
and Equation 2.27.

We define a measure A(R, 0) representing how much the maximal CHSH violation changes when we introduce

A(R, 6) = max(Wensu(R, 6)) — 24/1 + sin®(26). (3.20)

inefficiencies
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3.4 Local Hidden Variable Models under Post-selection
For a classical local hidden variable model the joint probability is given by

P(a,blx,y) = ) qaDa(al)Da(bly). (3.21)
A

By substituting back in the Equation 3.7 we get:

oy 20220 () aDa(@l) (S (=) mDa(b1y)) Z( oy Za9aATB)
51 41(Za 1aDa(al0) (S 16D 2(b1y) T AAB
(3.22)

WensH = Z( 1
Xy

= > (=D)“naDa(alx) € {no.~m}, AL = > naDalalx) € {no,m},

, (3.23)
Bl =" (=)nuDa(bly) € {no,-m}, Byl =Y npDa(bly) € {no,mi}.
b b
Expressed in terms of R, these quantities simplify to
ALBYe{R+1,-(1-R)}, Al Ble{R+1,1-R} (3.24)

One can notice the relationship for Weysy can be reshaped as

QLALB, Al

W, — —1)*> — _/x_ X, y)a , 3.25
CHSH ny( ) ;ZACHA)(AB/I 21 B th( y)axPy (3.25)

q,lA/ B/
Zu quA 'u B ‘u
this shows that a Local hidden Varlable model in the presence of detector inefficiencies can be modeled as a

where we defined ¢/, (x, y) = = ?'/1 ,and 8, = B,A Itis clear that ay, B, € {1, 1}. Therefore,

measurement-dependent hidden-variable (MDHV) model with the hidden variable distribution ¢/, (x, y) [22].
Therefore, by giving up the measurement independence assumption !, the violation of the CHSH inequality
achieved by inefficient measurements can be reproduced using fully efficient measurements. Thus, the question
arises about how much one needs to relax this assumption. Following the work in [27], one can introduce the
measure M for this particular purpose

|
M:=3 sup Zlqﬁ(x y) — g4 (xy)]. (3.26)
2 xxy.y'

M quantifies the measurement independence 2, where M = 0 corresponds to completely independent
measurement settings, and M = 1 means no free will in choosing measurement settings. According to the
work done in [27], the maximal CHSH violation achieved by a measurement-dependent hidden variable model
is given by

Wensu < min(2 +6M,4). (3.27)

IThe measurement settings are chosen independently of any variable in the system.
2We note that the quantity M defined in [27] differs by a factor of two from our definition
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3.5 Optimization for Higher-Dimensional Quantum States

To generate higher-dimensional quantum systems, we parametrized the density matrix p using the Cholesky
decomposition [28]. Specifically, any positive semidefinite matrix can be written as LL", and we construct the
density operator as .

LL"

T T[LLT] 329

Jel

Here L is any lower triangular complex matrix with a real elements on the diagonal. This expression
automatically produces a positive semidefinite and hermitian matrix satisfying Tr [p] =1.

3.6 Post-selection in /33>, Bell Inequality

We replace all the probabilities in the Equation 2.51 with their post-selected counterpart. In analogy to
section 3.1 we define:

B
, n
P(0]1) = —0—Pg(0[1), NE, = > ufPs(bll), (3.29)
y=1 be{0,1}
B
, n
P(012) = ——Pg(0[2), NE,= > ufpPs(bl2), (3.30)
N)’=2 be{0,1}
A
, n
P (0[1) = —Z=PA(O]1), N = D niPatall). (3.31)
x=1 ae{0,1}

Additionally, P’(a, b|x,y) is given in Equation 2.58. We consider the general two-qubit density operator
(Equation 2.17) to derive an expression for the maximal /33, violation. In order to derive the probabilities,

the relationship given in Equation 2.20 is used for P(a, b|x,y), while P4(al|x) = %(1 +(-1)%ay - r) and

Pp(bly) = %(1 +(=1)? b, - s). To implement an LHV model, we simply substitute P(a|x) = >} ; gaD(alx)
and P(bly) = 2., gaDa(b|y), while using Equation 3.21 for P(a, b|x, y).

4 Methodology

The numerical optimization carried out in this thesis were performed using nonlinear programming (NLP).
Nonlinear programming refers to the class of optimization processes in which the objective or at least one of
the constraints depends nonlinearly on the variable. Generally, this problem can be formulated as finding
the minimum of a real-valued function f, where the optimization variable is x € R". subject to equality and
inequality constraints:

min  f(x)
X
subjectto c;(x) =0, i€E, 4.1)
ci(x) >0, iel.
Here, each c; is a real-valued constraint function of x, while £ and I denote sets of indices corresponding

to equality and inequality constraints, respectively. [29] To solve the optimization problems numerically,
routines from SciPy [30] were used, specifically L-BFGS, SLSQP, and differential evolution. Due to their
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efficiency, the gradient-based methods (L-BFGS, SLSQP) were primarily used to obtain high-precision local
optima. To ensure the results were not artifacts of local maxima, the solutions were validated using the global
optimization method differential evolution.

To maximize the CHSH parameter over measurement settings for a maximally entangled two-qubit state, only
the measurement vectors a, and b, were parametrized on the Bloch sphere and optimized numerically. For
a partially entangled two-qubit state, an additional entanglement parameter 6§ was introduced and therefore
included in the optimization. In this scenario, the corresponding Bloch vectors r, s and correlation matrix 7
depend explicitly on 6. A similar approach was utilized for the optimizations involving /332> Bell inequality.

To optimize over all two-qubit states, the density matrix p was parametrized using the Cholesky decomposition
(see section 3.5). From this parametrization, the Bloch vectors r, s and the correlation matrix 7 were computed
numerically. This allowed us to benefit from the computational efficiency obtained by the analytically derived
expression of the CHSH parameter in terms of r, s and 7.

The situation was different in the two-ququart optimization, where both the state and the projective measurements
were varied over their full parameter spaces. In this case, the Bloch-vector formalism was no longer used.
Instead, the measurement operators A, |, and By, were constructed explicitly through matrix parametrizations.
This led to a substantially higher computational cost. For the LHV model, each hidden variable A is described
as a deterministic strategy specifying outputs for all measurment settings, namely

A = (aop, ay, by, by). 4.2)

5 Results and Discussion

5.1 Post-selection Effects on the CHSH Inequality

The effect of post-selection on the maximal CHSH violation was investigated through numerical optimization
of Equation 3.15, where the optimization is performed over measurement settings for a two-qubit maximally
entangled state. The maximal CHSH violation achieved by this state is represented as a function of outcome-
based efficiencies 19 and 7; in Figure 5.1a. We observe that the maximal CHSH parameter remains at 2V2
when 1o = 171, whereas for iy # n; it exceeds this value. When the maximization was also carried out over
all two-qubit states using the Equation 3.15 (instead of restricting to the maximally entangled state), the
same plot was reproduced. This suggests that, within the set of two-qubit states, the maximal entangled state
achieves the highest CHSH value for the considered post-selected scenario.

The Equation 3.22 was used to calculate the maximal CHSH violation of a post-selected LHV model; the
result is shown in Figure 5.1b. In this scenario, there are no apparent CHSH violations for g = n;. However,
for 1 # n1, there exist LHV models that can produce CHSH violations exceeding the original Tsirelson’s
bound (Weusn = 2V2).
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0.8 0.8
1.0 1.0

(a) Maximally entangled state (b) LHV model

Figure 5.1: Maximal CHSH parameter under post-selection as a function of outcome-dependent detection efficiencies
1o and n7;. (a) maximally entangled quantum state. (b) LHV model.

We introduced the parameter R in section 3.3, which allows the maximal CHSH violation achieved for both
the quantum model and the LHV model to be expressed as a function of a single variable. This facilitates a
direct comparison between the two cases. For the two-qubit quantum model, the Figure 5.1 is optimized,
while for the LHV model, Equation 3.22 is optimized using the parametrization given in Equation 3.24. The
resulting behavior is displayed in Figure 5.2.

4.00 7 — Quantum (numerical)
—— LHV (numerical)
3754 ==- 202

0.0 02 04 0.6 08 10
R
Figure 5.2: The maximal CHSH violation under post-selection as a function of R = 77?);211 for a two-qubit quantum
model (blue) and an LHV model (red).
Fitting the data for both models gives:
LHV (linear): “Wcusy = 2.02R + 2.00, szit = 0.99986, 5.1

Quantum (quadratic): Wepsh ~ R* — 0.08R +2.83 ~ 1.3R? +2V2, RZ = 0.99990. (5.2)

An essential observation is that the LHV model predicts a linear dependence on R, whereas the two-qubit
quantum model follows an approximately quadratic trajectory. This reflects that the LHV model responds
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primarily to the imbalance between efficiencies encoded in R, while the quantum model shows a dependence
that involves a joint contribution of both inefficiencies, leading to a nonlinear (quadratic) scaling in R.

The linear dependence on R also appears in the measurement-dependent hidden-variable (MDHV) representa-
tion of the LHV model in the presence of inefliciencies. As explained in section 3.4, a post-selected LHV
model with inefficiencies can be mapped onto an MDHYV model. Using the Equation 3.26, the measurement
independence parameter M is plotted as a function of R in Figure 5.3a. In Figure 5.3b, the maximum
violation achieved by the LHV model is plotted versus M, together with the reference line min(2 + 6M,4). In
both plots, an approximately linear dependence is observed. This implies that the measurement dependence
M is generated proportionally to the detection asymmetry.

Although the inefficient LHV model can be represented by an MDHV model, this mapping is not the most
optimal among such models for violating the CHSH inequality. Reproducing the original Tsirelson’s bound
through the measurement-dependent hidden variable mapping requires M = 0.44, corresponding to a loss of
44% of measurement independence. By contrast, an optimal MDHV model requires only 13% measurement
independence loss to saturate the same bound.

4.004

2,001 £ ---- min(2 + 6M, 4)

0.0

—— Maximum CHSH violation

0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8
R M

(a) M as a function of R (b) ‘WcusH as a function of M

Figure 5.3: Relationship between detection asymmetry R, measurement independence M, and the maximal CHSH
parameter in a post-selected LHV model mapped to an MDHV model. Panel (a) shows how M depends on R, while
panel (b) illustrates the behavior of the maximal CHSH parameter (‘Wcysn) as a function of M.

As observed in Figure 5.2 for the range 0.67 < R < 1, the LHV model gives a larger violation of the CHSH
inequality than the one attained by the two-qubit quantum model. This indicates that the two-qubit model
is not sufficiently expressive to reproduce all the correlations generated by the LHV model in this regime,
suggesting that the latter effectively requires a higher-dimensional representation.

To investigate this further, we examined the distribution of the hidden-variable probabilities g,. In this
parameter region, only four values of g, are nonzero. For instance at R = 0.8, the corresponding values of
g are presented in Table F.1 of Appendix F. This suggests that extending the quantum description to a
higher-dimensional Hilbert space, specifically a bipartite system of two ququarts, may provide an advantage.
Here, a ququart refers to a four-dimensional local Hilbert space, as opposed to a two-dimensional Hilbert
space for a qubit.

Accordingly, in Figure 5.4, we plot the maximal CHSH parameter achieved by the two-ququart quantum
model together with the one achievable by the LHV model. The resulting two-ququart curve closely resembles
that of the two-qubit one, but it attains slightly larger values precisely in the interval where the two-qubit
model failed to surpass the LHV bound. In that region, the two-ququart curve coincides with the LHV curve,
and both follow an approximately linear dependence on R for R 2 0.67.

10
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These results indicate that for sufficiently large detection efficiency bias ! the LHV model and the two-ququart
quantum model predict the same maximal violation of the CHSH inequality. Moreover, the linear dependence
on R in the two-ququart case for large R suggests that, in the regime of strong asymmetry in the detection
efficiencies, joint contributions become negligible and the behavior is governed primarily by the asymmetry
itself, leading to an approximately linear scaling.

4.001 — Quantum (numerical), mode=pure
—— LHV (numerical)
3.754 === 22

0.0 0.2 0.4 0.6 0.8 10

Figure 5.4: The maximal CHSH violation under post-selection is plotted as a function of the parameter R = Z?);le for a
two-ququart quantum model (blue) and local hidden variable models (red).

In the discussion of the critical efficiency required to perform a loophole-free Bell test (section 2.6), we
observed that partially entangled two-qubit states can reduce the critical efficiency. Motivated by this, we
investigate the maximal CHSH violation achieved by partially entangled states in the presence of post-selection.
We substitute the reduced Bloch vectors and correlation matrix given in Equation 2.28 and Equation 2.27
into and optimize the CHSH parameter over all measurement settings. The resulting plot is illustrated in
Figure 5.5, where the maximal CHSH violation is presented as a function of asymmetry parameter R and the
entanglement parameter 8. We observe that, for large asymmetry parameters R, the maximal CHSH violation
achieved by weakly entangled states becomes highly sensitive to variations in the entanglement parameter 6.
However, for all values of R, the maximally entangled state produces the largest CHSH violations.

Figure 5.5: The maximal CHSH violation under post-selection is plotted as a function of R and 6 for a partially entangled
two-qubit state |¢) = cos 6 |00) + sin 6 |11).

"When the difference in inefficiencies is comparable to their absolute values
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A more informative measure is obtained by considering the difference between the maximal CHSH violation in
the presence of post-selection from its original value, denoted by A(R, 8) for each partially entangled two-qubit
state. The plot of A(R, #) is shown in Figure 5.6a. The ridge in the plot defines 0y,,x, the value of 6 that
maximizes A for each fixed R. The resulting values of 0.« are plotted separately in Figure 5.6. For a large
efficiency asymmetry (R — 1), the maximum of A(R, 8) is achieved for weakly entangled states, approaching
the product-state limit. Although this corresponds to a different operational setting, it again highlights the
importance of weakly entangled states in post-selection scenarios, as also identified by Eberhard [6], where the
minimum critical detection efficiency for a loophole-free Bell test is achieved using non-maximally entangled
states in a specific limit approaching product states.

— Omax(R)

0.5
Computed Bmax(R)
—— Fit:aV1—RF
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g 0.3
£ %
® 0.2 “\'-_
Ve
e
‘-
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0.1+ "
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[
!
0.0 0.2 0.4 0.6 08 1.0
R
(a) The post-selection induced change in CHSH violation (b) Extracted optimal entanglement parameter Oyax as a
A(R, 0) as a function of R and 6. The ridge in the plot function of R, with respect to its empirical fit (Rg> =
corresponds to O.x defined as the value of 6 that maximizes 0.991259, a = 0.4802, 8 = 3.5190).

A for each R.

Figure 5.6: The post-selection enhancement A(R, ) and the corresponding optimal entanglement parameter 0« (R),
together with its empirical fit.

We approximate the data using the function: 6,,,,(R) = V1 — RB. The fit is represented in Figure 5.6b,
giving the parameters @ = 0.4802, 8 = 3.5190. This leads to the approximation expression 6,4« (R) =~ ‘1‘2R3‘5.
This result indicates that as the detection asymmetry increases, the entanglement that benefits most from the

post-selection shifts continuously from strongly entangled to weakly entangled states.

5.2 Post-selection Effects on the /33>, Inequality

Here we simulate the effect of post-selection on the /333, inequality using the model established in section 3.6
and subsection 2.5.4. For a maximally entangled two-qubit state, the maximal /33, violation is plotted as
a function of outcome-dependent efficiencies, 1y and 71, in Figure 5.7a. A notable feature of this plot is
its asymmetry with respect to g and r;. Unlike the CHSH inequality, /33, inequality (Equation 2.51) is
asymmetric in its treatment of measurement outcomes. Motivated by this asymmetry, we extend the parameter
range to R € [—1, 1] in order to capture all relevant information about the system. The maximal /333, violation
for partially entangled two-qubit states as a function of R and 6 is represented in Figure 5.7b. We observe that
for large efficiency asymmetry with n79 > 11, the maximal violation is largest in the weakly entangled regime.
In contrast, for smaller asymmetries R or for rjg < 171, post-selection produces almost no apparent violation in
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the weakly entangled regime.

1.0

0-2 0.2
0.0 0.0
(a) Maximal /33, violation for a maximally entangled two- (b) Maximal 335, violation for a partially entangled two-
qubit state as a function of 77 and 7. qubit state as a function of the asymmetry parameter R and

the entanglement parameter 6.

Figure 5.7: Maximal I33;, violation under post-selection for maximally and partially entangled two-qubit states.

To compare the behavior of different partially entangled two-qubit states in this scenario, we plot the maximal
13377 violation as a function of R in Figure 5.8 for four representative values of 6.
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Figure 5.8: The maximal /335, parameter is plotted as a function of the parameter R = % for two-qubit partially
entangled state for different values of 6.

In Figure 5.9, the maximum /333, violation achievable by an LHV model under post-selection is plotted as a
function of 179 and 77;. The line 19 = 1| draws a clear border in the plot. In the region 1; > 19, no violation is
observed, i.e, Wiz322 = 0, whereas for 171 < 79, a clear violation of /33, inequality emerges, even some values
exceeding the quantum bound W33z, = 0.25 [21]. Therefore, there exists a regime of detection efficiencies
11 > 1o in which any post-selected LHV model fails to reproduce 1337, violations.
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3322

0.0 1.0

Figure 5.9: Maximal value of 1335, parameter as a function of detection efficiencies 7y and 7| , obtained using a LHV
model under post-selection.

We have also found that for R = 0.09, the LHV model exceeds the standard quantum bound, corresponding to
the efficiency ratio 7o = 1.2n;. In contrast, for the CHSH inequality, the post-selected LHV model saturates
Tsirelson’s bound when R = 0.41, corresponding to g = 2.4 ;.

6 Conclusion

In this work, we explored the effect of introducing outcome-dependent efficiencies in Bell tests. The study
investigated post-selected data under the assumption that the system follows either quantum mechanics or an
LHV model. We showed that the behavior of both models can be effectively characterized by introducing
the efficiency asymmetry parameter R = % Numerical optimizations were carried out to quantify the
amount of CHSH violation produced by an LHV model in the presence of inefficiencies. Remarkably, the
violation achieved by the LHV model can even exceed that of the two-qubit quantum model for R 2 0.67.
We also provided a derivation in section 3.4 showing that an LHV model in a post-selection scenario
resembles a Measurement-dependent hidden-variable model with perfect measurements, where the modified

hidden-variable distribution g’,(x, y) is given by

‘Ap'a
A2B

o 4 (6.1)
Zﬂ q/JAx'uBy'u

qh(x,y) =

The measurement independence parameter M required for this post-selected LHV model to saturate the
Tsirelson’s bound was calculated to be 44%. In contrast, for an optimal Measurement-dependent hidden-
variable model, only M = 14% is required to saturate Tsirelson’s bound. The main results for the post-selected
LHYV model in the CHSH inequality are summarized below.
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LHV Model

For post-selected data arising from asymmetric detection efficiencies 19 # 711, there exists an LHV
model which reproduces an apparent CHSH violation. Therefore, from an experimental perspective,
a reliable violation of the CHSH inequality requires either well-balanced efficiencies or a regime in
which observed violations exceed the maximum achievable by a post-selected LHV model. In this
scenario, the maximal CHSH parameter depends approximately linearly on R:

Wensn ~ 2R + 2.

This shows that the effect of a post-selected LHV model on the maximal CHSH violation is primarily
governed by the efficiency asymmetry R, rather than by nonlinear combinations of 19 and n;. The
simulations further suggest that the measurement independence parameter M of the corresponding
measurement-dependent hidden variable model follows the numerically observed relation

M ~ R.

Furthermore, we proved analytically that product states do not violate the CHSH inequality in the post-selected
scenario, regardless of the values of the outcome-dependent efficiencies. Numerical calculations further
showed that maximal CHSH violation for a two-qubit quantum model increases quadratically with R. This
indicates the presence of nonlinear contributions of 79 and 7 in this case, in contrast to the post-selected
LHYV model. In the two-qubit quantum case, partially entangled states showed lower maximal CHSH values
than the maximally entangled ones. However, the maximum difference between the ideal Bell value and
the post-selected value, A, is not achieved by a maximally entangled state. Instead, a relation (Figure 5.1)
was derived for the entanglement parameter 6(R) of a partially entangled state that maximizes this quantity.
As observed, weakly entangled states show the largest enhancement of the CHSH violation induced by
post-selection in the regime of large efficiency asymmetry R.

The two-qubit quantum model was found to be insufficient to reproduce CHSH violations as large as those
produced by the post-selected LHV model for R = 0.67. To address this, a two-ququart quantum model was
optimized. Although this model follows a trajectory similar to the two-qubit case with respect to R, the slight
improvement ensures that it remains at least as large as the LHV model for all values of R.

For the 1337, inequality, unlike the CHSH case, the maximal violation is not saturated by a maximally entangled
state. The 13377 parameter was numerically maximized for several partially entangled states and plotted as
a function of R. The LHV model does not produce any violation when 9 < 11, whereas violations occur
when 1o > 171. Additionally, violations exceed the quantum bound (/3322 = 0.25) at R = 0.09 corresponding
tono = 1.27;.

This work can contribute to future studies of the detection loophole and post-selection effects in Bell
experiments. The numerical framework developed here provides a systematic way to approach outcome-based
asymmetric efficiencies and their effect on the observed non-local correlations. The results obtained here
suggest several directions for further research. One direction would be to analytically characterize the observed
dependence on the parameter R, in particular, the linear behavior found in the LHV model.

The analysis may also be relevant to investigating deviations from the Tsirelson’s bound under imperfect
measurement scenarios. Moreover, it can be potentially used in the studies of measurement dependence in
hidden-variable theories. The framework developed in this work could help to clarify the relationship between
detection loopholes, measurement dependence, and nonlocality.
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All Pure Bipartite Entangled States Violate CHSH

Here, we prove that all pure bipartite entangled states violate the CHSH inequality [16]. We begin by

rearranging the Schmidt decomposition of a bipartite d-dimensional pure state (Equation 2.24)
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With the measurements acting independently on each Schmidt block

Ac=Pac; 05, By =(Phby; -0 (A3)
J

J

We aim to recreate a partially entangled state inside this decomposition. Therefore, by defining

C2j-1 . Coj
cosf = ;, and sinf = —J, (A4)
 + c2 c

2] Jj 2j-1
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The state becomes a combination of partially entangled states

dj2 d/2

|¢>=Z,/c§j71+c§j (cos(0)[2) — 1)[2) — 1) +sin 6]2,)[2)) =Z 3+ W) (AS)
j=1 j=1

Here, |y (6;)) is a partially entangled state with entanglement parameter 6 ;. For a non-zero 6, the partially
entangled state violates CHSH. Thus, the existence of at least one non-trivial Schmidt pair (i.e., c2;-1, c2; # 0)
corresponding to non-zero 6 is sufficient to produce CHSH violation. This is satisfied by the assumption of a
bipartite entangled state, which requires non-zero c; and c.

B Separable States Only Generate Local Behavior

A separable bipartite state can be seen as a classical mixture of product states. Consequently, the correlations
created by these states are just shared randomness. We show this by calculating the joint probability for a
separable bipartite density operator given in Equation 2.21 [11]

P(a,b|x,y) = Tr [p (Ag)x ® Bp)y)] (B.1)
=Tr [ > qa(0k ® ) (Aaix @ Bijy)] (B.2)
A
= >, 4T [pAAaix] Tr [05Bos | (B3)
A
= D PP, (B.4)
A

We have recovered the local form of the probability distribution given in Equation 2.30, suggesting that the
separable states generate only the correlation reproducible by an LHV model.

C Strategies for the Conceptual Model

Here we prove that any assignment of predetermined outcomes to the coin in subsection 2.5.1, fails to satisfy
both conditions mentioned in that section. The requirement that Alice and Bob always obtain the same
outcome whenever they choose the same color implies that any predetermined assignment of outcomes must
be identical for both parties. Otherwise, choosing the same color could produce different outcomes. We
proceed by investigating the second condition, where Alice and Bob choose different colors. There are three
possible pairs:

(R,G) (R,B) (B,G)

Since the choices are random, each pair occurs with the probability % Next consider an assignment of
outcomes to these three coins. Since each coin can only take two values, H or T, while there are three
coins, at least two coins must share the same value !. Consequently, among these three pairs, at least one
pair gives the same outcome to both parties. Let’s label each assignment of H and T to the coins with a
variable A (for example, 1; = (H,T,T)). Therefore, for each predetermined set of coins corresponding to

I pigeonhole principle
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a A, both parties will, with a probability of at least 1/3, choose a color pair providing the same outcome, it
follows that P (same|different colors, 1) > % However, the source may generate different assignments A with
different frequencies. For example, the assignment (H,H,H) may occur more often than (T,H,H). We denote
the probability distribution for these predetermined assignments by p(1). The overall probability of obtaining
the same outcome when different colors are chosen is given by

P (same|different colors) = Z p(A)P(same|different colors,d), where 0 < p(2) < 1. (C.1)
il

But as we discussed, for every individual set P(same|different colors,) > % Since P(same|different colors)
is a convex combination of these individual probabilities, we conclude that
P(same|different colors) >

> (C.2)

W | —
Bl —

This result suggests that no predetermined local strategy can satisfy both conditions.

D Alternative Derivation of Tsirelson’s Bound

We wish to provide an alternative derivation of the Tsirelson’s bound for the CHSH inequality that relies
less heavily on operator methods than the proof in subsection 2.5.3. The derivation follows the treatment
represented in [13]. By inspecting Equation 2.29, one can rewrite the CHSH operator in the following form

S = %(A(z)®I[B+Af®]IB+I[A®B%+I[A®Bf)— \/58_ Im,
where M is a positive operator expressed by
M= [(V2+1)(Ag®Ig—Io®Bo) + A @I — 14 ® B| (D.1)
+[(V2+ 1)(Ag@T5—To® B)) + A; @5 — 14 ® Bo]’ (D.2)
+[(V2+1)(A @1 —T4® Bo) + Ag @I +1, @ By|’ (D.3)
+[(V2+ 1)(A) @5 +T14® B)) — Ag® 5 — 14 ® Bo)’. (D.4)

Since M > 0, the second term is non-positive due to the minus sign. The maximum is attained when this term
vanishes, i.e. when M = 0. Consequently,

1

ISIle, < @(A%®H3+A%®I[B+1IA®B§+]IA®B%) . (D.5)
1

<75 |43 ® 18|, + [|AT ® Is |, + [[1a ® B, + [[La ® Bi]., ). (D.6)

Additionally, for projective observables with eigenvalues +1, we have A2 = Bi = I, and hence ”Ai”w =
||B§||o<> =1, leading to

1
I8l = = (143ll, + l4ills + 1Bl + 1831l ) = 2v2. (D.7)

"For a more general proof without the assumption of projective observables see [13]

29



E Horodecki Criterion for Partially Entangled States 30

E Horodecki Criterion for Partially Entangled States

Partially entangled states can produce a CHSH violation as high as Syax = 21 + sin®(26), where 6 is the
entanglement parameter. However, to prove this, we begin by proving the Horodecki Criterion. Consider
the density matrix for a two-qubit state (Equation 2.17) where the correlation matrix elements are given by
Equation 2.18. If we denote the two largest eigenvalues of 71T by A; and A5, then the Horodecki Criterion
states that the state violates the CHSH inequality if and only if:

A+ >1, (El)
and the maximal CHSH violation achievable by this state is given by

Smax = 2\//11 + As. (EZ)

To construct the Bell parameter, we find an expression for (A, By) using the Equation 2.20

(AxBy) = > (1) P(a, blx,y) (E3)
a,b

- Z(—l)‘”b%(l +(=1)%y T+ (=D)Pby s+ (1)@ aETby) (E.4)
a,b

=> %((—1)“”’ +(-DPayr+(=1)by s+ azrby). (E.5)
a,b

(E.6)

It is evident that the first three terms average to zero, leading to
(AyBy) =aLTh,. (E.7)
Therefore, the CHSH parameter (Equation 2.29) can be rewritten as
S=ayThy+ayThy+a Thy—aj Thy =a;T(by+bi)+a;T(by—b). (E.8)

Thus, the expression consists of two inner products, which gain their maximum value when the pair of vectors
are aligned. In other words, the best strategy for Alice is to align her measurment vectors ap and a; with
T (bg + by) and T (bg — by) respectively. Therefore

H;%X[ao- T (bo +b1)] =T (bg +by)|, and H;?X[al « T (bo—by1)] =T (bo —by)|. (E.9)
max § = |T (bg + by)| +|T (bo —by)| (E.10)
ap,a

To further simplify, we define two pairs of mutually orthogonal unit vectors ¢y and ¢; such that

by + b; = 2cos 6 &, by —b; =2sin6¢;, where 0 e [0, g] . (E.11)

Subsequently, we need to carry out the following maximization

max 2(cos @[T - Co| +sin6|T - 1) (E.12)

0,80,¢



We rearrange the expression

T-¢ T-¢
max 2\/|T - &|? + |T - &1|*(cos O sina+sin 6 cos @) = (cos | ol +sin 0 | ! .
0:80.81 VIT - &2 + T - &2 VIT - &2 +|T - &2
(E.13)
This allows us to define a helper angle g, ¢, such that
T-¢ T-¢
COS @y e, = | 1 , and sinag,¢, = | ol (E.14)

VIT &2 +T - &2 VIT - So2 + 1T - &2

The simplified expression becomes

max 2V|T - &2 + |T - & |2(cos Osin g, ¢, + sin 0 cos g, ¢,) = max W|T - &2+ |T - &2 sin(ag, ¢, +0)
6,80.¢1

6,80,81
(E.15)
This expression acquires its maximum value at 6 = 7 — @, ¢,, consequently
max § = max 2v/|T - &2 + [T - &2 = max 2v&o - TTT - & + & - TTT - & = 2441 + 4, (E.16)
€0,C1 €0,C1 ¢o,C1

In the last step we chose & and ¢; as two eigenvectors of 77T corresponding to its two largest eigenvalues 1;
and A5.

For a partially entangled state, according to Equation 2.27, we have TTT = diag( sin?(26), sin(26), 1), thus
A1 = 1 and A, = sin® 26. Therefore, the maximal CHSH violation for a partially entangled state is given by

Smax = 2V1 + sin® 26. (E.17)
F Tables

A (ao,ai, bo, by) qa

0 (0,0,0,0) 0.000000000000
1 (0,0,0,1) 0.366267385926
2 (0,0,1,0) 0.000000000000
3 0,0,1,1) 0.000000000007
4 (0,1,0,0) 0.366270135013
5 0,1,0,1) 0.000000000010
6 (0,1,1,0) 0.133732223754
7 0,1,1,1) 0.000000000008
8 (1,0,0,0) 0.000000000000
9 (1,0,0,1) 0.133730255726
10 (1,0,1,0) 0.000000000000
11 (1,0,1,1) 0.000000000009
12 (1,1,0,0) 0.000000000007
13 (1,1,0,1) 0.000000000008
14 (1,1,1,0) 0.000000000009

15 (1,1,1,1) 0.000000000010

Table F.1: Deterministic strategies A = (ag, ai, bg, b1) and corresponding probabilities ¢, for R = 0.8.

31



	Abstract
	Acknowledgements
	Abbreviations
	Contents
	Introduction
	Theoretical Framework
	Wavefunction and Density Operator
	Quantum Measurements
	Qubits and Bloch Sphere
	Entanglement
	Bell Inequalities and Local Hidden Variable Models
	Conceptual perspective on Bell Inequalities
	All LHV Models Satisfy the CHSH Inequality
	Maximum CHSH Violation in Quantum Mechanics
	I3322 Bell Inequality

	Detection Loophole and Post-selection

	Model: Post-selection in Bell Inequality Scenarios
	Post-selection in CHSH Inequality
	 Bell Bound for Bipartite Product States under Post-selection
	Maximally and Partially Entangled States with Post-selection
	Local Hidden Variable Models under Post-selection
	Optimization for Higher-Dimensional Quantum States
	Post-selection in I3322 Bell Inequality

	Methodology
	Results and Discussion
	Post-selection Effects on the CHSH Inequality
	Post-selection Effects on the I3322 Inequality

	Conclusion
	All Pure Bipartite Entangled States Violate CHSH
	Separable States Only Generate Local Behavior
	Strategies for the Conceptual Model
	Alternative Derivation of Tsirelson's Bound
	Horodecki Criterion for Partially Entangled States
	Tables

