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Abstract
Causality is a fundamental requirement for physical consistency in many-body approxima-
tions. In the context of Green’s functions, causality requires a positive spectral function and
analyticity in the upper half of the complex-frequency plane. These properties are not guar-
anteed by approximate methods, and formal proofs of causality for the underlying approx-
imation schemes are often difficult to establish. The recently rediscovered Nevanlinna–Pick
criterion provides a practical way to test causality directly from Matsubara-frequency data,
without performing analytic continuation to the real-frequency axis. In this work, we use the
Nevanlinna–Pick criterion to investigate the causality of the ladder dual-fermion approach, a
diagrammatic extension of dynamical mean-field theory designed to incorporate nonlocal cor-
relations. The analysis is performed for the spinless Falicov–Kimball model, which provides a
useful testing ground because several quantities can be computed exactly or semi-analytically,
avoiding Monte Carlo noise. This is particularly important since the Nevanlinna–Pick crite-
rion is highly sensitive to noise in the input data. In addition, we derive several analytical
properties of the Pick matrix, providing insight into the structure of the criterion when ap-
plied to Green’s functions. For small systems, apparent causality violations are observed, but
these are found to be associated with finite-size effects. For larger system sizes, no robust
signs of causality violations are found, neither within the full ladder dual-fermion approach
nor within the leading dual-fermion correction.
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1 Introduction
Many physical phenomena in materials, including magnetism and charge ordering, originate
from the collective behavior of interacting electrons. Understanding these phenomena is
essential not only for explaining the properties of existing materials, but also for guiding
the design of new materials for future technologies. In principle, an exact solution of the
quantum many-electron problem would allow material properties to be determined exactly
from first principles. In practice, however, this problem has been studied for almost a century
and remains virtually impossible to solve exactly, due to the large number of electrons in real
materials, their quantum nature, and the mutual Coulomb interactions that couple their
motion.

Several approaches to the many-electron problem have been developed, including density
functional theory [1, 2], which uses the electron density as the fundamental variable, and
Green’s function methods. Green’s functions characterize the propagation of electrons and
holes in materials and provide direct access to experimentally measurable quantities, such as
electronic excitation spectra. They are also powerful theoretical tools, since they can be used
to evaluate expectation values of single-particle operators in thermal equilibrium, as well as
the ground-state energy [3].

Obtaining the exact Green’s function, however, would require an exact solution of the many-
body Hamiltonian, and one must therefore resort to approximations. To be useful, such
approximations should i) be sufficiently general to be applicable to a wide range of materials,
ii) reproduce measured observables and iii) be physically consistent.

A fundamental requirement for physical consistency is that an approximation respects causal-
ity, meaning that a cause precedes its effect. Mathematically, a causal response function
must vanish identically before the corresponding external perturbation is applied. This con-
dition imposes strict constraints on the analytic structure of response functions in complex-
frequency space. Consequently, causal response functions satisfy nontrivial properties such
as the Kramers–Kronig relations, which connect the real and imaginary parts of the response
function on the real-frequency axis.

Dynamical mean-field theory (DMFT) was introduced in the late 1980s [4] as a nonperturba-
tive approximation scheme for computing the Green’s function in strongly correlated systems
dominated by local correlation effects. The approximation is based on mapping the lattice
system onto an effective single-site impurity problem, which is solved self-consistently. The
resulting impurity self-energy, characterizing the interactions of a system, is then assigned to
each lattice site. As a result, nonlocal, or momentum-dependent, effects are neglected, since
the impurity problem consists of a single site.

To incorporate nonlocal effects and thereby improve upon the DMFT solution, a diagram-
matic extension of DMFT, known as the dual-fermion approach, has been developed [5]. The
dual-fermion approach is based on an exact change of variables from the physical lattice elec-
trons to a set of dual fermions, constructed such that a noninteracting system of dual fermions
reproduces the DMFT solution. Since the change of variables is exact, approximations enter
only through the choice of diagrams included in the perturbative expansion.
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Although DMFT is known to be causal [6, 7], no formal proof has yet established the causality
of the dual-fermion approach. Proving causality for the dual-fermion calculations requires
showing both that the self-consistency condition used in the iterative procedure is causal, and
that the chosen diagrammatic approximation respects causality. While certain conditions in
diagrammatic perturbation theory ensure nonnegative spectral functions, causality is not in
general guaranteed for diagrammatic extensions of DMFT [8].

At finite temperature, Green’s functions are conveniently expressed within the Matsubara
formalism [3], where quantities are evaluated in imaginary time. In this formalism, the
Green’s function is computed on a discrete set of points along the imaginary-frequency axis.
Recovering the physical real-frequency Green’s function requires analytic continuation from
the imaginary-frequency to the real-frequency axis, where causality can be examined di-
rectly.

A recent breakthrough in analytic continuation [9] interpolates the imaginary-frequency data
using causal functions, thereby guaranteeing that the resulting real-frequency Green’s func-
tion is causal whenever such an interpolation is possible. The existence of a causal interpolant
can be verified through the Pick criterion [10, 11], which depends only on the input data on
the imaginary-frequency axis. This makes it possible to test causality of an approximation
scheme without explicitly performing analytic continuation.

The aim of this work is to investigate causality in the dual-fermion approach using the
Pick criterion. This is done in the context of the two-dimensional spinless Falicov–Kimball
model, a simplified version of the Hubbard model, in which electrons of opposite spin are
represented by two distinct species denoted c and f electrons, with the hopping amplitude of
the f electrons set to zero. This leads to several simplifications, including the applicability
of Wick’s theorem for a fixed f -electron configuration, and the separation of static and
dynamic susceptibilities [12, 13]. Moreover, several quantities in the Falicov–Kimball model
admit analytical expressions. Consequently, the model can be solved numerically exactly,
meaning without Monte Carlo noise, making it a suitable testing ground for approximation
schemes and their properties.

2 Theory

2.1 Conventions and Assumptions

Natural units are used throughout this work. We consider two-dimensional, time-independent,
translationally invariant lattice systems at finite temperature in the grand-canonical ensem-
ble. Additional degrees of freedom, such as spin, are neglected, meaning that the Green’s
functions are scalar quantities.

2.2 Green’s Functions in the Finite Temperature Formalism

2.2.1 The Matsubara Green’s Function

Green’s functions characterize the propagation of electrons and holes in many-body systems.
They provide a means of expressing expectation values of single-particle operators, and their
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Fourier transforms contain the one-particle excitation energies associated with electron addi-
tion and removal. At finite temperature, it is convenient to work in imaginary time, τ , where
the Matsubara Green’s function is defined as [3]

Gij(τ) = −⟨T ĉi(τ)ĉ
†
j⟩ = −⟨ĉi(τ)ĉ†j⟩Θ(τ) + ⟨ĉ†j ĉi(τ)⟩Θ(−τ). (2.1)

Here, ⟨...⟩ = 1
Z
Tr(e−βĤ . . . ) denotes the thermal expectation value in the grand-canonical

ensemble, where Z is the partition function, β is the inverse temperature and Ĥ is the grand-
canonical Hamiltonian. Moreover, T denotes the imaginary-time-ordering symbol, and ĉ, ĉ†

are the fermionic annihilation and creation operators. The indices i and j label the lattice
sites, and Θ(τ) is the Heaviside function. Operators are defined in the modified Heisenberg
picture,

ĉi(τ) = eĤτ ĉie
−Ĥτ , ĉ†i (τ) = eĤτ ĉ†ie

−Ĥτ , (2.2)

meaning [ĉi(τ)]
† ̸= ĉ†i (τ) if τ is taken as real. As the Hamiltonian is assumed to be time-

independent, the Matsubara Green’s function in Eq. (2.1) depends only on one imaginary
time variable, in which it is antiperiodic, with period determined by the inverse temperature
β [14],

Gij(τ) = −Gij(τ + β) , −β < τ < 0. (2.3)

By considering the antiperiodic continuation of the Matsubara Green’s function from its
fundamental interval G(τ), τ ∈ (−β, β) to the entire imaginary time axis τ ∈ (−∞,∞)
[15, 16], its Fourier expansion is given by [14]

Gij(τ) =
1

β

∑
n

e−iνnτGij(νn) , Gij(νn) =

∫ β

0

dτ eiνnτGij(τ), (2.4)

where νn = (2n+1)π/β are fermionic Matsubara frequencies1. These coincide with the poles
of the Fermi-Dirac distribution, each with unit residue [3]. For systems with translational
symmetry, the Matsubara Green’s function depends only on the relative separation of spatial
coordinates, i − j, and subsequently on a single momentum k when Fourier transformed
[17]. Evaluating the integral in Eq. (2.4) and performing a Fourier transform in the relative
separation yields the Källén-Lehmann representation of the Matsubara Green’s function

G(k,ν) =
∑
mn

| ⟨Ψm| ĉk |Ψn⟩ |2
ρn + ρm
iν − ωnm

, ρn =
e−βEn

Z
. (2.5)

Here, |Ψm⟩ denotes a simultaneous eigenstate of the grand-canonical Hamiltonian and the
discrete translation operator associated with translations on the Bravais lattice. The cor-
responding energy eigenvalue is denoted by Em,2 and we define the transition energy as

1The integer index n will often be omitted for brevity.
2The energy associated with particle number is contained in Em. Equivalently, if the grand-canonical

Hamiltonian is written as Ĥ = ĥ− µN̂ , then Em = εm − µNm.
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ωnm = En − Em. Note that |Ψn⟩ must be an Nn = (Nm + 1)-particle state for the matrix
elements to be nonzero. Introducing the spectral function [14]

A(k, ω) =
∑
mn

amn(k)δ(ω − ωnm) ,

∫ ∞

−∞
dω A(k, ω) = 1, (2.6)

with spectral weights amn(k) = | ⟨Ψm| ĉk |Ψn⟩ |2(ρn + ρm), the Matsubara Green’s function
can be expressed as

G(k, ν) =

∫ ∞

−∞
dω′ A(k, ω

′)

iν − ω′ . (2.7)

Physically, the spectral function is a probability distribution describing the probability of
adding or removing an electron with energy ω [17]. By construction, the spectral function is
nonnegative. This follows because, at τ = 0, the operator pairs appearing in the definition
of the Green’s function are Hermitian conjugates of one another.

2.2.2 Self-Energy

The Matsubara Green’s function can be expressed in terms of its noninteracting value,
G0(k, ν), through the self-energy, Σ(k, ν), defined by the Dyson equation [3]

G = G0 +G0ΣG ⇐⇒ Σ = G−1
0 −G−1. (2.8)

Here, all quantities are evaluated at the same point in (k, ν)-space, omitted for brevity. For
the assumptions mentioned in Sec. 2.1, Eq. (2.8) is a scalar equation, meaning the Matsubara
Green’s function can be written as

G(k, ν) =
1

iν − (ε(k)− µ)− Σ(k, ν)
, G0(k, ν) = [iν − (ε(k)− µ)]−1, (2.9)

where ε(k) = −2t[cos(kxa) + cos(kya)] is the noninteracting dispersion relation for a two-
dimensional square lattice with nearest-neighbor hopping. Moreover, t is the hopping ampli-
tude and a the lattice constant, which we set to unity.

The self-energy describes the effects of interactions in the system. It shifts and broadens the
spectral peaks associated with excitations already present in the noninteracting limit, while
also giving rise to additional excitation modes due to correlation effects [14].

2.2.3 Note on Imaginary Time

The imaginary-time formalism is particularly convenient since the perturbative expansion
of the Matsubara Green’s function closely resembles the corresponding zero-temperature
expansion, and Wick’s theorem applies for perturbative calculations in both cases [3, 14].
Moreover, disconnected diagrams cancel in the imaginary-time formalism. However, the
spectral function cannot be obtained directly from the Matsubara Green’s function, and
instead requires analytic continuation to real frequencies [3]. This is further discussed in the
following section.
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2.2.4 The Retarded Green’s Function and Causality

Physical properties of many-body systems, such as excitation energies, are contained in the
retarded Green’s function, which is defined in real time, t, as

iGR,ij(t) = ⟨{ĉi, ĉ†j}⟩Θ(t), (2.10)

where {, } denotes the anticommutator. The retarded Green’s function in Eq. (2.10) is said
to be causal since it satisfies GR(t < 0) = 0, due to the Heaviside function. Causality is
closely related to analyticity [18];

Definition 1. A function f : C → C is said to be analytic in C ⊂ C if it is complex
differentiable at every point in C.

Analytic functions have no poles, or isolated singularities, in their domain of definition and
are single-valued there, meaning that the region does not contain branch cuts. Formally,
analyticity and causality are related by Titchmarsh’s theorem [19, Theorem 95],

Theorem 1 (Titchmarsh’s Theorem). Let L2(R) denote the space of complex-valued square-
integrable functions,

L2(R) =

{
f : R → C

∣∣∣∣∣
∫ ∞

−∞
|f(t)|2 dt < ∞

}
. (2.11)

Then, a function f ∈ L2(R) satisfies f(t < 0) = 0 if and only if its Fourier transform F(ω) is
the boundary value of a function F (z) analytic in C+, such that F(ω) ≡ F (ω + iη) ∈ L2(R)
as a function of ω, where η > 0 is an infinitesimal quantity.

If either of the aforementioned conditions holds, then the Kramers–Kronig relations are
implied. Titchmarsh’s theorem is reflected in the spectral representation of the retarded
Green’s function. To make this explicit, we introduce the complex Green’s function, G :
R2 × C → C, defined by

G (k, z) =

∫ ∞

−∞
dω′ A(k, ω

′)

z − ω′ =
∑
mn

amn(k)

z − ωmn

. (2.12)

The retarded Green’s function is obtained as the boundary value of G (k, z) when approaching
the real axis from the upper half-plane, GR(k, ω) = G (k, ω + iη) with η > 0 being an
infinitesimal quantity [3]. Note that the complex Green’s function is analytic in the entire
complex plane except on the real axis, where poles are located at the transition energies ωnm

with corresponding spectral weights as residues. Similarly, the retarded Green’s function
is analytic in the upper-half plane when the real frequency ω is promoted to a complex
variable, GR(k, z) = G (k, z+ iη), as the poles of G (k, z) are shifted infinitesimally below the
real axis.

For poles located a finite distance below the real axis, zm = Em − iΓm with Γm > 0, the
corresponding spectral feature is no longer a delta peak, but acquires a Lorentzian profile
with width set by Γm. The inverse width is associated with the lifetime of the excitation.
In numerical calculations, a similar Lorentzian broadening is often produced by keeping a
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finite value of the positive infinitesimal η, which does not represent an intrinsic lifetime, but
rather a numerical artifact. Genuine finite-width poles arise in the quasiparticle description
of extended systems and are closely related to the Dyson equation and self-energy described
in Sec. 2.2.2 [14].

Using the normalization condition of the spectral function in Eq. (2.6), we obtain the asymp-
totic form of the complex Green’s function,

G (k, z)
|z|→∞
≈ 1

z

∫ ∞

−∞
dω′ A(k, ω′) =

1

z
. (2.13)

Hence, the Green’s function decays sufficiently fast for its Fourier integral over a semicircular
contour in the upper half-plane to vanish as the contour radius tends to infinity3. Causality
then follows from analyticity.

The retarded and Matsubara Green’s functions are both encoded in the complex Green’s
function, since G (k, iν) reproduces the Matsubara Green’s function according to Eq. (2.7).
In this sense, the two Green’s functions are closely connected as they are different represen-
tations of the same underlying object and share the same spectral function [14]. Hence, the
spectral function is a central quantity due to both its physical meaning and its mathematical
usefulness. It can be extracted from the retarded Green’s function as

A(k, ω) = − 1

π
ImGR(k, ω), (2.14)

which can be proven using the Sokhotski-Plemelj formula [17]. To summarize, an exact
Green’s function must satisfy:

(i) Causality: The retarded Green’s function is causal, GR(t < 0) = 0.
(ii) Analyticity: The complex Green’s function is analytic in C+. The retarded Green’s

function is the boundary value when approaching the real axis from C+, while its
values at the Matsubara frequencies reproduce the Matsubara Green’s function.

(iii) Nonnegative spectral weights: The spectral function is nonnegative, A(k, ω) ≥ 0, and
satisfies the normalization condition in Eq. (2.6).

In the literature, a causal Green’s function is frequently defined by having nonnegative spec-
tral weights, which is not equivalent with GR(t < 0) = 0. As a simple example, if GR is causal
with a positive spectral function, −GR is also causal but with a negative spectral function
[5, 21]. Similarly, the spectral function is related to the structure of the Green’s function
only at the boundary of the real axis according to Eq. (2.14). To determine causality, the
analytic structure of the Green’s function must be known in the entirety of C+. In this work,
we define a causal Green’s function as follows:

Definition 2 (Causal Green’s function in frequency space). A Green’s function in frequency
space is said to be causal if the associated complex Green’s function G (z) is analytic in C+

and satisfies ImG (z) ≤ 0 in C+ 4.
3This follows by Jordan’s lemma [20].
4The condition ImG (z) ≤ 0 in C+ implies nonnegativity of the spectral function whenever the spectral

representation is valid. However, causality is not defined solely in terms of nonnegativity of the spectral
function, since the spectral representation in Eq. (2.12) may break down. In such cases, the spectral function
may still be nonnegative and G (z) may still be analytic in C+, while the Nevanlinna–Pick criterion may fail.
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2.3 Analytic Continuation

2.3.1 Extracting the Spectral Function from Matsubara Data

Given a spectral function A(k, ω), the Matsubara Green’s function can be calculated using
Eq. (2.7). The inverse problem of recovering the spectral function from a Matsubara Green’s
function requires analytic continuation, which is fundamentally ill posed [22, 23], meaning
that a small change in the input data may generate a completely different spectral function.
In addition, the kernel relating the spectral function to the Matsubara Green’s functions,
K(iν, ω) = (iν − ω)−1, decays as 1/|ω| for large |ω|, meaning high frequency features of the
spectral function are suppressed, making the inverse problem of obtaining A(k, ω) ill posed
[14, 24].

If analytic continuation of the Matsubara Green’s function to the boundary of the real axis
can be performed, the retarded Green’s function is obtained and the spectral function can
be extracted using Eq. (2.14). Methods such as Padé approximations [25] or the maximum
entropy method [26] are used to obtain the retarded Green’s function from the Matsubara
data. In general, the maximum entropy method works for data with noise, whereas the Padé
approximation works well for resolving sharp features, but positive spectral functions are not
guaranteed [9].

2.3.2 Nevanlinna Functions

A recent breakthrough in the field of analytic continuation uses the Nevanlinna structure of
the Green’s function [9]. Nevanlinna functions are defined as follows [27, 28]:

Definition 3 (Nevanlinna functions). Let C̄+ denote the closure of the upper half-plane. A
function f : C+ → C̄+ is said to be a Nevanlinna function if it is analytic in C+ and has a
nonnegative imaginary part there, Imf(z) ≥ 0, z ∈ C+. The class of Nevanlinna functions is
denoted by N.

The negative complex Green’s function in Eq. (2.12) is a Nevanlinna function when restricted
to the upper half-plane5,

−G (k, z) ∈ N ∀k, z ∈ C+. (2.15)

Analyticity of G in C+ is clear from its definition, and its imaginary part can be expressed
as

Im[−G (k, z)] =

∫ ∞

−∞
dω′A(k, ω′)

Imz

(Rez − ω′)2 + [Imz]2

(Imz>0)

≥ 0. (2.16)

If it is possible to construct a Nevanlinna interpolant for an approximate Matsubara Green’s
function, the associated complex Green’s function is necessarily analytic in C+ and the spec-
tral function is guaranteed to be nonnegative by Eqs. (2.14) and (2.16) [9].

The class of Nevanlinna functions is closed under addition and multiplication of positive
scalars. That is, if f(z) and g(z) are Nevanlinna functions and a, b are real positive numbers,

5Henceforth, references to the Green’s function having Nevanlinna structure is understood to mean that
its negative has Nevanlinna structure.
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then h(z) = af(z) + bg(z) is also a Nevanlinna function. Other nontrivial properties of
Nevanlinna functions, such as their integral representations, are elaborated on in Refs. [28,
29, 30].

2.3.3 The Pick Criterion

It is possible to formulate a criterion for the existence of a Nevanlinna interpolant associated
with a given finite set of Matsubara points in the upper half-plane6 [9]. This follows from
the Pick criterion, originally formulated as a criterion for the existence of an interpolant in
the Schur class for points in the complex unit disk [10, 31, 32],

Definition 4. Let D denote the complex unit disk and D̄ its closure. A function f : D → D̄
is said to be a Schur function if it is analytic in D. The class of Schur functions is denoted
by B.

Theorem 2 (The Pick criterion). For a function f ∈ B to be determined, let z1, . . . , zN ∈ D
be distinct interpolation nodes, and let w1, . . . , wN ∈ D be target values. The interpolation
problem

f(zm) = wm, m = 1, . . . , N, (2.17)

has a solution if and only if the Pick matrix

Pmn[w] =
1− wmw

∗
n

1− zmz∗n
, (2.18)

is positive semidefinite (PSD). The solution is unique if and only if the Pick matrix is singular.

Recall that a Hermitian matrix A is positive semidefinite if and only if x†Ax ≥ 0 ∀x ∈ Cn

[33]. By the spectral theorem, a Hermitian matrix has spectral decomposition A =
∑

i λicic
†
i

with λi ∈ R and the set {ci} forms an orthonormal eigenbasis. It follows immediately that A
is positive semidefinite if and only if all eigenvalues are nonnegative. If A has an eigenvector
with negative eigenvalue λ < 0, then v†Av = λ||v||2 < 0 and A is therefore not PSD.

To reformulate the Pick criterion in terms of the existence of a Nevanlinna interpolant, the
Cayley transform [31, 34], C : C̄+ → D̄, defined as

C (z) =
z − i
z + i

, (2.19)

is used as a one-to-one mapping between Nevanlinna and Schur functions. Note that the
Cayley transform is applied to the function values and their domains. Substituting the Cayley
transform into Eq. (2.18) yields a condition for the existence of a Nevanlinna interpolant.
However, the corresponding Pick matrix can be simplified7, and this simplification shows
that the existence criterion may equivalently be expressed in terms of a significantly simpler
matrix [29, 30, 35],

6Similarly, Matsubara data is henceforth understood to mean Matsubara Green’s function data.
7There is also an issue of dimensional analysis when taking the Cayley transform of physical quantities.
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Theorem 3 (The Nevanlinna–Pick criterion). For a function f ∈ N to be determined, let
z1, . . . , zN ∈ C+ be distinct interpolation nodes, and let f1, . . . , fN ∈ C+ be target values.
The interpolation problem

f(zm) = fm, m = 1, . . . , N, (2.20)

has a solution if and only if the Nevanlinna–Pick matrix

Pmn[f ] =
fm − f ∗

n

zm − z∗n
, (2.21)

is PSD. The solution is unique if and only if the Nevanlinna–Pick matrix is singular.

Formulated in terms of Matsubara data, the Nevanlinna–Pick matrix is8

Pmn[G] =
i(Gm −G∗

n)

νm + νn
, Gm = G(k, νm). (2.22)

If the smallest eigenvalue of the Pick matrix in Eq. (2.22) is negative, the matrix is not
PSD and therefore no Nevanlinna interpolant exists for the considered data. This means
that any interpolant of the data must fail at least one of the defining Nevanlinna conditions:
it is either not analytic in C+, does not have a positive imaginary part throughout C+, or
both. In this way, the Pick criterion can be used to test if Matsubara data is compatible
with a causal Green’s function one k-point at a time, without having to perform analytic
continuation.

We emphasize that the Pick criterion for Matsubara data requires only a finite number of
interpolation nodes. For an interpolation problem with infinitely many nodes [30], the failure
of the Pick criterion for any matrix in the sequence {Pn×n}∞n=1 is sufficient to rule out the
existence of a Nevanlinna interpolant for the infinite set of nodes. Thus, it is possible to
prove that data on an infinite Matsubara grid is not causal, whereas proving causality on
an infinite grid is less straightforward. In this work, we use failures of the Pick criterion to
indicate violations of causality, rather than attempting to prove that Green’s functions are
causal.

By definition, the interpolation problem and the Pick matrix are specified in C+. The complex
Green’s function in C− is obtained by imposing the symmetry relation

G (k, z∗) = [G (k, z)]∗, (2.23)

which follows from Eq. (2.12). It should be noted that the Pick criterion can also be applied
to other quantities, including self-energies and hybridization functions.

2.4 Systems

2.4.1 The Falicov–Kimball Model

The Falicov–Kimball model is one of the simplest models of interacting fermions [36, 37]. The
model introduces two species of electrons: itinerant c electrons that can hop and localized

8Henceforth, the Nevanlinna–Pick matrix is simply referred to as the Pick matrix.
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f electrons that cannot hop, depicted in Fig. 1. The spinless Falicov–Kimball model is a
limiting case of the Hubbard model in which spin labels are mapped to species labels, ↑→ f
and ↓→ c, and the f electrons are taken to be immobile by setting their hopping parameter
to zero [38]. The Hamiltonian is given by

Ĥ = −t
∑
⟨ij⟩

ĉ†i ĉj + U
∑
i

n̂c,in̂f,i − µ
∑
i

(n̂c,i + n̂f,i), (2.24)

where ĉ†i , f̂
†
i are fermionic creation operators for a c- and f -electron at site i, respectively,

and ĉi and f̂i are the corresponding annihilation operators. The nearest-neighbor hopping
parameter is t, the on-site Coulomb repulsion between c and f electrons is U , µ denotes
the chemical potential, and the particle number operators are defined as n̂c,i = ĉ†i ĉi and
n̂f,i = f̂ †

i f̂i.

U

cf t

t
t

Figure 1: Illustration of the Falicov–Kimball model defined in Eq. (2.24). The itinerant c
electrons are depicted as small blue dots, while localized f electrons are shown as larger red
dots. Hopping of the c electrons lowers the energy, whereas simultaneous occupation of a site
by a c and f electron increases the energy by the onsite Coulomb repulsion U .

The Falicov–Kimball model is semiclassical in the sense that the f -electron number operator
at each site, n̂f,i, commutes with the Hamiltonian and can therefore be replaced by a binary
variable, n̂f,i → nf,i, where nf,i = 1 if site i is occupied by an f electron, and zero otherwise
[39]. However, its thermal average is a continuous variable, ⟨n̂f,i⟩ ∈ [0, 1].

In addition, the itinerant c-electrons do not interact directly with one another, but only
with the f -electrons through the Coulomb term in Eq. (2.24) [40]. Since the f -electrons
are stationary, each fixed f -electron configuration acts as a static, configuration-dependent
on-site potential for otherwise noninteracting c-electrons. Wick’s theorem can therefore be
applied for a fixed f -electron configuration, allowing two-particle quantities to be expressed
in terms of single-particle quantities [12].

Since the Hamiltonian in Eq. (2.24) does not contain a hybridization term, the Green’s
function is diagonal,

G =

(
−⟨T ĉi(τ)ĉ

†
j⟩ 0

0 −⟨T f̂i(τ)f̂
†
j ⟩

)
. (2.25)
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The c-electron Green’s function, Gc(ij, τ) = −⟨T ĉi(τ)ĉ
†
j⟩, is typically the quantity of primary

interest as it contains nontrivial dynamical information, unlike the f -electron Green’s function
since they are immobile and have flat dispersion bands. In this work, we therefore focus on
the c-electron Green’s function.

An important point in phase diagrams considered later is half filling, which is fixed by µ = U
2
.

At this point, the thermal average of the occupation number is ⟨n̂⟩ = 1/2, meaning that a site
is equally likely to be occupied or empty. The system is therefore particle-hole symmetric, a
property with several further implications discussed elsewhere [41].

2.4.2 The Charge-Density Wave Phase

In two or higher dimensions, the half-filled Falicov–Kimball model undergoes a finite-temperature
phase transition from a homogeneous disordered phase, in which the lattice sites are equiva-
lent and no charge-density-wave order is present, to an ordered charge-density-wave (CDW)
phase [42, 43]. In the CDW phase, the lattice decomposes into two inequivalent sublattices,
A and B, characterized by different local electron densities,

⟨n̂A
f ⟩ ̸= ⟨n̂B

f ⟩ , ⟨n̂A
c ⟩ ̸= ⟨n̂B

c ⟩ . (2.26)

Specifically, the f -electron density becomes dominant on one sublattice, while the c-electron
density becomes dominant on the other. As a result, the corresponding Green’s functions
and self-energies become sublattice dependent. The ordered phase therefore breaks discrete
translational symmetry associated with a one-site lattice translation. Consequently, approxi-
mation schemes that assume translational invariance of the system, such as single-site DMFT,
cannot be directly applied inside the CDW phase without modification [42].

The transition to the ordered phase is marked by a divergence of the static c-electron charge
susceptibility accompanied by a corresponding divergence of the correlation length, indicat-
ing the onset of long-range order [42]. The CDW phase can also persist away from half filling,
although doping generally suppresses the critical temperature [44]. The ordering vector q at
which the susceptibility diverges indicates the spatial pattern of the CDW phase. In partic-
ular, if the susceptibility diverges at q = (π, π), the resulting CDW exhibits an alternating
checkerboard pattern in the electron density.

Strictly speaking, true phase transitions occur only in the thermodynamic limit and are
therefore absent in finite-size systems [45]. However, the approximation schemes considered
in this work – the dual-fermion approximation and dynamical mean-field theory – do undergo
a nonphysical phase transition even at finite system size [46]. Consequently, these methods
should be regarded as less reliable in the vicinity of the predicted phase transitions.

2.4.3 The Anderson Insulating Phase

Electronic states may become strongly localized in the presence of disorder, a phenomenon
known as Anderson localization. More specifically, disorder can inhibit the propagation of
electronic wave functions, causing them to become spatially localized rather than extended
throughout the system [47, 48]. Although the Falicov–Kimball model considered here con-
tains no externally imposed disorder term, thermal averaging over f -electron configurations
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can be viewed as generating an effective disorder potential for the c-electrons, which may
induce Anderson localization at small values of U [49]. The Anderson insulating phase is
characterized by a finite density of states at the Fermi energy. As the interaction strength
U is increased, a gap appears in the density of states around the Fermi energy, and the
insulating phase is instead identified as a Mott insulator [49, 50].

2.4.4 Impurity Models

The impurity problem considers an atom or molecule embedded in a metallic environment,
called a bath, to which it couples by electron exchange [51]. The Anderson impurity model
is a simple single-site impurity model [52]. Expressed in terms of the operators used in the
Falicov–Kimball Hamiltonian, it can be written as [53]

Ĥimp = Un̂cnf − µ(nf + n̂c)︸ ︷︷ ︸
Ĥloc

+
∑
k

ε(k)d̂†kd̂k︸ ︷︷ ︸
Ĥbath

+
∑
k

(Vkĉ
†d̂k + V ∗

k d̂
†
kĉ)︸ ︷︷ ︸

Ĥhyb

. (2.27)

The isolated impurity is described by Ĥloc, while Ĥbath describes the noninteracting metallic
host, consisting of a band of itinerant electrons with dispersion ε(k). Finally, Ĥhyb describes
the exchange of electrons between the impurity and the bath, with Vk denoting the hybridiza-
tion matrix elements. The d̂k operators are associated with the bath while the ĉ and f̂ are
the usual Falicov–Kimball operators acting on the impurity site. Note that only the c elec-
trons couple to the bath since the f electrons cannot hop, and the impurity electrons do not
interact directly with the bath electrons.

The thermal averages of observables can be expressed using the path integral formalism
according to9

⟨O⟩ =
∫
D[c∗c, d∗d, nf ]e

−SO[c∗c, d∗d, nf ]∫
D[c∗c, d∗d, nf ]e−S

, (2.28)

where c, c∗ are Grassmann variables associated with the c impurity electrons, d, d∗ are Grass-
mann variables associated with the bath electrons, and S is the action. If the operator O in
Eq. (2.28) does not contain annihilation and creation operators associated with the bath, the
integrals separate and the bath degrees of freedom can be integrated out 10. As a result, one
obtains an effective action, in which the effect of the bath on the impurity site is parametrized
by the hybridization function ∆(ν). For the considered impurity model, the effective action
is11 [44]

Seff[c, c
∗, nf ] =

∑
ν

(∆(ν)− iν − µ+ Unf )c
∗
νcν − βµnf ,

= −
∑
ν

(g−1
0 (ν)− Unf )c

∗
νcν − βµnf ,

(2.29)

9The approximation schemes considered in this work are formulated within the action, or path integral,
approach to quantum mechanics. We assume the reader is familiar with these concepts. For a more complete
treatment, see [14, 54].

10See [14] for details.
11Here and throughout, we use the short-hand notation cν ≡ c(ν) for Grassmann fields.
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where g0(ν) denotes the noninteracting impurity Green’s function, and is given by [14]

g0(ν) = [iν + µ−∆(ν)]−1. (2.30)

Once an effective action is specified by fixing the hybridization function, the partition function
and Green’s function can in principle be obtained from their path-integral representations [14,
54]. In practice, the path integrals are evaluated using techniques based on continuous-time
quantum Monte Carlo [51], iterative perturbation theory [55], or other methods. However,
for the single-site Falicov–Kimball impurity model, the interacting impurity Green’s function
can be obtained analytically as [56]

g(ν) ≡ −⟨cνc∗ν⟩ = (1− ⟨n̂f⟩)g0(ν) + ⟨n̂f⟩
[
g−1
0 (ν)− U

]−1
. (2.31)

2.5 Dynamical Mean-Field Theory

Dynamical mean-field theory (DMFT) [57] is a nonperturbative, causal [6, 7] approximation
scheme for strongly correlated systems in which local effects dominate. It is used to construct
an approximate Green’s function by mapping the lattice system to a single-site impurity prob-
lem with fewer degrees of freedom. Solving this impurity problem yields the local impurity
self-energy, which is then used as an approximation of the lattice self-energy. Consequently,
the self-energy is purely local, meaning without momentum dependence, Σ(k, ν) ≈ Σ(ν),
since the impurity problem consists of a single site.

The mean-field aspect enters by treating a small set of degrees of freedom explicitly, in partic-
ular the impurity site, while incorporating the remaining degrees of freedom into an effective
bath that acts on the impurity [58]. The mean field is parametrized by the noninteracting
impurity Green’s function, g0(τ − τ ′), from Eq. (2.30). Because this quantity depends on
imaginary time, the theory is referred to as dynamical mean-field theory [57].

Similarly to other mean-field theories, DMFT is formulated in the thermodynamic limit,
corresponding to an infinite lattice. In this limit, and more specifically in the limit of infinite
coordination number (number of nearest neighbors), DMFT becomes exact. This is due to
the suppression of nonlocal contributions to the self-energy: with the proper hopping scaling,
these contributions vanish in the infinite-coordination limit, so that Σ(k, ω) → Σ(ω). Since
DMFT treats this local, frequency-dependent self-energy exactly through a self-consistent
impurity problem, it becomes exact in the infinite-coordination limit [4].

The impurity-bath description is most natural for extended systems and is less directly ap-
plicable to small finite systems, where the picture of an impurity embedded in an effectively
infinite environment becomes less appropriate. Consequently, applying single-site DMFT to
a finite-size system introduces systematic errors, primarily due to the neglect of nonlocal
correlations and finite-size effects. Nevertheless, DMFT remains a valuable starting point for
studying strongly correlated systems of finite size [57, 59].

The hybridization function of the impurity problem is not known a priori, but is fixed by
a self-consistency condition. Moreover, the self-consistency condition is used to update the
hybridization function, i.e., the impurity bath, until the self-consistency condition is satisfied.



Theory 14

The conventional self-consistency equation within single-site DMFT is

Gloc(ν) ≡
1

N

∑
k

GDMFT(k, ν) = g(ν). (2.32)

∆(0) Impurity solver g,Σimp, Glat Gloc
?
= g GDMFT(k, ν),ΣDMFT(ν)

(i)

(iv)

∆(n) = ∆(n−1) + g−1 −G−1
loc

(ii) (iii)

Figure 2: Schematic of the DMFT construction.

That is, the local projection of the lattice Green’s function is identified with the impu-
rity Green’s function. The DMFT scheme is illustrated in Fig. 2, with corresponding steps
[60]:

(i) An initial guess of the hybridization function, ∆(0)(ν) is used to define an effective im-
purity problem.

(ii) The impurity problem is solved, yielding the impurity self-energy. This self-energy is
assigned to each lattice site, and the approximate lattice Green’s function is constructed
as

Glat(k, ν) =
1

iν − (ε(k)− µ)− Σimp(ν)
. (2.33)

(iii) If the approximate lattice Green’s function satisfies the self-consistency condition, the
loop is terminated and the converged DMFT solution is obtained. Otherwise the hy-
bridization function is updated according to

∆(new)(ν) = ∆(old)(ν) + g−1(ν)−G−1
loc(ν). (2.34)

(iv) The new hybridization function updates the impurity bath and consequently defines a
new impurity problem. The process is iterated until self-consistency is reached.

Note that from Eq. (2.34), the hybridization function is not updated when self-consistency
is reached. Moreover, Eq. (2.34) can equivalently be expressed as

g−1
0,new(ν) = Σimp +G−1

loc(ν). (2.35)
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2.5.1 Causality in Dynamical Mean-Field Theory

The DMFT scheme is known to be causal. Provided the initial hybridization function is
causal, the Green’s functions generated by the self-consistency loop satisfy GR(t < 0) = 0,
are analytic in C+, and have nonnegative spectral functions. In particular, if the impurity
solver is causal, a causal hybridization function yields causal impurity Green’s functions and
self-energies. The nontrivial step is proving that the updated hybridization function generated
from Eq. (2.35) remains causal [6, 7]. A proof of this can be found in Ref. [61].

For the DMFT implementation considered in this work, the initial hybridization function
is taken as ∆(0)(ν) = t2

iν
, where t is the hopping parameter. This hybridization function is

causal12.

2.6 The Dual-Fermion Approach

Single-site DMFT neglects nonlocal effects by assuming a momentum independent self-energy,
which is not true for the exact solution. Various extensions of DMFT have been developed
to incorporate nonlocal effects in different ways. In this work, we focus on the dual-fermion
approach [5, 60, 62], which accounts for nonlocal effects through a diagrammatic expansion
around the DMFT solution.

The dual-fermion approach is based on an exact change of variables from the original Grass-
mann fields of the physical electrons to a set of dual-fermion fields, [c∗c] → [ξ∗ξ]. Self-
consistency conditions are imposed such that the noninteracting dual-fermion system repro-
duces the DMFT Green’s functions. Since the change of variables is exact, approximations
enter only when specifying which diagrams to include in the dual interaction potential.

2.6.1 Derivation of Dual Transformation

The formal derivation of the transformation to the dual fields is readily available in the
literature [5, 62, 63]; here, we simply sketch the essential steps.13 The change of variables is
based on expressing the action in terms of local impurity actions defined at each lattice site
i,

S[c∗c, nf ] =
∑
i

Simp[c
∗
i ci, nf ]−

∑
νk

(∆ν − εk)c
∗
kνckν , (2.36)

Simp[c
∗
i ci, nf ] =

∑
ν

(∆ν − iν − µ+ Unf )c
∗
iνciν − βµnf . (2.37)

Here, c and ξ without indices denote the sets of Grassmann fields associated with the lattice
fermions and the dual fermions, respectively. The dual fermionic fields are introduced by the
Hubbard–Stratonovich transformation [54],

eAc∗c =
A

α2

∫
dξ∗dξ e−A−1α2ξ∗ξ−α(c∗ξ+ξ∗c), (2.38)

12This follows from the Fourier representation of the Heaviside function [3], as Θ(t) = − 1
2πi

∫
dω e−iωt

ω+iη =

− 1
it2∆0,R(t), since ∆0,R(ω) = t2[ω + iη]−1. Moreover, −Im∆0(z) = t2 Imz

|z|2 > 0 for z ∈ C+.
13To simplify notation, the arguments of relevant quantities are written as indices in this section.
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applied to each set of indices kν, with Akν = (∆ν − εk), and αν = g−1
ν being the impurity

Green’s function. The transformation is completed by integrating out the original lattice
fermions. This is done by performing the integrals over the original lattice degrees of freedom
independently and noting that they yield impurity expectation values involving the dual
fields,

Z =

∫
D[ξ∗ξ]e−SDF[ξ

∗ξ]
∏
i

Zi,imp

〈
e−

∑
ν g−1

ν (c∗iνξiν+ξ∗iνciν)
〉

imp
. (2.39)

Here, Zi,imp are the impurity partition functions of the original lattice fermions, and SDF[ξ
∗ξ]

is the part of the action containing only ξ, ξ∗ fields. To obtain the action in terms of dual
fields only, the cumulant expansion [20, 64] is used to rewrite the expectation value of an
exponential as an exponential of its cumulant series14. The dual action is then obtained
as

S[ξ∗ξ] = −
∑
kν

G̃0(k, ν)ξ
∗
kνξkν +

∑
i

V [ξ∗i ξi], (2.40)

where the interaction potential is determined by evaluating the cumulants of the impurity ex-
pectation values in Eq. (2.39). Moreover, the bare dual Green’s function is obtained as

G̃0(k, ν) = [g(ν)−1 +∆(ν)− ε(k)]−1 − g(ν) = Glat(k, ν)− g(ν), (2.41)

where Glat(k, ν) is the lattice Green’s function generated from the impurity problem, not
necessarily the converged DMFT solution.

As mentioned, the transformation to dual degrees of freedom is exact, meaning that the dual-
fermion approach would generate exact results provided that the perturbative expansion
converges and that all contributing diagrams are included. The leading term in the dual
interaction potential is15 [63, 65]

V (2)[ξ∗i ξi] = −1

4

∑
i

∑
νν′Ω

γνν′Ωξ
∗
νiξν+Ωiξ

∗
ν′+Ωiξν′i,

= − 1

4N

∑
kk′q

∑
νν′Ω

γνν′Ωξ
∗
νkξν+Ω,k+qξ

∗
ν′+Ω,k′+qξν′k′ .

(2.42)

Here, γ(ν, ν ′,Ω) is the two-particle impurity vertex function, defined by the perturbative
expansion of the interaction potential. Since it is obtained in the second order expan-
sion of Eq. (2.39), it depends on the two-particle impurity Green’s function g(2)(ν, ν ′,Ω) =
⟨cνc∗ν+Ωcν′+Ωc

∗
ν′⟩, where Ω is a bosonic Matsubara frequency [66], which is a difference of two

fermionic Matsubara frequencies. The diagrammatic representation16 of the interaction term
in Eq. (2.42) is shown in Fig. 3.

14The cumulant expansion is given by ⟨ecÂ⟩ = exp
(∑∞

n=1
cn

n! κn

)
, where κn is the nth cumulant of Â, given

in Ref. [20].
15Note that the dual interaction potential V [ξ∗i ξi] is local in real space, but nonlocal in Matsubara-frequency

and momentum space.
16For the diagrammatic rules of the dual-fermion formalism, see Refs. [41, 67].
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γ

k + q

k k′

k′ + q

Figure 3: Diagrammatic representation of the two-particle interaction term in Eq. (2.42),
where k = (k, ν), k′ = (k′, ν ′) and q = (q,Ω) denote combined momentum and Matsubara-
frequency labels. Incoming lines with labels k + q and k′ scatter into outgoing lines with
labels k and k′ + q.

As discussed in Sec. 2.4.1, the Falicov–Kimball impurity model can be written as the weighted
average over two impurity configurations, corresponding to the absence or presence of an f -
electron. For each fixed configuration, the problem corresponds to noninteracting c-electrons,
meaning Wick’s theorem can be applied, allowing two-particle quantities to be expressed in
terms of single-particle quantities [12]. Consequently, the impurity vertex function can be
obtained from single-particle Green’s functions according to [12, 44]

γ(Ω, ν, ν ′) = w1w0U
2(δΩ,0 − δν,ν′)ΛνΛν′+Ω , Λν = g−1

0 (ν)[g−1
0 (ν)− U ]−1g−2(ν), (2.43)

where w1 = ⟨n̂f⟩ and w0 = 1− ⟨n̂f⟩. The delta functions in Eq. (2.43) reduce the frequency
dependence of the impurity vertex function to two independent frequencies. In the static limit
(Ω = 0), the factor (1 − δνν′) reflects the Pauli principle. For dynamic scattering (Ω ̸= 0),
the impurity vertex is diagonal in fermionic Matsubara frequencies.

2.6.2 Dual Relations and Self-Energy

The lattice and dual Green’s functions are related through

G(k, ν) = [∆(ν)− εk]
−1 + g−2(ν)[∆(ν)− εk]

−2G̃(k, ν), (2.44)

where G̃(k, ν) = −⟨ξkνξ∗kν⟩ and G(k, ν) = −⟨ckνc∗kν⟩ [5]. The bare and interacting dual
Green’s functions are related by the Dyson equation, which defines the dual self-energy,

Σ̃(k, ν) = G̃−1
0 (k, ν)− G̃−1(k, ν). (2.45)

Moreover, Eq. (2.44) can be used to obtain the following expression of lattice self-energy in
terms of the dual and impurity self-energies [63, 68],

Σ(k, ν) = Σimp(ν) +
Σ̃(k, ν)

1 + Σ̃(k, ν)g(ν)
. (2.46)
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2.6.3 The Ladder Approximation

In the particle-hole symmetric Falicov–Kimball model, µ = U/2, impurity vertex functions
of order higher than two vanish. Consequently, Eq. (2.42) gives the full interaction term [44].
Away from particle-hole symmetry, we approximate the dual interaction potential by retain-
ing only the two-particle impurity vertex. Within this approximation, we further restrict the
diagrammatic contributions to ladder diagrams in the electron-hole channel, which describe
repeated particle-hole scattering. The ladder diagrams incorporate long-range fluctuations
and capture collective behavior associated with the CDW phase. However, critical temper-
atures signaling the onset of order are generally suppressed by the ladder diagrams [65, 69].
The ladder-renormalized vertex function, Γ, is obtained from the Bethe-Salpeter equation
(BSE). The dual Bethe-Salpeter equation is [44, 60, 66]

Γ̃qνν′Ω = γνν′Ω +
∑
ν′′

γνν′′Ωχ̃
(0)
qν′′Ω(q)Γ̃qν′′ν′Ω , χ̃

(0)
qνΩ = − T

N

∑
k

G̃kνG̃k+qν+Ω, (2.47)

where χ̃
(0)
qνΩ is the bare dual-fermion bubble. Note that, unlike the impurity vertex function,

the renormalized dual vertex function is nonlocal in transfer momentum due to the fermionic
bubble. The diagrammatic representation of the Bethe-Salpeter equation is shown in Fig. 4
[66, 70].

Γ̃ = γ + γ Γ̃

Figure 4: Diagrammatic representation of the Bethe-Salpeter equation in the electron-hole
channel. Arrows represent interacting dual Green’s functions.

The Bethe-Salpeter equation is solved independently at each (q,Ω)-point by writing Eq. (2.47)
as a matrix equation in fermionic Matsubara frequencies,

Γ̃qΩ = [1− γΩdiag(χ̃(0)
qΩ)]

−1γΩ. (2.48)

Hence, for the dual vertex to converge, all eigenvalues of the matrix γΩdiag(χ̃(0)
qΩ) must satisfy

|λ| < 1.

Formally, the dual self-energy is obtained by summing all topologically distinct diagrams
with one incoming and one outgoing external fermion line, provided the diagrams cannot be
split into separate pieces by cutting dual Green’s function lines [41]. For the ladder diagrams
considered here, the corresponding diagrammatic representation of the self-energy is depicted
in Fig. 5, and the associated algebraic expression is [44, 63]

Σ̃(k, ν) =
∑
q,Ω

Γ̃(q, ν, ν,Ω)G̃(k+ q, ν + Ω), (2.49)

from which the lattice self-energy is obtained using Eq. (2.46).
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Γ̃ ==Σ̃ γ + γ Γ̃

Figure 5: Diagrammatic expression of the dual self-energy Σ̃ in the ladder approximation.

2.6.4 Static and Dynamic Scattering

The bosonic Matsubara frequency label in the BSE is an external label. Consequently, the
renormalized vertex Γ̃ can be written as the sum of a static sector, Ω = 0, and a dynamic
sector, Ω ̸= 0 [12]. The corresponding contributions to the dual self-energy can therefore be
evaluated separately in Eq. (2.49).

Σ̃(k, ν) = Σ̃static(k, ν) + Σ̃dynamic(k, ν). (2.50)

In the static sector, the BSE remains a matrix equation in the fermionic Matsubara frequen-
cies. In the dynamic sector, however, the special frequency structure of the Falicov–Kimball
impurity vertex, Eq. (2.43), makes the BSE diagonal in fermionic frequency. As such, the
dual vertex is obtained from independent scalar equations for dynamic scattering.

The static channel, Ω = 0, is of particular interest, since a divergence of the static c-electron
charge susceptibility signals the onset of the CDW ordered phase. In the Falicov–Kimball
model, the static and dynamic susceptibilities decouple. Consequently, the dynamical charge
susceptibility does not in general signal the onset of the CDW phase [13]. In the static
channel, the renormalized dual vertex function can be expressed analytically as [44]

Γ̃(q, ν, ν ′) = ϕ(q, ν)
Λ(ν ′)− Λ(ν)δνν′ +B(q, T )Λ(ν)δνν′ − ϕ(q, ν ′)Λ2(ν ′)χ̃0(q, ν ′)

1−B(q, T )
, (2.51)

ϕ(q, ν) =
w1w0U

2Λ(ν)

1 + w1w0U2Λ2(ν)χ̃0(q, ν)
, B(q, T ) =

∑
ν

ϕ(q, ν)Λ(ν)χ̃0(q, ν), (2.52)

with Λ(ν) defined in Eq. (2.43) and w1 = ⟨n̂f⟩ , w0 = 1− ⟨n̂f⟩.

2.6.5 Computational Scheme

Similarly to DMFT, the hybridization function is not known a priori within the dual-fermion
approach, but is fixed by the self-consistency condition and is subsequently obtained through
an iterative process.
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Inner
SC∆(0) g, γ G̃ Σ̃ G̃loc

?
= 0 GDF(k, ν),ΣDF(k, ν)

(i)

Γ̃

G̃−1 = G̃−1
0 − Σ̃

(iv)
∆(n) = ∆(n−1) + g−1G̃locG

−1
loc

(ii) (iii)

Figure 6: Illustration of the dual-fermion computational scheme.

The dual-fermion computational scheme is illustrated in Fig. 6 and proceeds as follows [5,
44, 60, 63]:

(i) An initial guess for the hybridization function, ∆(0), is used to define an effective im-
purity problem; in practice, the converged DMFT hybridization is often used. The
impurity problem is then solved to obtain the impurity Green’s function, g(ν), and
the impurity vertex function, γ(ν, ν ′,Ω). For the Falicov–Kimball model, the impurity
solver consists of the analytical expressions given in Sec. 2.4.1.

(ii) The inner dual-fermion loop is initialized by computing the bare dual Green’s func-
tion, G̃0(k, ν), and the renormalized dual vertex function, Γ̃(q, ν, ν ′,Ω). Initially, the
dual self-energy is set to zero Σ̃(k, ν) ≡ 0, such that G̃ = G̃0. The self-energy
is then computed from the dual Green’s function, and the dual vertex according to
Eq. (2.49). The dual Green’s function is subsequently updated using the Dyson equa-
tion, G̃−1 = G̃−1

0 − Σ̃. The process is repeated until the dual Green’s function has
converged, or until a set maximum number of iterations is reached.

(iii) After termination of the inner loop, the dual Green’s function is checked against the
imposed self-consistency condition. In Fig. 6, G̃loc(ν) = 0 is shown as an example of
such a condition.17 If the condition is satisfied, the calculation is terminated, and the
lattice Green’s function and self-energy are obtained by the dual transformation equa-
tions in Sec. 2.6.2.

(iv) If the self-consistency condition is not satisfied, the hybridization is updated and the
entire procedure is repeated until convergence is reached.

Note that the hybridization update reflects the self-consistency condition; at convergence,
∆(n) = ∆(n−1). In practice, mixing is often introduced to improve convergence and avoid
oscillatory behavior around the converged value [5],

∆
(n)
mixed = α∆(n) + (1− α)∆(n−1) , G̃

(n)
mixed = αG̃(n) + (1− α)G̃(n−1). (2.53)

17Self-consistency conditions are discussed in detail in the next section.
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For the hybridization function, this is equivalent to performing the update ∆(n) = ∆(n−1) +
α[g−1G̃locG

−1
loc]. This mixing procedure does not by itself guarantee convergence. In practice,

convergence can remain challenging, particularly close to the CDW phase boundary, even
when mixing is used.

2.6.6 Self-Consistency Conditions

Dual-fermion self-consistency conditions should be constructed such that the DMFT self-
consistency condition is obtained in the absence of dual interactions, Σ̃(k, ν) = 0. Examples
of such self-consistency conditions are [5, 60, 63]

(i)
∑
k

G̃(k, ν) = 0 , (ii) g(ν) =
1

N

∑
k

G(k, ν) , (iii)
∑
k

G̃0(k, ν) = 0, (2.54)

where G(k, ν) is the Green’s function obtained from the converged inner dual-fermion loop,
and G̃(k, ν) is the corresponding dual Green’s function. Note that condition (iii) is equiva-
lent to the DMFT self-consistency condition by Eq. (2.41). When interactions are included,
the self-consistency conditions in Eq. (2.54) are no longer equivalent to the DMFT condi-
tion and generally lead to hybridization functions that differ from the DMFT hybridization
function.

A particularly convenient choice is the self-consistency condition (i), which forces all dia-
grammatic contributions that contain simple closed loops to vanish [5]. In particular, the
self-energy contribution in Fig. 5 containing a single γ-vertex is zero. In this work, we re-
strict attention to this self-consistency condition, with the hybridization function updated as
described in the previous section.

2.6.7 Causality in the Dual-Fermion Approach

In the literature, it has been argued that the dual-fermion approach preserves causality, in
the sense that the resulting retarded Green’s functions satisfy GR(t < 0) = 0, provided
that the hybridization function used to initialize the self-consistency loop is itself causal.
However, a formal proof of this claim, or that the corresponding spectral function remains
strictly positive has not yet been established [5]. This issue is not strictly formal, as when
nonlocal correlation effects are included in the self-consistency cycle, the conventional DMFT
self-consistency condition, 1

N

∑
kG(k, ν) = g(ν), need not produce strictly positive spectral

functions [21]. As discussed in Sec. 2.5.1 and in Ref. [21], noncausality (in the sense of negative
spectral functions) can arise from the self-consistency condition relations, particularly when
nonlocal effects are included.

Another key aspect of causality in the dual-fermion approach is the choice of diagrams in-
cluded in the perturbative expansion. In standard diagrammatic perturbation theory, a set of
rules exists to ensure that a given diagrammatic approximation produces nonnegative spec-
tral functions [8]. The idea of these rules is to factorize the self-energy into half-diagrams,
which are then combined with their complex conjugates to form Hermitian products, thereby
guaranteeing nonnegative spectral functions. In a similar spirit, perturbative expansions
around DMFT are not guaranteed to be causal for arbitrary choices of diagrams. Expanding
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around a causal self-energy is intrinsically delicate, since the corrections must be sufficiently
constrained to redistribute spectral weight without violating nonnegativity. The diagram-
matic choices made in ladder dual-fermion theory, and their implications for causality, are
therefore of central interest in this work.

3 Method
To compute the DMFT and DF Green’s functions for the Falicov–Kimball model, we use the
open-source implementation developed by A. Antipov [44, 70]. The impurity solver in this
implementation consists of the analytic formulas discussed in Sec. 2.5, and the dual-fermion
Green’s functions are computed within the ladder approximation described in Sec. 2.6.3. The
exact Green’s functions are computed for small systems using the implementation developed
by A. Mishra. A description of the calculation procedure can be found in Ref. [46]. The idea
is to construct the Green’s function for each fixed f -electron configuration and then aver-
age the resulting configuration-dependent Green’s functions using the corresponding thermal
weights.

The dual-fermion Green’s function is calculated using only the static contribution to the BSE,
as the latest version of A. Antipov’s implementation supports only this channel. Throughout
this work, we consider only two-dimensional systems with periodic boundary conditions, and
denote the side length by L.

3.1 Computational Schemes and Default Parameters

As discussed in Sec. 2.6.7, causality violations may arise either from the choice of diagrams
or from updates to the hybridization function during the self-consistency cycle. Moreover,
several layers of self-consistency may introduce numerical artifacts, leading to noncausal
Green’s functions. To probe these possible sources of causality violations, we consider two
sets of default parameters for the dual-fermion computations.

(i) One-shot Dual Fermion: The converged DMFT hybridization function initializes the
dual-fermion loop, in which a single inner-loop iteration is performed to update the
hard-coded initial dual self-energy, Σ̃(0) = 0, once. Both the inner and outer loops are
then terminated, and the updated dual self-energy Σ̃(1) is used to construct the lattice
Green’s function. The parameters used for the one-shot computations are given in Table
1.18

NDF,Outer NDF,Inner αDF,Inner

1 1 1

Table 1: Default simulation parameters for the one-shot DF computations. The maximum
number of outer- and inner-loop iterations are denoted by NDF,Outer and NDF,Inner, respec-
tively. The mixing parameter used in the inner loop is αDF,Inner, where unity corresponds to
no mixing with the dual Green’s function from the previous iteration.

18Note that NDF,Outer = 0 corresponds to the DMFT solution, as the dual-fermion loop is never initialized.
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(ii) Self-consistent Dual Fermion: The converged DMFT hybridization function initializes
the dual-fermion loop, in which several layers of inner and outer self-consistency iter-
ations are performed until a specified convergence criterion is satisfied within a given
tolerance, or until the maximum number of iterations is reached. The convergence
criteria are:

Outer-loop convergence condition : 1
Nν

∑
ν |∆(n)(ν)−∆(n−1)(ν)| ≤ εDF,Outer,

Inner-loop convergence condition : 1
NkNν

∑
k,ν |G̃(n)(k, ν)− G̃(n−1)(k, ν)| ≤ εDF,Inner.

(3.1)

The parameters used for the self-consistent dual-fermion computations are given in
Table 2.

NDF,Outer εDF,Outer NDF,Inner εDF,Inner αDF,Inner αDF,Outer

30 10−7 50 10−7 0.8 0.8

Table 2: Default simulation parameters for the self-consistent DF calculations. Mixing is
used in both loops to improve convergence and avoid oscillatory behavior.

It is important to avoid setting the maximum number of iterations too high, since the im-
plementation tends to get stuck near the CDW boundary. For the scans considered in the
results, the parameters in Table 2 always led to convergence outside of the CDW phase.

NDMFT Nν t
1000 96 1

Table 3: Default simulation parameters used for all DF simulations. The DMFT loop is
terminated when a convergence criterion analogous to the outer-loop criterion in Eq. (3.1)
is satisfied up to the hard-coded tolerance εDMFT = 10−8, or when the number of iterations
exceeds NDMFT. The number of positive Matsubara frequencies used is denoted by Nν , and
t denotes the hopping parameter.

Note that the mixing parameter αDF,Outer updates the hybridization function both during
the initial DMFT loop and later in the outer DF loop. Since the mixing does not affect
the converged value, the same DMFT hybridization function will initialize both the one-shot
and self-consistent calculations, provided that enough iterations are used to ensure proper
convergence. Default parameters used in both approaches are given in Table 3.

The hopping parameter is fixed to unity throughout, and effects of changing the number of
Matsubara frequencies are discussed in the results.

3.2 Numerical Aspects of the CDW Phase

The condition B(q, T ) = 1 marks the onset of the CDW phase, where the dual vertex Γ̃, and
hence the static c-electron charge susceptibility, diverges [44]. The ordered phase corresponds
to B(q, T ) ≥ 1. Since the approximation schemes considered are not applicable inside this
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phase, we restrict our calculations to the disordered side. Near the phase boundary, however,
dual-fermion corrections are expected to become significant due to the growing importance
of nonlocal effects near the onset of long-range order [69]. We stress again that the phase
transition is an artifact of applying approximation schemes formulated in the thermodynamic
limit, and would not appear in the exact solution for finite-size lattices. The CDW regions
for the computational approaches considered are shown in Fig. 7.
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0.05

0.10

0.15

0.20

0.25

0.30

T

CDW

One-shot Dual Fermion

0 10 20 30 40 50 60
U

CDW

Self-consistent Dual Fermion

0.0 0.5 1.0 1.5 2.0

B(q, T)

Figure 7: Parameter-space diagram of B(q, T ) evaluated at q = (π, π) at half filling for a
L = 4 system. The dotted line indicates B(q, T ) = 1, with the CDW regime lying below
it. For the L = 4 system, CDW instabilities at other ordering vectors are contained within
the dome formed by the q = (π, π) instability and therefore do not give rise to additional
instability regions or further regions that should be excluded from the analysis.

The quantity B(q, T ) provides a measure of distance to the CDW phase. Close to the phase
boundary, numerical instabilities arise as [1−B(q, T )]−1 approaches a singularity. Therefore,
apparent deviations from causality near the phase boundary must be checked carefully to
distinguish genuine causality violations from numerical artifacts.

3.3 Verification of Positive Semidefiniteness

The smallest Pick eigenvalue is used to investigate causality violations. If this eigenvalue
is negative and its magnitude exceeds a set tolerance, the Pick matrix is interpreted as
not being PSD. To determine whether this corresponds to a causality violation, additional
physical factors, such as the distance from the CDW boundary, must be considered.
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The smallest eigenvalues of Pick matrices are highly sensitive to finite-precision errors due to
their large spectral condition numbers, κ(P ) = |λmax|

|λmin| [35]. Moreover, in floating-point numer-
ical calculations, computed eigenvalues are generally accurate only up to a scale proportional
to εmachine||A||2 [71]. In this work, we use the tolerance

|λnum − λexact| = δλ ≤ Cnεmachine||A||2, (3.2)

where C > 0 is a constant, n is the matrix dimension, εmachine denotes the machine precision,
and ||A||2 is the 2-norm of matrix A. For Hermitian matrices, this norm is given by ||A||2 =
maxi |λi(A)|. For a L = 4 system with 96 positive Matsubara frequencies and C = 100, the
largest error estimate obtained from Eq. (3.2) was approximately δλ ≈ 10−10 when scanning
over T and U at half filling. This value is therefore used as the eigenvalue tolerance.19

4 Results

4.1 Benchmarking Approximation Schemes – 4× 4 Systems

In sufficiently small systems, the exact Green’s function can be computed and used as a
reference for benchmarking approximation schemes, despite the greater computational cost.
In this section, we assess the accuracy of the approximation schemes for a L = 4 system
by comparing them against the exact results. The benchmarks are performed away from
the CDW phase at the inequivalent lattice momenta Γ = (0, 0), Y ′ =

(
0, π

2

)
and M ′ =(

π
2
, π
2

)
.

In comparing the results, it is important to distinguish how CDW correlation effects enter the
different approaches. In DMFT, the Green’s function is obtained directly from the single-site
impurity self-energy, while the BSE can be solved separately to compute the susceptibility
and investigate the CDW instability. Thus, CDW-related nonlocal correlations do not feed
back into the single-particle Green’s function during its construction in DMFT. In contrast,
in DF computations, the self-energy is constructed directly from the renormalized dual ver-
tex function. Consequently, CDW-related effects enter the dual Green’s function through
construction of the dual self-energy.

4.1.1 Comparison with Exact Diagonalization at Half Filling

To quantify the accuracy of the approximation schemes, we introduce the deviation from the
exact solution, δGED(k, ν) = GED(k, ν)−Gapprox(k, ν), and the norm

||δG(k)|| =

√√√√ 1

2Nν

Nν−1∑
n=−Nν

|δG(k, νn)|2 =

√√√√ 1

Nν

Nν−1∑
n=0

|δG(k, νn)|2, (4.1)

19We also considered inspecting the eigenvector associated with the smallest Pick eigenvalue. A structured
eigenvector may indicate separation from the near-zero noise subspace, but the sign and magnitude of its
eigenvalue remain unreliable below the chosen tolerance. Hence, this test alone does not provide a conclusive
test for a genuinely negative eigenvalue.
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where the equality follows from Eq. (2.23) and assuming a similar relation holds for the
approximate solution.
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Figure 8: Deviation of the approximate solution from the exact results, measured using the
norm defined in Eq. (4.1). The calculations were performed at half filling, µ = U/2, for k = Γ
in the upper panel, and k = M ′ in the lower panel.

We first consider the deviation of the approximation schemes at half filling versus temper-
ature, shown in Fig. 8. At k = M ′, the results agree well with the expected relative per-
formance of the approximations. The self-consistent ladder performs best, DMFT performs
worst, and the one-shot ladder gives intermediate results. As the temperature and interaction
strengths are increased, the approximation schemes generally become more accurate. The
improved performance at higher temperatures can be attributed to the increased importance
of thermal fluctuations, which suppresses nonlocal correlation effects.

At k = Γ and U/t = 4, the one-shot ladder simulations are closer to the exact result than the
self-consistent ladder calculation for T ≥ 0.30. However, this behavior is not observed at other
points in the Brillouin zone, nor at larger interaction strengths. The apparent improvement
is therefore likely due to accidental error cancellation, rather than a systematic advantage
of the one-shot approximation. In particular, considering only a restricted class of diagrams
can overemphasize certain effects, while compensating contributions from other diagrams are
absent in the approximation. Thus, the self-consistent ladder approach does not necessarily
improve agreement with the exact result at every momentum point, especially when neglected
diagrams would partially cancel contributions from the considered diagrams.
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Outside of the CDW, the approximation schemes are generally expected to perform well in the
strongly correlated regime, U/t ≫ 1. In this limit, hopping is energetically suppressed and the
system is driven towards the atomic limit, so local physics is expected to dominate, making
DMFT a suitable starting point [14]. Consistent with this expectation, the approximation
schemes generally perform better at U/t = 12, than in the moderately to strongly correlated
regime, U/t = 8. At k = Γ, the approximation schemes generally perform worst at U/t = 8,
which appears to be a particularly difficult regime, possibly attributed to the simultaneous
importance of local and nonlocal effects.

4.1.2 Comparison with Exact Diagonalization away from Half Filling

Half filling is a special point in phase space due to particle-hole symmetry. It is therefore
important to examine the performance of the approximation schemes away from this point,
illustrated in Fig. 9. As mentioned in Sec. 2.6.3, away from half filling, higher-order impurity
vertex functions no longer vanish. However, the diagrammatic selection considered here
includes only the second-order impurity vertex, even away from half filling.
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Figure 9: Deviation of the approximate solution from the exact results, measured using the
norm defined in Eq. (4.1), against chemical potential µ. The dashed vertical line marks half
filling, µ = U/2. The calculations were performed at T = 0.35 for k = Γ in the upper panel,
and k = M ′ in the lower panel.

Comparisons based on scans over µ are more difficult, since the electron density changes
along the scan. Focusing on the M ′ point, the self-consistent ladder approach obtains a local



Results 28

minima at half filling. This is expected, as the approximation scheme is most accurate at
this point. Away from half filling, the dual-fermion approximation schemes perform worse,
which can be attributed to the fact that higher-order impurity vertex functions are no longer
identically zero, meaning the diagrammatic selection is further from the exact results. In the
strongly doped regimes, corresponding to chemical potentials that drive the system far away
from half-filling, the approximation schemes all perform similarly. This can be understood
from the limited number of possible configurations at very low or very high electron densities,
which makes the physics comparatively simple. Intermediate doping away from half filling is
more nontrivial and highly momentum dependent, as indicated by the corresponding results
at the Γ-point.

4.1.3 Convergence at Half Filling

The half-filled Falicov–Kimball system at U/t ≈ 4 lies within the Anderson insulating phase20,
where effective disorder arising from thermal averaging over f -electron configurations be-
comes important [49, 72]. In this regime, convergence of the self-consistent ladder simulations
is comparatively slow, illustrated in Fig. 10. Outside the CDW phase and away from the
Anderson insulating region, however, convergence typically requires approximately 10 outer-
loop iterations for the default parameters considered. This demonstrates that the chosen
self-consistency parameters are sufficient to achieve convergence.
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Figure 10: T −U parameter-space diagram at half filling of the number of outer dual-fermion
loops required to reach convergence, N conv

DF,Outer. The dotted line marks U = 4.

A possible explanation for the slow convergence in the Anderson insulating regime is that
this regime is governed by spatially inhomogeneous disorder effects. Since single-site DMFT
treats the system as translationally invariant sites coupled to local baths, it does not capture

20Recall that we set the hopping parameter to unit, U/t = U .
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these nonlocal disorder and localization effects. The resulting DMFT solution may there-
fore provide a less suitable starting point for the dual-fermion ladder calculations, requiring
additional self-consistency iterations to reach convergence.

4.1.4 Convergence of Finite Truncation BSE to Ladder BSE

It is useful to examine how the dual-fermion Green’s function, obtained from a finite-order
truncation of the BSE, converges to the full ladder result. We define the deviation from
the ladder solution as δGLadder(k, ν) = GLadder(k, ν)−GTruncated BSE(k, ν), and use the norm
introduced in Eq. (4.1) to quantify convergence. We focus on one-shot calculations, since the
self-consistent results were found to be qualitatively similar.
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Figure 11: Deviation from the full ladder solution as a function of the impurity-vertex order
N at which the BSE is truncated, evaluated at k = M ′ for half filling. The lines are fits of
the form ||δGladder|| = CBN , with C and B determined from the fit.

In Fig. 11, we observe that the convergence generally increases at higher temperatures and
correlation strengths. At k = Γ, however, convergence was found to be slowest at U/t = 8.
The fitting model is motivated by the structure of the renormalized dual vertex function,
which has the form Γ̃ ∼ (1 − B)−1. A finite-order truncation of the ladder corresponds
to truncating this geometric series at order N . The leading truncation error is therefore
expected to scale as δG(k) ∼ BN . In principle, the error receives contributions from several
momentum channels. A more constrained fitting form is therefore

||δGladder(k)|| =
∑
q

CqB(q)N , (4.2)

where the values of B(q) are fixed from the dual-fermion calculation and only the amplitudes
Cq are fitted. In practice, this fit becomes numerically unstable at small norms. We therefore
use the single exponential fit, and subsequently compare the fitted value of B with the values
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of B(q) obtained from the dual-fermion calculations. For the considered parameter range,
the fitted value of B was found to be closest to B(q) at q = M ′ throughout. The relative
difference, |B(M ′)−Bfit||B(M ′)|−1 ranges from approximately 6% to 27% for the performed
fits.

4.2 The Pick Matrix for Causal Systems - Analytical Results

4.2.1 Exact Green’s Function

We consider the Pick matrix constructed from the analytic expression for the exact Green’s
function in Eq. (2.5),

G (k, z) =
M∑
l

al(k)

z − ωl

, (4.3)

where l denotes the combined index (m,n), al ∈ R > 0 are the spectral weights of the Green’s
function, and ωl ∈ R are the corresponding transition energies. For N interpolation nodes,
we define the vector Ql = ([z0−ωl]

−1, . . . , [zN−1−ωl]
−1), from which the Pick matrix can be

written as21

Pij[G] =
M∑
l

al(k)(Ql)i(Q
†
l )j ⇒ P =

M∑
l

al(k)QlQ
†
l = Qdiag(a)Q†. (4.4)

Here, we introduced the N ×M matrix quantity Q = [Q0, . . .QM ], whose columns are the
vectors Ql, and the M × M diagonal matrix diag(a), with the spectral weights al on the
diagonal. Thus, the Pick matrix is a rectangular congruence transformation of the spectral
weights. If all of the spectral weights are positive, the Pick matrix is trivially PSD.

The matrix Qij = (zi −ωj)
−1 is a Cauchy matrix [73]. Any n× n square submatrix of Q has

determinant

detQn×n =

∏n
i>j(zi − zj)(ωj − ωi)∏n

i,j(zi − ωj)
. (4.5)

The poles ωl are real and distinct,22 while the interpolation nodes zi ∈ C+ are also distinct
by assumption (See Theorem 3). Hence, no factor in the numerator or the denominator of
Eq. (4.5) vanishes, and every square submatrix of Q has a nonzero determinant.23 Since the
rank of a matrix is the size of its largest nonsingular square submatrix [74], we obtain that
rankQ = min(N,M) = rankP , where the last equality follows by the assumption that the
spectral weights are nonzero. Moreover, since the rank of a Hermitian matrix is the number
of nonzero eigenvalues24, we have proved the following theorem:

21See the appendix for a short proof.
22If the sum in Eq. (4.3) contains repeated poles, their spectral weights can be combined.
23Any submatrix of a Cauchy matrix is also a Cauchy matrix.
24This follows immediately from the singular value decomposition.
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Theorem 4. The number of nonzero eigenvalues of the Pick matrix in Eq. (4.4) is min(N,M),
where N denotes the number of interpolation nodes and M the number of poles, which are
assumed to be distinct and to have nonzero spectral weights.

If Q is square, it follows by Sylvester’s law of inertia [33] that all spectral weights are nec-
essarily positive if the Pick matrix is PSD. If Q is rectangular, however, we must use the
following generalization of Sylvester’s law of inertia [75, Lemma 2],

Theorem 5. Let i±(D) denote the number of positive or negative eigenvalues of the Hermi-
tian matrix D ∈ CM×M . For any matrix Q† ∈ CM×N of rank r,

i±(D)− (M − r) ≤ i±(QDQ†) ≤ i±(D). (4.6)

If the Pick matrix is PSD, it has no negative eigenvalues, meaning that i−(Qdiag(a)Q†) = 0.
Moreover, since r = min(N,M), this becomes i−(diag(a)) ≤ M−N provided M > N . Thus,
if the number of poles exceeds the number of interpolation nodes, the Pick criterion may
be satisfied even though some of the spectral weights are negative25. However, all spectral
weights are guaranteed to be positive provided that the number of interpolation nodes exceeds
the number of poles, N > M . See Sec. 6.1.3 of the Appendix, where these formulas are applied
to the noninteracting limit, allowing for further analytical simplifications.

4.3 Causality in the Dual-Fermion Approach

To investigate causality within the ladder dual-fermion approach, initial parameter-space
scans were performed on 4 × 4 systems. Parameter regimes in which large negative Pick
eigenvalues were observed were subsequently compared with ED and DMFT results, and
then re-examined on larger lattices to assess finite-size effects. As expected, no large negative
Pick eigenvalues were found in parameter-space scans based on DMFT Green’s functions. All
dual-fermion Green’s functions are computed using the full ladder resummation of the BSE
unless otherwise stated.

4.3.1 Causality at Half Filling

As displayed in Figs. 12 and 13, large negative Pick eigenvalues are observed close to the
CDW phase boundary at half filling, both in the one-shot and self-consistent simulations.
These eigenvalues are associated with the dual vertex function becoming nearly singular, Γ̃ ∼
(1 − B)−1. Consequently, causality violations observed in this regime should be interpreted
with caution, since the near-singular vertex may amplify numerical errors. They therefore do
not, by themselves, provide robust evidence that the approximation scheme is intrinsically
noncausal. More conclusive evidence would require similar violations in parameter regimes
where such numerical instabilities are absent.

25Since Q has a particular structure, additional constraints may further restrict this possibility.
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Figure 12: T−U parameter-space diagram of the minimum Pick eigenvalues, λ(Pick)
0 , obtained

from one-shot dual-fermion simulations for L = 4 at half filling. The white region marks the
CDW phase.
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Figure 13: T−U parameter-space diagram of the minimum Pick eigenvalues, λ(Pick)
0 , obtained

from self-consistent dual-fermion simulations for L = 4 at half filling. The white region marks
the CDW phase.
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Pick eigenvalues exceeding the established tolerance are observed at the noninteracting Fermi
surface, k = M ′. Although these deviations occur away from the region of numerical insta-
bility, they appear only in the extreme parameter regime U > 20. Moreover, the analytical
results discussed in Sec. 6.1.3 of the Appendix suggest that a larger Pick eigenvalue tolerance
may be needed at the Fermi surface. The large values of U required, together with the pos-
sible need for a larger tolerance at the Fermi surface, make us cautious in interpreting these
deviations as genuine causality violations.

The parameter-space diagram for the self-consistent calculations is shown in Fig. 13, which is
qualitatively similar to the one-shot results in Fig. 12. Thus, several additional layers of self-
consistent updates of both the dual Green’s function and the hybridization function do not
introduce negative spectral weights or nonanalytic features beyond those already present in
the one-shot calculations. This provides evidence that the self-consistency updates preserve
causality, both with respect to the analytic structure, as argued in Ref. [5], and with respect
to nonnegative spectral weights, as speculated in the same reference.

For the remainder of the results, we focus on the one-shot dual-fermion approach, as the
results using the self-consistent dual-fermion simulations are found to be qualitatively similar
in terms of Pick eigenvalues.

4.3.2 Causality away from Half Filling

Large negative Pick eigenvalues are found away from half filling when scanning over µ at fixed
U/t for the L = 4 system. The corresponding T − µ parameter-space diagram for one-shot
calculations is shown in Fig. 14. As discussed in Ref. [44], the CDW phase can persist away
from half filling, although the critical temperature is reduced. This behavior is reflected in
Fig. 14. Moreover, above some critical chemical potential µc, the CDW can no longer be
sustained, as noted in Ref. [46].
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The region of negative Pick eigenvalues located on the CDW phase boundary for T ≥ 0.15 in
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Fig. 14 is associated with numerical instability. However, the large-magnitude negative Pick
eigenvalues observed at the Y ′-point for T ≤ 0.15 do not appear to be caused by numerical
instabilities.

To investigate the origin of the large negative Pick eigenvalues further, we consider a cross
section at T = 0.06. This temperature is chosen because it corresponds to the region where
some of the largest negative Pick eigenvalues are observed at the Y ′-point, while still allowing
the behavior near the instability region to be resolved. The cross section in Fig. 15 shows
that the region of numerical instability is narrow in µ. That is, a small shift in µ produces
a relatively large separation from B(q, T ) = 1. Consequently, the full ladder solution is
accessible at µ ≈ 2.7, where B ≈ 0.4. At this point, no numerical instability associated
with the singular behavior Γ̃ ∼ (1 − B)−1 is expected. Nevertheless, the Pick eigenvalue at
k =

(
0, π

2

)
is of order ∼ −10−3, which is well beyond the numerical tolerance and therefore

provides strong evidence that the Pick matrix is not PSD. Although this signals genuine
causality violations, we do not see this as strong evidence that the dual-fermion approach is
noncausal, as this behavior disappears for larger lattice sizes.

To account for the causality violations observed away from half filling and at the nonin-
teracting Fermi surface, we investigated whether the self-energy becomes nearly singular,
specifically whether Σ̃(k, ν)g(ν) ≈ −1 in Eq. (2.46). No such divergence was observed.

4.3.3 Finite Truncation of the BSE

The results discussed in this section have all been in regard to the full ladder resummation
of the dual vertex function. To rule out causality violations associated with the full ladder
expression, it is useful to consider the effects of truncating the BSE equation to second order
in the impurity vertex function, Γ̃ = γ + γχ̃0γ. Indeed, the regions with causality violations
observed away from half filling and at the noninteracting Fermi surface persist when the
BSE is truncated to second order. The corresponding parameter-space diagrams are shown
in Sec. 6.2.2 in the appendix. Hence, the causality violations are not associated with the
full ladder resummation. Moreover, truncating the BSE removes the large negative Pick
eigenvalues at the phase boundary associated with numerical instabilities, as the dual vertex
no longer becomes singular around B(q, T ) = 1.

4.3.4 Effects of Interpolation Node Number on the Pick Eigenvalues

As discussed in Sec. 2.3.3, the infinite interpolation-node problem has no solution within
the Nevanlinna class if any finite truncation of the Pick matrix has a negative eigenvalue.
Consequently, if the Matsubara Green’s function yields negative Pick eigenvalues for any finite
set of Matsubara frequencies, the Green’s function on the full Matsubara grid is guaranteed
to be noncausal. It is nonetheless useful to examine the effects of changing the size of the
Matsubara grid on the Pick eigenvalues for both causal and noncausal Green’s functions.
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Figure 16: Smallest Pick eigenvalues versus the number of Matsubara frequencies included in
the Pick matrix, computed within the one-shot dual-fermion approach. The dotted line shows
eigenvalues obtained from submatrices of a Pick matrix constructed using 192-frequency
points, while the square markers show results for Green’s functions recomputed using the
corresponding number of frequencies. Results are shown for U = 4, µ = 2.8 and k = Y ′ at
L = 4.

To compute the Pick eigenvalues for smaller Matsubara grids, one may either construct the
Pick matrix using the largest chosen number of Matsubara frequencies and then diagonalize
its submatrices along the diagonal, or recompute the Green’s function using simulations
initialized with the corresponding Matsubara grid size. Since the Matsubara grid used to
initialize the simulation can affect the resulting Green’s function, it is important to check
how these two procedures affect the Pick eigenvalues.

The left panel of Fig. 16 shows the minimum Pick eigenvalues in a parameter region where
the Pick matrix is not PSD. Using both direct reconstruction and matrix truncation, the Pick
eigenvalues remain of the same order of magnitude and generally become more negative as the
number of Matsubara frequencies is increased. The fact that a large negative Pick eigenvalue
already appears using only four Matsubara frequencies indicates that causality is particularly
sensitive to the low-frequency structure of the approximation schemes considered here. This
is consistent with the expectation that the approximation schemes considered reproduce
the asymptotic high-frequency behavior of the Green’s function well, making high-frequency
contributions an unlikely source of the observed violations. These observations are, however,
specific to the approximation schemes and their implementations considered here.

The right panel of Fig. 16 shows the minimum Pick eigenvalues for parameters corresponding
to a causal Green’s function. At eight Matsubara frequencies, the eigenvalues decrease to the
level of floating-point accuracy, where they remain as the number of Matsubara frequencies
is increased in both approaches. The sharp drop from finite values to floating-point values
can be understood from the rank of the Pick matrix, derived in Sec. 4.2, namely rank(P ) =
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min(N,M). For a small number of interpolation nodes, rank(P ) = N , meaning that the Pick
matrix has full rank and therefore no zero eigenvalues. Once the number of interpolation
nodes exceeds the number of poles, the Pick matrix is no longer of full rank, leading to
eigenvalues of floating point magnitude. In general, it is difficult to determine the exact
number of poles from the Pick criterion, as the eigenvalues tend to continuously approach
finite level precision.

Figure 16 shows that using 96 positive Matsubara frequencies in either approach leads to the
same conclusion with regard to causality for both causal and noncausal Green’s functions.
This justifies the choice of 96 as a default parameter used here. However, for numerical
approaches in which the asymptotic form of the Green’s function is not well behaved, one
should consider increasing the number of positive Matsubara frequencies.

4.3.5 Finite Size Effects

The negative Pick eigenvalues observed away from half filling on the L = 4 lattice are not
associated with numerical instabilities caused by proximity to the CDW phase boundary, as
seen in Fig. 15. These large negative Pick eigenvalues therefore indicate genuine causality
violations for this finite system. However, they should not be interpreted as direct evidence
that the dual-fermion approach is intrinsically noncausal, since the violations are absent on
larger lattices, as shown in panel (b) of Fig. 17.
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Figure 17: Finite size scaling at U = 4, T = 0.06 and µ = 2.75 for k = Y ′, computed
using the one-shot dual-fermion approach. (a) Imaginary part of the Green’s function versus
Matsubara frequencies. (b) Minimum Pick eigenvalues as a function of system size L.

At the next-largest lattice size for which the point k = Y ′ is available, L = 8, the large
negative Pick eigenvalues are no longer present, as shown in panel (b) of Fig. 17. The main
structural change in the Matsubara Green’s functions with increasing system size occurs in
the first few Matsubara frequencies, as displayed in panel (a) of Fig. 17. Full parameter-space
scans of the Pick eigenvalues at L = 16 are shown in Sec. 6.2.3 of the appendix.
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A proper finite-size analysis should ideally be performed at the Γ-point, as it is present for
all lattice sizes. Although the Pick eigenvalues at this point, away from the CDW region,
remain above the established tolerance, as seen in Fig. 14, their magnitudes are significantly
smaller than those observed at other points in the Brillouin zone.
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Figure 18: Finite size scaling at U = 4, T = 0.06 and µ = 2.75 for k = Γ, computed
using the one-shot dual-fermion approach. (a) Imaginary part of the Green’s function versus
Matsubara frequencies. (b) Minimum Pick eigenvalues as a function of system size L.

In panel (b) of Fig. 18, we observe that the large negative Pick eigenvalues disappear between
L = 4 and L = 5. The jump by several orders of magnitude indicates that the large
negative Pick eigenvalues observed for L = 2, 3, 4 are genuine negative eigenvalues, rather
than numerical noise. We also note the oscillatory finite-size behavior of the imaginary part
of the Green’s function, shown in panel (a) of Fig. 18. This behavior is likely related to
the coarse and strongly L-dependent momentum grids of small systems, where changing the
lattice size substantially alters the set of available momenta. As the system size is increased
and the momentum grid becomes denser, this oscillatory behavior is no longer observed.

From the finite-size analysis, we observe noncausal behavior for lattice sizes L ≤ 4. This
suggests that the dual-fermion approach may perform poorly for very small finite systems.
One possible reason for this is that both the dual-fermion approach and DMFT are based on
single-site impurity models coupled to self-consistent baths, which more naturally represent
environments in the thermodynamic limit, as previously discussed. In contrast, small finite
systems retain strong finite-size effects, such as discrete, delta-peaked spectral functions.
These effects may therefore lead to a mismatch between the exact finite-size solution and the
bath-based description underlying DMFT and the dual-fermion approach.
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5 Conclusion
In this work, we elaborated on the Pick formalism as a numerical diagnostic tool for inves-
tigating causality of Green’s functions. The method was applied to the ladder dual-fermion
approach with static scattering only in the spinless Falicov–Kimball model. For small sys-
tems, large negative Pick eigenvalues were observed outside of the CDW phase, indicating
the presence of causality violations. However, these signals disappeared as the system size
was increased. Thus, no robust evidence was found that the dual-fermion approach acts
as a causality-violating extension of DMFT. Indeed, it may be the case that the ladder
dual-fermion approach is a causal diagrammatic extension of DMFT, or that simplifications
specific to the spinless Falicov–Kimball model help preserve causality of the resulting Green’s
functions. Moreover, the numerical results suggest that self-consistency in the dual-fermion
approach preserves causality, since the Pick eigenvalues show no significant differences be-
tween one-shot and self-consistent calculations.

Several nontrivial results were obtained in the analysis of the Pick matrix itself. The Pick
matrix was shown to be a rectangular congruence transformation of the spectral weights,
or residues, of the Green’s function under consideration. A connection was also established
between the number of nonzero eigenvalues and the number of distinct poles. This may
be useful for further analytical studies of the Pick criterion in the context of Green’s func-
tions. Although the relation is formally exact, extracting the number of poles from the Pick
eigenvalue spectrum is numerically challenging, since eigenvalues lie close to the floating-
point precision, making it difficult to differentiate finite eigenvalues from zero. Moreover, the
noninteracting Pick eigenvalue spectrum and its eigenvectors were derived, providing a useful
benchmark for estimating numerical tolerances and identifying noncausal behavior. However,
more established methods of estimating errors of eigenvalues were found to provide stricter
tolerances. The analytical result for the noninteracting Pick matrix provides a possible ex-
planation for the noninteracting Fermi surface being particularly susceptible to negative Pick
eigenvalues above an established tolerance, as the matrix norm of the Pick matrix is maximal
at this point 26.

While the Pick formalism provides a mathematically rigorous causality criterion that is easy
to implement, its practical application requires careful tolerance estimates and robustness
checks across a wide variety of parameters. Moreover, the Pick criterion is highly sensitive,
as a slight change in the input values can alter the eigenvalues significantly. Most data with
noise fail the Pick criterion [9], making its application rather limited.

Possible extensions of this work include incorporating dynamic scattering into the BSE and
investigating its consequences for causality. Moreover, analytical approaches to the causality
of the dual-fermion approximation based on finite-temperature cutting rules, established in
Ref. [76] and further developed in Ref. [8] in the context of positive spectral functions, should
be explored as a possible route toward a formal proof of spectral positivity.

26See Sec. 6.1.3 of the Appendix. This was only verified in the noninteracting limit.
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6 Appendix

6.1 Properties of the Pick Matrix

6.1.1 Nevanlinna-Pick Matrix

The Pick criterion can be used to formulate a necessary condition for the existence of a
Nevanlinna interpolant using the Cayley transform, as described in Sec. 2.3.3 of the main
text, where the Pick matrix is given by

Pmn[f ] =
1− C (fm)C (fn)

∗

1− C (zm)C (zn)∗
, C (z) =

z − i

z + i
(6.1)

Consider the following transformation of a complex vector z,

Mmn(z) = 1− C (zm)C (zn)
∗ =

2i(z∗n − zm)

(zm + i)(z∗n − i)
(6.2)

Suppose we are considering the Pick matrix for the interpolation problem f(zi) = fi. Then,
the Pick matrix is given by

Pmn[f ] =
1− C (fm)C (fn)

∗

1− C (zm)C (zn)∗
(6.3)

=
(zm + i)

(fm + i)

(fm − f ∗
n)

(zm − z∗n)

(z∗n − i)

(f ∗
n − i)

(6.4)

= xmPmnx
∗
n (6.5)

where we defined the quantities

xm =
(zm + i)

(fm + i)
, Pmn =

(fm − f ∗
n)

(zm − z∗n)
(6.6)

It is convenient to write this as a matrix equation,

Pmn =
∑
ij

(xmδmi)Pij(x
∗
jδjn) ⇐⇒ P = DPD† (6.7)

where D = diag(x). Now, let u be an arbitrary vector in Cn,

u†Pu = u†DPD†u
v=D†u
= v†Pv (6.8)

Provided D has full rank, this proves that P and P has the same definiteness since u and v
are arbitrary and can always be constructed from each other. Applying Eq. (6.6) to the Pick
matrix in Eq. (6.1),

Pmn[G] = i
Gm −G∗

n

νm + νn
. (6.9)
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6.1.2 Computations for the Pick Matrix of the Exact Green’s Function

Consider the Green’s function

G(k, z) =
∑
l

al(k)

z − ωl

. (6.10)

Assuming the spectral weights al(k) and the transition energies ωl are real,

Gm −G∗
n =

∑
l

al(k)

[
1

zm − ωl

− 1

z∗n − ωl

]
= −

∑
l

al(k)
zm − z∗n

(zm − ωl)(z∗n − ωl)
(6.11)

Since the negative Green’s function has Nevanlinna structure,

Pmn = −Gm −G∗
n

zm − z∗n
=
∑
l

al(k)
1

(zm − ωl)(z∗n − ωl)
=
∑
l

al(k)(Ql)m(Q
†
l )n, (6.12)

which is the expression from the main text.

6.1.3 Noninteracting Limit

We can apply Eq. (4.4) to the noninteracting Green’s function, as it has a single pole located
at ω = ε(k) − µ with unit residue. Hence, the Pick matrix takes a particularly simple
form27,

P = Q0Q
†
0 , (Q0)n =

1

iνn − (ε(k)− µ)
= G0(k, νn). (6.13)

Since the spectral weight of the single pole is positive, the Pick matrix is PSD as expected,
as the noninteracting Green’s function is causal. Moreover, by Theorem 4, there is only a
single nonzero eigenvalue. The eigenvector of the Pick matrix with the nontrivial eigenvalue is
clearly Q0, and the corresponding eigenvalue is the magnitude of the noninteracting Green’s
function,

PQ0 = ||Q0||2Q0 , ||Q0||2 =
N∑

n=0

1

ν2
n + (ε(k)− µ)2

N→∞
=

β

4[ε(k)− µ]
tanh

(
β[ε(k)− µ]

2

)
.

(6.14)

At the noninteracting Fermi surface, ε(k) = µ, the magnitude of the nonzero Pick eigen-
value is maximal and takes the value ||G0||2 = β2

8
. According to the error bound estimation

in Eq. (3.2), this implies that a stricter tolerance on the Pick eigenvalues is generally re-
quired near the noninteracting Fermi surface. Consequently, fluctuations around the chosen
tolerance near the Fermi surface must be examined in greater detail.

Since the smallest Pick eigenvalue is zero in the noninteracting limit, this limit can be used
as an initial estimate for a numerical tolerance that distinguishes genuine causality viola-
tions from noise-induced negative Pick eigenvalues. However, more established methods for
constructing eigenvalue error bounds, such as the one discussed in Sec. 3.3, generally lead to
stricter tolerances.

27We explicitly set the interpolation nodes to be the Matsubara frequencies here.
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6.2 Additional Results

6.2.1 CDW Instability away from Half Filling
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Figure 19: T −µ parameter-space diagrams of B(q, T ) at U = 4, indicating the CDW region
away from half filling, computed using the one-shot dual-fermion approach.
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6.2.2 Finite Truncation of the BSE
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Figure 20: T−U parameter-space diagram of the minimum Pick eigenvalues, λ(Pick)
0 , obtained

from one-shot dual-fermion simulations for L = 4 at half filling when truncating the BSE to
second order in the impurity vertex function, Γ̃ = γ + γχ̃0γ. The white region marks the
CDW phase.
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Figure 21: T−µ parameter-space diagram of the minimum Pick eigenvalues, λ(Pick)
0 , obtained

from one-shot dual-fermion simulations for L = 4 at U = 4 when truncating the BSE to
second order in the impurity vertex function, Γ̃ = γ + γχ̃0γ. The white region marks the
CDW phase.
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6.2.3 Parameter-Space Diagrams at L = 16
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Figure 22: T −U parameter-space diagram of the minimum Pick eigenvalues, λmin
Pick, obtained

from one-shot dual-fermion simulations for L = 16 at half filling using the full ladder resum-
mation of the BSE. The white region marks the CDW phase.
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Figure 23: T −µ parameter-space diagram of the minimum Pick eigenvalues, λmin
Pick, obtained

from one-shot dual-fermion simulations for L = 16 at U = 4 using the full ladder resummation
of the BSE. The white region marks the CDW phase.
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