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Abstract

The thesis studies the problem of predicting large covariance matrices, a central chal-
lenge in modern portfolio theory. In portfolios with many assets, the large number of
covariance terms makes prediction dicult, often causing traditional methods to suer
from either substantial estimation bias or variance. To address this, the thesis pro-
poses an approach that adapts conditional autoencoders, originally developed in asset
pricing theory. The framework decomposes asset movements nonlinearly into a diagonal
idiosyncratic component and a low-dimensional systematic component, conditionally on
the nancial environment. These are then forecast separately using dynamic covariance
models. This setup enables nonlinear latent factor construction and, unlike traditional
autoencoder approaches, allows the covariance structure to adapt to the changing nan-
cial environment through time-varying factor loadings.

Out-of-sample performance was evaluated on large-capitalization U.S. equities, using
a value-weighted portfolio and minimum-variance portfolios constructed using covariance
estimates from the proposed framework, a Ledoit-Wolf shrinkage estimator, and a tra-
ditional autoencoder. The models were compared using the Sharpe ratio and resulting
transaction costs. Furthermore, each model’s forecasting accuracy was evaluated against
a target covariance matrix constructed from out-of-sample high-frequency return data.
Results show that the proposed framework consistently outperforms the benchmarks
across both statistical and economic metrics, most notably a higher Sharpe ratio for
the minimum-variance portfolio. While the proposed framework leads to higher portfo-
lio turnover, the net Sharpe ratio remains higher than the benchmarks under realistic
transaction costs and weight restrictions. Overall, the results suggest that conditional
autoencoders are a promising framework for high-dimensional covariance forecasting.
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Nomenclature

Factor modeling
ΣX Covariance matrix of variable X

Ft Latent factor vector

Zt Firm characteristic matrix

Bt Factor loading matrix

Xt Characteristic-managed portfolio returns

N Number of assets

K Number of latent factors

P Number of rm characteristics

Finance
Rt Asset return vector

ut Idiosyncratic return vector

µ Mean return vector

σ Standard deviation or volatility

wt Portfolio weight vector at time t

Mathematics
RX×Y Space of X × Y real-valued matrices

∥ · ∥2 Euclidean norm

∥ · ∥F Frobenius norm

tr Trace operator

diag Diagonal matrix operator

 Gradient operator

Abbreviations
AE Autoencoder

CAE Conditional Autoencoder

VW Value-weighted / market-capitalization-weighted

LW Ledoit-Wolf shrinkage estimator

DCC Dynamic Conditional Correlation

GARCH Generalized Autoregressive Conditional Heteroskedasticity
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Chapter 1

Background

1.1 Introduction

Every day, asset managers, pension funds, and banks allocate vast amounts of capital
across nancial assets, aiming to construct a portfolio that delivers high returns while
maintaining minimal risk. Central to this process is diversication. By combining invest-
ments whose returns do not move together, the risk of signicant losses can be reduced
without sacricing expected return. Achieving this requires an understanding of how
assets move relative to one another, commonly represented by a covariance matrix.

While accurate covariance matrices are crucial for nancial institutions, producing ac-
curate estimates remains challenging. Firstly, nancial portfolios are often high-dimensional,
comprising hundreds or even thousands of individual assets whose pairwise relationships
must be estimated simultaneously. Since the number of terms in the covariance matrix
increases quadratically, reliable estimation quickly becomes challenging. For instance, a
portfolio of 500 assets requires estimating 125,250 unique terms. Furthermore, the cov-
ariance structure constantly uctuates. Periods of nancial stress, policy changes, and
evolving macroeconomic conditions may quickly alter the relationships among assets’ re-
lative movements (Sandoval Junior & Franca, 2012). Consequently, old observations are
less representative of the current market environment. In addition, numerous terms must
be estimated from a limited number of observations. The combination of high dimen-
sionality and limited samples lays the foundation for a crucial yet challenging estimation
task that can lead to substantial error if not handled well.

To alleviate the challenges of high-dimensional estimation, dimensionality reduction
techniques can be used to compress the covariance structure into a low-dimensional space
of so-called factors that drive covariance. The covariance is then estimated from the
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factors and subsequently reconstructed to the original asset dimension. Recent liter-
ature has shown that nonlinear dimensionality reduction techniques provide signicant
improvements to covariance estimation compared to linear techniques (Conlon et al.,
2025). Traditional autoencoder approaches, while specically designed to perform non-
linear dimensionality reduction, sacrice capacity to adapt to the changing nancial
environment. This is problematic, as covariance matrices are time-varying, especially
across dierent economic regimes (Sandoval Junior & Franca, 2012). More specically,
autoencoders encode asset returns without conditioning on economic information and
assume a static relationship between the covariance matrix and the underlying factors.
These have proven to be fundamental limitations, as conditioning on the nancial envir-
onment by allowing the relationship to be time-varying has been shown to yield superior
covariance estimates for portfolio optimization relative to sophisticated benchmarks that
do not. See, for instance, Fan et al. (2024) and Jung (2019).

To address the issues of autoencoders, the thesis proposes a framework for covari-
ance estimation using the conditional autoencoder architecture of Gu et al. (2021). The
architecture was originally proposed for asset pricing theory, but the framework adapts
it to estimate covariance matrices. The framework preserves the nonlinear dimension-
ality reduction of traditional autoencoders while adapting the encoding to the nancial
environment. This is achieved by allowing the relationship between the covariance and
factors to vary with rm characteristics.

1.1.1 Objective

The thesis aims to contribute to the literature on dimensionality-reduction techniques
for estimating covariance matrices. It investigates whether nonlinear dimensionality re-
duction conditioned on the rm’s characteristics can accurately produce time-varying
covariance estimates, which serve as a basis for forecasting when combined with dynamic
covariance models. To achieve this, it develops a new framework using conditional au-
toencoders and evaluates it based on statistical predictive accuracy and out-of-sample
portfolio performance. This objective is investigated through the following research ques-
tions:

1. Can a conditional autoencoder framework improve covariance forecasting from both
a statistical and portfolio performance perspective, relative to classical and existing
autoencoder-based approaches?

2. Do the possible improvements achieved by the framework remain under realistic
portfolio construction settings, including transaction costs and portfolio constraints?
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1.1.2 Delimitations

Several delimitations apply to the thesis’s scope. As the main focus is on constructing
an architecture for covariance estimation using the conditional autoencoder, relatively
unsophisticated forecasting methods are utilized, namely GARCH and DCC. These serve
to demonstrate their integration into the architecture and their contribution to perform-
ance. Regarding the data, the analysis is restricted to U.S. large-cap equities that are
current or former constituents of the S&P 500. Furthermore, all returns and economic
data utilized by the models are monthly. From a methodology perspective, no expected
return forecasting is performed. Rather, in a portfolio-construction setting, the covari-
ance matrices are evaluated only by their resulting minimum-variance portfolio.

1.2 Thesis Structure

Chapters 2 through 4 constitute the theoretical foundation of the thesis. Chapter 2
introduces portfolio optimization, with particular emphasis on minimum-variance port-
folio optimization. Furthermore, it discusses the challenges and various methods for
covariance estimation, leading up to the core idea of factor models. Neural networks
are introduced in Chapter 3, with a focus on autoencoders. This basis is subsequently
used to review the autoencoder’s role in covariance estimation. Chapter 4 presents the
proposed conditional autoencoder framework, where dimensionality reduction of asset re-
turns is performed conditioned on rm characteristics. It describes how the conditional
autoencoder can be used within a framework to forecast covariance matrices and outlines
metrics for evaluating the proposed framework.

Chapter 5 describes the methodology and data, including the datasets, preprocessing
procedures, model training, portfolio construction, and evaluation approach. The results
are then presented in Chapter 6, including comparisons against several strong bench-
marks. It evaluates both the economic and statistical performance of the models. Lastly,
Chapter 7 discusses the empirical ndings, including the strengths and limitations of the
proposed framework.
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Chapter 2

Covariance Estimation for Portfolio
Optimization

Markowitz (1952) introduced the mean-variance problem, which established the founda-
tion for modern portfolio theory. The idea is that the expected returns and covariance
matrix of returns can be used to compute a portfolio allocation that optimally balances
return and risk. In the simplest case, these are estimated using sample moments, which
often vary substantially over time and perform poorly out-of-sample (Broadie, 1993; Kan
& Zhou, 2007) . This thesis focuses solely on the covariance portion of this problem. Un-
der the assumption of identical and constant expected returns, the problem is reduced
to constructing an optimal minimum-variance portfolio.

Let N denote the number of assets. The minimum-variance portfolio is obtained by
nding the portfolio weights, w  RN , that minimize the portfolio variance, given an
estimated covariance matrix, ΣR  RN×N (Markowitz, 1952):

min
w

w⊤ΣRw (2.1)

s.t. 1⊤w = 1 (2.2)

In the absence of additional constraints, this problem exhibits a closed-form solution.
However, in parts of this thesis, the portfolio optimization problem is subject to addi-
tional constraints beyond equation 2.2, for which the closed-form solution is no longer
applicable. Nevertheless, as the covariance matrix is positive semi-denite, the objective
function w⊤ΣRw is convex. Consequently, any minimum found by a local minimizer is
a global minimum (Diehl, 2025, pp. 130, 138).
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2.1 Covariance Matrix Estimation

In the simplest case, the covariance matrix can be estimated as the sample covariance of
the returns over the previous T observations. Let Rt  RN denote the asset returns at
time t. The sample covariance is then given by

S =
1

T − 1

T

t=1

(Rt − R̄)(Rt − R̄)⊤ (2.3)

However, this estimator has been shown to become unreliable when the number of
assets is large relative to T, due to high estimation variance (Broadie, 1993). This may
result in unstable portfolio weights, elevated transaction costs, and substantially higher
realized risk than expected. Conversely, using a longer estimation window reduces vari-
ance at the expense of introducing additional bias. This stems from the non-stationary
nature of asset returns, which causes the covariance matrix to change over time (San-
doval Junior & Franca, 2012). In other words, a longer estimation window produces
a covariance matrix that does not accurately reect the current covariance, but rather
a smoothed historical average. This bias-variance trade-o has motivated methods to
mitigate issues arising from high-dimensional estimation.

2.1.1 Ledoit-Wolf Shrinkage

An improvement over the traditional sample covariance matrix is to reduce estimation
variance by deliberately introducing additional bias through shrinkage. This can be
achieved by shrinking the covariance matrix towards a target matrix. One of the most
widely used approaches is the Ledoit-Wolf (LW) estimator proposed by Ledoit and Wolf
(2004) . It computes the estimated covariance matrix as

Σ̂LW = δF + (1− δ)S (2.4)

where S denotes the sample covariance matrix, F is the target matrix and δ  [0, 1] is the
shrinkage intensity parameter. LW selects the shrinkage target as the constant-variance
target:

F = σ̄2I (2.5)
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where σ̄2 denotes the average sample variance and I is the identity matrix. The shrinkage
intensity parameter δ is selected to approximately minimize the Frobenius norm loss
between the estimator and the true covariance matrix. Ledoit and Wolf derive a closed-
form estimator for the asymptotically optimal shrinkage coecient:

δ∗ =
π − ρ

γ
(2.6)

where π, ρ, and γ are dened as

π =

N

i=1

N

j=1

Var (sij) (2.7)

ρ =

N

i=1

N

j=1

Cov (fij , sij) (2.8)

γ = ∥F − S∥2F (2.9)

In other words, π measures the total estimation variance of the sample covariance estim-
ator, ρ captures the covariance between the shrinkage target and the sample covariance
estimator, and γ measures the squared Frobenius distance between the sample covariance
matrix and the shrinkage target.

Due to its simple implementation and strong empirical performance in high-dimensional
settings, LW is a strong benchmark for covariance estimation and portfolio optimization.
Furthermore, the idea of shrinking a covariance matrix towards a target is not only ap-
plicable to sample covariance matrices but also more broadly to covariance estimates
characterized by low bias and high variance. However, the shrinkage intensity in equa-
tion 2.6 is specically derived for shrinking a sample covariance estimation. In the more
general case, particularly in the context of machine learning, the intensity can instead
be treated as a parameter.

2.1.2 Factor Models

As an alternative approach for covariance estimation, the factor model introduced by
Ross (1976) can be considered as a natural starting point. The factor model assumes
that most variation in asset returns can be explained by a small number of shared factors.
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In the model, the returns for asset i at time t take the general form:

Rt = α+BFt + ut (2.10)

where α  RN×1 is the intercept, Ft  RK×1 is the zero-mean factor vector, B  RN×K

contains the factor loadings and ut  RN×1 is the zero-mean error term. The covariance
matrix can then be derived using the assumption that Cov(Ft, ut) = 0. Under these
assumptions, the covariance matrix decomposes into two components (Fan et al., 2013):

Cov(Rt) = Cov(α+BFt + ut) = Cov(BFt) + Cov(ut) = BCov(Ft)B
⊤ + Cov(ut)

Introducing the notation Cov(Rt) = ΣR, Cov(Ft) = ΣF and Cov(ut) = Σu gives a

decomposition of the covariance matrix:

ΣR = BΣFB
⊤ + Σu (2.11)

ΣF will be referred to as the systematic covariance, as it is driven by common factors,
Ft, while Σu will be referred to as the idiosyncratic covariance, reecting that it stems
from rm-specic factors.

This is an appealing decomposition because it allows the covariance structure to be
estimated in a lower-dimensional factor space, which contains signicantly fewer matrix
terms to estimate. Therefore, the model directly addresses the previously discussed
challenges of high dimensionality.

A common approach to estimating factors Ft is to use dimensionality-reduction tech-
niques. Such methods treat the factors that determine returns as latent, meaning they
are not directly observable. They form a lower-dimensional representation of length
K << N to explain the returns of N assets. A simple dimensionality reduction tech-
nique is principal component analysis, PCA. PCA constructs orthogonal linear combina-
tions, where the rst principal component captures the largest possible share of the total
variance of the asset’s returns, the second captures the largest remaining share subject
to orthogonality, and so on. The rst K principal components are then selected as the
latent factors for explaining the return structure (Lindholm et al., 2026, pp. 279-283).
Hinton and Salakhutdinov (2006) argue that a crucial limitation of PCA and similar
linear dimensionality-reduction techniques is their inability to capture non-linear rela-
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tionships between the input data and the resulting latent factors. Instead, Hinton and
Salakhutdinov propose using machine learning techniques, describing it as a non-linear
generalization of traditional dimensionality-reduction methods. This motivates the use
of neural networks for dimensionality reduction.

8



Chapter 3

Neural Networks for Dimensionality
Reduction

This section introduces neural networks and the encoder-decoder architecture, which
later serves as a basis for understanding various autoencoders and their application to
covariance estimation.

3.1 Feed-Forward Neural Networks

A feed-forward neural network is a parametric mapping fθ : RH0 → RHL , where H0 = N

denotes the input dimension, HL the output dimension and θ the parameters (Goodfellow
et al., 2016). A neural network is illustrated in gure 3.1 (Fryan et al., 2023).

For an input vector x  RH0 , let h(0) := x. Following Goodfellow et al. (2016), the
neural network consists of layers, h(l)  RHl , where each layer is computed as a function
of the previous layer. Let L denote the total number of layers. For layers l  1, ..., L,
the network is recursively calculated as:

h(l) = σ(W (l)h(l−1) + b(l)) (3.1)

σ(z(l)) = max(0, z(l)) (3.2)

where z(l) = W (l)h(l−1) + b(l). In particular, the middle section, consisting of layers
l  1, ..., L − 1 of the network, is the so-called hidden layers. The network may have
any number of hidden layers, each with a possibly dierent size. Finally, the last hidden
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Figure 3.1: Illustration of a neural network, consisting of n inputs, three hidden layers,
and n outputs.

layer is combined to create the output vector. In this setup, the trainable parameters
are the set of all weights and biases, θ = W (l), b(l)Ll=1.

3.1.1 Training a Neural Network

Training a neural network involves estimating the model’s parameters so that it produces
the desired output for a given input (Goodfellow et al., 2016). This is typically performed
using a collection of input-output pairs where yi  RH0 denotes the measured output,
corresponding to input xi  RH0 . The neural network then performs the mapping:

ŷi := fθ(xi) (3.3)

The goal of the training process is to nd parameters that minimize the discrepancy
between the estimated output ŷi and the true output yi. Formally,

min
θ

1

T

T

i=1

L(yi, ŷi(θ)) (3.4)

where L denotes the loss function that measures the discrepancy between the estimated
and true output. To minimize it, gradient descent can be applied to the loss function,
iteratively nding parameters that yield a lower loss. Let θi denote the parameters at
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iteration i. The parameters are then updated according to

θk+1 = θk − ηθL(θk) (3.5)

where η > 0 denotes the learning rate and θL(θk) is the gradient of the loss function
with respect to the parameters, evaluated at θk. Gradient descent can be extended to
Stochastic Gradient Descent (SGD), which instead estimates the gradient using a subset
of the dataset, referred to as a mini-batch, Bk ⊂ 1, . . . , T. In SGD, the gradient in
equation 3.5 is henceforth approximated by

ĝk =
1

Bk


i∈Bk

θL(yi, ŷi(θk)). (3.6)

The parameters are then updated as

θk+1 = θk − ηĝk. (3.7)

SGD can further be improved using the Adam optimizer introduced by Kingma and Ba

(2014). Adam follows the same framework as SGD, but instead uses a separate learning
rate ηk for each parameter. The learning rates are updated using exponentially weighted
averages of past gradients and squared gradients, which estimate the rst and second
moments, respectively. In practice, this has been shown to yield ecient and stable
convergence to the optimal parameters in high-dimensional, non-convex optimization
problems.

3.1.2 Dimensionality Reduction Using Autoencoders

An autoencoder is a type of neural network that can be used to perform non-linear di-
mensionality reduction. Throughout the thesis, the autoencoder will be abbreviated as
AE. Following Hinton and Salakhutdinov (2006) , the AE can be constructed using two
sequentially connected feed-forward neural networks, called the encoder-decoder archi-
tecture. First, the encoder maps the input, x  RN , into a lower-dimensional latent
representation:

z = fθ(x)

where z  RK denotes the latent representation of the input, with K << N . Sub-
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sequently, the decoder attempts to reconstruct the original input from the latent repres-
entation:

x̂ = gθ(z)

An AE architecture is illustrated in Figure 3.2 (Hinton and Salakhutdinov, 2006). In
the illustration, an image is used as input to the encoder. This is possible because each
gray pixel can be represented numerically, thereby allowing the image to be represented
as a vector. The gure illustrates how an encoder compresses the input into dimensions
2000, 1000, 500, and nally a 30-dimensional representation. Thereafter, a decoder
attempts to reconstruct the original image from the latent representation.

Figure 3.2: Illustration of a basic AE, consisting of an encoder and a decoder.
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The autoencoder can be trained in the same manner as a traditional neural network
by treating the reconstruction x̂ as the estimated output, and x as the target, thereby
minimizing reconstruction error. During training, the encoder learns to produce a latent
vector that serves as a compact representation of the input since it must preserve sucient
information for the decoder to reconstruct it accurately. Since the network is only needed
for dimensionality reduction, the decoder can be discarded after the encoder-decoder is
trained, leaving the encoder as an optimized dimensionality-reduction mapping.

3.2 Autoencoders for Covariance Estimation

3.2.1 Static Covariance Model

The construction of covariance matrices using AEs on returns follows the approach of
Conlon et al. (2025). By training an AE, it learns to compress the asset returns into
a lower-dimensional space, Ft = fθ(Rt)  RK . Thereafter, given a set of return-factor
pairs, (Rt, Ft)Tt=1, factor loadings B and intercept α are estimated using ordinary least
squares:

Rt = α+BFt + ut (3.8)

where ut is the residual error term. Notably, this construction aligns with the Ross
(1976) factor model, as given in equation 2.10. Consequently, the corresponding covari-
ance decomposition can be made, according to 2.11. However, this assumes the factors
are zero-mean, E(Ft) = 0, a condition that cannot be enforced by traditional AEs. Nev-
ertheless, deviations from zero-mean factors only shift expected returns and therefore do
not aect the covariance matrix. This becomes evident by a demean, which still yields
an identical covariance decomposition to equation 2.11:

Rt = α+BFt + ut ⇒ Rt −BE(Ft) = α+B(Ft − E(Ft)) + ut (3.9)

⇒ Cov(Rt −BE(Ft)) = Cov(α+B(Ft − E(Ft)) + ut) ⇒ ΣR = BΣFB
⊤ + Σu (3.10)

The systematic ΣF and the idiosyncratic covariance Σu are estimated using the
sample covariance matrices of the factor and residuals, respectively. Crucially, this im-
plicitly assumes stationarity, which is an assumption without motivation that will be
relaxed later. This thesis focuses on the exact factor model proposed by Fan et al. (2008)
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, in which the idiosyncratic covariance matrix is constrained to be diagonal. It reects
the assumption that informative common factors will explain all systematic cross-asset
dependence through ΣF , consequently leaving only asset-specic variance in Σu:

ût := Rt − α̂− B̂Ft (3.11)

Σ̂u = diag(σ̂2
u,1, . . . , σ̂

2
u,N ), (3.12)
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Chapter 4

Proposed Conditional Autoencoder
Framework

While the autoencoder forms a good basis for covariance estimation, it has fundamental
limitations when it comes to adapting to dierent economic regimes. The autoencoder
is largely agnostic to the prevailing nancial environment, as it encodes asset returns
without conditioning on economic information. Furthermore, while the factor model,
presented in equation 2.10, assumes constant factor loadings, B, this assumption is highly
restrictive in practice. It implies that each asset’s sensitivity to a given latent factor is
constant over time, regardless of regime changes. For instance, if the rst factor corres-
ponds to market risk and the loading is xed at 0.05, the model dictates that the asset
has 5% sensitivity to market risk, regardless of whether it is a stable period or a nan-
cial crisis. These limitations have been addressed in the asset pricing literature, where
Kelly et al. (2019) propose modeling factor loadings as functions of rm characteristics.
Denote Bt  RK as the factor loadings, zi,t  RL as the rm characteristics of rm i at
time t, and Γ  RL×K , then

Bt(zi,t−1)
⊤ = z⊤i,t−1Γ (4.1)

The approach of conditioning factor loadings on rm characteristics has proven suc-
cessful in covariance estimation. See, for instance, Fan et al. (2024) and Jung (2019).
However, the model by Kelly et al. (2019) is purely linear. Gu et al. (2021) argue
that "There are, nonetheless, no obvious theoretical or intuitive justications for this
convenient linearity assumption. To the contrary, there are many reasons to expect that
this assumption is violated." This concern is supported by the fact that essentially all
leading asset pricing models predict non-linear dependencies between factors and the un-
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derlying variables. Prominent examples include Campbell and Cochrane (1999), Bansal
and Yaron (2004), and He and Krishnamurthy (2013).

The thesis proposes applying the conditional autoencoder to construct a nonlinear
framework that conditions factor loadings on rm characteristics. The following section
introduces the conditional autoencoder and thereafter constructs the framework for es-
timating the covariance matrix. Throughout the thesis, the conditional autoencoder will
be abbreviated as CAE.

4.1 Conditional Autoencoders

The encoder side of a CAE comprises two subnetworks, each implemented as a neural
network. The full architecture is shown in gure 4.1 (Gu et al., 2021))

Figure 4.1: A CAE model. The gure presents a diagram of an AE incorporating rm
characteristics into factor loadings and returns in factors. The right side shows factors
(purple) at time t, constructed as weighted combinations of either characteristic-managed
portfolios (pink) or individual asset returns (red), depending on the specication. The
left side demonstrates how factor loadings (green) depend on rm characteristics (yellow)
through a hidden layer (blue) with activation function g.

Let θ denote the parameters of the CAE. The neural network on the left corresponds
to the beta network βθ : RP → RK , which maps rm characteristics zi,t−1 into factor
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loadings. The neural network on the right corresponds to the factor component of the
architecture, denoted fθ : RN → RK . It takes N assets and outputs a latent factor of
length K. Alternatively, if the number of assets and rm characteristics is high, Gu et al.
(2021) propose rst projecting asset returns onto the rm-characteristic space:

Xt = (Z⊤
t−1Zt−1)

−1Z⊤
t−1Rt (4.2)

where Rt  RN denotes the cross-section of asset returns at time t, and Zt−1  RN×P is
the matrix of lagged rm characteristics, where each row corresponds to a rm and each
column to one of the P characteristics. Xt is thereafter used as the input to the factor
network instead of individual asset returns. This substantially increases the scalability
of the CAE architecture, compared to both AE and the alternative CAE method. In the
study by Gu et al. (2021), roughly 30,000 stocks were projected onto 94 rm character-
istics. Consequently, the dimensionality of the problem was reduced from 30,000 to 94,
a stark improvement in the required network size. Moreover, such a projection lays the
basis for a cleaner economic interpretation of the latent factors, which will be discussed
further in the subsection "CAE interpretation".

4.1.1 Training Conditional Autoencoders

The combination of the beta and factor network corresponds only to the encoder compon-
ent of the architecture. As in a standard encoder-decoder framework, the encoder must
be complemented by a decoder capable of reconstructing the original returns, thereby
providing a training signal for the network parameters. In a traditional AE, the decoder
is typically implemented as a mirrored version of the encoder. However, this approach is
not directly applicable, as the beta and factor sub-networks are jointly trained to ensure
that the generated factor loadings and latent factors interact coherently to accurately
reconstruct returns.

Instead of introducing a separate decoder network for each encoder, reconstruction is
performed jointly. Firstly, factor loadings and factors are calculated as

Bt :=




βθ(z1,t−1)
⊤

βθ(z2,t−1)
⊤

...

βθ(zN,t−1)
⊤



; Ft := fθ(Rt) (4.3)
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Then, reconstruction is performed as BtFt. Although this diers from the traditional
AE reconstruction procedure, it is strongly motivated by the structure of returns ac-
cording to factor models. From equation 2.10, it is evident that BtFt constructs the
systematic component of the returns. Using this reconstruction method encourages the
network to encode as much information as possible within the latent factorization, so
that BtFt can closely approximate the returns. Using this architecture, the CAE can be
trained using MSE between returns and BtFt as the loss, i.e:

min
θ

1

T

T

t=1

∥Rt −BtFt∥22 = min
θ

1

T

T

t=1

∥Rt −Bθ(Zt−1)fθ(Rt)∥22 (4.4)

4.1.2 Covariance Estimation from Conditional Autoencoders

Due to the structural similarities between the CAE and a traditional AE architecture,
the CAE-based covariance estimator follows the general approach of an AE, with only
minor modications. Given the factor model in equation 2.10, instead of using OLS, the
idiosyncratic component is rather estimated as

ut = Rt −Bt(Zt−1)Ft(Rt) (4.5)

The covariance matrix is then estimated using an identical decomposition as in the tra-
ditional AE, i.e., following the theory of equation 2.11.

4.2 Dynamic Extensions

While the use of factors and factor loadings conditioned on rm characteristics provides a
solid foundation for covariance estimation, some extensions can be considered. Currently,
the estimated covariance matrix refers to trading month t, whereas the portfolio is held
during month t + 1. As will be shown, these extensions also impose desirable structure
on the covariance, which may further improve performance.

4.2.1 Dynamic Idiosyncratic Volatility

In the CAE framework, Σu represents the idiosyncratic covariance matrix, constructed
from the residuals not explained by the systematic component. Since it is assumed to
be diagonal, it only consists of N idiosyncratic volatilities. Each individual time series
can thus be forecasted using a volatility model, such as a univariate GARCH (Bollerslev,
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1986). GARCH constructs one-period forecast based on the variance persistence and
past shocks as

σ2
u,i,t+1 = ωi + αiu

2
i,t + βiσ

2
u,i,t, i = 1 . . . N (4.6)

where ωi > 0, αi ≥ 0, and βi ≥ 0 are asset-specic coecients that are estimated from
the residuals via maximum likelihood estimation. Furthermore, returns are known to
exhibit volatility clustering, meaning that periods of high volatility tend to be followed
by further high volatility, and vice versa (Bollerslev, 1986). By capturing this structure,
GARCH functions as a volatility lter on the noisy squared residuals.

4.2.2 Dynamic Systematic Covariance

In the CAE framework thus far, ΣF represents the estimated covariance matrix of the
systematic factors. However, in a portfolio construction scenario, a one-period forecast
is more interesting. It can, for instance, be implemented using the Dynamic Conditional
Correlation (DCC) model proposed by Engle (2002).

DCC is a model where individual volatilities evolve according to a GARCH model,
while correlations are modeled through a separate time-varying process. The two com-
ponents are subsequently combined to estimate a dynamic factor covariance matrix. The
DCC framework assumes factors have a mean of zero, which the CAE does not enforce.
However, solving for the factor covariance matrix of the demeaned factors will provide
an equivalent solution since Cov(Ft − µ⃗) = Cov(Ft). DCC decomposes the covariance
matrix as

Σf,t+1 = Dt+1Γt+1Dt+1 (4.7)

where Dt+1 = diag(


h1,t+1, . . . ,


hK,t+1) contains the factor volatilities and Γt+1 is a
time-varying matrix of correlations between factors.

Similarly to the dynamic idiosyncratic risk model, Dt+1 can be found by individually
modeling the volatility of each factor using a univariate GARCH:

hk,t+1 = ωk + αkF
2
k,t + βkhk,t, k = 1, . . . ,K (4.8)

where ωk > 0, αk ≥ 0, and βk ≥ 0 are factor-specic coecients that are estimated
through maximum-likelihood estimation on each factor series.
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To nd Γt+1, each factor is rst standardized by its estimated conditional volatility.
This removes the time-varying dynamics of the factors, allowing the model to capture
only the evolution of correlation between factors:

ϵk,t =
Fk,t
hk,t

(4.9)

For Γt+1, Engle (2002) introduced a method that uses standardized factors to model time-
varying correlations. The model uses the same intuition as GARCH processes, where
dynamics are modeled through a long-run level, recent shocks, and persistence over time.
Let a ≥ 0 denote the sensitivity to shocks, and b ≥ 0 the persistence of correlation. The
model uses a long-run target matrix Q̄, corresponding to the sample covariance matrix
over the time window. Denote the covariance matrix of the standardized factors as Qt+1.
Qt+1 is modeled as

Qt+1 = (1− a− b)Q̄+ a ϵtϵ
⊤
t + bQt (4.10)

Γt+1 is then obtained from the corresponding covariance matrix Qt+1:

Γt+1 = diag(Qt+1)
−1/2Qt+1 diag(Qt+1)

−1/2 (4.11)

Lastly, the correlation matrix Γt+1 and the factor volatilities are combined to form
the dynamic factor-covariance matrix Σf,t+1 using equation 4.7.

4.3 Interpreting the Conditional Autoencoder Predictions

While a well-performing machine learning model can be highly useful in a portfolio man-
agement context, understanding the reasoning behind each specic prediction remains
important. Interpretability can help the user assess whether a prediction is reasonable
by providing insight into the underlying drivers of the prediction and enabling further
evaluation of whether those drivers are reasonable. This section, therefore, presents the
theory for how the output of the proposed model can be interpreted.
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4.3.1 Characteristic Portfolio Attribution

Changes in the latent factors lead to changes in the estimated covariance matrix. Con-
sequently, understanding what drives the latent factor can also provide insight into the
driver behind changes in the covariance matrix. However, in one of the variations of
the CAE proposed by Gu et al. (2021), returns are rst projected onto the rms-
characteristic space, Z, using equation 4.2. The resulting X  RP can then be inter-
preted as characteristic-managed portfolio returns. For instance, a column of X may
correspond to the returns of a momentum portfolio. Thereafter, each latent factor con-
sists of a combination of several dierent characteristic portfolios, represented as weights
in A  RP×K :

F = XA (4.12)

For instance, factor 1 may consist of 20% of a value, 30% quality, and 50% momentum
exposure. This is useful for interpretability, as the model’s predictions can be directly
traced back to estimates of the underlying characteristic-managed portfolios.

In the alternative variation of the CAE proposed by Gu et al. (2021), in which latent
factors are generated directly via a possibly nonlinear function of asset returns, the
economic interpretation of these factors is not immediately clear. Nevertheless, equation
4.2 can still be used to create characteristic portfolios. Again, returns are rst projected
onto the rm-characteristic space, Z, using equation 4.2. However, as the network is
non-linear, A must be approximated as

argmin
A

∥F −XA∥2F (4.13)

While this no longer describes the exact mapping from rm characteristics to latent
factors, for interpretive purposes, it gives a good idea of which underlying rm charac-
teristics drive a latent factor.

4.3.2 Decomposing the Covariance Matrix

After the rm characteristics driving each factor have been identied, either exactly or
approximately, they can be used to interpret the predictions produced by the machine
learning model. For instance, if the model suddenly predicts a new regime in which
correlations spike, decomposing the reasons for this prediction may be insightful.

Recall the covariance model decomposition in equation 2.11. Under the exact factor
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model, all cross-asset dependencies are represented in ΣF , meaning BΣFB
⊤ contains

all covariances attributable to shared factor risk, including both factor-specic volatility
contributions and cross-factor interaction eects. This leaves only the diagonal matrix
Σu, which contains the idiosyncratic volatilities for each asset. The systematic covariance
matrix can be further decomposed into:

BΣFB
⊤ =

K

k=1

K

l=1

[ΣF ]klbkb
⊤
l =

K

k=1

K

l=1

Ckl (4.14)

where bk denotes column k of B. Thus, Ckl denotes the contribution of factors k and l
to the systematic covariance matrix. More specically, it captures how the covariance
[ΣF ]kl propagates into asset space through the corresponding factor loadings. This de-
composition can then be used to interpret changes in the covariance matrix estimated by
the model. For instance, suppose the model predicts a sudden change in the covariance
matrix, where the 2-norm increases signicantly. This prediction can be traced to an
overall increase in the 2-norm of the covariance components, Ckl. Furthermore, suppose
the largest increase occurs in C33, and A indicates that factor 3 primarily loads on qual-
ity and value. This suggests that the largest contributor to the change in the estimated
covariance matrix is a predicted increase in the volatility of the synthetic quality-value
portfolio.

Although [ΣF ]33 corresponds to the variance of a single factor in factor space and is
therefore diagonal, the resulting contribution in asset space generally aects both vari-
ances and covariances. Furthermore, since the decomposition is constructed directly from
ΣF and Σu, the interpretation remains applicable even when these matrices are modeled
using DCC or GARCH. A brief empirical application of the interpretation framework to
the actual experimental results is presented in Appendix A.

While the decomposition of ΣF explains changes in both the covariance and variances,
changes in the diagonal of the covariance matrix may additionally originate from changes
in the idiosyncratic covariance matrix, Σu. Since Σu is diagonal under the exact factor
model assumption, increases in its entries correspond directly to predicted increases in
asset-specic idiosyncratic volatility. Consequently, when the model predicts elevated
variance without substantial changes in the systematic covariance matrix, it may instead
be attributed to increases in the estimated idiosyncratic volatilities.
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4.3.3 Factor Return Attribution

While the covariance decomposition above provides a precise interpretation of the drivers
of the covariance matrix estimate, in practice, it may be desirable to have a simpler
explanation of what drives the model output. Consider equation 2.10, where the returns
are driven by factor exposure, B, and latent factor realizations, F . For a given asset i,
the returns can be further decomposed as

Ri = αi +

K

k=1

bikfk + ui, (4.15)

where each term bikfk represents the contribution from latent factor k to the predicted
return of asset i. This gives a simpler decomposition that can be combined with matrix A
to understand which returns the model expects for the synthetic characteristic-portfolio
corresponding to each factor. For instance, suppose a factor associated with value and
quality increases greatly in its contribution bik⊙fk. This suggests that the model attrib-
utes the asset’s higher expected return to higher returns in the synthetic value-quality
portfolio.

While this attribution does not directly explain changes in covariance, it provides
a simple, intuitive interpretation of the underlying expectations that ultimately drive
covariance estimation. However, unlike the previous decomposition, this interpretation
does not reect the eects introduced by the DCC or GARCH, as these are applied at a
later stage.

4.4 Economic Metrics

Many dierent metrics exist for evaluating the performance of a minimum-variance port-
folio. These metrics will be introduced in the following section.

4.4.1 Sharpe Ratio

The Sharpe ratio (SR), rst introduced by Sharpe (1966), is one of the most common
metrics for measuring portfolio performance. It relates the portfolio’s excess returns to
volatility, used as a proxy for portfolio risk. Let Re

t denote the monthly excess returns,
calculated as the dierence between the monthly realized return and the monthly risk-
free rate at time t. The risk-free rate is commonly estimated as the current 1-month
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T-bill rate. The estimated monthly Sharpe ratio is then dened as

ŜR =
R̄e


σ̂2
e

(4.16)

where the expected return and variance are estimated over the time-frame T that the
Sharpe ratio is calculated over:

R̄e =
1

T

T

t=1

Re
t (4.17)

σ̂2
e =

1

T − 1

T

t=1

(Re
t − R̄e)2 (4.18)

Typically, the Sharpe ratio is annualized by multiplying by a factor of
√
12.

4.4.2 Turnover

For each rebalancing date, the change in the portfolio is measured using the turnover.
Let wk denote the vector of portfolio weights at rebalance k. In line with DeMiguel et
al. (2009), the turnover resulting from an isolated rebalance is then dened as:

TOk = ∥wk − wk−1∥1 (4.19)

Over a time period, the turnover is the average of individual turnovers, TO.

4.5 Statistical Metrics

This section addresses the problem of comparing the similarity of two matrices. This is
useful because it means that the covariance matrices estimated in a backtest, denoted
Σ̂  RN×N , can be compared to a target covariance, Σtarget  RN×N .

4.5.1 Mean-Based Loss

The most direct methods for evaluating estimation accuracy are the mean squared error
(MSE) and the mean absolute error (Laurent et al., 2013). MSE is dened as

MSEt =
1

N2
∥Σt − Σtarget

t ∥2F (4.20)
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The mean absolute error, MAE, is dened as

MAEt =
1

N2

N

i=1

N

j=1

Σij,t − Σtarget
ij,t  (4.21)

4.5.2 Asymmetric Loss

An asymmetric loss function is used to measure the tendency of covariance estimators to
systematically overestimate the covariance matrix, following Laurent et al. (2013) . The
asymmetric loss is dened as

ASYMt =
1

b(b− 1)
tr

(Σtarget

t )b − Σ b
t


− 1

b− 1
tr

Σ b−1
t


Σt − Σtarget

t


, (4.22)

where tr(·) denotes the trace operator and b > 1 controls how asymmetrically the loss
penalizes the overestimation compared to the underestimation. Following Laurent et al.
(2013), b = 3 is used, corresponding to a mild degree of asymmetry.

4.5.3 Stein Loss

In practice, the target covariance matrix must itself be estimated, often as a sample
covariance matrix from high-frequency data, and thus contains estimation error. Laurent
et al. (2013) argue that Stein loss is a robust option for covariance evaluation against
a noisy covariance target, unlike, for instance, MAE. Dey and Srinivasan (1985) dene
Stein loss as

STEIN(Σ̂t,Σ
target
t ) = tr


Σ̂t(Σ

target
t )−1


− log

Σ̂t(Σ
target
t )−1

−N. (4.23)

where Σ̂t  RN×N
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Chapter 5

Methodology and Data

5.1 Data

5.1.1 Datasets

The empirical analysis was conducted on an evolving universe comprising the 150 largest
rms in the S&P 500 index. However, once a rm entered the universe, it was removed
only after falling outside the 200 largest rms, at which point it was replaced by the
largest rm not included in the universe. Excessive turnover in the rm near the cuto,
which repeatedly leaves and re-enters the universe, is thereby avoided. Furthermore, this
approach allows rms experiencing major drawdowns or nancial distress to temporarily
remain in the sample, thereby capturing how each model behaves during periods of
market stress.

Monthly data spanning 1991 to 2022 were collected. Due to data limitations, the
universe only includes rms that still exist today. This means that large bankruptcies,
such as Enron’s, are omitted. Furthermore, mergers and acquisitions such as the Mer-
rill Lynch acquisition are excluded from the universe. However, survivorship bias was
introduced by these exclusions, as the asset universe omits rms that experienced severe
nancial distress. This limitation and its implications for model evaluation are discussed
further in the Discussion section.

The extracted data included both return data and rm-specic characteristics. Re-
turn data was constructed as the monthly percentage change between the close of each re-
spective month. The rm characteristics considered were the 209 characteristics provided
in the open-source dataset and dened in the corresponding paper by Chen and Zimmer-
mann (2022). However, only a subset of characteristics was selected, consisting of the
following: Market capitalization, operating protability, book-to-market ratio, return-
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on-equity, earnings-to-price ratio, cash ow, cash holdings, annual book leverage, CAPM
beta, 12-month momentum, 36-month mean reversion, realized volatility, idiosyncratic
volatility, maximum monthly return, Amihud’s illiquidity, dollar trading volume, per-
centage increase in assets, accruals, investment-to-revenue and share issuance. More
specically, idiosyncratic volatility was calculated as the standard deviation of the re-
siduals from the 3-factor Fama-French model, and the realized volatility was based on
the daily volatility over the past month. These were selected to cover a broad range of
established predictors that had sucient data quality.

5.1.2 Preprocessing

Following Fama and French (1992), a conservative assumption regarding data availability
was made for rm characteristics. Annual data is lagged six months after its initial
release. For instance, accounting data from April 2021 can be used to predict returns
18 months later, in October 2022. The authors emphasize that a six-month delay was
in line with the data availability constraints of 1992, but is very conservative by modern
standards. Similarly, quarterly data is lagged by one quarter.

Before the data was used in the model, it was cleaned. Extreme monthly returns were
agged and manually inspected to ensure that outliers reect genuine market movements
rather than data errors. Any returns that do not reect genuine market movements were
treated as missing. The returns were then preprocessed through a cross-sectional rank
transformation, in line with Conlon et al. (2025). Let Rank(·): RN → RN denote a
function that assigns an ordinal to each value in the vector, with the highest value in the
vector being assigned N, and the lowest being assigned 1. The transformed returns are
given by

R̃t =
Rank(Rt)

N
− 1

2
(5.1)

The rm characteristics were rst preprocessed via imputation, with dierent meth-
ods applied to each characteristic. For characteristics such as 12-month momentum,
which can be computed directly from returns, the values were recomputed. Slow-moving
variables were forward-lled within the ticker up to 12 months. Subsequently, any re-
maining missing data, consisting mainly of quick-moving variables, were imputed using
the median of the rm characteristics across all available stocks for the respective month.
Finally, in accordance with Gu et al. (2021), the rm characteristics were transformed
using a cross-sectional rank transformation before being used as model inputs.
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5.2 Evaluation

The evaluation section assesses how the CAE framework performs relative to the bench-
mark and evaluates which variant of the CAE implementation achieves the strongest
performance. The main focus was on evaluating the CAE framework, including all ex-
tensions, as it was found to give the strongest performance. However, since the standard
CAE is extended with a DCC on ΣF and a GARCH on Σu for forecasting and ltering,
it was also tested whether these extensions actually improve performance.

The backtesting was performed on a rolling window. For each backtest, a rolling
window was divided into a training, validation, and test set. The model was trained on
a given combination of hyperparameters on the training set and subsequently evaluated
based on their performance on the validation set. The model was then retrained on
both the training and validation sets using the best hyperparameters. Thereafter, the
covariance matrix was evaluated on the test set. Lastly, the rolling window was stepped
forward by one month, and this process was repeated for the length of the available data.

Before the evaluation described in the following section, each covariance matrix was
symmetrized to enforce that Cov(A,B) = Cov(B,A), which was done using

ΣR =
ΣT
R + ΣR

2

Furthermore, the covariance matrix of the CAE and AE was shrunk using equation 2.4,
with δ as a parameter.

5.2.1 Measuring Covariance Matrix Predictive Performance

The predictive accuracy of the estimated covariance matrices was assessed by comparing
them to a target covariance matrix estimate for the given date. The target covariance
matrix was constructed as the sample covariance matrix of daily returns over 12 months,
centered symmetrically one month out-of-sample. The model’s matrix was then evaluated
against the target matrix, primarily using Stein loss and MSE, as they are robust metrics
to noise in the target matrix (Laurent et al. 2013). In addition, MAE and asymmetric
loss were used as secondary metrics. The performance was compared to two strong
covariance benchmarks, namely the Ledoit-Wolf model, as implemented in scikit-learn ,
and a traditional AE as implemented by Conlon et al. (2025) . Notably, to ensure a fair
comparison, the AE has all the same extensions as the proposed framework, including
the DCC and GARCH.
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5.2.2 Measuring Economic Performance

Based on the estimated covariance matrix of the CAE, a minimum-variance portfolio was
constructed. During this test, a value-weighted portfolio was used as a naïve baseline,
while minimum-variance portfolios constructed from Ledoit-Wolf and AE served as soph-
isticated benchmarks. This optimization was performed in two dierent environments.
Firstly, the models were tested in an unconstrained setting. In this environment, no
constraints beyond the budget constraint were imposed on the portfolio weights, and
transaction costs were ignored. Since transaction costs were ignored, no turnover penalty
was imposed during optimization. This evaluation complements the statistical metrics
by examining whether the out-of-sample Sharpe reects improvements in estimation.
Secondly, the models were tested in a more realistic portfolio-management setting. In
this case, the portfolio weights were constrained to lie between 0 and 5% of the total
portfolio, and turnover was punished using the following as a penalty function,

λ ∥wk − wk−1∥22 (5.2)

where wk denotes the weights after the k-th rebalance and λ > 0 controls the strength
of the turnover penalty.
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Chapter 6

Results

This chapter evaluates the performance of the proposed CAE model in an out-of-sample
rolling window setting. The primary objective is to assess the CAE model’s performance
in terms of both economic performance and statistical accuracy. As detailed in the meth-
odology, several variations of CAE implementations are evaluated. These are denoted
CAE-Full when both DCC and GARCH are included, and CAE-DCC and CAE-GARCH
when only one is included, respectively. The base model, consisting only of a CAE, with
no DCC or GARCH extension, is denoted CAE-Base. In each table, the value-weighted
benchmark is referred to as VW, and as before, Ledoit-Wolf and the autoencoder are LW
and AE, respectively.

6.1 Economic Performance

The results of this section reect the quality of the estimated covariance matrices by
using them to construct a minimum-variance portfolio.

6.1.1 Unrestricted Portfolio Performance

Throughout this specic part, transaction costs are ignored, and weights are unrestricted.
Table 6.1 reports the out-of-sample performance of all models.

The CAE-based model outperforms all benchmarks in terms of the Sharpe ratio, with
a Sharpe ratio of 1.01, which is 6% higher than AE, 31% higher than LW, and 60% higher
than value-weighted. CAE produced the lowest drawdown at 28%.
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Table 6.1: Out-of-sample gross risk-return performance (annualized).

Metric VW LW AE CAE-Full

Sharpe 0.63 0.77 0.95 1.01

Excess Return (%) 9.4 8.7 11.3 12.8

Volatility (%) 14.9 11.2 11.9 12.6

Max Drawdown (%) -46.2 -34.8 -34.5 -28.0

6.1.2 Restricted Portfolio Performance

This section reports the results under the aforementioned realistic portfolio construction
settings. It restricts weights and reports the net Sharpe ratio under transaction costs of
5 and 15 bps. The performance under these circumstances is reported in Table 6.2.

Table 6.2: Out-of-sample performance under transaction costs and weight restrictions.

Metric VW LW AE CAE-Full

Excess Return (%) 9.5 9.7 11.2 11.7

Volatility (%) 15.0 11.5 12.0 11.9

Sharpe (Gross) 0.63 0.84 0.93 0.98

Sharpe (5 bps) 0.62 0.84 0.89 0.95

Sharpe (15 bps) 0.61 0.83 0.85 0.89

Turnover (%) 3.4 4.1 28.7 28.2

Max Drawdown (%) -47.1 -32.1 -34.6 -33.8

Across the models, the CAE model yielded the highest gross Sharpe at both 5 bps
and 15 bps. It also had the highest net Sharpe under both 5 bps and 15 bps transaction
costs, despite having higher turnover.

6.2 Statistical Performance

This section assesses the statistical predictive ability of the covariance estimators by
comparing their respective matrices with an out-of-sample target matrix. Table 6.3
compares the statistical accuracy improvements of CAE and AE using Stein loss, MSE,
MAE, and Asymmetric loss as evaluation metrics. CAE produced the lowest Stein loss,
MSE, and MAE, while AE achieved the lowest asymmetric loss.
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Table 6.3: Relative statistical improvement compared to Ledoit-Wolf.

Metric AE CAE-Full

Stein Loss +23.1% +24.6%

MSE -14.8% +5.1%

MAE -12.5% +5.6%

Asymmetric Loss +5.9% +3.5%

6.3 Evaluation of Dynamic Extensions

The framework builds on the use of DCC and GARCH to make ΣF and Σu more respons-
ive, respectively. Such framework extensions were evaluated explicitly by comparing the
performance of CAE-Full, CAE-DCC, CAE-GARCH, and CAE-Base. This is done in
the same manner as before, by having one constrained and one unconstrained part.

6.3.1 Economic Performance

In this comparison, each CAE variation is constructed by starting with the CAE-Full
specication that yields the highest Sharpe, and thereafter iterating between excluding
the DCC, GARCH, or both to construct the three other models. 6.4 reports performance
under realistic portfolio management conditions. Across both transaction cost settings,
5 bps and 15 bps, CAE-Full maintained the highest net Sharpe ratio, despite having the
highest turnover among all CAE variants. Among the other variants, the order remained
largely unchanged after transaction costs.

Table 6.4: Out-of-sample net performance of CAE variants under transaction costs and
weight restrictions.

Metric CAE-Base CAE-GARCH CAE-DCC CAE-Full

Excess Return (%) 9.9 10.2 11.4 11.7

Volatility (%) 11.6 11.7 11.8 11.9

Sharpe (Gross) 0.85 0.87 0.96 0.98

Sharpe (5 bps) 0.83 0.85 0.93 0.95

Sharpe (15 bps) 0.77 0.79 0.87 0.89

Turnover (%) 25.1 26.3 27.2 28.2
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This is shown in table 6.5. Among the models, the CAE-Full achieved the highest
Sharpe ratio, but only 1% better than the second-best model, CAE-DCC, that also omits
the GARCH model for idiosyncratic volatilities.

Table 6.5: Out-of-sample gross risk-return performance (annualized).

Metric CAE-Base CAE-GARCH CAE-DCC CAE-Full

Sharpe 0.95 0.92 1.00 1.01

Volatility (%) 12.8 13.0 12.4 12.6

Excess Return (%) 12.1 12.0 12.4 12.8

Max Drawdown (%) -34.3 -27.2 -28.0 -28.0

6.3.2 Statistical Performance

The section describes the statistical accuracy of each CAE variant. The results shown
in table 6.6 report the statistical accuracy improvements relative to CAE-Base. Among
all models, CAE-Full achieved the lowest MSE and asymmetric loss, while CAE-Full
and CAE-DCC jointly achieved the lowest MAE. Furthermore, CAE-DCC achieved the
lowest Stein loss.

Table 6.6: Relative improvement in statistical loss metrics compared to CAE-Base.

Metric CAE-GARCH CAE-DCC CAE-Full

Stein loss -5.5% +1.0% -4.2%

MSE 0.0% +0.1% +2.5%

MAE -0.1% +3.1% +3.1%

Asymmetric Loss -0.1% +3.6% +3.7%
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Chapter 7

Discussion

In general, the proposed CAE framework showed clear performance improvements over
the three benchmarks: the traditional AE, LW, and the value-weighted portfolio. In the
unconstrained environment, this is reected in a Sharpe ratio of 1.01 for CAE, which is
6%, 31%, and 60% higher than AE, LW, and the value-weighted portfolio, respectively.
Relative to the value-weighted performance, the improvement was primarily driven by
signicantly lower volatility. This is unsurprising, as a minimum-variance portfolio is
specically constructed to minimize volatility, provided that the covariance matrix that
CAE predicts is reasonable, which it appears to be in this case.

Compared to LW and the AE, the CAE achieved a signicantly higher Sharpe ratio.
Notably, in practice, if low volatility is the end goal, the CAE portfolio can be combined
with a risk-free asset to scale the expected return to match that of the LW or AE
portfolio, thereby achieving signicantly lower volatility in the resulting portfolio (Tobin,
1958; Sharpe, 1966). Thus, even if low volatility is the objective, the higher-Sharpe CAE
portfolio remains preferable, as it achieves the same volatility but higher returns.

Crucially, these improvements persist despite restrictions on portfolio weights and
transaction costs. In particular, the net Sharpe ratio at 5 bps is 0.98 for the CAE
framework, which is 7%, 13%, and 53% higher than those of AE, LW, and value-weighted,
respectively. At 15 bps, CAE achieves a net Sharpe ratio of 0.89, corresponding to an
improvement of 5%, 7%, and 46% relative to AE, LW, and VW, respectively. Lastly,
the CAE framework achieves a higher predictive accuracy across all metrics than LW,
most notably a 25% lower Stein loss. Compared to AE, it achieves 23% better MSE,
21% better MAE, as well as similar Stein loss and asymmetric loss.
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7.1 Analysis of Performance

7.1.1 Estimation Accuracy

The increase in the Sharpe ratio is likely caused by several factors. Most directly, the
CAE appears to produce a more accurate covariance forecast. This interpretation is
supported by the lower error, reected in lower Stein loss, MSE, and MAE. In minimum-
variance portfolio construction, lower estimation error is particularly important because
the optimization is highly sensitive to estimation errors. Michaud (1989) argued that
so-called mean-variance portfolios tend to overweight assets with large and seemingly
favorable estimation errors, a phenomenon known as "error maximization". As a spe-
cial case of mean-variance portfolio optimization, minimum-variance optimization also
exhibits this behavior through the covariance matrix, meaning that even modest improve-
ments in covariance predictive accuracy can lead to substantial improvements in portfolio
performance. Crucially, the statistical gains of the CAE model also translate into eco-
nomically meaningful improvements, as reected in consistently higher Sharpe ratios for
the economically unconstrained minimum-variance portfolio. This is important, as im-
provements in statistical accuracy, while a good indication, can be driven primarily by
small, uninteresting gains. On the contrary, the improved accuracy genuinely improves
the portfolio’s ability to diversify away uncompensated risk.

There are several reasons why the CAE might have achieved a better estimate. Firstly,
the MVP depends on the inverse of the covariance matrix rather than on the covariance
matrix itself. Consequently, even small estimation errors can be signicantly amplied
if the matrix is ill-conditioned (Michaud, 1989). Subsequently, this can lead to widely
dierent performance of the minimum-variance portfolio, even if the estimates are similar.
Nevertheless, looking at table 7.1, the increase in performance does not seem to be driven
by an improvement in the stability of the inverse. This is evident from both the median
and the maximum conditioning numbers being of the same order of magnitude. Most
importantly, no model appears to produce ill-conditioned covariance matrices, meaning
the dierence in Sharpe is unlikely to be driven by one model producing covariance
matrices with high error when inverted.

A core dierence contributing to CAE’s improved performance is its use of time-
varying loadings that reect the economic environment, whereas AE uses static factor
loadings. This provides signicant value because the covariance matrix is highly depend-
ent on current economic conditions. For instance, in a crisis, the correlations increase
towards one (Sandoval Junior & Franca, 2012). The CAE can detect this behavior from
the rm characteristics and then encode them in the factor loadings. This is a stark
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Table 7.1: Condition numbers of covariance estimates.

Estimator Median κ(Σ) Max κ(Σ)

CAE 151 673

AE 57 622

LW 271 519

improvement over AE, which has to infer the economic environment solely from returns.
The dynamic factor loading also helps capture the fact that exposure to dierent risk
factors changes over time, which CAE captures signicantly better than AE.

Lastly, the performance dierence may be driven by the responsiveness of the cov-
ariance estimates. LW is relatively static by design, as it shrinks the sample covariance
towards a xed shrinkage target based on historical measurements. In contrast, the op-
timal shrinkage level for CAE and AE seems to be substantially lower. This may be
because the covariance matrix is estimated in a lower-dimensional representation, which
may help reduce noise, while remaining adaptive. Furthermore, the CAE framework
also incorporates regime conditioning by conditioning on rm characteristics. This likely
helps make the model more reactive and precise than both LW and AE. Additionally, the
DCC and GARCH extensions provide forecasting and volatility ltering. Consequently,
the estimate may be better suited for out-of-sample evaluation than a purely historical
model like LW. Nevertheless, looking at the Sharpe ratio reported for CAE-Base in table
6.5, where GARCH and DCC are omitted, it is evident that, even though the additions
seem to improve performance, CAE still considerably outperforms LW without them.

7.1.2 Covariance Stability

In addition to producing better estimates, a framework may also outperform econom-
ically if it provides more stable covariance estimates. Such stability is desirable, as it
typically leads to more stable portfolio weights and, consequently, lower transaction costs.
Portfolio turnover reects this stability and is therefore a crucial metric for analysis.

The results show a clear hierarchy in turnover among the models. The value-weighted
portfolio achieves the lowest turnover. This is expected, as it only makes minor weight
changes to reect changes in market capitalization. Among the minimum-variance port-
folios, LW has the lowest turnover, followed by CAE and AE with similar turnover. This
is also expected, as LW deliberately shrinks the covariance matrix to reduce estimation
variance at the cost of a slightly higher estimation bias. Furthermore, both AE and CAE
include DCC and GARCH extensions in their estimation. While these increase respons-
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iveness in the covariance estimate, they may also drive up transaction costs. However,
the results of the dierent CAE variations suggest that the inclusion of such extensions
leads to comparably small increases in turnover, implying that shrinkage is likely the
primary driver of the lower turnover observed. This may be because the extensions also
act as a lter, providing reduced noise and, consequently, lower variation.

Nevertheless, the somewhat higher turnover of CAE relative to LW and AE is justied
if it yields a suciently large improvement in portfolio performance to oset the increase
in transaction costs. Despite its higher turnover, CAE still achieved a signicantly higher
net Sharpe ratio under both 15- and 5-base-point transaction costs, compared to LW and
AE. In other words, the improvement in the portfolio is suciently large to oset the
higher turnover. This can be compared to AE, where transaction costs of 15 bps yield
a net Sharpe ratio approximately equivalent to LW. Consequently, it is questionable
whether the increase in turnover is justied for the AE. Crucially, in both cases, factors
such as bid-ask spread and slippage must be taken into account when selecting a model.
CAE appears to remain preferable under 15 bps in transaction costs, but for large asset
managers trading illiquid small-cap stocks, a more stable model like LW may ultimately
be more suitable.

7.1.3 Drawdown

In terms of drawdown, the CAE achieves a signicantly lower maximum drawdown than
the value-weighted portfolio at 34% versus 47%. Furthermore, in the weight-constrained
portfolio, the CAE, AE, and LW achieve similar drawdowns of 34%, 35%, and 32%.
However, it is dicult to conclude whether or not the slight dierences in maximum
drawdown between the models reect a systematic dierence in tail-risk management.
Maximum drawdown is heavily inuenced by a small number of extreme market move-
ments rather than a full distribution of observations. In other words, a small dierence
in drawdown may reect sample-specic outcomes rather than a consistent dierence
between models. In the unconstrained portfolio, however, CAE achieves a clearly lower
drawdown at 28%, compared to 35% for both LW and AE. Again, such an outcome may
still be sample-specic. However, since the dierence is a whole 7%, it may genuinely
reect an improvement in tail-risk management for the CAE portfolio, which only ap-
pears when weights are suciently unconstrained to allow the CAE to exert a stronger
inuence on the allocation.
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7.2 Performance of CAE Variations

This section analyzes the incremental contribution of each component of the framework
to the covariance estimator’s performance. The GARCH and DCC extensions are ad-
ded separately to isolate the statistical and economic eects of forecasting idiosyncratic
volatility and factor corrections.

7.2.1 Dynamic Conditional Correlation

In the CAE-Base specication, with no extensions, the systematic covariance matrix is
not forecasted or ltered using DCC. Rather, it is calculated using the sample covariance.
This leads to a misspecication, given that correlations vary over time; particularly during
periods of nancial stress, asset correlations often increase signicantly (Sandoval Junior
& Franca, 2012).

The results indicate that the DCC extension successfully addresses this limitation.
Compared to not using any extension, DCC yields a modest improvement across all
statistical metrics. However, in the economic metrics, DCC contributes greatly. Table
6.4 reports an increase of over 10% in the Sharpe ratio, when using DCC on the lat-
ent factors produced by the CAE. From a statistical perspective, this leads to a more
accurate forecast of the covariance matrix. Economically, correlations are crucial to port-
folio diversication. By forecasting correlation, the DCC can produce a portfolio that
is better aligned with the out-of-sample economic environment. In particular, DCC can
better capture correlation spikes during periods of market stress, when a sample cov-
ariance estimate would underestimate the degree of co-movement. If correlations are
underestimated, the optimizer may incorrectly assume that assets provide stronger di-
versication benets than they actually do. During periods of stress, this may lead the
static model to allocate weights that appear well-diversied, but in practice are highly
exposed to systematic risks as correlations increase.

Results show that the inclusion of DCC increases turnover. This is expected, since
compared to static covariance estimators, a DCC is more responsive and thus produces
covariance estimates that uctuate more, introducing additional estimation variance.
While this can produce a portfolio that is statistically closer to the target covariance
matrix, it can also lead to higher turnover. Despite this, it still appears to be a substantial
net gain under both 5 and 15 bps transaction costs, as seen in table 6.4. This is because
DCC only increases turnover from 25% to 27%, while the gross Sharpe ratio increases by
more than 10%, thus osetting the increased transaction costs.
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7.2.2 Idiosyncratic Volatility Modeling

In the CAE framework, Σu denotes the idiosyncratic covariance matrix, constructed from
the residuals unexplained by systematic movements. As it is diagonal, it only consists of
idiosyncratic variances.

The CAE-Base specication includes no forecasting or volatility ltering of the idio-
syncratic volatility. Rather, it uses the sample variance of the residuals. However, volat-
ility is known to exhibit volatility clustering, meaning that periods of high volatility tend
to be followed by further periods of high volatility, and vice versa (Bollerslev, 1986).
Consequently, assuming constant idiosyncratic volatility constitutes a misspecication of
the covariance structure.

From a statistical standpoint, GARCH is expected to improve the estimation of the
diagonal elements of the covariance estimate. In particular, it helps forecast the out-
of-sample volatilities. Furthermore, it may reduce the underestimation of risk during
periods of high volatility, which a sample variance would underestimate. Economically,
since the minimum-variance portfolio is constructed directly from the covariance matrix,
this may yield a better portfolio. Underestimating idiosyncratic volatility may cause
the portfolio optimizer to allocate disproportionately large weights to assets that appear
low-risk, despite actually having high volatility. Such a portfolio becomes unreasonably
concentrated and risks experiencing unexpectedly large realized losses in a drawdown.
However, the increased responsiveness will likely result in a covariance matrix that uc-
tuates more over time. As volatility forecasts change more drastically, this leads to larger
weight allocation and, by extension, higher turnover.

Contrary to expectations, the GARCH extension appears to contribute relatively little
to the proposed framework. The MSE, MAE, and asymmetric loss are nearly unchanged.
While the most robust statistical metric, Stein loss, improves, the change is modest and
does not seem to translate into economically meaningful gains in portfolio performance.
More specically, the full model is only about 1% better than the model that omits
GARCH and uses sample covariance for idiosyncratic volatility modeling.

The result may be due to the interaction between the factor model and the GARCH
extension. Before tting a GARCH, a statistical test for volatility clustering was per-
formed on each residual series. If the test fails, the framework falls back on estimating the
idiosyncratic risk using the asset’s sample variance. During the experiment, the GARCH
test tended to succeed in periods of low volatility but failed more frequently in periods
of elevated volatility. This may be because, during periods of crisis, the models seem
capable of capturing a much larger share of the overall movement through the systematic
component, as most rms experience simultaneous drawdowns. Consequently, much of
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the dynamics may be captured by the systematic component, leaving mostly noise struc-
ture, which in turn triggers a fallback to sample variance. In other words, fallback occurs
during periods of high volatility, when GARCH provides the greatest benets relative to
sample variance. Even when GARCH is successfully applied during volatile periods, the
practical gains may be limited because systematic covariance prevails and dominates the
overall estimate. Conversely, during periods of average volatility, more structure may ex-
ist in the idiosyncratic volatility, leading to the application of GARCH. However, in such
environments, the fallback sample variance is already an acceptable estimate, limiting
the benet.

7.3 Survivorship Bias

A notable limitation of the empirical analysis is the presence of survivorship bias, caused
by the data limitation of only using rms that still exist today. As aforementioned, the
asset universe excludes rms that have gone bankrupt or been acquired, which tend to
exhibit the highest level of nancial distress.

Survivorship bias leads to a higher Sharpe ratio and a lower maximum drawdown
measured for the proposed method. However, since all benchmarks use the same uni-
verse, the relative comparison minimizes this issue. Consequently, the limitation is rather
whether any model is aected more by survivorship bias than others. In particular, if any
model is capable of better handling rms with extreme nancial distress, it is unfairly
punished by survivorship bias. CAE is specically designed to handle rapidly changing
covariance, which rms in nancial distress would induce. Furthermore, unlike the AE,
it can capture the accompanying extreme factor loadings by conditioning on the rm’s
characteristics, which may reect indicators of nancial distress. On the contrary, LW
relies on a static shrinkage target based on historical measurements, making it inherently
unable to adapt to rms experiencing rapidly increasing nancial distress. Therefore,
survivorship bias likely punishes the proposed CAE more than the benchmarks. Nev-
ertheless, if the nancial distress is caused by unpredictable factors, such as large-scale
accounting scandals, the exclusion of a failed rm would aect all rms equally. In such
cases, the relative comparison between models would be less aected by survivorship
bias, as an omitted rm’s distress would be unforeseeable regardless.
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Chapter 8

Conclusion

Estimating covariance matrices is a crucial yet challenging problem in portfolio optim-
ization, particularly when the number of assets is large relative to the number of obser-
vations. The thesis contributes to the literature by utilizing the CAE model, originally
proposed within asset pricing theory for conditional dimensionality reduction, to the
problem of covariance estimation. More specically, it creates a factor-model frame-
work that uses CAEs to perform nonlinear dimensionality reduction conditioned on rm
characteristics, thereby decomposing the covariance structure into a low-dimensional sys-
tematic component and an idiosyncratic component. It was extended with a dynamic
conditional correlation model to forecast the systematic covariance matrix. Furthermore,
GARCH models were used to forecast the estimation of the idiosyncratic volatility.

The objective of the framework was to produce covariance estimates that are both
statistically accurate and economically useful. The results suggest that the proposed
framework improves covariance estimation from both an economic and statistically pre-
dictive perspective, relative to several benchmarks. Economically, the minimum-variance
portfolio constructed using covariance matrices generated by the proposed framework
achieved a higher out-of-sample Sharpe ratio than the minimum-variance portfolio based
on LW and a traditional AE, as well as a value-weighted portfolio. These improvements
persisted in a realistic portfolio construction setting that incorporated transaction costs
and portfolio constraints. Furthermore, across several statistical metrics, the covariance
forecast from the CAE framework was closer to the target matrix calculated from out-
of-sample higher-frequency returns than the benchmarks. The DCC further improved
performance, indicating that dynamic covariance forecasting is a meaningful addition to
the framework.
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8.1 Future Work

Future research could extend this thesis in several meaningful directions. In particular,
the CAE model supports two similar approaches of dimensionality reduction. The thesis
mainly focuses on a method that directly compresses asset returns into a latent dimension,
as this approach proved more suitable when using a small number of rm-characteristic
dimensions. However, as discussed, there is an alternative method in which returns are
rst projected from asset space into rm-characteristic space, then compressed into the
latent dimension. The method was highlighted for its strong scalability in the original
CAE paper by Gu et al. (2021), where it was successfully applied to a universe of 30,000
assets. In other words, as the size of the asset universe increases, this method may
become increasingly advantageous for covariance estimation. Therefore, studying the
CAE framework in a universe of several thousand assets, such as the Russell 2000, could
highlight the framework’s scalability advantages compared to, for instance, LW.

Another possible extension is to examine whether the framework could be extended by
conditioning the dimensionality reduction and covariance decomposition not only on rm
characteristics, but also on macroeconomic variables. Variables such as interest rates,
market volatility, and unemployment may help capture regime changes. Incorporating
such information may improve the model’s ability to adapt to changes in the covariance
structure more accurately or swiftly.

Lastly, future research could explore more sophisticated approaches for modeling the
dynamics of the systematic and idiosyncratic covariance matrices. The thesis was delim-
ited to relatively simple approaches to forecasting, as the CAE architecture was the main
focus. More advanced models have been proposed (Nelson, 1991). Examples include dir-
ect improvements to these methods, such as EGARCH, more exible multivariate models,
or stochastic volatility models. Such approaches may further improve the modeling of
time-varying covariance or volatility.
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Appendix A

Interpretation of the Covariance
Estimate During the Global
Financial Crisis

This serves as a brief practical example of the interpretation framework presented in
Chapter 4, which was implemented during rolling estimation to provide insights into
the model’s underlying reasoning. During the reported experiment, the CAE model
predicted a substantial increase in the covariance estimate leading up to the Global Fin-
ancial Crisis. The interpretation code suggests that this change was not driven by a single
isolated component, but rather by a simultaneous increase in the volatility of several char-
acteristic portfolios. In particular, factor 1 had the largest contribution to the systematic
covariance matrix throughout the period, with its contribution increasing substantially
at the onset of the Global Financial Crisis. Its Frobenius contribution remains relat-
ively stable at around 0.11 before the crisis, then gradually increases, peaking at around
0.25 in 2009. The interpretation framework further suggests that factor 1 corresponds
to a characteristic portfolio of primarily four rm characteristics related to volatility:
realized volatility, idiosyncratic volatility, CAPM beta, and maximum monthly return.
Consequently, a large share of the estimated change in the covariance matrix appeared
to be driven by elevated volatility in a synthetic high-risk-characteristic portfolio. Thus,
the decomposition provides an interpretable explanation for changes in the covariance
estimate by linking them to synthetic portfolios rather than being purely a black-box
predictor.
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