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Abstract

Reliable Value-at-Risk forecasts are essential for quantifying the mar-
ket risk a financial institution is exposed to. Utilizing a Bayesian ap-
proach treats the model’s parameters as random variables, allowing for
forecasts that consider parameter uncertainty as well as a measure of
uncertainty through the spread of the forecasts, the epistemic uncer-
tainty. The method of approximating the parameter uncertainty does,
however, vary widely between low-dimensional parametric models and
high-dimensional neural networks, and this thesis aims to compare them
applied to a GARCH model using Markov chain Monte Carlo (MCMC)
and an LSTM using Monte Carlo Dropout (MC Dropout). They are
compared to their non-Bayesian counterparts using Christoffersen’s condi-
tional coverage framework and quantile loss over the 1% and 5% VaR lev-
els, and evaluated on overall predictive performance using the discretized
continuous ranked probability score (CRPS), on a one-day horizon across
three assets. A characterization of the epistemic uncertainty and its rela-
tion to predictive performance is also performed.

The Bayesian model in the GARCH family exhibited better predictive
accuracy in quantile loss and CRPS, whereas the Bayesian framework
showed the opposite, but more weakly, when applied to the LSTM. As
for tests within the conditional coverage framework, no results favoured
either approach. The models performed worse on the loss-based scores
when their epistemic uncertainty was high, even after accounting for the
level of realized volatility, though the effect was weakened. The overall
conclusion is that the propagation of uncertainty is only useful for the
GARCH, and both signals of epistemic uncertainty are informative about
the reliability of the models.

Keywords: Value-at-Risk, Bayesian inference, GARCH, LSTM, epis-
temic uncertainty
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Abbreviations

Abbreviation Meaning

ADF Augmented Dickey–Fuller test
ARCH Autoregressive Conditional Heteroskedasticity
B-GARCH Bayesian GARCH
BPTT Backpropagation Through Time
CAViaR Conditional Autoregressive Value at Risk
CC Conditional Coverage test
CRPS Continuous Ranked Probability Score
DM Diebold–Mariano test
EG Engle–Granger cointegration test
ELBO Evidence Lower Bound
ESS Effective Sample Size
GARCH Generalized Autoregressive Conditional Heteroskedasticity
HAC Heteroskedasticity and Autocorrelation Consistent
HMC Hamiltonian Monte Carlo
IND Independence test
KL Kullback–Leibler divergence
KPSS Kwiatkowski–Phillips–Schmidt–Shin test
LR Likelihood Ratio
LSTM Long Short-Term Memory network
MC Dropout Monte Carlo Dropout
MCD-LSTM LSTM with Monte Carlo Dropout applied at inference
MCMC Markov chain Monte Carlo
MH Metropolis–Hastings
MLE Maximum Likelihood Estimation
NN Neural Network
NUTS No-U-Turn Sampler
OHLCV Open, High, Low, Close, Volume
OLS Ordinary Least Squares
QL Quantile Loss
RNN Recurrent Neural Network
RV Realized Volatility
UC Unconditional Coverage test
VaR Value-at-Risk
VI Variational Inference
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1 Introduction

In risk management, it is essential to know the market risk one is exposed to.
Conventionally, this is quantified through Value-at-Risk (VaR), the loss level
that a portfolio’s return is expected to fall below with probability τ over a given
horizon. The levels of interest are typically τ = 0.05 and τ = 0.01, capturing
downside risk, and these are the primary subjects of this thesis, forecasted on a
one-day horizon.

A standard approach for estimating VaR is the variance–covariance method.
It relies on the assumption of normally distributed returns, allowing VaR to be
obtained by scaling the estimated volatility (standard deviation) by the corre-
sponding quantile of the standard normal distribution (Linsmeier & Pearson,
1999). In its simple form, the standard deviation is estimated by computing it
over a rolling window, a method that adapts slowly to new volatility regimes,
making it ill-suited for financial data characterized by volatility clustering. The
GARCH model introduced by Bollerslev (1986) accounts for this by estimating
the conditional volatility, effectively representing the current regime of an asset.
In terms of modeling the conditional volatility, the GARCH(1,1) specification
is hard to beat (Hansen & Lunde, 2005), and represents a simple parametric
approach to VaR forecasting; hence its place in this thesis. It does, however,
lack consistency over the tails due to the imposed distributional assumption
of normality, where real data is generally more heavy-tailed (McNeil & Frey,
2000). There are several methods that forecast VaR without imposing any dis-
tributional assumptions. A standard such approach is historical simulation,
which computes the empirical quantile over a rolling window and uses that as
its forecast. It does resolve the issue of distributional assumptions, but shares
the rolling window limitation of adapting slowly to changing volatility dynamics
(Manganelli & Engle, 2001). Instead of reading the quantile off a window, it can
be modeled as a function of the information set. The quantile regression frame-
work of Koenker and Bassett (1978) allows this, commonly applied through the
CAViaR model of Engle and Manganelli (2004), where a specific quantile is tar-
geted directly via the quantile loss function as the output of the model. This
model does, however, require the choice of a specification, the choice of which
impacts the forecasts of the model, reintroducing assumptions into the result.
Applying the quantile loss function directly to a neural network avoids this and
maps the information set directly to the quantiles. This method has been es-
tablished for the use case of financial returns since the paper of Taylor (2000).
For this study, the LSTM (Hochreiter & Schmidhuber, 1997) will be used due
to its sequential data processing and ability to capture long-term effects, and
represents the deep learning approach to VaR forecasting of this paper.

As for the evaluation of the models, common VaR backtesting methods in-
clude the unconditional coverage test of Kupiec (1995), and the extension of the
independence test, resulting in the conditional coverage framework of Christof-
fersen (1998). These are consistent with what the VaR measurement is meant to
represent, but lack consideration of the sharpness of the probabilistic forecast,
i.e., the precision of the quantile. A model can, for instance, trivially produce
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statistically consistent forecasts of the 5% VaR by ignoring all information and
produce an immensely high forecast on a random day in a twenty-day interval,
and very low forecasts for the remaining days, which of course is worthless in
reality. To account for this, the quantile loss function itself is used at the 1% and
5% VaR levels, providing a score whose expected value is uniquely minimized
by consistently producing forecasts at the true quantile level. Both evaluations
are, however, to a large extent dominated by a handful of observations near the
tail. Evaluating the full predictive distribution instead lets every observation
contribute, and is done here using a discretization of the continuous ranked
probability score (Gneiting & Raftery, 2007), which is implemented using a to-
tal of nine forecasted quantiles each, with the 1% and 5% VaR levels being two
of them.

This framework evaluates the reliability of VaR prediction meant to indicate
the market risk an institution is exposed to. However, relying on that model
itself constitutes an additional risk, a model risk. The above framework aims to
reduce it, but does so by assessing reliability on realized outcomes over a test
period. It does not allow for insight into the reliability of a forecasted value as
the model is used in everyday operations. The Bayesian framework provides an
answer by expressing a degree of belief in an event rather than a fixed value.
This is accomplished by not treating the parameters or weights of the model as
fixed, but rather as distributions themselves with their own uncertainty. This
uncertainty is referred to as the epistemic uncertainty of the forecast, and relates
to the uncertainty that can be reduced by additional data. The alternative form
of uncertainty, aleatoric uncertainty, instead relates to the inherent noise of the
data, which a model cannot reduce with sufficient data (Kendall & Gal, 2017).
Through a measure of epistemic uncertainty, an actor can be informed of the
underlying uncertainty of the parameters, but this is in itself not informative
if it does not translate into an assessment of the prediction’s reliability. This
raises the question of whether predictive performance changes under different
levels of epistemic uncertainty, and whether it is independent of that caused by
the level of volatility.

The additional application of the Bayesian paradigm is the propagation of
parameter uncertainty into the forecast itself, which has been shown to be ben-
eficial for the calibration of 1% VaR forecasts in GARCH-type models (Ardia
et al., 2017). This thesis aims to answer how the propagation of uncertainty
affects both the GARCH and the LSTM models, as they are dissimilar in ar-
chitecture as well as in the procedure by which uncertainty itself is produced.
This is accomplished through a comparison of four models: the GARCH and
LSTM trained using standard procedures, as well as their Bayesian counter-
parts, sampled using Markov chain Monte Carlo (MCMC) and Monte Carlo
Dropout (MC Dropout), respectively. These are evaluated against three assets
of varying volatility dynamics to generalize the results and to avoid making
them a direct function of the asset.
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Purpose:

The purpose of this thesis is to evaluate the predictive accuracy and usefulness
of Bayesian approaches to VaR forecasting, applied to the GARCH and LSTM
architectures, across three assets with differing volatility characteristics, namely
S&P 500, TSLA, and Brent crude oil.

Research Questions:

RQ1: How does the overall predictive performance compare between standard
and Bayesian models, as well as between the two Bayesian models, evaluated
through the discretized Continuous Ranked Probability Score and quantile loss
functions at the 1% and 5% VaR levels, and are any such differences statistically
significant?

RQ2: What models produce reliable downside risk forecasts for 1% and 5%
VaR levels, evaluated through the unconditional coverage, independence, and
conditional coverage backtests?

RQ3: How does the epistemic uncertainty produced by the two Bayesian models
behave, and to what extent is it a distinct signal rather than a rescaling of the
realized volatility level, and does this signal carry information about forecast
reliability?

2 Method

Below follow the procedures used to build and evaluate the four models on
their respective one-day ahead VaR forecasts over the complete set of quantiles
Q = {0.01, 0.05, 0.10, 0.25, 0.50, 0.75, 0.90, 0.95, 0.99}. As well as specification
of the derivation of epistemic uncertainty for the Bayesian models, and the
characterisation of such.

2.1 Data processing

To retrieve the required asset-specific data, the Python Yahoo Finance package,
yfinance, is used. The three assets used are S&P 500, Tesla Inc, and Brent
Crude Oil Last Day Financial Futures, corresponding to the Yahoo Finance
tickers ˆGSPC, TSLA, and BZ=F, respectively. The assets are downloaded
for the earliest registered date, except for S&P 500, which is given the start
date of the 3rd of January 2005. Downloading the asset data provides complete
OHLCV (Open, High, Low, Close, Volume) data.

7



Asset Ticker Start date
S&P 500 ˆGSPC 2005-01-03
Tesla, Inc. TSLA 2010-06-29

Brent Crude Oil Last Day Financial Futures BZ=F 2007-07-30

Table 1: Asset data and start date

The data is inspected before further use to ensure it looks reasonable. Doing
so reveals that five early days of the Brent series reported a lower high than low,
which cannot occur by definition. For these days, the high-low range is set to
zero. In addition, the Brent series has thirteen consecutive days missing, also
early in the series. Both issues are part of the data used for training, and are
therefore not treated further. No other issues with the data were found. As
for the features, the high-low range is computed by ln(Highi

Lowi
), where Highi and

Lowi are the high and low prices from the OHLCV data at time i and serves
as volatility proxy, showing resemblance to the Parkinson volatility estimate
(Parkinson, 1980). The complete feature set is as follows

Feature
Log return

Rolling volatility
Rolling skewness
Rolling kurtosis
High-low range
Log volume

Table 2: Feature set

All features are endogenous and computed from the OHLCV data. The log

return is computed as ln
(

Pt

Pt−1

)
, for the closing price Pt at time t, and serves

as both target and feature. The rolling volatility is computed on a 20-day
window, which roughly corresponds to a trading month. The rolling skewness
and kurtosis are computed on a 60-day rolling window, resulting in the first 60
days of relevant feature columns being NaN, further resulting in the training
period being set to 60 days after the start dates.

A training, validation, and test split is set in order to have well-defined fitting
and evaluation periods. The training split consists of all dates prior to the 1st of
January 2018. The validation period is set between the 1st of January 2018 and
the 31st of December 2019, and the test split is between the 1st of January 2020
and the 24th of June 2026. The GARCH and Bayesian GARCH (B-GARCH)
are fitted on both the training and validation periods, and the LSTM network is
trained on the training split and uses the validation period for early stopping and
hyperparameter selection. This allows for a fair comparison where each model
has been informed on the data from the training and validation periods, and
none has encountered the test period before evaluation. It should be explicitly
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stated that neither GARCH model is refitted on a rolling window during testing,
which is a common procedure, to preserve a fair evaluation symmetry.

2.2 Bayesian inference

As the comparison of the application of the Bayesian paradigm is at the forefront
of this study, it is also of interest to present the underlying techniques used to
approximate the parameter uncertainty.

2.2.1 Introduction to Bayesian inference

Bayesian inference is a method of statistical inference where a prior belief is
updated through observed data. Bayes’ theorem provides a formulation for the
probability density of parameters θ conditioned on the data D, referred to as
the posterior.

p(θ | D)︸ ︷︷ ︸
posterior

=

likelihood︷ ︸︸ ︷
p(D | θ)

prior︷︸︸︷
p(θ)∫

Θ

p(D | θ)p(θ)dθ︸ ︷︷ ︸
marginal likelihood

(1)

The prior belief of the distribution of a θ is incorporated in the prior p(θ). The
prior is itself determined by a Bayesian practitioner and is, for convenience,
almost exclusively an analytical expression. The likelihood provides a mea-
sure of how likely the parameter θ is at generating the data given the model.
This is also an evaluation of analytical expressions. The marginal likelihood,
however, requires evaluating the likelihood and prior for all possible sets of pa-
rameters, which is computationally intractable for most sets of likelihoods and
priors (Martin et al., 2021). The marginal likelihood is however, the same for
all θ and serves only as a normalization constant for the posterior to integrate
to 1. This results in the posterior often being written as a proportionality.

p(θ | D) ∝ p(D | θ) p(θ) (2)

The intractability of the normalization leads to the use of numerical methods to
approximate the posterior. The two most common methods are Markov chain
Monte Carlo (MCMC) and Variational Inference (VI), and will be presented.
MCMC is the method of choice for approximating the posterior for Bayesian
GARCH, and VI is fundamental to the approximate Bayesian inference method,
MC Dropout, which the LSTM utilizes.

2.2.2 MCMC

Markov chain Monte Carlo (MCMC) denotes a family of algorithms for sampling
from a probability distribution whose density can be evaluated pointwise up to
a normalizing constant, precisely the situation of the posterior in equation (2).
The idea is to construct a sequence of samples in which each depends only
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on its predecessor, i.e a Markov chain, whose stationary distribution is the
target distribution. Several such algorithms exist, the foundational one is the
Metropolis algorithm (Metropolis et al., 1953), generalized by Hastings (1970)
to the Metropolis-Hastings (MH) algorithm.

MH builds the chain from two components. First is a proposal distribution
q(θ′ | θ), which suggests a candidate move from the current state. Second is an
accept/reject step that corrects the proposals so that the chain approximates
the correct distribution. Given current state θ, a candidate θ′ is drawn from
q(· | θ) and accepted with probability

a(θ, θ′) = min

{
1,

p̃(θ′ | D) q(θ | θ′)
p̃(θ | D) q(θ′ | θ)

}
, (3)

where p̃ denotes the unnormalized posterior. If rejected, the chain remains
at θ. Importantly, the intractable normalizing constant appears in both the
numerator and the denominator and cancels. The algorithm can be described
using the following pseudo code.

Algorithm 1 Metropolis-Hastings

1: Input: unnormalized target p̃, proposal q, initial state θ(0), number of
iterations N

2: for i = 1, . . . , N do
3: Draw candidate θ′ ∼ q(· | θ(i−1))
4: Compute

a = min

{
1,

p̃(θ′)q(θ(i−1) | θ′)
p̃(θ(i−1))q(θ′ | θ(i−1))

}
5: Draw u ∼ Uniform(0, 1)
6: if u < a then
7: Set θ(i) ← θ′

8: else
9: Set θ(i) ← θ(i−1)

10: end if
11: end for
12: return {θ(i)}Ni=1

Due to the inherent randomness of drawing from the proposal distribution,
typically a Gaussian centered at the current state, standard random-walk pro-
posals do not use information about the shape of the posterior. Therefore, if
the proposal density is narrow, the proposed steps are generally small. This of-
ten leads to a high acceptance rate, but the chain explores the posterior slowly.
Conversely, if the proposal density is too wide, the proposed steps are larger
but frequently land in low-density regions and are rejected, causing the chain
to remain in the same state. In both cases, consecutive samples tend to be
highly autocorrelated. Adaptive MCMC methods account for this by tuning
the proposal density between samples based on the cumulated information thus
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far (Andrieu & Thoms, 2008; Haario et al., 2001). An alternative approach is to
change the proposal mechanism and use first-order gradient information from
the log-posterior to guide proposals toward high-probability regions. Hamilto-
nian Monte Carlo (HMC) methods use this approach: instead of making unin-
formed random-walk steps, they simulate a trajectory through the parameter
space, allowing the chain to propose distant states that still have a high proba-
bility of acceptance. As a result, HMC can explore the posterior more efficiently
and reduce autocorrelation between consecutive samples.

HMC introduces an auxiliary momentum variable ϕ of the same dimension
as θ, drawn from a Gaussian, ϕ ∼ N (0,M), for each iteration. The mass matrix
M denotes the covariance matrix of the multivariate normal distribution, and
is often initialized as the identity matrix I. The pair (θ, ϕ) is then evolved
under Hamiltonian dynamics, interpreting the negative log-posterior U(θ) =
− log p̃(θ | D) as a potential-energy surface, the current state can be regarded
as a particle with kinetic energy K(ϕ) = 1

2ϕ
⊤M−1ϕ rolling along the surface.

Simulating this motion for some trajectory length yields a proposal (θ′, ϕ′) that
can lie far from the starting point while remaining in a region of high posterior
density (Neal, 2011; Betancourt, 2017).

The dynamics conserve the total energy H(θ, ϕ) = U(θ) +K(ϕ), and a pro-
posal generated by exact dynamics would always be accepted. In practice, the
trajectory is simulated numerically using the leapfrog integrator. The motion
is discretized into L steps of size ϵ, each step updating the momentum by a
half-step using the gradient ∇θU , moving the position a full step, and complet-
ing the momentum half-step. Discretization introduces a small error, which the
Metropolis accept/reject step at the end of the trajectory corrects, so the chain
still targets the posterior.

Algorithm 2 Hamiltonian Monte Carlo (one iteration)

1: Input: unnormalized target p̃, gradient ∇θ log p̃, step size ϵ, number of
steps L, current state θ(i−1)

2: Draw momentum ϕ ∼ N (0,M)
3: (θ′, ϕ′)← Leapfrog(θ(i−1), ϕ; ϵ, L,∇θ log p̃)
4: Compute

a = min
{
1, exp

(
H(θ(i−1), ϕ)−H(θ′, ϕ′)

)}
5: Draw u ∼ Uniform(0, 1)
6: if u < a then
7: Set θ(i) ← θ′

8: else
9: Set θ(i) ← θ(i−1)

10: end if

The drawback of HMC is the tuning of the step size ϵ and the trajectory
length L. A too-short trajectory recovers random-walk behaviour, while a too-
long trajectory wastes computation and can loop back toward its starting point.
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The No-U-Turn Sampler (NUTS) addresses this (Hoffman & Gelman, 2014),
and is used to sample the Bayesian GARCH posterior. It adaptively sets L by
stopping when the trajectory starts to retrace previous states. To decide the
step size ϵ, the target accept parameter is set. Target accept tells what the
desired expected acceptance rate of the Metropolis step in the HMC algorithm
is. Larger values yield smaller steps to minimize the error of the Leapfrog
integrator, and vice versa. In practice, it is set high enough to avoid divergences,
where the integration error increases.

2.2.3 Variational Inference and MC Dropout

Contrary to MCMC, which addresses the intractable posterior by sampling from
it, variational inference (VI) addresses it by optimization (Jordan et al., 1999;
Blei et al., 2017). For a neural network with weights w, the posterior p(w | D)
is intractable as before. In addition, it is of far too high a dimension for MCMC
to be practical. VI instead regards a family of tractable distributions qλ(w),
indexed by the variational parameter λ, and seeks the member closest to the
posterior determined by the Kullback–Leibler (KL) divergence,

λ∗ = argmin
λ

KL
(
qλ(w) ∥ p(w | D)

)
, (4)

where the KL divergence is defined as

KL
(
q(w) ∥ p(w | D)

)
=

∫
q(w) log

(
q(w)

p(w | D)

)
dw. (5)

However, optimizing against the intractable posterior by itself does not progress
approximations. The solution is a rewriting; the KL divergence decomposes as

KL
(
qλ(w) ∥ p(w | D)

)
= (6)

log p(D)−
(
Eqλ

[
log p(D | w)

]
−KL

(
qλ(w) ∥ p(w)

))
︸ ︷︷ ︸

ELBO(λ)

, (7)

where log p(D) does not depend on λ. Minimizing the KL divergence is therefore
equivalent to maximizing the evidence lower bound (ELBO), which only contains
computable quantities. Inference has thus been converted into an optimization
problem.

Due to the use of an approximate distribution, the approximation can never
be better than the family qλ allows. Unlike MCMC, whose error vanishes asymp-
totically with more samples, the error of VI is a fixed property of the chosen
family. This limitation is the theoretical root of the practical weaknesses of MC
Dropout discussed below.

Monte Carlo Dropout (MC Dropout) (Gal & Ghahramani, 2016a) is a VI
technique over a neural network’s (NN) weights that minimizes the loss function
and negative ELBO simultaneously by regularizing with Dropout and L2. Let
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the variational distribution be defined by multiplying each row of each weight
matrix by an independent Bernoulli variable,

wi = zi ·mi, wi ∼ qλ(w) (8)

zi ∼ Bernoulli(1− p), (9)

where the weights without dropout mask, λ = mi, are the variational parame-
ters and p is the dropout rate. A draw from q is thus a network in which each
neuron has zero activation with probability p. During training, the objective of
backpropagation is to minimize the cost Ldropout, for the loss function E(·, ·),
weight decay µ, biases bi, realized output yi, predicted output ŷi for N data
points, and L NN layers.

Ldropout :=
1

N

N∑
i=1

E(yi, ŷi)︸ ︷︷ ︸
Loss Function

+µ

L∑
i=1

(
∥mi∥22 + ∥bi∥22

)
︸ ︷︷ ︸

L2 regularization

. (10)

The two terms of Equation (10) correspond to the two terms of the ELBO,
resulting in a minimization of Ldropout being approximately equal to a maxi-
mization of the ELBO, which is the purpose of Variational Inference. The first
term of the ELBO is the negative expectation of the log-likelihood over the
weights under qλ. It can not be evaluated analytically and is estimated using
a single Monte Carlo sample, i.e., the network with a dropout mask applied,
reducing the term to ordinary training using dropout. The second term of the
ELBO measures the divergence from the prior, and for the zero-mean Gaussian
prior implied by the weight decay, Gal and Ghahramani approximate it by a
penalty proportional to

∑
i ∥mi∥22, which is the L2 term.

For a Recurrent Neural Network (RNN), and therefore a Long Short-Term
Memory (LSTM) model, the dropout needs to be applied following Gal and
Ghahramani (2016b), for the above interpretation to hold. A single dropout
mask is drawn per sequence and used for all time steps, instead of the naive
approach of drawing a new one per time step. This is the scheme implemented
for the LSTM (Section 2.3.2).

A note on the quality of the approximation is worth addressing. MC Dropout
can underestimate uncertainty, particularly under distribution shift (Ovadia et
al., 2019). This relates to additional research (Le Folgoc et al., 2021), which
suggests that the uncertainty provided by MC Dropout is not necessarily a
faithful interpretation of posterior uncertainty. Despite these limitations, it
remains an inexpensive uncertainty approximation for NNs, which motivates its
place in this thesis.

2.3 Model Specifications

2.3.1 GARCH

The Generalized Autoregressive Conditional Heteroskedasticity (GARCH) model,
introduced by Bollerslev (1986) as a generalization of the Autoregressive Con-
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ditional Heteroskedasticity (ARCH) model (Engle, 1982), serves as this study’s
parametric model. The general GARCH(p, q) model models the conditional
volatility by considering the past p squared returns and q past conditional vari-
ances. Letting p = q = 1, results in the GARCH(1, 1) model, which is effective
at capturing volatility dynamics and is therefore the model of choice in several
academic papers, as well as this (Hansen & Lunde, 2005).

Returns are modelled as rt = µ+ εt, where µ is the mean return and εt the
innovation. When modelling the returns on a one-day horizon, the magnitude
of the mean return is negligible compared to the magnitude of the conditional
standard deviation and is therefore disregarded (Andersen et al., 2003). This
assumption yields the following formulation of the GARCH(1, 1) model with
normal innovations.

rt = εt for t = 1, ..., T (11)

εt | Ft−1 ∼ N (0, σ2
t ) (12)

σ2
t = ω + αr2t−1 + βσ2

t−1, (13)

where ω > 0, α ≥ 0, and β ≥ 0 to ensure positive variance, and Ft−1 is the
information set up to the time t − 1. For t = 1, σ2

t−1 = σ2
0 , is not known from

the recursion. To initialize it, σ2
0 is set to the unconditional variance σ2

0 = σ2 =
ω

1−α−β . In practice, the recursion is rolled forward from the first training day

so that the initial value of σ2
0 has little effect when reaching the testing days

the model is evaluated on. This is done for both GARCH models; however, as
B-GARCH has a sampled posterior consisting of 8000 sets of parameter values,
each set is used to roll forward the recursion.

The estimation of the parameters ω, α, and β varies between the two models.
Traditionally, the parameters are estimated using maximum-likelihood estima-
tion (MLE). This results in a single set of parameters that are the most likely
to have generated the data (given the maximum is reached). This standard ap-
proach is utilized for the baseline GARCH model, via the arch Python package.
Fitting is done using the default optimizer, which has a defined search space to
ensure positive parameters and stationarity. For the optimizer to converge reli-
ably, it is fitted on returns in percentage units, i.e., scaled by 100 before fitting.
This additionally requires scaling back after forecasting the volatility, to have
comparable levels between models. This scaling is also applied to B-GARCH.
To see the estimated parameters, see Appendix A.1.

For the Bayesian alternative, the parameters are instead treated as random
variables by imposing prior distributions and conditioning on the data to obtain
the joint parameter posterior (Ardia, 2008). The parameter space is defined by
Θ := ω × α × β, and the MCMC method NUTS is used to approximate the
posterior p(θ | D) for θ ∈ Θ and the data D. With only three parameters,
adaptive MCMC would likely also constitute a feasible choice; however, due to
the native implementation of NUTS in PyMC, and that it comes with established
convergence diagnostics, which are presented below, NUTS is the algorithm of
choice.
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NUTS makes use of the first-order gradient of the log-posterior, which creates
an issue when imposing stationarity on the prior densities for α and β. The
stationarity constraint is fulfilled for α+β < 1 and can be imposed by setting the
log-posterior to −∞, resulting in an area of undefined gradient. When trying
to sample from this region, NUTS diverges and results in parameter values
near the cut-off getting underrepresented. Due to GARCH high-persistence
tendencies (McMillan & Ruiz, 2009), a reparameterization of α and β to impose
stationarity is used instead, where a prior is imposed on the total persistence
S = α + β and the shock to persistence ratio W = α/S. Imposing a prior
from the family of Beta distributions naturally enforces positivity, α, β ≥ 0, and
stationarity, α + β < 1. Choosing the hyperparameters αS , αW , βS , and βW ,
for the prior densities p(S) = Beta(S | αS , βS) and p(W ) = Beta(W | αW , βW ),
is done to be weakly informative, meaning the prior is intentionally weaker than
the prior knowledge available (Gelman et al., 2013, p. 55). The high persistence
of GARCH models is well established; therefore, a prior that favours moderate
persistence is chosen. Specifically, the beta distribution hyperparameters are
chosen as αS = 6 and βS = 2. The ratio of α to persistence is in general lower
and more varying; therefore, αW = 2 and βW = 3 are chosen.

Choosing a prior for ω does not have any constraints relating to another
parameter, and therefore does not require a reparameterization. Positivity is
the only constraint present. Therefore, p(ω) = HalfNormal(ω | 0.1) is a suitable
choice when having scaled returns.

The prior choices above, reflect the prior knowledge of typical GARCH pa-
rameters, but still keep the distributions wide in order to let the data dominate
the posterior through the likelihood. This is, however, a hypothesis and should
be verified. Therefore, a prior sensitivity analysis is conducted inspired by the
power-scaling methodology proposed by Kallioinen et al. (2023). The power-
scalings are only applied to the prior, and not the likelihood, and are tested
through manually refitting the posterior to different priors, as opposed to the
appeal of the methodology, which only requires one fitted model. The original
methodology requires either cumbersome implementation or using the language
R, neither of which is motivated above this simpler approach. Fitting is done
on three models per asset using three separate degrees of scaling, γ ∈ { 12 , 1, 2},
which scale the posterior according to

p(θ | D)γ ∝ p(D | θ)p(θ)γ ∝ p(D | θ)p(θ)γ , (14)

where p(θ)γ denotes the normalization of p(θ)γ to a proper probability density,
and p(θ | D)γ the posterior it induces. The posterior for which the prior p(θ)1
is used are the baseline parameters that are being analyzed for sensitivity. For
a Beta prior density p(θ) = Beta(θ | ξ, η) it holds that

p(θ) ∝ θξ−1(1− θ)η−1 (15)

which, when scaled, yields

p(θ)γ ∝ θγ(ξ−1)(1− θ)γ(η−1), (16)
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suggesting p(θ)γ = Beta(θ | γ(ξ − 1) + 1, γ(η − 1) + 1).
For a HalfNormal prior density p(θ) = HalfNormal(θ | σ0) it holds that

p(θ)γ ∝ e
−γ θ2

2σ2
0 = e

− θ2

2(σ0/
√

γ)2 (17)

suggesting p(θ)γ = HalfNormal(θ | σ0/
√
γ). Applying these power-scalings to

our priors yields our set of priors

p(S) 1
2
= Beta(S | 3.5, 1.5) (18)

p(W ) 1
2
= Beta(W | 1.5, 2) (19)

p(ω) 1
2
= HalfNormal(ω | 0.1/

√
1

2
) (20)

p(S)1 = Beta(S | 6, 2) (21)

p(W )1 = Beta(W | 2, 3) (22)

p(ω)1 = HalfNormal(ω | 0.1) (23)

p(S)2 = Beta(S | 11, 3) (24)

p(W )2 = Beta(W | 3, 5) (25)

p(ω)2 = HalfNormal(ω | 0.1/
√
2). (26)

To evaluate whether the model is sensitive to the choice of prior, the posterior
densities for each prior are plotted in the same graph, and if there is great
overlap, the model is deemed not to be sensitive to the choice of prior, else it is
reported that the model is sensitive to the choice of prior.

An additional important part of a Bayesian workflow is diagnostics of the
MCMC algorithm to ensure that the samples proposed by the sampler are a
fair representation of the posterior. Running four chains with 4000 draws, the
initial 2000 of which are discarded as burn-in samples, generates 8000 posterior
draws per asset, which are sampled with a target accept of 0.95. To verify
that the parameter space has been mapped accurately, the rank plots, R̂-value,
bulk-ESS (regular ESS), and tail-ESS are reported as outlined by Vehtari et
al. (2021). The rank plots give a visual indication of how similar the parts
of parameter space samples from each chain are. Ideally, chains should be
indistinguishable. The R̂-value gives a numerical value to the mixing of chains
instead by assigning a score based on the comparison of the variance between
chains to that within chains. A value less than 1.01 is aimed for, following
standard recommendations. The effective sample size (ESS) is a measure of how
many independent samples the autocorrelated samples correspond to. Bulk-ESS
measures this in the centre of the posterior, while tail-ESS measures it in the
tails, computed as the minimum of the effective sample sizes at the 5% and
95% quantiles of the marginal posterior of each parameter. The tail-ESS is of
special interest, as the epistemic uncertainty is estimated from the 5% and 95%
quantiles of the posterior distribution of the VaR forecasts (see Section 2.4.4).
Following Vehtari et al. (2021), at least 100 draws per chain are desired for both
bulk- and tail-ESS, giving a threshold of a total of 400 for the four chains.
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Another essential step in the Bayesian workflow is conducting a prior predic-
tive check to assess whether the chosen priors generate reasonable data based
on prior knowledge (Gabry et al., 2019). Drawing N = 8000 samples from the
prior distribution and rolling the sampled parameter values through the recur-
sion generates 8000 simulated return series of 1500 observations. Combining all
simulated return distributions into one and comparing to the last 1500 obser-
vations of the data used for fitting for each asset shows whether the simulated
returns have a similar distribution to the real returns. In addition, one of the
series is plotted to verify it captures dynamics like volatility clustering. As the
same prior is used for all assets, the check does not depend on the asset. As for
the posterior predictive check, that follows the same procedure but instead uses
the realized posterior draws, {θ(i)}Ni=1, to simulate the return series; the checks
are asset-specific, resulting in three separate checks. The procedure relies on
evaluation through eye measure based on prior knowledge and does not follow
a rigorous evaluation procedure.

After the diagnostics, checks, and analyses are conducted, the desired VaR
quantiles can be computed. For θ ∼ p(θ | D) the resulting VaR quantiles are a
function of θ according to, VaRτ (θ) = σt(θ)Φ

−1(τ), for all quantiles τ ∈ Q, and
for all t in the test split, and where Φ−1(τ) is the inverse normal cumulative dis-
tribution function. As θ itself is a stochastic variable, so is VaRτ (θ). To retrieve
a point estimate, the posterior mean over VaRτ (θ) is derived. Because the pa-
rameter posterior is intractable, the NUTS draws, θ(i) ∈ Θ for i ∈ {1, 2, ..., N},
are used.

V̂aRτ = E[VaRτ (θ)] =

∫
Θ

VaRτ (θ)p(θ | D) dθ ≈ (27)

1

N

N∑
i=1

VaRτ (θ
(i)) =

1

N

N∑
i=1

σt(θ
(i))Φ−1(τ) (28)

To retrieve parameter uncertainty, a 90% credible interval is constructed. Let-
ting VaR(1)

τ ≤ ... ≤ VaR(N)
τ denote the sorted quantiles, the credible interval is

given by Rτ = [VaR(0.05N)
τ ,VaR(0.95N)

τ ].
This approach allows for the separation of the epistemic uncertainty through

the credible interval. An alternate approach of retrieving the VaR quantiles
would be to utilize the posterior predictive distribution p(y∗ | D) where y∗ de-
notes the predicted return. This would require constructing the mixture density
of the individual normal return distribution for each sample, and then finding
the quantiles. This approach does not allow for extraction of epistemic uncer-
tainty as it is already included in the point estimate and is not used for that
reason.

2.3.2 LSTM

The Long Short-Term Memory network (LSTM), introduced by Hochreiter and
Schmidhuber (1997), is a Recurrent Neural Network (RNN) designed to resolve
the vanishing gradient problem (Bengio et al., 1994). An RNN is an extension
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of the feedforward neural network that allows the processing of sequential data.
This is done by maintaining a hidden state that gets updated at each timestep in
the sequence and carries information from previous time steps. During training,
when the weights are updated via backpropagation through time (BPTT), the
gradient gets propagated back through the sequence and gets multiplied by a
weight matrix, once for each time step back in the sequence. If the spectral
norm is less than 1, then the gradient approaches 0, leading to difficulties in
learning long-term dependencies. The LSTM introduces the cell state, often
referred to as the long-term memory, to resolve this. The cell state is updated
through scalar multiplication and addition and is augmented by the hidden state
through the forget gate1 which decides how much of the previous cell state to
remember. Then the input gate decides how much of the input and previous
hidden state should be added to the cell state. At last, the cell state is used
through the output gate to update the hidden state and the output.

Having a long-term memory suits a model trying to capture volatility dy-
namics well, where clustering implies that current volatility levels depend on a
long range of previous days.

The objective of the training is to predict one-day-ahead VaR at nine quantile
levels. To achieve this, quantile loss is used as the loss function (Koenker &
Bassett, 1978). For a target y, a prediction ŷ and a level τ ∈ (0, 1), it is defined
as

ρτ (y, ŷ) =

{
τ (y − ŷ), y ≥ ŷ,

(1− τ) (ŷ − y), y < ŷ,
(29)

It penalizes the under- and overpredictions asymmetrically to be able to target a
specific quantile. For τ = 0.01, for example, an exceedance below the prediction
is penalized 99 times harder than the same error above it. Effectively placing
an optimal prediction far below the median return.

The network outputs all nine quantiles in Q simultaneously; in order to have
a single training loss L to use in BPTT, they have to be combined. This is done
through averaging over individual quantile loss values,

L =
1

|Q|
∑
τ∈Q

ρτ (y, ŷτ ). (30)

In order to train the LSTM, the dataset has to be windowed, as the LSTM
expects input in the form of sequences. The sequence length is determined by
random search discussed later. The windowing ensures that the days within the
lookback window are used to predict today’s target. The data is also standard-
ized on the training data to avoid lookahead bias.

The LSTM model is implemented using the torch Python package. Training
is done with early stopping, with a patience of 15 and a max epoch of 200, using
the Adam optimizer (Kingma & Ba, 2015) with a weight decay of 10−4. The

1The forget gate was introduced by Gers et al. (2000); the formulation used here is the
standard variant.
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weight decay ensures the L2 regularization is imposed, which is required for MC
Dropout to be an approximation of VI (Gal & Ghahramani, 2016a).

As no clear set of hyperparameters is fit for all types of data, hyperparameter
tuning is performed using random search, motivated by its simplicity over more
sophisticated approaches like Bayesian optimization. For each hyperparameter
in Table 3, the hyperparameter is chosen at random from the uniform distribu-
tions spanning the given intervals. In the case of the learning rate, it is drawn
from a log-scaled uniform distribution, meaning the exponent pr is drawn from
the uniform distribution U(−4,−2), resulting in the learning rate lr = 10pr , this
is done to avoid almost entirely drawing from large learning rates near 10−3 to
10−2.

Hyperparameter Range / Set
Learning rate 10−4 to 10−2 (log-scale)
Batch size {64, 128, 256}

Dropout rate 0.05 to 0.40
Lookback 20 to 80 days
Hidden size 16 to 64

Number of layers {1, 2}

Table 3: Hyperparameter ranges

The random search is performed by drawing 20 samples of hyperparameters
and training the LSTM with a fixed seed. Each validation loss is compared, and
the one with the lowest is chosen as the main set of hyperparameters. For this
model, re-seeding is performed for 4 additional training runs. This results in 5
models that only vary by initial seed; the median-performing model is chosen
as the main model (see Appendix B.1 and B.2).

This main model is used for both the standard LSTM and its Bayesian coun-
terpart that utilizes MC Dropout at inference, meaning both models share the
same underlying architecture and weights. For the MC Dropout LSTM (MCD-
LSTM) , MC Dropout is applied during the test period by performing J = 100
forward passes with active dropout at each time step, effectively drawing a set
of weights wj ∼ qλ∗(w) for each pass. The dropout mask is held constant for
each time step in its sequence, in correspondence with the variational scheme de-
scribed in Section 2.2.3. Contrary to B-GARCH, no distributional assumptions
are made, and quantiles are explicitly output from the model. Denoting the
predicted VaR quantile as VaRτ (w) = fτ (xt;w) for each τ ∈ Q and sequence
data xt, where fτ denotes the corresponding output of the final dense layer, a
point estimate is obtained by averaging over the forward passes at each quantile
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level, retrieving the posterior mean over each quantile, as in B-GARCH.

V̂aRτ = E[fτ (xt;w)] =

∫
fτ (xt;w)qλ∗(w) dw ≈ (31)

1

J

J∑
j=1

fτ (xt;wj), wj ∼ qλ∗(w) (32)

An issue that forecasted quantiles of the LSTM and the MCD-LSTM are subject
to is that nothing guarantees that the quantiles follow a monotone ordering,
as they are calculated independently. This is known as the quantile crossing
problem (Koenker & Bassett, 1982), and occurs when the prediction of a lower
quantile level exceeds the prediction of a higher one, which of course does not
describe a valid distribution. Crossings are repaired by monotone rearrangement
following Chernozhukov et al. (2010), who show that this procedure results in a
curve closer to the true quantile curve. For the regular LSTM, rearrangement
is done on the forward pass for each timestep, and for the MCD-LSTM, the
rearrangement is applied to the aggregated forecast. The frequency of crossings
before rearrangement is recorded and reported in Appendix B.3.

The epistemic uncertainty is again retrieved through a 90% credible inter-
val around each quantile. However, this time under variational distribution
qλ∗(w) and not the posterior. Letting VaR(1)

τ ≤ ... ≤ VaR(J)
τ denote the sorted

quantiles, the credible interval is given by Rτ = [VaR(0.05J)
τ ,VaR(0.95J)

τ ].

2.4 Evaluation methods

In Section 2.4, the evaluation methods are described. Each subsection relates
to a separate research question, apart from Sections 2.4.1 and 2.4.2, which both
relate to RQ1.

2.4.1 CRPS and quantile loss

The Continuous Ranked Probability Score (CRPS) is a strictly proper scoring
rule evaluating the precision of a predicted continuous probability distribution
compared to the realized outcome (Gneiting & Raftery, 2007). A scoring rule
S(F, y) assigns a score to the predicted distribution F , given the realized out-
come y. If the outcome y follows G, the expected score is given by S(F,G) =
Ey∼G[S(F, y)], for which it is said S is proper incase S(G,G) ≤ S(F,G). If
equality holds only for F = G, then S is said to be strictly proper. This dif-
ference means that a proper scoring rule retrieves an optimal score for the true
distribution alongside other distributions, whereas a strictly proper scoring rule
only retrieves an optimal score by reporting the true distribution.

The CRPS is calculated by integrating over the squared difference between
the predicted cumulative distribution function F and the realized outcome y as,

CRPS(F, y) =

∫ ∞

−∞
(F (x)− 1{x ≥ y})2 dx, (33)
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where the realized outcome is represented with the step function

1{x ≥ y} =

{
1, x ≥ y,

0, x < y.
(34)

This benefits both sharpness, the concentration of the forecast, and calibration,
the statistical consistency of the forecasts, meaning, for instance, that returns
are below VaR0.05 5% of the time.

The CRPS is, however, designed for continuous forecasts. This is the case
for GARCH but not for the LSTM, which produces 9 quantiles; therefore, it
is desired to find an approximation of the CRPS for discrete values. Laio and
Tamea (2007) give an equivalent formulation using the quantile loss function,

CRPS(F, y) = 2

∫ 1

0

ρτ
(
y, F−1(τ)

)
dτ. (35)

Applying the trapezoidal rule, the discrete approximation follows as

ĈRPS(F, y) = 2

8∑
k=1

τk − τk−1

2

(
ρτk(y, F

−1(τk)) + ρτk−1
(y, F−1(τk−1))

)
(36)

=

8∑
k=1

(τk − τk−1)
(
ρτk(y, ŷτk) + ρτk−1

(y, ŷτk−1
)
)

(37)

and is the final formulation of the discretization of the CRPS. It is worth noting
that this approximation does not capture the 1% tail mass at both ends, result-
ing in a smaller score. However, this affects models similarly, and the effects are
considered negligible. Despite the GARCH models producing continuous fore-
casts, they are also evaluated on the same 9-point discretization of the CRPS, to
ensure all models are compared on the same quantity. This serves as somewhat
of a compromise for the GARCH models, as they do produce greater resolution
of the returns, which is not accounted for.

It should also be noted that ĈRPS is no longer strictly proper but instead
only proper, as two forecasts can vary between the quantile levels and still yield
the same score. However, due to the discretization, it might be more natural
to view the score as a collection of point forecasts than a single distributional
forecast. As the quantile loss function is a strictly consistent scoring function
(Gneiting, 2011), which is the analogue of a strictly proper scoring rule for point

forecasts, ĈRPS inherits this property as it is the positive weighted sum over
quantile loss scores. This does, however, only hold with respect to the nine
quantile levels of Q, meaning that the expected score is uniquely minimized by
reporting the true quantiles at these levels.

Rewriting the approximation as a weighted sum illustrates the similarity to
the LSTM loss function L in Equation (30).

ĈRPS(F, y) =

8∑
k=0

wkρτk(y, ŷτk), (38)

21



wk =


τ1 − τ0, k = 0,

τk+1 − τk−1, k = 1, . . . , 7,

τ8 − τ7, k = 8.

(39)

The loss L can be interpreted as a the case of ĈRPS for which the weights
wk = 1

9 are used. As the loss function can be constructed for other weights for
each quantile loss function, one might argue that it would be convenient to train

the LSTM with the same function as it is evaluated on, i.e., setting L = ĈRPS.
This would create steeper gradients for the centre quantiles and would hence
make the calibration of the tail quantiles have a smaller effect on the training
objective. As these models also will be evaluated on the 1% and 5% VaR levels
through VaR backtesting and individual quantile loss performance, having a
loss function that combines entire distributional calibration as well as the tail
contributions is of interest, which motivates the current choice for L.

To retrieve a definitive score, the approximate CRPS is averaged over all
time steps

ĈRPS =
1

T

T∑
t=1

ĈRPS(Ft, yt). (40)

This assigns a specific score for each model for each asset.
It is also of interest to examine the individual quantile loss scores of the

1% and 5% VaR levels. This is done as a complementary metric to the VaR
backtests to test the models’ predictive performance at these levels. They are
denoted QL0.01 and QL0.05 respectively and are averaged over all time steps in

the test period, the same as for ĈRPS.

2.4.2 Diebold-Mariano

The three scores per model presented in Section 2.4.1 can give an overview of
each model’s predictive performance. It cannot, however, distinguish whether
any model performs better than another with any statistical significance. To
correct for this, pairwise comparisons are conducted following the procedure of
Diebold and Mariano (1995). The Diebold–Mariano (DM) test examines the dif-

ference between two competing forecast sequences, ŷ
(A)
t and ŷ

(B)
t , under a given

loss function, g(y, ŷt). For time t, the difference is denoted dt = g(y, ŷ
(A)
t ) −

g(y, ŷ
(B)
t ). The null hypothesis of equal forecast accuracy is H0 : E[dt] = 0, and

under a two-sided test, the alternative hypothesis becomes H1 : E[dt] ̸= 0. The
expected value of dt is approximated using the series mean.

d =
1

T

T∑
t=1

dt. (41)

The loss differentials d are assumed covariance stationary, so that the autoco-
variance at lag difference j, is expressed as γj = Cov(dt, dt−j). The variance of
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d can then be formulated as

Var(d) = Var

(
1

T

T∑
t=1

dt

)
= (42)

1

T 2

T∑
t=1

T∑
s=1

Cov(dt, ds) =
1

T

γ0 + 2

T−1∑
j=1

(
1− j

T

)
γj

 . (43)

For large T , the weights 1 − j
T approach 1 for small j, and for larger j the

contribution of γj is negligible provided the autocovariances are absolutely
summable. Therefore, the expression within the parentheses in the last ex-
pression approaches the long-run variance J 2,

J =

∞∑
j=−∞

γj = γ0 + 2

∞∑
j=1

γj , (44)

so that Var(d) ≈ J /T . To approximate J , a Heteroskedasticity and Autocor-
relation Consistent (HAC) estimator is used, namely the Newey-West estimator
(Newey & West, 1987), which limits the sum to a bandwidth L.

Ĵ = γ̂0+2

L∑
j=1

wj γ̂j , wj = 1− j

L+ 1
, γ̂j =

1

T

T∑
t=j+1

(dt− d)(dt−j − d). (45)

The bandwidth length L is chosen such that it has a slower growth rate than T 1/4

following from the derivation of Newey and West (1987). Therefore L = ⌊T 1/4⌋
is chosen, giving the final test statistic

DM =
d√
Ĵ /T

asy∼ N (0, 1), (46)

for which the null hypothesis is rejected if |DM | > 1.96 in the two-sided test at
the 5% level. For positive DM , it can be determined that model B performs
better on the given loss function with statistical significance, and vice versa.

As the test is between two models, it could be examined in a total of 6
pairs for 4 models, but not all combinations are of interest. Of interest are test-
ing GARCH against B-GARCH, LSTM against MCD-LSTM, and B-GARCH
against MCD-LSTM. These three cases capture whether Bayesian approaches
increase predictive performance and whether they significantly differ between
the GARCH and LSTM families.

2.4.3 VaR backtesting

Testing the statistical consistency of VaR quantiles and the independence of
violations is performed using the unconditional coverage test by Kupiec (1995)

2Diebold and Mariano (1995) express J as 2πfd(0), the spectral density of the loss differ-
ential at frequency zero, which also equals the sum over autocovariances.
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and the conditional coverage framework of Christoffersen (1998). Both methods
rely on the indicator variable,

It =

{
1, yt < ŷτ,t

0, yt ≥ ŷτ,t
, (47)

which indicates whether the realized outcome of the series at time t is less
than or greater than the forecasted quantile. The sequence {It} is said to

have correct conditional coverage if {It}
iid∼ Bernoulli(τ). Thus, for a sequence

with correct conditional coverage, the proportion of violations should follow the
nominal level, i.e., E[It] = τ . In addition, it should also follow that violations
are independent, i.e., P (It = 1 | It−1 = 1) = P (It = 1 | It−1 = 0). Both criteria
are inspected using likelihood ratio tests.

Firstly, the unconditional coverage is tested under the null hypothesis that
the realized violation ratio p̂ = 1

T

∑T
t=1 It is equal to the nominal quantile τ ,

i.e., H0 : p = τ and H1 : p ̸= τ . For the number of violations k, the likelihood
ratio score is

LRuc = −2 ln
L(τ)

L(p̂)
= −2 ln τk(1− τ)T−k

p̂k(1− p̂)T−k

asy∼ χ2
1. (48)

As LRuc approaches χ
2
1 asymptotically under H0, the null hypothesis is rejected

in case LRuc exceeds 3.841, corresponding to the 5% significance level.
Secondly, to construct the independence test, the sequence {It} is first re-

garded as a first-order Markov chain with transition matrix

Π1 =

[
1− π01 π01

1− π11 π11

]
(49)

where πij = P (It = j | It−1 = i) which is estimated using nij/(ni0+ni1), where
nij denotes the number of occurrences value i is followed by value j. Under
independence, π01 should equal π11; therefore, to represent this case, a second
transition matrix is constructed.

Π2 =

[
1− π2 π2

1− π2 π2

]
(50)

where π̂2 = (n01 + n11)/(n00 + n01 + n10 + n11) is the violation rate estimated
from the transitions under independence. The null hypothesis thus becomes
H0 : Π1 = Π2, and the alternative hypothesis H1 : Π1 ̸= Π2, and thus the test
ratio,

LRind = −2 ln L(Π̂2)

L(Π̂1)
= −2 ln π̂ n01+n11

2 (1− π̂2)
n00+n10

π̂ n01
01 (1− π̂01)n00 π̂ n11

11 (1− π̂11)n10

asy∼ χ2
1. (51)

Once again, the null hypothesis is rejected in case LRind exceeds 3.841.
To construct the full conditional coverage test, a last ratio is analyzed,

LRcc = LRuc + LRind
asy∼ χ2

2. (52)
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In this case, the null hypothesis can only be rejected if LRcc exceeds 5.991,
meaning a model can fail neither the unconditional coverage nor the indepen-
dence test, and still fail the conditional coverage test. To exemplify, this could
occur if both the unconditional coverage and independence tests yield respec-
tive test statistics of 3.0, neither being large enough to be rejected at the 5%,
i.e., exceeding a value of 3.841. Their sum of 6.0 does, however, exceed 5.991,
leading to the null hypothesis of the conditional coverage test being rejected at
the 5% significance level.

2.4.4 Uncertainty analysis

This section presents the methods used to examine whether the extrapolated
epistemic uncertainty from the models subject to Bayesian inference is informa-
tive about the reliability of the forecasts.

The estimation of epistemic uncertainty is made similarly to Kendall and
Gal (2017). The per-quantile epistemic uncertainty is given by the difference in
upper and lower bounds of the 90% credible range around each quantile forecast,
defined at the end of Sections 2.3.1 and 2.3.2, as

U
(A)
epi,τ = R(A)

τ,upper −R
(A)
τ,lower (53)

where A denotes the model. The total epistemic uncertainty is then given by
the mean over quantiles,

U
(A)
epi =

1

|Q|
∑
τ∈Q

U
(A)
epi,τ (54)

It is worth making a note on the implied epistemic uncertainty for the B-GARCH
followed by this construction,

Uepi,τ = VaR(0.95N)
τ −VaR(0.05N)

τ = |Φ−1(τ)|∆σt (55)

Uepi =
1

|Q|
∑
τ∈Q

|Φ−1(τ)|∆σt = c ·∆σt, (56)

where
∆σt = σ

(0.95N)
t − σ

(0.05N)
t , (57)

The main properties that follow from this construction are no epistemic uncer-
tainty for the 0.5 quantile, which is also due to the assumption of zero mean.
The epistemic level increases monotonically and symmetrically around the 0.5
quantile, and the individual quantiles do not bear information above that of the
total level. Furthermore, the total level of epistemic uncertainty is a scaling of
the difference of conditional volatility, essentially tracking the volatility mechan-
ically, illustrating the limits of expressing model uncertainty for the GARCH
model.

To visualize how the epistemic uncertainty behaves over time, a heatmap

where the color is represented by U
(A)
epi,τ , for each quantile and time step, is
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used. It is worth noting that the color scale differs between models, and the
level of epistemic uncertainty should not be compared between models. Both
models use separate Bayesian inference methods, with MCMC being asymptotic
and MC Dropout at best approximate. In addition, MC Dropout does not
possess a well-calibrated weight decay and is therefore unreasonable to expect
a comparable level of epistemic uncertainty to what is produced using MCMC.

To examine whether epistemic uncertainty is informative about the perfor-
mance of the predictions, the test period is divided into quartiles based on
epistemic level. For each quartile, the approximate CRPS, quantile loss, and
violation rates for 1% and 5% VaR are reported. The p-value of the UC test
is also reported for the 5% quantile. It is, however, not reported for the 1%
quantile, as there are approximately 4 expected violations per quartile, yielding
little power to the test. The small number of expected violations should also be
considered when regarding the violation rates. These scores result in a table in-
dicating whether predictive performance increases, stays the same, or decreases
when the model signals uncertainty.

Additionally, a regression controlling for the 20-day rolling realized volatility
(RV) is performed to assess whether the epistemic uncertainty is an independent
signal of predictive accuracy, or whether it simply coincides with the RV, just
telling how the model performs in different volatility regimes. Additionally, the
loss-based scores of the discretized CRPS and quantile loss are trivially scaled by
the volatility level. Therefore, controlling for the volatility ensures that results
cannot be explained by the scaling. The regression is in the log-log form as,

log(Uepi,t) = β0 + β1 · log(RVt) + εt, (58)

suggesting that the true relationship between the epistemic level and RV follows
a ratio

Uepi

RV β1
= eβ0 . The parameter estimations β̂0 and β̂1 are estimated using

OLS, leaving the residual estimations êt as the part of the epistemic uncertainty
that is not explained by the RV. This regression provides three results. First
are the estimated elasticities β̂1, telling how many percent change in epistemic
level occurs for a one percent change in the realized volatility. Secondly is
the coefficient of determination, R2, telling how much of the variance of the
epistemic uncertainty is explained by RV. And lastly is the quartile table divided
based on the residual level, providing the same table of predictive accuracy as
previously discussed, but without RV as an explanatory variable.

To evaluate whether the regression is at risk of being spurious, which can
arise due to unit root series (Granger & Newbold, 1974), stationarity is tested
using the augmented Dickey–Fuller (ADF) test (Dickey & Fuller, 1979; Said
& Dickey, 1984), and the KPSS test (Kwiatkowski et al., 1992). The opposite
null hypothesis of the tests, unit root for ADF and stationarity for KPSS, gives
a strong measure of stationarity if the tests agree. In case the series are not
stationary, stationarity is tested on the first differences to see if the series inte-
gration orders are I(1). In that case, they are tested for cointegration using the
Engle–Granger test (Engle & Granger, 1987). Rejection of the null hypothesis
of no cointegration indicates the regression is not spurious. Results are reported
in Appendix C.
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3 Results

Section 3 compiles the results of the evaluations of Section 2.4. To provide
additional context to the results, Table 4 presents the mean realized volatility
of each asset across data splits, giving insight into the variations in the results
that might occur between assets. The volatility level increases from S&P 500 to
Brent to TSLA, and all assets are tested on a more volatile period than what
they are trained on, with TSLA differing the most.

Asset Train Val Test All

S&P 500 0.00978 0.00850 0.01072 0.00995
TSLA 0.02920 0.03240 0.03793 0.03320
Brent 0.01986 0.01801 0.02378 0.02103

Table 4: Mean realized volatility by split and asset.

3.1 Predictive accuracy and Diebold-Mariano

Calculating ĈRPS, QL0.01, and QL0.05 provides scores according to Table 5.
The smallest value for each asset and evaluation metric is highlighted in bold
text to emphasize the best score. For the S&P 500/QL0.01 pair, the best score
is tied between GARCH and B-GARCH to the accuracy of the sixth decimal;
more decimals would, however, disclose B-GARCH as the model with lesser loss.
This is in accordance with the results in Table 6.

Asset Model CRPS QL0.01 QL0.05

S&P 500

GARCH 0.005920 0.000434 0.001372
B-GARCH 0.005919 0.000434 0.001371
LSTM 0.005807 0.000442 0.001336
MCD-LSTM 0.005812 0.000442 0.001335

TSLA

GARCH 0.020882 0.001508 0.004579
B-GARCH 0.020879 0.001486 0.004569
LSTM 0.020933 0.001338 0.004573
MCD-LSTM 0.020936 0.001347 0.004583

Brent

GARCH 0.013066 0.001200 0.003207
B-GARCH 0.013051 0.001196 0.003198
LSTM 0.012965 0.001168 0.003208
MCD-LSTM 0.012972 0.001175 0.003215

Table 5: CRPS and quantile loss (1% and 5% levels) by asset and model.

It can be observed that the relative magnitudes differ on a relatively small
scale within asset-metric comparisons. However, whether the differences are
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significant or not is determined by the Diebold-Mariano test statistic. Table
6 provides the specific statistic of each test. As the statistic asymptotically
follows the standard normal distribution and the test is two-sided, a statistic
of magnitude greater than 1.96 is significant at the 5% level; these values are
highlighted in bold. A positive value indicates a lower average loss, i.e., better
performance, for the second listed model of each pair and vice versa.

Pair Asset CRPS QL0.01 QL0.05

GARCH vs. B-GARCH
S&P 500 2.253 1.032 1.464
TSLA 0.666 1.980 1.082
Brent 4.011 1.309 2.414

LSTM vs. MCD-LSTM
S&P 500 -2.529 0.104 0.338
TSLA -0.371 -1.244 -1.170
Brent -1.577 -1.584 -1.072

B-GARCH vs. MCD-LSTM
S&P 500 4.442 -0.198 1.428
TSLA -0.659 2.270 -0.194
Brent 1.726 0.318 -0.253

Table 6: Diebold-Mariano test statistics for each metric, pair, and asset.

It can be observed that for each pair, all significant outcomes have a consis-
tently better-performing model across all assets. In addition, B-GARCH has a
lower average loss across all metrics and assets compared to GARCH, regardless
of test significance. The same is true for LSTM against MCD-LSTM with the
exception of QL0.01 and QL0.05 for S&P 500.

It can also be noted that the tests are performed at the 5% significance
level, so that among comparisons with no true difference in expected loss, one
in twenty tests is expected to be rejected. With 27 tests reported, conclusions
should be drawn from the overall pattern rather than from individual statistics.

3.2 VaR backtesting

Performing the unconditional coverage, independence, and conditional coverage
tests at the 1% and 5% quantile levels provides Tables 7 and 8. The p-value of
each test is presented, and values below 0.05 are highlighted in bold, indicating
that the null hypothesis is rejected at the 5% level for that test.
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Model Asset Violation rate UC IND CC

GARCH
S&P 500 0.0227 0.0000 0.7834 0.0001
TSLA 0.0184 0.0022 0.2806 0.0052
Brent 0.0227 0.0000 0.2591 0.0000

B-GARCH
S&P 500 0.0233 0.0000 0.8039 0.0000
TSLA 0.0178 0.0043 0.2968 0.0099
Brent 0.0233 0.0000 0.2844 0.0000

LSTM
S&P 500 0.0117 0.5092 0.2140 0.3716
TSLA 0.0141 0.1150 0.4068 0.2048
Brent 0.0165 0.0152 0.0779 0.0111

MCD-LSTM
S&P 500 0.0123 0.3710 0.0223 0.0492
TSLA 0.0154 0.0441 0.3677 0.0878
Brent 0.0172 0.0084 0.0902 0.0074

Table 7: VaR backtesting p-values at the 1% quantile level.

Model Asset Violation rate UC IND CC

GARCH
S&P 500 0.0614 0.0408 0.5354 0.1019
TSLA 0.0448 0.3313 0.1198 0.1860
Brent 0.0527 0.6202 0.1090 0.2449

B-GARCH
S&P 500 0.0627 0.0240 0.4794 0.0609
TSLA 0.0436 0.2271 0.0104 0.0180
Brent 0.0558 0.2941 0.1857 0.2403

LSTM
S&P 500 0.0455 0.3931 0.6410 0.6229
TSLA 0.0670 0.0028 0.0001 0.0000
Brent 0.0564 0.2466 0.0969 0.1289

MCD-LSTM
S&P 500 0.0448 0.3313 0.6123 0.5486
TSLA 0.0657 0.0054 0.0001 0.0000
Brent 0.0558 0.2941 0.0860 0.1321

Table 8: VaR backtesting p-values at the 5% quantile level.

From Table 7, it can be observed that each violation rate exceeds the nominal
level of 1%. In addition, both GARCH models do so with sufficient margin that
they fail the UC test. Both also fail the CC test, but pass the IND test. The
LSTM models exhibit closer violation rates to the nominal level across all assets,
with some passing the UC test and some also the CC test. The violation rate
is, in addition, closer to the nominal level for each asset for LSTM compared
to its Bayesian counterpart, MCD-LSTM. The MCD-LSTM model is also the
only model failing the IND test for any asset.

Observing the results from the 5% quantile level, more tests are passed
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overall. The LSTM models do not pass any tests for TSLA, but do for the other
assets. It can be observed this time that GARCH has violation rates closer to
the nominal level than B-GARCH; despite this, the results for the UC test are
the same.

As in Section 3.1, the tests are performed at the 5% significance level, and
Tables 7 and 8 report 72 tests in total, so individual rejections should be inter-
preted with the corresponding caution.

3.3 Uncertainty analysis

Visualizing the epistemic uncertainty for both models in a heat map as described
in Section 2.4.4 in Figure 1, some general behaviour is apparent. Firstly, B-
GARCH expresses the same behaviour as discussed in Section 2.4.4, no model
uncertainty for the 0.5 quantile, and the uncertainty increases monotonically
and symmetrically around the 0.5 quantile.

MCD-LSTM does not have these characteristics. Instead, its uncertainty
marginally favours the right tail asymmetrically. This is most apparent early in
the test period.

Most notably, both models signal high uncertainty early in the test period,
which coincides with the March 2020 COVID-19 pandemic market crash, and a
few months into 2025, which coincides with the increased tariffs from the United
States. An event that is unique for Brent is the blockade of the Strait of Hormuz
beginning late in February 2026, corresponding to the last epistemic increase of
the heatmap.
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Figure 1: Epistemic level for each quantile over time
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Dividing the results of predictive accuracy into four separate quartiles based
on the level of epistemic uncertainty yields Tables 9 and 10. Q1 is the calmest
quartile of the test period and Q4 the most uncertain. The UC column cor-
responds to unconditional coverage at the 5% level within each quartile. The
VRτ columns show the violation rate for the τ VaR level.

Asset Quartile CRPS QL0.01 VR0.01 QL0.05 VR0.05 UC

S&P 500

Q1 0.00390 0.00033 0.0197 0.00095 0.0614 0.306
Q2 0.00433 0.00036 0.0344 0.00107 0.0762 0.024
Q3 0.00575 0.00050 0.0246 0.00135 0.0567 0.547
Q4 0.00969 0.00055 0.0147 0.00212 0.0565 0.555
Overall 0.00592 0.00043 0.0233 0.00137 0.0627 0.024

TSLA

Q1 0.01736 0.00125 0.0172 0.00362 0.0393 0.305
Q2 0.02042 0.00141 0.0270 0.00458 0.0688 0.099
Q3 0.01972 0.00106 0.0074 0.00380 0.0271 0.021
Q4 0.02603 0.00223 0.0197 0.00628 0.0393 0.305
Overall 0.02088 0.00149 0.0178 0.00457 0.0436 0.227

Brent

Q1 0.00991 0.00074 0.0245 0.00221 0.0613 0.312
Q2 0.01042 0.00097 0.0270 0.00260 0.0662 0.152
Q3 0.01119 0.00089 0.0172 0.00263 0.0418 0.433
Q4 0.02071 0.00219 0.0245 0.00536 0.0539 0.720
Overall 0.01305 0.00120 0.0233 0.00320 0.0558 0.294

Table 9: B-GARCH predictive performance by quartile of epistemic uncertainty.
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Asset Quartile CRPS QL0.01 VR0.01 QL0.05 VR0.05 UC

S&P 500

Q1 0.00486 0.00030 0.0049 0.00102 0.0393 0.305
Q2 0.00458 0.00040 0.0123 0.00113 0.0319 0.074
Q3 0.00448 0.00032 0.0099 0.00105 0.0493 0.945
Q4 0.00932 0.00075 0.0221 0.00214 0.0590 0.419
Overall 0.00581 0.00044 0.0123 0.00134 0.0448 0.331

TSLA

Q1 0.01661 0.00117 0.0147 0.00363 0.0590 0.419
Q2 0.01768 0.00109 0.0074 0.00353 0.0590 0.419
Q3 0.02226 0.00125 0.0099 0.00465 0.0714 0.062
Q4 0.02721 0.00187 0.0295 0.00653 0.0737 0.040
Overall 0.02094 0.00135 0.0154 0.00458 0.0657 0.005

Brent

Q1 0.00933 0.00064 0.0098 0.00213 0.0417 0.427
Q2 0.00951 0.00060 0.0074 0.00209 0.0515 0.892
Q3 0.01106 0.00097 0.0172 0.00278 0.0467 0.756
Q4 0.02201 0.00249 0.0343 0.00587 0.0833 0.005
Overall 0.01297 0.00118 0.0172 0.00322 0.0558 0.294

Table 10: MCD-LSTM predictive performance by quartile of epistemic uncer-
tainty.

A consistent result is that both models across all three assets exhibit the
largest CRPS, QL0.01, and QL0.05 for Q4; some also monotonically increase from
Q1 to Q4. The results for the frequency metrics,VR0.01, VR0.05, and UC, are
only consistent in the same pattern as described above for MCD-LSTM, as for B-
GARCH the values vary without a clear pattern between quartiles. To account
for the observed consistencies caused by the RV, the elasticity and R2 of the
log-log regression are inspected in Table 11, and the evaluation metrics divided
into quartiles based on residual level instead are inspected in Tables 12 and 13.
All still exhibit the largest CRPS, QL0.01, and QL0.05 for Q4, with the exception
of the B-GARCH CRPS on TSLA, where Q3 is marginally higher. However,
fewer are monotonically increasing from Q1 to Q4. MCD-LSTM exemplifies
this well on the S&P 500 where the second-highest scores are registered for Q1.
The ratio of predictive accuracy between Q4 and Q1 is still larger than one but
less so. As for the frequency metrics, a similar pattern for the MCD-LSTM is
still observable but less pronounced and consistent, and as for the B-GARCH,
the values still vary without a clear pattern between quartiles.
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Model Asset β̂1 R2

B-GARCH
S&P 500 1.0442 0.7035
TSLA 0.6658 0.2510
Brent 0.9034 0.4302

MCD-LSTM
S&P 500 0.3863 0.4564
TSLA 0.6002 0.5438
Brent 1.1639 0.5944

Table 11: Elasticity and R2 of epistemic uncertainty with respect to realized
volatility. T = 1627 for S&P 500 and TSLA, T = 1631 for Brent.

Asset Quartile CRPS QL0.01 VR0.01 QL0.05 VR0.05 UC

S&P 500

Q1 0.00508 0.00043 0.0147 0.00121 0.0811 0.008
Q2 0.00581 0.00032 0.0172 0.00120 0.0418 0.433
Q3 0.00537 0.00039 0.0222 0.00123 0.0591 0.412
Q4 0.00743 0.00060 0.0393 0.00184 0.0688 0.099
Overall 0.00592 0.00043 0.0233 0.00137 0.0627 0.024

TSLA

Q1 0.01890 0.00124 0.0197 0.00397 0.0565 0.555
Q2 0.02115 0.00141 0.0221 0.00446 0.0516 0.883
Q3 0.02198 0.00154 0.0123 0.00460 0.0345 0.129
Q4 0.02149 0.00176 0.0172 0.00524 0.0319 0.074
Overall 0.02088 0.00149 0.0178 0.00457 0.0436 0.227

Brent

Q1 0.01108 0.00067 0.0172 0.00240 0.0588 0.426
Q2 0.01273 0.00112 0.0245 0.00291 0.0564 0.562
Q3 0.01328 0.00138 0.0270 0.00357 0.0590 0.419
Q4 0.01513 0.00161 0.0245 0.00392 0.0490 0.927
Overall 0.01305 0.00120 0.0233 0.00320 0.0558 0.294

Table 12: B-GARCH predictive performance by quartile by residual level.
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Asset Quartile CRPS QL0.01 VR0.01 QL0.05 VR0.05 UC

S&P 500

Q1 0.00600 0.00046 0.0123 0.00133 0.0418 0.433
Q2 0.00503 0.00032 0.0049 0.00109 0.0393 0.305
Q3 0.00496 0.00028 0.0074 0.00107 0.0394 0.310
Q4 0.00725 0.00071 0.0246 0.00185 0.0590 0.419
Overall 0.00581 0.00044 0.0123 0.00134 0.0448 0.331

TSLA

Q1 0.01957 0.00116 0.0147 0.00395 0.0811 0.008
Q2 0.01923 0.00112 0.0074 0.00364 0.0442 0.586
Q3 0.02069 0.00140 0.0172 0.00486 0.0739 0.039
Q4 0.02427 0.00171 0.0221 0.00589 0.0639 0.217
Overall 0.02094 0.00135 0.0154 0.00458 0.0657 0.005

Brent

Q1 0.01026 0.00065 0.0098 0.00232 0.0515 0.892
Q2 0.01029 0.00076 0.0098 0.00233 0.0319 0.073
Q3 0.01384 0.00089 0.0098 0.00302 0.0565 0.555
Q4 0.01752 0.00240 0.0392 0.00520 0.0833 0.005
Overall 0.01297 0.00118 0.0172 0.00322 0.0558 0.294

Table 13: MCD-LSTM predictive performance by quartile by residual level.

4 Discussion

4.1 RQ1

The first question this thesis aims to answer is how the overall predictive per-
formance compares between standard and Bayesian models, as well as between
the two Bayesian models, evaluated through the discretized Continuous Ranked
Probability Score and quantile loss functions at the 1% and 5% VaR levels, and
whether any such differences are statistically significant. Following from Section
3.1, Tables 5 and 6 help answer these.

The comparisons do not yield a single answer to whether a Bayesian ap-
proach to VaR forecasting improves predictive performance, because the answer
differs between the model families. Within the GARCH family, the predictive
performance does improve. B-GARCH attains a lower mean loss than GARCH
in all nine asset-metric combinations, and significantly so in four cases. Within
the LSTM family, the sign of the Diebold-Mariano test is in general reversed,
although more weakly, with the LSTM performing better in seven out of nine
combinations and significantly so in one. These differing directions in which the
Bayesian approach contributes to predictive performance are the central finding
of this first research question.

In the remaining comparison between the two Bayesian models, the MCD-
LSTM leads the B-GARCH in five of nine comparisons, significantly in two, and
is never significantly worse. Studying just the raw scores can lead one to believe
that the performance difference is far more significant than what it is, due to the
magnitude of the mean loss difference between the two series, compared to that
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produced by the Bayesian treatment, which can yield significance by differing in
the fifth or sixth decimal. This can be explained by within-family comparisons
sharing underlying prediction mechanisms: the volatility recursion (GARCH)
and neural weights (LSTM), so the loss-difference series is consistent, and its
long-run variance is small. Across families, the mean loss difference is larger,
but the two loss series are far less correlated, increasing the long-run variance
and leaving several tests insignificant. In practice, the Bayesian treatment offers
a marginal but consistent improvement, whereas changing model family offers
a larger but less reliable one.

The result of varying effect on predictive performance is perhaps not so sur-
prising when considering the methods of Bayesian Inference being used. MCMC
targets the exact posterior over three parameters, whereas MC Dropout targets
a variational approximation of the posterior over a space of a far higher dimen-
sion.

The additional diagnostics of the GARCH models, provided in Appendix
A.1, A.2 and A.3, may give insight into the origin of the better performance
of B-GARCH. Considering the underlying parameter values of the models in
Tables 14 and 16 reveals the consistent lesser persistence of the posterior mean
compared to the ML-estimated parameters of the GARCH, and ω following the
inverse relationship. Further observing the posterior distribution of the γ = 1
model in Figure 5 reveals the light skewness of the posteriors of said parameters.
The skewness helps explain the separation of the models, as the GARCH is
only concerned with the maximum of the likelihood, and B-GARCH with the
entire posterior. As this separation caused B-GARCH to perform better, it is
reasonable to believe that the additional parameter uncertainty of the posterior
contributed to the better predictive performance.

The comparison between LSTM and MCD-LSTM is further interesting due
to the nature of the shared underlying model. Both share the same underlying
weights and architecture, only differing in the aggregation of the output at infer-
ence. The LSTM completes a deterministic forward pass, and the MCD-LSTM
applies a dropout mask over the weights and averages over 100 such instances.
Viewing the results confirms that the better-performing aggregation choice is
the simple deterministic forward pass. The opposite of what the Bayesian treat-
ment resulted in for the GARCH model. The difference could be understood
from the difference in Bayesian inference. NUTS targets the exact posterior
over three parameters, so averaging the forecasts over the posterior provides a
better-informed quantity. For the MCD-LSTM, the corresponding shift is gov-
erned by an uncalibrated variational approximation over a weight space of far
higher dimension, restricted to a Bernoulli family that is known not to recover
posterior uncertainty faithfully (Le Folgoc et al., 2021). Therefore, whether
propagating parameter uncertainty into the forecast improves it depends on the
quality of the posterior approximation available, and the two families differ in
that regard.

It is, however, not too much of a concern that the MCD-LSTM aggregate
produces slightly less accurate results, as in practice, training the model once
allows for using the standard forward pass for prediction, and additionally run-
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ning the 100 dropout passes to utilize the epistemic uncertainty. This results in
only one more pass at inference than for the MCD-LSTM and does not require
any additional training.

4.2 RQ2

The second question being answered is whether the models produce reliable
downside risk forecasts for 1% and 5% VaR levels, evaluated through the uncon-
ditional coverage, independence, and conditional coverage backtests. Observing
Tables 7 and 8 of Section 3.2, the answer does seem to depend on the level.
At the 1% level, every violation rate in model-asset combinations exceeds the
nominal level, with none of the GARCH models being well calibrated according
to the UC test. The LSTM family does, however, pass some UC tests while
also exceeding the nominal level. Overall, the UC test is the limiting test for
the models to perform reliably. For all except the MCD-LSTM on S&P 500,
which fails the independence test and hence the conditional coverage test. If
any model were deemed to produce reliable risk forecasts at the 1% level, it
would be the LSTM, only failing two tests for the same asset. But still, the
test result should speak to what extent it can be relied upon. The nominal
level was exceeded for all assets, which is considerably worse than failing the
UC test by being too conservative with the 1% VaR estimate. In essence, such
a model could inform decisions that would expose market actors to unforeseen
risks, potentially losing unexpected capital, whereas the alternative explanation
to test-failure would rather cause actors to be more cautious, but potentially
missing opportunities.

At the 5% level, the separation between the GARCH and LSTM families is
less prevalent, and the test results improve across models. The UC tests that
fail are S&P 500 for the GARCH models, and TSLA for the LSTM models.
The LSTM models additionally fail the independence test with significance for
TSLA, suggesting severe clustering and thereby not being reliable as VaR models
for assets with the characteristics of TSLA. The performance is, however, not
entirely deducible to be a function of characteristics of the asset, as the test
at the 1% level did not present the same conclusions. A possible explanation
for the LSTMs performing better at the 1% (and in general, for that matter)
could be due to the statistical power of the tests. For approximately 1630
test observations per asset, 16 violations are expected; this affects the UC test
such that a model can have at least 41% more violations and still pass (as for
LSTM on TSLA). And more importantly, as the independence test only tests
dependence of the first order, two violations have to occur in sequence to affect
the test score negatively; with a total of 16 expected violations, there are a
limited number of combinations in which this can occur. Therefore, models
with limited reliability can pass at the 1% level but fail at the 5% level, as could
be the case for TSLA.

As for the reliability of the GARCH models, three observations in particular
are interesting. Firstly is the better consistency at the 5% level compared to
the 1% level. Figure 3 of Appendix A.3 shows how the distributional assump-
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tion due to the normal innovations of the GARCH models produces predictive
return series unfit for financial data with leptokurtosis characteristics. The VaR
backtests illustrate the same results on out-of-sample data, where the tails are
not accurately modeled, resulting in excess violations. These are not new re-
sults, and therefore there exist several flavors of the GARCH models designed
to resolve this issue, a common one being an alternative with Student-t inno-
vations, where the degrees of freedom of the innovations act as an additional
parameter of the model. This explanation only explains the excess violations
above that of the LSTM, which itself also had excess violations despite no dis-
tributional assumptions. A candidate explanation affecting both models is the
higher volatility profile of the test period compared to the train period in Ta-
ble 4, in combination with the lack of refitting and retraining during testing,
keeping fixed parameters and weights designed for different volatility dynamics.
The second observation is that the standard GARCH models’ violation rates
are closer to the nominal level at the 5% level despite having larger quantile loss
for that level. This illustrates how sharpness and calibration do not necessarily
coincide, and choosing between the models is perhaps more nuanced than what
the previous discussion suggests. Yet, it is important to acknowledge that no
statistical test between the models has been performed regarding the violation
rates and is therefore no more than speculation. The last observation that is of
interest is how the GARCH model is the most reliable choice at the 5% level,
only failing one test.

4.3 RQ3

The third question this thesis attempts to answer consists of three parts and
only relates to the Bayesian models, B-GARCH and MCD-LSTM. How does the
epistemic uncertainty produced by the two Bayesian models behave, and to what
extent is it a distinct signal rather than a rescaling of the realized volatility level,
and does this signal carry information about forecast reliability? To answer
these, the results of Section 3.3 are used. From Figure 1 and the construction
of the epistemic uncertainty of B-GARCH, it is evident that the model does
not carry quantile-specific uncertainty, and that the signal is a simple scaling of
the conditional volatility of the model. The MCD-LSTM does not follow any
such mechanical behaviour, allowing for asymmetrical uncertainty, favouring the
higher quantiles. The fact that the uncertainty is asymmetric suggests that the
epistemic signal has distinct features apart from the RV, as that variable alone
cannot favour any specific quantile level. It is also apparent from the figure that
the uncertainty is higher for historic, high-volatility periods. But it cannot be
deduced to what extent it is a rescaling of the volatility level, which the next
part of this research question aims to answer.

Viewing Table 11, the log epistemic uncertainty of B-GARCH exhibits an
elasticity of near 1.04 for S&P 500 and 0.90 for Brent relative to the log real-
ized volatility, with respective R2 values of near 0.70 and 0.43. The asset least
explained by the RV is TSLA with an elasticity of 0.67 and an R2 of 0.25. That
the realized volatility would explain the epistemic level is anticipated due to the
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construction of the epistemic uncertainty, following from Equation (56). It illus-
trates how this uncertainty signal is a scaled difference in conditional volatility
between two separate posterior draws. During volatile periods, this difference
grows bigger, and the model thus expresses more uncertainty. Following a sim-
ilar behaviour to what is expected of the RV, also growing in volatile periods.
Because of this, the relatively low β̂1 and R2 observed for TSLA are more sur-
prising. However, observing Table 4, the increasing mean RV level from S&P
500 to Brent to TSLA is the inverse pattern seen for the β̂1 and R2, providing a
possible explanation. As the GARCH models are designed to capture the latent
conditional volatility, and the realized volatility is simply an observable proxy on
a 20-day window, the correlation between the two perhaps decreases for volatile
series. Therefore, it seems that whether the epistemic signal of B-GARCH car-
ries distinct information apart from the realized volatility is asset-specific, and
is rather dependent on how well the RV is a proxy of the true volatility.

As for the MCD-LSTM, there is no clear mechanical explanation for a po-
tential relationship; simultaneously, the RV stands as a reasonable alternative
explanation of the epistemic level, as it is a feature of the model. The R2 value
never exceeds 0.6, and the elasticities are unstable across assets, with values of
0.39, 0.60, and 1.16. A signal that was a pure rescaling of the realized volatility
would be expected to produce a stable elasticity near one; this one does not,
suggesting that the epistemic signal carries distinct information apart from the
realized volatility.

Finally, the epistemic signal carries information about forecast reliability,
which is distinct from that explained by the level of realized volatility; however,
the degree of reliability depends on the model and metric. The MCD-LSTM
showed great score differences between Q1 and Q4 on the raw epistemic levels.
This pattern persisted on the residual level but with lesser relative differences.
The fact that the ratio between Q4 and Q1 decreased is not entirely unexpected
considering the observed R2 values of the regression, where a portion of the
epistemic level could be explained by the RV, but not all. Furthermore, the
residual quartiles disclosed how the model can be overconfident when the level
of epistemic uncertainty is low relative to the realized volatility, as shown by
the high test scores of Q1 on S&P 500. This pattern was, however, only visible
for that asset and could not be generalized. Moreover, it should be stated that
none of the observations are backed by statistical testing, and it cannot be
determined if these observations are artifacts of coincidences or true patterns.
The consistency of the patterns does, however, indicate that some underlying
mechanism is being observed. The violation rates of the raw levels showed a less
consistent pattern, which was further minimized on the residual levels. In most
cases, the violation rate was the highest for Q4, but the violation rates can be
unreliable both by exceeding and being less than the nominal level. Therefore,
evaluating the reliability through the UC test did not show any clear pattern
because of this. These signals indicate that the frequency-based forecasts do
not carry clear information about the reliability of the forecasts.

As for the B-GARCH, the results are similar but less confident. Most notable
is that the frequency-based metrics never expressed a clear signal of reliability
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for the raw levels, and thereby not for the residual levels either. The scores
did, however, show a persisting signal of worsening performance on the residual
levels, perhaps not as strong as for MCD-LSTM.

5 Conclusion

This study investigated the usefulness of Bayesian approaches to VaR forecast-
ing applied to the GARCH and LSTM models. This was done by comparing
the models trained by traditional means with counterparts applying Bayesian
inference, specifically NUTS and MC Dropout. As well as investigating whether
the additional epistemic signal of Bayesian models is informative. This was done
by testing forecasts of nine separate VaR quantiles on a one-day horizon, across
S&P 500, TSLA, and Brent crude oil.

Evaluating the models’ predictive accuracy over the VaR quantiles, the
Bayesian approach showed improvements when applied to GARCH, but not
for the LSTM. The B-GARCH attains a lower mean loss than the GARCH in
all nine asset-metric combinations, significantly so in four. The deterministic
LSTM performs better than the MCD-LSTM in seven of nine combinations,
significantly so once. Therefore, the method of Bayesian inference seems to
matter, as they attain the parameter uncertainty differently. The comparison
between the two Bayesian models is inconclusive, but favours the MCD-LSTM,
attaining lower mean loss in five out of nine comparisons and significantly so in
two. In practice, the Bayesian treatment offers marginal but consistent changes,
whereas changing the model family offers a larger but less reliable one.

Reliability evaluated using Christoffersen’s conditional coverage framework
of the downside forecasts depends on the quantile level. At the 1% level, every
model exceeded the nominal violation rate, and both GARCH models failed the
unconditional coverage test and hence the conditional coverage test throughout.
The LSTM family was better calibrated there, with individual passing results.
At the 5% level, the separation between families disappeared, and coverage
improved overall, with the standard GARCH only failing one out of nine tests,
and the other three out of nine.

The epistemic uncertainty of the two Bayesian models proved structurally
different. That of the B-GARCH acted as a scaling of the conditional volatility,
as well as a scaling of the realized volatility for the less volatile assets, and
it differed between quantiles with a predetermined scaling factor. The MCD-
LSTM gave separate signals per quantile and could not be deduced to be a
scaling of realized volatility. Sorting the test period by epistemic uncertainty
showed consistently degraded loss-based scores in the most uncertain quartile for
both models and all three assets, and the pattern persisted after accounting for
the level of realized volatility, though attenuated. The frequency-based metrics
showed no clear pattern.

Taken together, the epistemic signal carries information about forecast re-
liability that the realized volatility level does not entirely account for, and the
benefit of a Bayesian approach is tied to the inference method and model rather
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than the use of the Bayesian framework itself.
A few limitations to this study are the normal innovations of the GARCH,

the limited posterior approximation of MC Dropout, the lack of retraining dur-
ing testing, and using RV estimated using a rolling window as an alternative
explanation for the epistemic uncertainty. All of which could be addressed in
future work by utilizing either Student-t innovations or other GARCH specifi-
cations, implementing a deep ensemble for a more reliable epistemic signal for
the LSTM (Lakshminarayanan et al., 2017), partial or continuous retraining at
inference, as well as using a more accurate volatility proxy and or additional
market variables.
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Appendix

A.1

Table 14 shows the estimated values of the GARCH parameters using MLE.
Two additional columns are included, α + β and α/(α + β), corresponding to
the S and W parameters of the B-GARCH model. Table 15 shows the standard
errors of the estimates.

Asset ω α β α+ β α/(α+ β)

S&P 500 0.0240 0.1217 0.8558 0.9775 0.1245
TSLA 0.0485 0.0160 0.9791 0.9951 0.0161
Brent 0.0276 0.0575 0.9378 0.9953 0.0578

Table 14: GARCH parameter estimates by asset.

Asset SE(ω) SE(α) SE(β)

S&P 500 0.0056 0.0154 0.0159
TSLA 0.0314 0.0056 0.0075
Brent 0.0125 0.0097 0.0109

Table 15: Standard errors for the GARCH parameter estimates, by asset.

A.2

The four chains of 2000 post-burn-in samples for each asset using NUTS mix
well and provide good diagnostics, as seen in Table 16. As mentioned in Section
2.3.1, well-performing sampling is characterized by R̂ ≤ 1.01 and ESS ≥ 400
(both bulk and tail) and zero divergences. All of which are met with margin.
The last column labeled “Div.” refers to the number of divergent transitions,
and the “Par.” label refers to the parameter being analyzed.

In Figure 2 it can be determined that the chains mix well enough. Ideally,
all four chains should follow a straight line from 0 to 1 and should be indis-
tinguishable from each other. However, all rank values within the grey shaded
area are deemed good enough.
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Asset Par. Mean SD R̂ bulk-ESS tail-ESS Div.

S&P 500
S 0.9754 0.0051 1.00094 3605 3283 0
W 0.1265 0.0114 1.00108 3882 4157 0
ω 0.0253 0.0035 1.00057 3537 3904 0

TSLA
S 0.9944 0.0026 1.00199 2042 2089 0
W 0.0194 0.0032 1.00223 3032 3153 0
ω 0.0630 0.0240 1.00277 2021 2204 0

Brent
S 0.9928 0.0026 1.00102 2668 3216 0
W 0.0617 0.0075 1.00037 3049 3572 0
ω 0.0364 0.0097 1.00088 2411 2686 0

Table 16: NUTS sampling diagnostics for the B-GARCH posterior, by asset and
parameter.

Figure 2: Rank plots over the parameters S, W and ω

A.3

The prior and posterior predictive checks can be evaluated by observing Figures
3 and 4. All realized returns are in-sample and are from the last 1500 obser-
vations of the training and validation splits, both of which are used for fitting.
Firstly, looking at the prior predictive return distribution, the predictive returns
from the prior have both a higher peak and less heavy tails compared to all asset
realized returns, though out of the three assets, it seems decently suited for the
S&P 500. Conditioning on the data increases the similarities to the realized

43



series; however, issues of the distributional assumptions of GARCH models be-
come more apparent. For all assets, the peak and tails are underestimated, not
capturing the leptokurtosis of the real data. This is an issue of model choice
rather than prior choice. In the Bayesian workflow described by Gabry et al.
(2019), this result could call for a change in the model; however, as the model
choice is set, this limitation is accepted without any modifications.

Figure 4 is perhaps less informative, but illustrates reasonable behaviour.
The prior predictive series show clear signs of volatility clustering, which is
desired when modelling financial time series. However, the clustering seems
to be at a magnitude greater than the actual series. This is, however, not of
great concern, as the data shows itself informative and increases the similarities
between the posterior predictive and realized returns. This evaluation is far
from quantitative, but passes eye judgement.

Figure 3: Prior and posterior predictive check of return distributions
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Figure 4: Prior and posterior predictive check of return series

A.4

Indications of informative likelihoods have been observed from Appendix A.3.
To explicitly handle the sensitivity to the choice of prior, the baseline (γ = 1)
posterior distributions are compared to those of the alternate power-scaled priors
(γ ∈ { 12 , 2}). Power-scaling using γ = 2 represents more informative priors,
making high-density regions of the prior denser, and γ = 1

2 represents the
opposite.

Figure 5 shows how the S&P 500 posterior is robust against the choice of
prior, as all posteriors share great overlap. For TSLA and Brent, larger shifts
in the posterior with some common behaviour are visible. The S parameter is
generally shifted to the right, favouring higher persistence for the least infor-
mative prior γ = 1

2 , and gradually shifts to the left as the prior becomes more
informative, which can be explained by the density distributions of the priors.
The same effect can be observed for ω, but in the inverse direction. These
changes indicate slight sensitivity to the choice of prior. However, it should also
be noticed that the γ = 1 posterior visibly shows more overlap with the weaker
γ = 1

2 posterior than with the γ = 2 posterior, suggesting that the baseline
is chosen to be weakly informative. Therefore, despite being slightly sensitive,
these findings and those of Appendix A.3 suggest that the baseline prior is a
fine choice.
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Figure 5: Prior sensitivity over the parameters S, W and ω, for power scaling
of degrees γ ∈ { 12 , 1, 2}

.

B.1

Performing random search for 20 iterations for each asset yields the best-performing
hyperparameter configurations on the validation loss, as seen in Table 17.

Asset Learning rate Batch Dropout Lookback Hidden Layers

S&P 500 3.96× 10−4 256 0.120 60 53 2
TSLA 2.35× 10−3 256 0.291 59 50 1
Brent 4.23× 10−3 128 0.262 75 63 2

Table 17: LSTM configuration of the selected model

The validation loss for each search iteration ranked from lowest to highest
can be seen in Table 18. Rank 1 is the configuration reported in Table 17.
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Rank S&P 500 TSLA Brent

1 0.001551 0.005980 0.003370
2 0.001554 0.005984 0.003372
3 0.001556 0.005988 0.003377
4 0.001557 0.005991 0.003377
5 0.001558 0.005991 0.003384
6 0.001558 0.005991 0.003385
7 0.001558 0.005993 0.003386
8 0.001559 0.005993 0.003386
9 0.001559 0.005994 0.003389
10 0.001561 0.005994 0.003390
11 0.001561 0.005995 0.003390
12 0.001561 0.005996 0.003397
13 0.001561 0.005997 0.003399
14 0.001563 0.005998 0.003401
15 0.001563 0.006001 0.003403
16 0.001565 0.006008 0.003405
17 0.001567 0.006013 0.003407
18 0.001572 0.006016 0.003415
19 0.001579 0.006018 0.003440
20 0.001588 0.006022 0.003454

Table 18: Validation loss of every random-search draw.

B.2

Running reseeding on the configuration with the lowest validation loss for each
asset yields separate validation losses for the five models as seen in Table 19.
The median-performing model was chosen as the main model for this thesis,
and the range between lowest and highest validation loss is also reported on the
last row for each asset.
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Asset Seed Validation loss Main model

S&P 500

0 0.001551
1 0.001567
2 0.001555 ✓
3 0.001558
4 0.001555
range 0.0000157

TSLA

0 0.005980
1 0.005983 ✓
2 0.005990
3 0.005998
4 0.005979
range 0.0000187

Brent

0 0.003370
1 0.003377 ✓
2 0.003374
3 0.003386
4 0.003387
range 0.0000168

Table 19: Seed sensitivity and model selection.

Notable is how the seed with the highest validation loss would place itself at
rank 9 or higher in Table 18. Meaning, the variation between the best and 8th
configuration is less than that produced by random initialization of 5 models
with the same configuration. Thus, suggesting that the chosen configuration is
in fact less informed than what it might seem.

B.3

Quantile crossing before monotone rearrangement is reported in Tables 20 and
21. As both rearrange the quantiles in different manners, the tables report
separate quantities. For the LSTM, the frequency of crossings across each pair
is reported. As the LSTM only has one forward pass for each timestep, the
value of 0.06 for S&P 500 means that for 0.06% of the forward passes the 0.05
and 0.10 quantiles did not produce predictions according to a valid distribution.
For all other pairs of quantiles and assets, it did produce valid distributions.
The last row, “Any pair”, specifics for what frequency of the days that there
were any crossings in the prediction.

For the MCD-LSTM, two values are instead reported. First is “Passes”,
which corresponds to the frequency with which crossings occur for that pair for
the 100 forward passes over time. To exemplify, there are in total approximately
100×1630 = 163000 passes for each quantile pair. For the 0.95–0.99 pair, 5.71%
of the 163 000 passes are in the wrong order. These large figures are, however,
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not any issues as this is done before aggregating to a point estimate, and these
crossings are therefore never repaired. These figures could rather be regarded as
a way to illustrate the LSTM’s ability to produce proper distributions without
active dropout at inference, and the “noise” that dropout introduces. Second is
“Aggr.”, which reports the frequency with which the aggregated point-estimated
VaR quantiles cross. These are the crossings being rearranged.

Quantile pair S&P 500 TSLA Brent

0.01− 0.05 0.00 0.00 0.00
0.05− 0.10 0.06 0.00 0.00
0.10− 0.25 0.00 0.00 0.00
0.25− 0.50 0.00 0.00 0.00
0.50− 0.75 0.00 0.00 0.00
0.75− 0.90 0.00 0.00 0.00
0.90− 0.95 0.00 0.00 0.00
0.95− 0.99 0.00 0.00 0.00

Any pair 0.06 0.00 0.00

Table 20: Quantile crossing rates (%) in the LSTM

S&P 500 TSLA Brent

Quantile pair Passes Aggr. Passes Aggr. Passes Aggr.

0.01− 0.05 0.00 0.00 2.82 0.00 0.00 0.00
0.05− 0.10 6.64 0.06 0.54 0.00 0.00 0.00
0.10− 0.25 0.69 0.00 0.01 0.00 0.00 0.00
0.25− 0.50 3.07 0.00 0.00 0.00 0.00 0.00
0.50− 0.75 8.88 0.00 3.64 0.00 0.00 0.00
0.75− 0.90 0.59 0.00 4.36 0.00 0.00 0.00
0.90− 0.95 7.26 0.00 16.88 0.00 0.01 0.00
0.95− 0.99 5.71 0.00 1.92 0.00 0.00 0.00

Any pair 26.77 0.06 26.49 0.00 0.01 0.00

Table 21: Quantile crossing rates (%) in the MCD-LSTM.

C

Testing stationarity for the three series used in the regression shows relatively
consistent results in Table 22. All series have conflicting results between the
two null hypotheses of ADF and KPSS for the 5% significance level, indicated

with a dash −, except for log(U
(B-GARCH)
epi ) on TSLA and log(RV ) on Brent,

whose p-values are not themselves far from showing conflicting results. That
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log(U
(B-GARCH)
epi ) shows conflicting results is perhaps a little surprising consid-

ering that in Equation (56) it was shown that the epistemic uncertainty of the
B-GARCH is a rescaling of the conditional volatility, which was imposed to
be stationary through its prior distributions. However, observing the posterior
densities of the persistence S of Figure 5, they are near a unit root, which could
lead to the conflicting result, considering a finite sample size is used. Therefore,
the result that the epistemic uncertainty of B-GARCH provides a conflicting
result despite stationarity being imposed indicates the other series could in fact
be stationary as well, but near a unit root and also yield conflicting results.
The other series do, in addition, also possess higher p-values for the KPSS test
and lower p-values for the ADF, compared per asset, except for the ADF on
Brent, suggesting they might be further from a unit root. However, this is not
conclusive as the majority of the tests still reject stationarity.

From Table 23, it is evident that the first differences are stationary. This
provides two separate possibilities of interpretation. Either the log-level se-
ries are non-stationary, and the integration order is I(1), and Engle-Granger’s
(EG) cointegration test of Table 24 is valid and shows the regression is non-
spurious. Alternatively, the log-levels possess a partial integration order of I(d)
for d ∈ (0, 1), for which the high persistence and stationarity suggest slow mean
reversion and coupled trending, and the regressions are therefore unlikely to be
spurious.

Table 24 provides the result of the EG cointegration test, in which the null
of no cointegration is tested.

Series Asset ADF KPSS Stationary

log(U
(B-GARCH)
epi )

S&P 500 0.0002 0.0100 −
TSLA 0.0726 0.0100 ×
Brent 0.0000 0.0100 −

log(U
(MCD-LSTM)
epi )

S&P 500 0.0000 0.0245 −
TSLA 0.0001 0.0100 −
Brent 0.0001 0.0462 −

log(RV )
S&P 500 0.0005 0.0100 −
TSLA 0.0022 0.0187 −
Brent 0.0005 0.0679 ✓

Table 22: p-values of stationarity tests (ADF and KPSS) on the log-level series
(not differenced) used as input to the Engle–Granger cointegration test. T =
1627 for S&P 500 and TSLA, T = 1631 for Brent. The p-values of the KPSS
are truncated outside 0.01 and 0.1.
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Series Asset ADF KPSS Stationary

∆U
(B−GARCH)
epi

S&P 500 4.81× 10−28 0.1 ✓
TSLA 2.04× 10−25 0.1 ✓
Brent 6.35× 10−24 0.1 ✓

∆U
(MCD−LSTM)
epi

S&P 500 ≈ 0 0.1 ✓
TSLA 5.25× 10−19 0.1 ✓
Brent ≈ 0 0.1 ✓

∆RV
S&P 500 3.61× 10−21 0.1 ✓
TSLA 4.03× 10−23 0.1 ✓
Brent 7.01× 10−21 0.1 ✓

Table 23: p-values of stationarity tests (ADF and KPSS) on the first-order
differences on the log-level series (denoted ∆). T = 1627 for S&P 500 and
TSLA, T = 1631 for Brent. The p-values of the KPSS are truncated outside
0.01 and 0.1.

Model Asset EG Cointegrated

B-GARCH
S&P 500 0.0000 ✓
TSLA 0.0311 ✓
Brent 0.0000 ✓

MCD-LSTM
S&P 500 0.0000 ✓
TSLA 0.0000 ✓
Brent 0.0000 ✓

Table 24: Engle–Granger cointegration p-values for the residual of the log(Uepi)
on log(RV ) regression, by model and asset. T = 1627 for S&P 500 and TSLA,
T = 1631 for Brent.
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